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Abstract: The study of nonlinear evolution equations is a subject of active interest in different fields
including physics, chemistry, and engineering. The exact solutions to nonlinear evolution equations
provide insightful details and physical descriptions into many problems of interest that govern the
real world. The Kadomtsev–Petviashvili (KP) equation, which has been widely used as a model to
describe the nonlinear wave and the dynamics of soliton in the field of plasma physics and fluid
dynamics, is discussed in this article in order to obtain solitary solutions and explore their physical
properties. We obtain several new optical traveling wave solutions in the form of trigonometric,
hyperbolic, and rational functions using two separate direct methods: the (w/g)-expansion approach
and the Addendum to Kudryashov method (AKM). The nonlinear partial differential equation (NLPDE)
is reduced into an ordinary differential equation (ODE) via a wave transformation. The derived optical
solutions are graphically illustrated using Maple 15 software for specific parameter values. The
traveling wave solutions discovered in this work can be viewed as an example of solutions that can
empower us with great flexibility in the systematic analysis and explanation of complex phenomena
that arise in a variety of problems, including protein chemistry, fluid mechanics, plasma physics,
optical fibers, and shallow water wave propagation.

Keywords: optical solitary solution; direct method; fluid dynamics; nonlinear evolution equations;
Kadomtsev–Petviashvili (KP); addendum to Kudryashov’s method

1. Introduction

In physical science, the study of traveling wave solutions is critical for understanding
and quantitatively describing a variety of nonlinear phenomena. In most cases, complex
phenomena in nature generally involve nonlinear properties that can be characterized by
NLPDEs where solitary and soliton solutions may appear [1,2]. Nonlinear chaotic systems,
plasma waves, heat conduction systems, diffusion processes, ocean engineering, and
chemical physics, for example, are modeled and described by nonlinear equations [3–5].
Therefore, it is significant to investigate exact traveling wave solutions, since new exact
solutions may provide a better understanding of most physical and biological phenomena
that these models represent. Furthermore, exact solutions can enable us to explore the
stability of desired solutions as well as to perform numerical analysis for NLPDEs. Solitary
and soliton waves solutions which are solutions of specific NLPDEs are considered to be a
special classes of traveling wave solutions that have distinct features. These distinct features
can determine the behavior of the solution, and hence the properties of the phenomena
with which the NLPDE is formed [6]. The solitary waves consist of a sequence of solitary
waves that propagate without changing shape or size over time. Such solitary waves
have been observed in many science and engineering applications, such as surface water
elevation and light intensity in optical fibers. Soliton, on the other hand, is a nonlinear
solitary wave that provides vital insights into the dynamics of solitary waves and also
forms a particular class of Korteweg–de-Vries (KDV) solutions. Solitons have attracted
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interest from researchers after Gardner et al. [7] developed the inverse scattering method
for solving the KDV equations.

Despite the tremendous successes of NLPDEs in characterizing the complex phenom-
ena, not all of the models’ equations are solvable. Hence, familiarity with all classic and
recently established approaches for addressing these models becomes increasingly vital.
Over the past few years, numerous strategies have been proposed by mathematicians and
scientists, such as the F-expansion method [8], the variational iteration method [9], method
of sine–cosine [10], the tanh-function technique [11], the auxiliary equation method [12],
the exp-function technique [13,14], the exact soliton solution [15–17], the generalized
Kudryashov approach [18], and the newly extended generalized Kudryashov approach [19].
A more detailed discussion on some recent direct methods can be found in several related
works (see, for example, [20–23]).

The KDV is a nonlinear partial differential equation which has a fundamental role
in describing the dynamics of long waves in acoustic waves on a crystal lattice, shallow
water waves, optics and plasma physic, quantum mechanics, and fluid mechanics. The
KDV equation is expressed in the form [24]:

ut + uxxx + 6uxuxx = 0,

here, x and t denote respectively the independent spatial and time variables; u = u(x, y, t)
and ut = ∂u/∂t, ux = ∂u/∂x and so on. This equation was used to describe how waves
arise under the influence of weak nonlinearity of uxuxx and linear dispersion of uxxx. In
addition, it is broadly applied in many science and engineering applications to describe
weakly nonlinear long waves [1,25,26].

In the 1970s, Kadomtsov and Petviashivili introduced a two-dimensional dispersive
wave equation, known as KP equation, as an extension of the nonlinear (1 + 1) dimensional
KDV equation. This equation aims to study nonlinear waves varying slowly in a dispersive
medium under the influence of weak transversal perturbations. Here, as an application
of the (w/g)-expansion approach and the AKM, we study the KP equation to explore the
new traveling wave solutions. For the purposes of discussion, consider the dependent
variable u = u(x, y, t) satisfying the (2 + 1)-dimensional KP equation [27]:

uxt − 6uuxx − 6(ux)
2 + uxxxx + 3δ2uyy = 0, (1)

or

(ut − 6uux + uxxx)x + 3δ2uyy = 0,

where the independent spatial variables are x and y, and the time variable is t. Assuming
that δ2 = 1, then the system (1) is used to analyze weakly nonlinear dispersive waves
in plasma as well as weakly nonlinear long water waves in modulation. However, set-
ting δ2 = 1, then the system (1) is used to study acoustic waves and admits unstable
soliton solutions.

In recent years, the investigation of exact traveling wave solutions of the KP model is
becoming successively attractive to many researchers due to its great applications in various
fields, especially in the field of fluid dynamics and plasma physics. For example, Khan and
Akbar [27] explored the traveling wave solutions of the KP equation employing method
of the exp(−Φ(ξ))-expansion. Chen [28] investigated (3 + 1)-dimensional KP equation by
implementing the new generalized transformation in the homogeneous balance method.
Other methods that have been successively applied to construct an exact solution from
this model include a modified simple equation method [29], decomposition method [30],
Hirota’s bilinear method and the tanh-coth method [31], and the generalized expansion
method [32].

Wen-An et al. [33] explored the modified (w/g)-expansion approach for constructing
wave solutions of the Vakhnenko equation which is applied to describe the high-frequency
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wave propagation in relaxing media. This expansion approach is considered as the gen-
eralization of the (G′/G)-expansion method, which was introduced by Wang et al. [34].
For certain special choices of the function w and g, two new expansion methods can be
obtained, namely, (g′/g2)-expansion and (g′)-expansion. Here, we focus attention on
applying these interesting new expansion methods to obtain new traveling wave solutions
of KP Equation (1).

In this paper, Section 2 describes briefly the procedure of the modified (w/g)-expansion
method. Section 3 presents the three expansion methods; namely, the modified (g′/g2)-
expansion approach and (g′)-expansion approach, and the generalized simple (w/g)-
expansion approach. The AKM is introduced and applied, in Section 4, to obtain new
optical solitary wave solutions of the KP equation. The results of this study are graphically
described in Section 5 using the Maple 15 program. Although this article focuses on
exploring the exact traveling solutions of the KP equation, we expect that the presented
direct expansions methods should also be able to investigate a wide range of nonlinear
problems in mathematical physics and engineering applications.

2. Methodology of the Modified (w/g)-Expansion Approach

This section describes briefly the basic idea of the modified (w/g)-expansion approach
as presented in [33,35]. We assume that a general NLPDE in two variables x and t is
given by:

P(u, ut, ux, utt, uxx, uxt, . . . ) = 0, (2)

where u(x, y, t) is an unidentified function and P is a polynomial function in u = u(x, t)
and its partial derivatives, which includes both linear and nonlinear terms. The following
steps are used to solve the above NLPDE:
Step 1. We seek the traveling wave transformation to convert the independent variables x
and t into a compound variable ξ in the following form:

u(x, t) = U(ξ), (3)

where ξ = x− kt, where k is the wave speed. This transformation Equation (3) empowers
us to convert the NLPDE (2) to the following ODE:

Q(U, U′, U′′, . . . ) = 0, (4)

where Q denotes a polynomial function in U(ξ) and its derivatives U′ with respect to ξ.
Since Equation (3) is a completely integrable equation, we integrate it with respect to ξ to
obtain Q1(U, U′, U′, . . . ) = 0.
Step 2. Assuming that the solution to the ODE (4) is given by:

U(ξ) =
m

∑
i=0

ai

(
w(ξ)

g(ξ)

)i
, (5)

where ai are constants, for i = 0, 1, . . . , m. The functions w = w(ξ) and g(ξ) satisfy the
following ODE: (

w(ξ)

g(ξ)

)′
= a + b

(
w(ξ)

g(ξ)

)
+ c
(

w(ξ)

g(ξ)

)2

, (6)

or
w′g− wg′ = ag2 + bwg + cw2, (7)

where a, b, and c are constants.
Step 3. By balancing the nonlinear term and the highest order derivative appearing in
the ODE (4), we find the positive integer n in Formula (5).
Step 4. Substitute the solution (5) into the ODE (4) along with the first order Equation (6);
and combine together any terms with the same powers of (w/g)i, for i = 0, 1, 2, . . . , m,
so that the left-hand side of the ODE (4) is turned into a polynomial in (w/g)i. In this
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polynomial, we equate all the coefficients to zero. As a result of this procedure, we get a
system of equations for ai, when i = 0, 1, . . . , m, and k.
Step 5. Solve this system of equations by the assistance of Mathematica or Maple and we
find ai, and k.

3. Application of Extended Rational (w/g)-Expansion Approach

This section presents three expansion methods; namely, the modified (g′/g2)-expansion
approach and (g′)-expansion approach, and the generalized simple (w/g)-expansion ap-
proach to explore new optical solitary wave solutions for nonlinear equations via KP

Equation (1).
As an illustration, we consider the nonlinear KP Equation (1). The traveling wave

variable given below
u(x, y, t) = U(ξ), ξ = x + y− kt, (8)

where k is an arbitrary constant that permits us to convert the nonlinear KP Equation (1) to
the following ODE: (

kU′ − 6UU′ + U′′′
)′
+ 3δ2U′′ = 0,

by integrating twice, we have:

U′′ +
(

3δ2 − k
)

U − 3U2 + C1 = 0, (9)

where C1 is the integration constant.

3.1. The Modified (g′/g2)-Expansion Approach

This subsection implements the modified (g′/g2)-expansion approach to the KP

Equation (9) to derive new traveling wave solutions. By setting w = g′/g, and b = 0
in the auxiliary Equation (7), we obtain new expansion so that u(ξ) is given by:

U(ξ) =
m

∑
i=0

ai

(
g′

g2

)i

, (10)

where ai are constants for i = 0, 1, . . . , m, and g(ξ) satisfies the NLPDE in the form

g2g′′ − 2g(g′)2 = ag4 + c(g′)2, (11)

this is known as the (g′/g2)-expansion approach which has been introduced in [33]. Bal-
ancing the highest order derivative U′′ and the nonlinear term U2 in Equation (9) using the
homogeneous balance method [36] yields the degree m of the polynomial must equal to 2.
As a result, the solution of Equation (9) has the following form:

U(ξ) = a0 + a1

(
g′

g2

)
+ a2

(
g′

g2

)2

. (12)

Here, a0, a1, and a2 are constants, so that, g(ξ) satisfies Equation (11). Substitute
Equations (11) and (12) into Equation (9) and combine together any terms with the same
powers of (g′/g2). As a result of this substitution, the left-hand side of Equation (9) is
reduced into a polynomial function in (g′/g2). We equate all the coefficients of this polyno-
mial to zero. This procedure produces a system of algebraic equations for a0, a1, a2, C1 and
k that can be addressed by using Mathematica or Maple to obtain:

a0 =
4
3

ac +
1
2

δ2 − 1
6

k, a1 = 0, a2 = 2c2, C1 =
4
3

c2a2 − 3
4

δ4 +
1
2

δ2k− 1
12

k2,



Crystals 2022, 12, 159 5 of 17

where a, c, and k are constants. Therefore, the general solutions of Equation (11) take the
following form:

g(ξ) =



2c
ln
[ c

a [A1 sin(
√

acξ)− A2 cos(
√

acξ)]2
] , ca > 0

− 2c

2
√
|ac|ξ − ln[ c

4a (A1e2
√
|ac|ξ − A2)2]

, ca < 0

c
ln[A1cξ + A2c]

, a = 0, c 6= 0

and

(
g′

g2

)
=



√
a
c

[
A1 cos(

√
acξ) + A2 sin(

√
acξ)

A1 sin(
√

acξ)− A2 cos(
√

acξ)

]
, ca > 0

1
2c

[
2
√
|ac| − 4

√
|ac|A1e2

√
|ac|ξ

A1e2
√
|ac|ξ − A2

]
, ca < 0

− A1

A1cξ + A2c
, a = 0, c 6= 0.

Hence, there are three different types of traveling wave solutions of the KP Equation (1):
Case 1. When ca > 0, the rational wave solution takes the following form:

U(ξ) =
4
3

ac +
1
2

∆2 − 1
6

k + 2ac

[
A1 cos

(√
acξ
)
+ A2 sin

(√
acξ
)

A1 sin
(√

acξ
)
− A2 cos

(√
acξ
)]2

.

Therefore, the traveling wave solution of KP Equation (1) is given by:

u1(x, y, t) =
4
3

ac +
1
2

δ2 − 1
6

k + 2ac

[
A1 cos

[√
ac(x + y− kt)

]
+ A2 sin

[√
ac(x + y− kt)

]
A1 sin

[√
ac(x + y− kt)

]
− A2 cos

[√
ac(x + y− kt)

]]2

. (13)

Case 2. When ca < 0, the rational wave solution has the following form:

U(ξ) =
4
3

ac +
1
2

δ2 − 1
6

k +
1
2

(
2
√
|ac| − 4

√
|ac|A1e2

√
|ac|ξ

A1e2
√
|ac|ξ − A2

)2

.

Then, the traveling wave solution of KP Equation (1) takes the following form:

u2(x, y, t) =
4
3

ac +
1
2

δ2 − 1
6

k +
1
2

(
2
√
|ac| − 4

√
|ac|A1e2

√
|ac|[x+y−kt]

A1e2
√
|ac|[x+y−kt] − A2

)2

. (14)

Case 3. When a = 0, and c 6= 0, the rational wave solution is expressed as:

U(ξ) =
1
2

δ2 − 1
6

k +
2c2 A2

1

(A1cξ + A2c)2 .

Then, the traveling wave solution of KP Equation (1) is given by:

u3(x, y, t) =
1
2

δ2 − 1
6

k +
2c2 A2

1

[A1c(x + y− kt) + A2c]2
. (15)
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3.2. The Modified (g′)-Expansion Approach

This subsection aims to apply the modified (g′)-expansion approach to explore the
traveling wave solutions of Equation (9). By setting w = gg′, and b = 0, in the auxiliary
Equation (7) we obtain new expansion so that u(ξ) is expressed as:

U(ξ) =
m

∑
i=0

ai(g′)i,

where ai are constants for i = 0, 1, . . . , m, so that g(ξ) satisfies the NLPDE in the form:

g′′ = a + bg′ + c(g′)2. (16)

This is known as the (g′)-expansion approach which has been introduced in [33,37]. Bal-
ancing the highest order derivative U′′ and the nonlinear term U2 in Equation (9) yields
the degree m of the polynomial must equal 2. As a result, the solution of Equation (9) is
given by:

U(ξ) = a0 + a1g′ + a2g′2, (17)

where a0, a1 and a2 are constants, so that and g(ξ) satisfies Equation (16). Substitute
Equations (16) and (17) into Equation (9) and combine together any terms with the same
powers of (g′). As a result of this substitution, the left-hand side of Equation (9) is reduced
into a polynomial function in (g′). We equate all the coefficients of this polynomial to zero.
This procedure yields systems of equations for a0, a1, a2, C1 and k, which can be addressed
using Mathematica or Maple to obtain:

a0 =
4
3

ac +
1
6

b2 +
1
2

δ2 − 1
6

k, a1 = 2bc, a2 = 2c2, C1 =
4
3

a2c2 − 2
3

b2ca− 3
4

δ4 +
1
2

δ2k +
1

12
b4 − 1

12
k2,

where a, b, c and k are arbitrary constants. The general solutions of Equation (16) are given as:

g(ξ) =



1
2c

[
ln(1 + tan2(

1
2

√
∆ξ))− bξ

]
, ∆ = 4ac− b2 > 0,

1
2c

[
ln(tanh2(

1
2

√
−∆ξ)− 1)− bξ

]
, ∆ = 4ac− b2 < 0,

−1
c

[
ln(ξ) +

b
2

ξ

]
, ∆ = 4ac− b2 = 0,

and

g′ =



1
2c

[√
∆ tan(

1
2

√
∆ξ)− b

]
, ∆ = 4ac− b2 > 0,

− 1
2c

[√
−∆ tanh(

1
2

√
−∆ξ) + b

]
, ∆ = 4ac− b2 < 0,

−1
c

(
1
ξ
+

b
2

)
, ∆ = 4ac− b2 = 0.

Therefore, we have three types of traveling wave solutions of the KP Equation (1):
Case 1. When ∆ = 4ac − b2 > 0, then, the traveling wave solution of Equation (9) is
given by:

U(ξ) =
4
3

ac +
1
6

b2 +
1
2

∆2 − 1
6

k + b
[√

∆ tan(
1
2

√
∆ξ)− b

]
+

1
2

[√
∆ tan(

1
2

√
∆ξ)− b

]2
.

Hence, the traveling wave solution of KP Equation (1) has the following form:

u4(x, y, t) =
4
3

ac +
1
6

b2 +
1
2

δ2 − 1
6

k + b
[√

∆ tan(
1
2

√
∆[x + y− kt])− b

]
+

1
2

[√
∆ tan(

1
2

√
∆[x + y− kt])− b

]2
. (18)
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Case 2. When ∆ = 4ac − b2 < 0, then, the traveling wave solution of Equation (9) is
given by:

U(ξ) =
4
3

ac +
1
6

b2 +
1
2

δ2 − 1
6

k− b
[√
−∆ tanh

(
1
2

√
−∆ξ

)
+ b
]
+

1
2

[√
−∆ tanh(

1
2

√
−∆ξ) + b

]2
.

Therefore, the traveling wave solution of KP Equation (1) is expressed as:

u5(x, y, t) =
4
3

ac +
1
6

b2 +
1
2

δ2 − 1
6

k− b
[√
−∆ tanh

(
1
2

√
−∆[x + y− kt]

)
+ b
]

+
1
2

[√
−∆ tanh

(
1
2

√
−∆[x + y− kt]

)
+ b
]2

. (19)

Case 3. When ∆ = 4ac− b2 = 0, then, the traveling wave solution of Equation (9) is in
the form:

U(ξ) =
2
3

b2 +
1
2

δ2 − 1
6

k− 2b
(

1
ξ
+

b
2

)
+ 2
(

1
ξ
+

b
2

)2
.

Hence, the traveling wave solution of KP Equation (1) is given by:

u6(x, y, t) =
2
3

b2 +
1
2

δ2 − 1
6

k− 2b
(

1
x + y− kt

+
b
2

)
+ 2
(

1
x + y− kt

+
b
2

)2
. (20)

3.3. The Generalized Simple (w/g)-Expansion Method

This subsection aims to explore the traveling wave solutions of Equation (9) using
the generalized simple (w/g)-expansion approach. We can obtain a new form of exact
solutions as:

U(ξ) =
m

∑
i=0

ai

(
w
g

)i
,

where ai are constants, for i = 0, 1, . . . , m, so that the functions w and g satisfy the first
order differential equations

w′ = λg, g′ = µw, (21)

where λ and µ are arbitrary constants. This is called the generalized simple (w/g)-
expansion approach. Balancing the highest order derivative U′′ and the nonlinear term
U2 in Equation (9) using the homogeneous balance method [36] yields the degree m of the
polynomial has to be 2. As a result, the solution of Equation (9) can be expressed as:

U(ξ) = a0 + a1

(
w
g

)
+ a2

(
w
g

)2
, (22)

where a0, a1, and a2 are constants, so that w(ξ) and g(ξ) satisfy Equation (21). Substitute
Equations (21) and (22) and into Equation (9) and combine together any terms with the
same powers of (w/g). As a result of this substitution, the left-hand side of Equation (9)
is reduced into a polynomial function in (w/g). We equate all the coefficients of this
polynomial to zero. This procedure yields systems of equations for a0, a1, a2, C1 and k,
which can be addressed using Mathematica or Maple to obtain:

a0 =
1
2

δ2 − 4
3

λµ− 1
6

k, a1 = 0, a2 = 2µ2, C1 = −3
4

δ4 +
1
2

δ2k +
4
3

µ2λ2 − 1
12

k2, (23)
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where k, λ and µ are constants. Therefore, the general solutions of Equation (21) become:

(
w
g

)
=



√
λ√
µ

[
A1
√

µ cosh
(√

λµξ
)
+ A2

√
λ sinh

(√
λµξ

)][
A1
√

µ sinh
(√

λµξ
)
+ A2

√
λ cosh

(√
λµξ

)] λ, µ > 0,

√
−λ√−µ

[
A1
√−µ cosh

(√
λµξ

)
− A2

√
−λ sinh

(√
λµξ

)][
−A1
√−µ sinh

(√
λµξ

)
+ A2

√
−λ cosh

(√
λµξ

)] λ, µ < 0,

√
λ√−µ

[
A1
√−µ cos

(√
−λµξ

)
+ A2

√
λ sin

(√
−λµξ

) ][
−A1
√−µ sin

(√
−λµξ

)
+ A2

√
λ cos

(√
−λµξ

)] λ > 0 and µ < 0,

√
−λ√
µ

[
A1
√

µ cos
(√
−λµξ

)
− A2

√
−λ sin

(√
−λµξ

)][
A1
√

µ sin
(√
−λµξ

)
+ A2

√
−λ cos

(√
−λµξ

)] λ < 0 and µ > 0.

Therefore, we have four types of traveling wave solutions of the KP Equation (1) as follows:
Case 1: When λ > 0 and µ > 0, then, the traveling wave solution of Equation (9) is
expressed as:

U(ξ) =
1
2

δ2 − 4
3

λµ− 1
6

k + 2λµ

[
A1
√

µ cosh
(√

λµξ
)
+ A2

√
λ sinh

(√
λµξ

)
A1
√

µ sinh
(√

λµξ
)
+ A2

√
λ cosh

(√
λµξ

)]2

.

Consequently, the exact solution of KP Equation (1) is expressed as:

u7(x, y, t) =
1
2

δ2 − 4
3

λµ− 1
6

k + 2λµ

[
A1
√

µ cosh
[√

λµ(x + y− kt)
]
+ A2

√
λ sinh

[√
λµ(x + y− kt)

]
A1
√

µ sinh
[√

λµ(x + y− kt)
]
+ A2

√
λ cosh

[√
λµ(x + y− kt)

]]2

. (24)

Case 2. When λ < 0 and µ < 0, then the traveling wave solution of Equation (9) is
expressed as:

U =
1
2

δ2 − 4
3

λµ− 1
6

k + 2λµ

[
A1
√−µ cosh

(√
λµξ

)
− A2

√
−λ sinh

(√
λµξ

)
−A1
√−µ sinh

(√
λµξ

)
+ A2

√
−λ cosh

(√
λµξ

) ]2

.

Consequently, the traveling wave solution of KP Equation (1) has the following form:

u8 =
1
2

δ2 − 4
3

λµ− 1
6

k + 2λµ

[
A1
√−µ cosh

(√
λµ(x + y− kt)

)
− A2

√
−λ sinh

(√
λµ(x + y− kt)

)
−A1
√−µ sinh

(√
λµ(x + y− kt)

)
+ A2

√
−λ cosh

(√
λµ(x + y− kt)

) ]2

. (25)

Case 3. When λ > 0 and µ < 0, hence, the traveling wave solution of Equation (9) is
expressed as

U(ξ) =
1
2

δ2 − 4
3

λµ− 1
6

k− 2λµ

[
A1
√−µ cos

(√
−λµξ

)
+ A2

√
λ sin

(√
−λµξ

)
−A1
√−µ sin

(√
−λµξ

)
+ A2

√
λ cos

(√
−λµξ

) ]2

.

Consequently, the wave solution of KP Equation (1) has the following form:

u9(x, y, t) =
1
2

δ2 − 4
3

λµ− 1
6

k− 2λµ

[
A1
√−µ cos

(√
−λµ(x + y− kt)

)
+ A2

√
λ sin

(√
−λµ(x + y− kt)

)
−A1
√−µ sin

(√
−λµ(x + y− kt)

)
+ A2

√
λ cos

(√
−λµ(x + y− kt)

) ]2

. (26)
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Case 4. When λ < 0 and µ > 0, hence, the periodic wave solution of KP Equation (1) is
expressed as:

U(ξ) =
1
2

δ2 − 4
3

λµ− 1
6

k− 2λµ

[
A1
√

µ cos
(√
−λµξ

)
− A2

√
−λ sin

(√
−λµξ

)
A1
√

µ sin
(√
−λµξ

)
+ A2

√
−λ cos

(√
−λµξ

) ]2

.

Consequently, the wave solution of KP Equation (1) is presented as:

u10(x, y, t) =
1
2

δ2 − 4
3

λµ− 1
6

k− 2λµ

[
A1
√

µ cos
(√
−λµ(x + y− kt)

)
− A2

√
−λ sin

(√
−λµ(x + y− kt)

)
A1
√

µ sin
(√
−λµ(x + y− kt)

)
+ A2

√
−λ cos

(√
−λµ(x + y− kt)

) ]2

, (27)

where ξ = x + y− kt.

Remark 1 ([33]). Setting g = c = 1, and b = 0 in the auxiliary Equation (7), then the solution (5)
takes the following form:

U(ξ) =
m

∑
i=0

ai wi,

where ai are constants for i = 0, 1, . . . , m, so that w satisfies the following relation:

w′ = a + w2.

In this scenario, the (w/g)- expansion approach is identical to the tanh-function approach. Mean-
while, the (w/g)- expansion function is equivalent to the Riccati expansion function method [38,39]
by setting g = 1, and the constants a = b = c 6= 0.

Remark 2 ([33,37]). Setting the function w = g′, and the constants a = −µ, b = −λ and c = −1
in the auxiliary Equation (7), then the solution (5) has the following form:

U(ξ) =
m

∑
i=0

ai

(
g′

g

)i

,

where ai are constants, for i = 0, 1, . . . , m, so that g satisfies the following differential equation:

g′′ + λg′ + µg = 0.

In this scenario, the (w/g)-expansion approach is identical to the (G′/G)-expansion approach
which has been introduced by Wang et al. [34].

4. Addendum to the Kudryashov Method (AKM)

Kudryashov [40] developed a so-called Kudryashov approach for finding solitary
wave solutions to NLEEs that arise in a large range of applications. The original motivation
for this method was to execute calculations without requiring the use of a specific function’s
form. Recently, inspired by this work, Zayed et al. [41] proposed the Addendum to the
Kudryashov Method (AKM). This approach is an effective and powerful mathematical
tool in describing many physical phenomena. The principle aim of the following sections
is to use this approach to obtain different types of traveling wave solutions of the KP

Equation (1).

4.1. Methodology of AKM

Here, we briefly review the basic steps of AKM as follows:
Step 1: Assuming that a solution of Equation (9) exists in the form:

φ(ξ) =
N

∑
g=0

Ag [R(ξ)]g, (28)
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where Ag(g = 0, 1, 2, . . . , N) are non-zero constants. The function R(ξ) satisfies the follow-
ing first order differential equation:

R
′2(ξ) = R2(ξ)[1− χR2T(ξ)] ln2 K, (29)

where 0 < K 6= 1, in here χ is an arbitrary constant. The solution of Equation (29) can be
expressed as:

R(ξ) =
[

4A
4A2 expK(Tξ) + χ expK(−Tξ)

]1/T
. (30)

Here, expK(Tξ) = KTξ , T and A represent a natural number and a non- zero real number,
respectively.
Step 2: The following formula can be used to compute the relationship between N and T:
Assuming F[φ(ξ)] = N, hence we can define F[φ

′
(ξ)] = T + N, and F[φ

′′
(ξ)] = 2T + N.

Therefore, F[φ(r)(ξ)] = N + rT, and F[φ(r)(ξ) φs(ξ)] = rT + N(s + 1).
Step 3: Substitute relations (28) and (29) into Equation (9), then we equate all the coef-
ficients of the following term to zero [R(ξ)] f [R

′
(ξ)]i, for f = 0, 1, . . . and i = 0, 1. This

procedure yields systems of equations in Ag for (g = 0, 1, 2, . . . , N). We need to address
these equations to determine Ag and c. As a result, we will get the analytical solutions to
Equation (9).

4.2. Addendum to the Kudryashov Method (AKM) to the Kadomtsev–Petviashvili (KP) Equation

This subsection aims to use the AKM to explore the exact traveling wave solutions for
a nonlinear PDE. The following equation is obtained by balancing the nonlinear terms U

′′

and U2, in (9):
N + 2T = 2N ⇒ N = 2T. (31)

Here, we present two scenarios for determining the solutions of Equation (9).
Case 1. Assuming T = 1, yields N = 2. Then, based on Equation (31), we can conclude
that the solution of Equation (9) can be expressed as:

U(ξ) = A0 + A1R(ξ) + A2R2(ξ), (32)

where A0, A1 and A2 are arbitrary constants, such that A2 6= 0. Equations (28) and (32)
are substituted into Equation (9), and any terms in the form [R(ξ)]l [R

′
(ξ)] f , are collected

and set to zero for (I = 0, 1, 2, . . . , 12, and f = 0, 1), resulting in a system of equations
as follows:

−2A1χ ln2(K)− 6A1 A2 = 0,

−6A2 ln2(K)χ− 3A2
2 = 0,

A1 ln2(K) + 3A1δ2 − A1k− 6A0 A1 = 0,

4A2 ln2(K) + 3A2δ2 − A2k− 6A0 A2 − 3A2
1 = 0, (33)

3A0δ2 − 3A2
0 − A0k + C1 = 0.

The above system of algebraic Equation (33) can be solved to obtain:

A0 =
2
3

ln2(K) +
1
2

δ2 − 1
2

k, A1 = 0, A2 = −2 ln2(K)χ, C1 = −3
4

δ4 +
1
2

δ2k +
4
3

ln4(K)− 1
12

k2, (34)

We calculate the straddled solitary solution of Equation (9) by substituting Equations (30)
and (34) into Equation (32) as follows:

U(ξ) =
2
3

ln2(K) +
1
2

δ2 − 1
2

k− 32A2 ln2(K)χ
[4A2 expK(Tξ) + χ expK(−Tξ)]2

. (35)
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In particular, the dark solution to Equation (9) is obtained by setting χ = 4A2 in Equation (35) as

U(ξ) = −2
3

ln2(K) +
1
2

δ2 − 1
2

k + 2 ln2(K) tanh2[(x + y− kt) ln K], (36)

while the singular soliton solution to Equation (9) is obtained by setting χ = −4A2 in
Equation (35) as

U(ξ) =
2
3

ln2(K) +
1
2

δ2 − 1
2

k + 2 ln2(K) csch2[(x + y− kt) ln K]. (37)

Case 2. Assuming T = 2, yields N = 4. Then, based on Equation (31), we can conclude
that the solution of Equation (9) is expressed as follows:

U(ξ) = A0 + A1R(ξ) + A2R2(ξ) + A3R3(ξ) + A4R4(ξ), (38)

where A0, A1, A3 and A4 are arbitrary constants, such that A4 6= 0. Equations (28) and (38)
are substituted into Equation (9), and all terms in the form [R(ξ)]l [R

′
(ξ)] f , are collected and

set to zero for (I = 0, 1, 2, . . . , 12, and f = 0, 1), resulting in a system of algebraic equations
which can be addressed to obtain:

A0 =
8
3

ln2(K) +
1
2

δ2 − 1
6

k, A1 = A2 = A3 = 0, A4 = −8 ln2(K)χ, C1 = −3
4

δ4 +
1
2

δ2k +
64
3

ln4(K)− 1
12

k2. (39)

We calculate the straddled solitary solution of Equation (9) by substituting Equations (30)
and (39) into Equation (38) as follows:

U(ξ) =
8
3

ln2(K) +
1
2

δ2 − 1
6

k− 128A2 ln2(K)χ
[4A2 expK(2ξ) + χ expK(−2ξ)]2

. (40)

In particular, the dark solution to Equation (9) is obtained by setting χ = 4A2 in Equation (40) as

U(ξ) = −16
3

ln2(K) +
1
2

δ2 − 1
6

k + 8 ln2(K) tanh2[2(x + y− kt) ln K], (41)

while the singular soliton solution to Equation (9) is obtained by setting χ = −4A2 in
Equation (40) as

U(ξ) =
8
3

ln2(K) +
1
2

δ2 − 1
6

k + 8 ln2(K) csch2[2(x + y− kt) ln K]. (42)

5. Graphical Representations of Traveling Wave Solutions for KP Equation

This section aims to present graphical illustrations of the obtained traveling wave
solutions of KP Equation (1). Different types of traveling wave solutions of the desired
system can be observed when physical parameters are given by certain values using
computer algebra. It is also verified that all of the obtained solutions in this article were valid
by inserting them back into the original KP Equation (1). Figures 1–3 represent singular
wave solutions for KP Equation (1), which were successfully determined in Section 3.1
by using the modified (g′/g2)-expansion approach. Solitary waves having a singularity,
usually infinite discontinuity, are known as singular soliton solutions. Because this solution
involves a spike, it can possibly explain how Rogue waves form. Figures 4–6 depict dark
and singular wave solutions by using the (g′)-expansion approach. The dark solitary
wave and singular periodic wave solutions are shown in Figures 7–10 by means of the
generalized simple (w/g)-expansion method (Section 3.3). The obtained traveling wave
solutions by AKM in Section 4.2 are illustrated in Figures 11 and 12.
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Figure 1. Singular periodic solution (13) (left) and its projections at t = 0 (right), when a = 0.6,
c = 0.3, δ = 1, k = 0.7, A1 = 0.5, A2 = 0.1, and y = 0.5.
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Figure 2. Singular wave solution (14) (left) and its projections at t = 0 (right), when a = 0.2, c = −0.3,
δ = 1, k = 0.3, A1 = 0.4, A2 = 0.7, and y = 0.5.
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Figure 3. Singular wave solution (15) (left) and its projections at t = 0 (right), when a = 0, c = 0.4,
δ = 1, k = 0.6, A1 = 0.3, A2 = 0.7, and y = 0.5.
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Figure 4. Dark wave solution (18) (left) and its projections at t = 0 (right), when a = 0.3, c = 0.2,
δ = 1, k = 0.4, b = 0.2, and y = 0.5.
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Figure 5. Dark wave solution (19) (left) and its projections at t = 0 (right), when a = −0.4, c = 0.2,
δ = 1, k = 0.5, b = 0.3, and y = 0.5.
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Figure 6. Singular solitary wave solution (20) (left) and its projections at t = 0 (right), when a = 1,
c = 1, δ = 1, k = 0.3, b = 2, and y = 0.5.

Figure 4. Dark wave solution (18) (left) and its projections at t = 0 (right), when a = 0.3, c = 0.2,
δ = 1, k = 0.4, b = 0.2, and y = 0.5.
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Figure 4. Dark wave solution (18) (left) and its projections at t = 0 (right), when a = 0.3, c = 0.2,
δ = 1, k = 0.4, b = 0.2, and y = 0.5.
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Figure 5. Dark wave solution (19) (left) and its projections at t = 0 (right), when a = −0.4, c = 0.2,
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Figure 6. Singular solitary wave solution (20) (left) and its projections at t = 0 (right), when a = 1,
c = 1, δ = 1, k = 0.3, b = 2, and y = 0.5.

Figure 5. Dark wave solution (19) (left) and its projections at t = 0 (right), when a = −0.4, c = 0.2,
δ = 1, k = 0.5, b = 0.3, and y = 0.5.
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Figure 6. Singular solitary wave solution (20) (left) and its projections at t = 0 (right), when a = 1,
c = 1, δ = 1, k = 0.3, b = 2, and y = 0.5.
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Figure 7. Dark solitary wave solution (24) (left) and its projections at t = 0 (right), when A1 = 0.1,
A2 = 0.5, µ = 0.7, λ = 0.3, k = 0.2, δ = 1, and y = 0.5.
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Figure 8. Dark solitary wave solution (25) (left) and its projections at t = 0 (right), when A1 = 0.2,
A2 = 0.9, µ = −0.3, λ = −0.4, k = 0.2, δ = 1, and y = 0.5.
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Figure 9. Singular periodic wave solution (26) (left) and its projections at t = 0 (right), when A1 = 0.4,
A2 = 0.6, µ = −0.7, λ = 0.9, k = 0.2, δ = 1, and y = 0.5.
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Figure 10. Singular periodic wave solution (27) (left) and its projections at t = 0 (right), when
A1 = 0.4, A2 = 0.9, µ = 0.4, λ = −0.3, k = 0.1, δ = 1, and y = 0.5.
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Figure 10. Singular periodic wave solution (27) (left) and its projections at t = 0 (right),
when A1 = 0.4, A2 = 0.9, µ = 0.4, λ = −0.3, k = 0.1, δ = 1, and y = 0.5.
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Figure 11. Dark wave solution (36) (left) and its projection at t = 0 (right), when K = 2, k = −2, δ = 3,
and y = 2.
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Figure 12. Singular wave solution (37) (left) and its projection at t = 0 (right), when K = 2, k = −2,
δ = 3, and y = 2.

6. Conclusions

With the advancement of computer algebra, the investigation of traveling wave solu-
tions for NPDEs has become a key research area not only in mathematical sciences, but also
in many other branches of research such as physics and materials science. In this paper, the
extended rational (w/g) expansion method is shown to be highly effective and practical for
obtaining novel traveling wave solutions for KP Equation (1). To the best of my knowledge,
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6. Conclusions

With the advancement of computer algebra, the investigation of traveling wave solu-
tions for NPDEs has become a key research area not only in mathematical sciences, but also
in many other branches of research such as physics and materials science. In this paper, the
extended rational (w/g) expansion method is shown to be highly effective and practical for
obtaining novel traveling wave solutions for KP Equation (1). To the best of my knowledge,
some of these solutions are being obtained for the first time. It has been demonstrated that
the extended rational (g′/g2)-expansion method is more efficient than the (g′)-expansion
method, since the former can produce a general form of desired solutions, whilst the latter
cannot. Finally, the AKM has been successfully described and applied, in Section 4, to obtain
new expressions for the traveling wave solutions presented with the support of graphs. It
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should be emphasized that the presented approaches for obtaining exact traveling wave
solutions are both trustworthy, direct, efficient, as well as applicable to a wide range of
applications in mathematical physics. Furthermore, these approaches promise a great
saving in computation time by using computer algebra such as Mathematica and Maple,
which can perform complex and time-consuming algebraic calculations.
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