crystals

Article

Tunable Topological Acoustic Tamm States in Comblike
Structures Based on Band Inversion around Flat Bands

Soufyane Khattou 17, Yamina Rezzouk 7, Madiha Amrani !, Mohamed El Ghafiani !,

El Houssaine El Boudouti ¥

check for
updates

Citation: Khattou, S.; Rezzouk, Y.;
Amrani, M.; El Ghafiani, M.;

El Boudouti, E.H.; Talbi, A.;
Djafari-Rouhani, B. Tunable
Topological Acoustic Tamm States in
Comblike Structures Based on Band
Inversion around Flat Bands. Crystals
2022, 12,1685. https:/ /doi.org/
10.3390/ cryst12121685

Academic Editors: Jin-Chen Hsu and

Jia-Hong Sun

Received: 30 September 2022
Accepted: 15 November 2022
Published: 22 November 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

*({J, Abdelkrim Talbi 2 and Bahram Djafari-Rouhani 3

LPMR, Département de Physique, Faculté des Sciences, Université Mohammed I, Oujda 60000, Morocco

2 Univ. Lille, CNRS, Centrale Lille, ISEN, Univ. Valenciennes, UMR 8520 -IEMN - LIA LICS/LEMAC,
F-59000 Lille, France

3 Institut d’Electronique, de Microélectronique et de Nanotechnologie (IEMN), UMR CNRS 8520,
Département de Physique, Université de Lille, 59655 Villeneuve d’Ascq, France

*  Correspondence: e.elboudouti@ump.ac.ma

S1. Derivation of the transfer matrix elements and the pressure field

Here we give the details of the derivation of the transfer matrix elements as well as
the corresponding pressure field. The pressure fields in the cells (0), (1) and the stubs (s)
that separate them (Figure S1) are given respectively as

po(x) = Agexp(jk(x +dy)) + Boexp(—jk(x +dy));  —d1 <x<0 S1)
p1(x) = Aj exp(jkx) + By exp(—jkx); 0<x<d (S:2)
ps(x) =Csin(k(x—d7)); 0<x< dj (8.3)
, 4 4
di ] < - v ‘
By o B
0) (1) X
—00 —d1 0 dl +00

Figure S1. Sketch of an infinite periodic comb-like PnC made of stubs of lengths d} separated by
periods of length d;. A; and B; represent the amplitudes of the pressure fields propagating in positive
and negative directions.

Using the boundary conditions at x = 0, we are able to relate the amplitudes of the
pressure fields in the two successive cells (Figure S1) utilizing the 2 x 2 transfer matrix:

Aq t11 t12> (A0>
= , S4
(Bl) <f21 t2 ) \ Bo 54)
where
cot(kd! )
tn = [1 —](21)] exp (jkdy), (5.5a)
_cot(kd! )
tp = [— <2 1>] exp(—jkdy), (S.5b)
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cot(kd' )
thy = l](zl)] exp(jkdy), (S.5¢)
and
t(kd!
b = |1 +j“’(21)1 exp(—jkdy), (85d)

where k = ¢ is the wavevector and v is the velocity of sound in the tubes.
The eigenvector of the transfer matrix of the unit cell under consideration is given by

(eptady )
exp(jkpdi) —t11)’
where kp is the Bloch wave-vector given by the dispersion relation

cos(kpdy) = t”%tzz S.6)

With these notations and using the Bloch theorem, the expressions of the pressure
fields (Egs. (S.1), (5.2) and (5.3)), become

po(x) = t1p exp(jk(x + dl)) + [eXp(]'del) — f]l] exp(—jk(x + dl)); —d1 <x<0 (57)

p1(x) = [tizexp(jkx) + [exp(jkpd1) — ti1] exp(—jkx)]exp(jkpdr); 0 <x <dy (S8)

ps(x) = — [t12 exp(jkd1) + [eXP(]dell) — tu]exp(—jkd1)] cos(k(x—d})); 0<x< d]
cos (kd})

(S.9)

S2. Relation between Friedel phase and variation of DOS for an asymmetric lossless
comb-like PnC

Before discussing the relation between the Friedel phase and the total DOS, we will
recall briefly the expressions of the Green’s functions of the constituents from which the
finite comb-like PnC is composed, namely

1. Theinverse of the Green’s function g;l (M;M;) of a finite tube of length d; in the space
of its interface M; = {0, d;}. This quantity can be written as a (2 x 2) matrix [1,2]

_EGE
g H(MM) = < P Yo ) (5.10)
Si 5i
where C; = cos(kd;), S; = sin(kd;) (i=1,2) and F = %.
2. The inverse of the Green'’s function of the stub of length d’ in the space of interface
M; = {0,0} is given by [1,2]

FC!
87" (00) = st (S.11)

where C/ = cos(kd}), Si = sin(kd}) (i=1,2).

i=
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3. Theinverse of the Green’s function gijl (M;»M;n) of the tube at the surface in the space

of interfaces M;» = {0, %} is similar to Eq.(S.10) but for the waveguide of length %.
Its expression is given by

_FKF
_ 4 s
gi/,l (MlMl) = ( Fl Flcl{/ ), (812)

7

where C/' = cos(k%), S = sin(k%) (i=1,2).

4. The inverse of the Green’s function of a semi-infinite tube is given by [1,2]

g5 '(i,i) = —jF. (S.13)

The inverse of the Green’s function of an asymmetric finite PnC composed by con-
necting two PnCs, each one made of three stubs (Figure 1 (c)) in the space of interface
My = {-3,-2,-1,0,1,2,3}, is obtained by the superposition of the inverse of the Green'’s
function elements given in Egs. (5.10), (S5.11) and (5.12), namely

ag by 0 0 0 0 O
b1 C1 b] 0 0 0 0
0 bl dl €1 0 0 0
g Mo, Mp)=|0 0 e f e 0 0 (S.14)
0 0 0 (] dz bz 0
0 0 0 0 bz Co bz
0 0 0 0 0 bz ar
where the expressions of a;, b;, ¢;, d;, e; (i=1,2) and f are given by
c
a; = —F(S—: + S—f), (S.15a)
F
L 1
b; 5 (S.15b)
2c; (!
¢ = _1:(57; + ?5), (5.15¢)
G . C .
di = —F(&+ = + <) (5.15d)
i S S
F
e = —, (S.15e)
1 S;/
and
CI/ C//
f= —F(S—}, + S%,). (S.15f)
1 2

In order to calculate the transmission and reflection coefficients through the finite
PnC (Figure 1 (c)), we need to invert the Green'’s function in Eq. (S.14) and reinvert the
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truncated Green'’s function in the space of interface M = {—3,3} which reduces toa 2 x 2
matrix composed of the elements A, B and C. Then, the PnC should be inserted between
two semi-infinite tubes, its final Green’s function becomes

A —jF B
-1 _ ]
where —jF is the inverse Green’s function of the semi-infinite tubes surrounding the finite
PnC (Eq. (5.13)). A and B are real quantities, their expressions are calculated numerically.

The expressions of the transmission and reflection coefficients through the finite PnC
in Figure 1 (c) are given, respectively, as follows

t = —2jFg(—3,3) = 2jFBdet[g(M, M)], (5.17)
r=—1—-2jFg(—3,—-3) = —1 — 2jF(C — jF)det[g(M, M)], (5.18)

and
r=-1- 2jF¢(3,3) = —1 — 2jF(A — jF)det[g(M, M)], (5.19)

where 7 (') are the reflection coefficients from left to right (right to left) side of the finite
PnC (Figure 1 (c)). The expression of det[g(M, M)] is given by

1
t = . 2
detlg(M, M)l = e =g —jra10) (5.20)
In order to give a comparison of the DOS with the Friedel phase, we consider the
variation of the DOS between the finite PnC in Figure 1 (c) and a reference system formed
out of the two semi-infinite waveguides and the finite PnCs. The variation of the DOS
(noted An(w)) can be obtained by the following expression:

An(w) = %%Arg{det[g(M, M)} 821)

The Friedel phase 0 is obtained by the phase of the determinant of the scattering
matrix S. For an asymmetric system, S is defined by

r t
S = (t r’)’ (5.22)

where t, r and ' are given by Egs. (5.17)-(5.19).
For a lossless system, the determinant of the scattering matrix S can be deduced from
the expressions of ¢, r and r/, namely

detS = rr' — 12 = {(Ac — B2+ P2+ P2(A-C)2 + 4F232}det[g(M, M2 (S.23)

Equation (5.23) shows that the argument of the first term vanishes as the quantities A,
B, C and F are real quantities, and therefore,

Or = Arg{detS} = 2Arg{det[g(M, M)]}. (S.24)

From Egs. (5.21) and (5.24) one can deduce that the Friedel phase 0 is related to the
DOS of the system by the following expression
dbr

T 2nAn(w). (5.25)
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S3. Influence of temperature on the interface state

The frequency of the interface state is related to the speed of sound v which is temper-
atue dependent. The relationship between the speed of sound and temperature in standard
atmospheric pressure in air is expressed as [3]

o(£°C) = %(273 +1) (S.26)

where t is the temperature in Celsius (°C), v = 1.402 is the adiabatic index, R = 8.31
J/mol K is the gas constant and M = 29 x 10~2 Kg/mol is the gas molar mass.

We plot in Figure S2 the interface mode frequency as a function of temperature for
a finite system with geometrical parameters: d; = 2 cm, d = 13 cm and d] = d), = 10
cm. One can see that the interface state is sensitive to the temperature and its frequency
increases slightly when the temperature changes from 0°C to 40°C.
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Figure S2. The interface mode frequency as a function of temperature. The geometrical parameters
are chosen such as: dy = 2 cm, d, = 13 cm and d} = d, = 10 cm.
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