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Abstract: Cellular automata (CA) modeling is a powerful and efficient tool for simulating the dynamic
evolution of polycrystalline microstructures in modern materials and metallurgy studies, such as
solidification, plastic deformation and recrystallization. We propose a novel model to calculate the
shape factor of grains in three-dimensional hexagonal grid (3D-HEX) CA, which overcomes the
disadvantages of 3D-HEX CA, such as complex algorithms and a long computation time. The shape
factor is a quantitative measure of grain morphology based on the ratio of the surface area of the
grain to its volume-equivalent-sphere and volume-equivalent-chain. It indicates how the shape of
a grain or phase affects its mechanical properties, such as stiffness, deformation and fracture. Our
model can easily calculate the shape factor for any grain by counting its surface cells and volume
cells. We test our model on 1000 grains with different shapes (equiaxed, irregular and chain-like) by
Monte Carlo (MC) methods. MC methods evaluate the validity of a calculation model by comparing
the simulated outcomes with the observed or expected outcomes. The results show that our model
can accurately describe the grain morphology and has a good comparability and generality.

Keywords: shape factor; cellular automaton; 3D hexagonal grid; Monte Carlo; modeling; microstructure

1. Introduction

Cellular automata (CA) modeling is a powerful and efficient tool for simulating
polycrystalline dynamic microstructure evolution in modern material and metallurgy
studies, such as solidification, plastic deformation and recrystallization [1]. In recent
years, CA have been applied to various material science problems involving complex
topological changes at different length scales [2–4]. Some examples include recrystallization
phenomena, eutectic transformation during solidification, phase-field modeling of dendritic
growth, fracture mechanics, corrosion processes, etc. These applications demonstrate that
CA can capture the essential physics of materials’ behavior with a high computational
efficiency and flexibility [5–8].

For example, the model of a cellular-automata simulation of the grain growth of
a powder metallurgy Ni-based superalloy [9] incorporates thermodynamic and kinetic
mechanisms to describe the microstructural evolution of a Ni-based superalloy during
hot isostatic pressing. The model can predict the grain-size distribution, grain-boundary
migration velocity and grain-boundary energy under different processing conditions. A
cellular-automata model for modeling phase-change materials [10] describes the tempera-
ture distribution and phases (liquid/solid) evolution for multi-component materials with
a complex geometry. The model can handle phase-change phenomena, such as melting,
solidification, latent heat storage and release. These research outcomes show that CA
modeling is a versatile and promising technique for studying various aspects of materials
science at different scales.

CA modeling, especially on a two-dimensional square grid (2D-SQR), is widely used
to describe or predict microstructural characteristics [11]. The spatial discretization used
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by 2D-SQR can sometimes produce unnatural anisotropic patterns due to the imperfect
symmetry. As an inherently grid-based system, 2D-SQR is better suited for representing
map-like changes. However, a crystalline structure may not be as well represented within
this framework [12]. The three-dimensional hexagonal grid (3D-HEX) has some special
advantages over 2D-SQR, such as its intrinsic isotropic properties and good consistency
with a metal crystalline structure [13]. This is because first, 3D grids provide accurate
structural information on bulk material, while 2D grids only give representation character-
istics. This is essential for studying the mechanism of microstructure evolution; second,
3D-HEX is closer to the real atom stacking mode in metal, which makes it easier to simulate
the real mechanism when designing CA transition rules. This is very beneficial for the
microstructure simulation at a near-atom scale [14,15].

According to some recent studies, 3D-HEX CA can be used to simulate various phe-
nomena, such as cleavage propagation across crystal boundaries [16], a coupled hydrogen
porosity and microstructure during the solidification of ternary aluminum alloys [17,18],
and grain refinement during the severe plastic deformation of micro-alloyed steel. These
simulations can help understand the mechanisms and effects of different factors on the
microstructure evolution and properties of materials [1–4].

Furthermore, some advantages of 3D-HEX CA over other methods, such as phase-field
models, front tracking methods, and vertex models, are that they are simpler, faster, more
flexible, and more scalable [19–21]. They can also capture complex features, such as grain
boundaries, crack fronts, dislocation structures, and phase transformations, with a high
accuracy [16,17]. For example, 3D-HEX CA can simulate the evolution of grain boundaries
in polycrystalline materials under different driving forces and boundary conditions [16]. 3D-
HEX CA can model the propagation of crack fronts in brittle materials with arbitrary shapes
and orientations [22]. 3D-HEX CA can represent the dynamics of dislocation structures
in metallic materials under various loading scenarios [23]. 3D-HEX CA can describe the
phase transformations in alloy systems with multiple components and phases [24]. These
instances demonstrate the versatility and applicability of 3D-HEX CA for various material
science problems.

However, 3D-HEX also has some natural disadvantages that limit its usage. First,
the algorithm and calculation model are more complex and time-consuming; second,
unlike 2D-SQR, there is no general calculation model for the 3D-HEX microstructure
simulation [10,14].

The shape factor is a useful parameter for quantitatively describing the morphology of
a grain or phase [25]. It is a numerical value that depends on the geometry of a shape and
the type of property being considered. It also indicates how the shape of a grain or phase
affects its mechanical properties, such as stiffness, deformation and fracture. Therefore,
the shape factor is an important consideration for material selection and design in various
engineering applications. There are some examples of shape factors for macro-object with
different shapes: A square rod has a shape factor of 1.12 for elastic bending stiffness,
1.33 for elastic torsional stiffness, 1.12 for bending strength, and 1.33 for torsional strength;
a rectangular rod with an aspect ratio of 2:1 has a shape factor of 1.17 for elastic bending
stiffness, 2.00 for elastic torsional stiffness, 1.17 for bending strength, and 2.00 for torsional
strength. In 2D-SQR, there are many general calculation models of the grain shape factor
based on a mature 2D image technology algorithm. However, in 3D-HEX, there is no such
general calculation model available [26].

This paper proposes a novel, simple, and efficient model for calculating grain shape
factors in 3D-HEX. The model is based on the ratio of the grain’s surface area to its volume-
equivalent-sphere and volume-equivalent-chain. By counting the grain’s surface and
volume cells, our model can easily calculate the shape factor for any grain.

2. Model and Calculation

3D CA is a system consisting of a 3D grid of cells that change their states according
to a rule that depends on the number of neighboring cells [12]. Each cell can be either on
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or off, and the rule determines whether a cell will turn on, turn off, or stay unchanged at
each step. The spatial arrangement of 3D cellular automata can vary depending on the
shape and size of the grid, the initial configuration of cells, and the rule applied. Some
possible shapes for the grid are cubes, spheres, cylinders, or irregular shapes. The initial
configuration can be a single cell, a random pattern, or a predefined pattern. The rule can
be specified by a number that indicates which values of neighboring cells will trigger a
change in state.

Specifically, we use a 3D-HEX grid with one million cells (100 × 100 × 100), as shown
in Figure 1. Each cell has 12 neighbors: 3 on the upper Z-plane (Layer A), 3 on the lower
Z-plane (Layer C), and 6 on the same Z-plane (Layer B). The Z-axis stacking sequence is
ABCABC . . . For clarity, Figure 1 shows cells as spheres, but they are actually rhombic
dodecahedrons that fill the space completely.

Figure 1. Schematic view of 3D-HEX grid and spatial arrangement of a cell and its neighbors.

To describe the grain morphology, we use the sphericity degree as a shape factor [27–29].
It is the ratio of the diameter of a sphere with the same volume as the grain to the diameter
of a sphere with the same surface area as the grain. The sphericity degree varies between
0 and 1, where 0 corresponds to a perfect sphere and 1 signifies a chain-like shape. The
sphericity degree reflects how closely the grain resembles a spherical shape and can be
used to quantify the effects of grain growth and deformation on microstructure evolution.

Based on this idea, we propose a new model to calculate the grain shape factor in
3D-HEX using the surface area and volume of an actual grain. The steps are: (1) Calculate
the surface area of the grain by Equation (1). (2) Construct a sphere and a chain with the
same volume as the grain. These have the minimum and maximum possible surface areas,
respectively. (3) Normalize the surface area of the grain to a value between 0 and 1 by
Equation (2). This is the shape factor (A) of the grain. A lower A means a higher sphericity
degree and more spherical shape, as in Figure 2a. A higher A means a lower sphericity
degree and more chain-like shape, as in Figure 2b.

Sgrain = Scell ·Ngrain_sur f (1)

A =
(

Sgrain − Ssphere

)
/
(

Schain − Ssphere

)
(2)

Ssphere = Scell ·Nsphere (3)

Schain = Scell ·Nchain (4)

where Sgrain is the surface area of the actual grain, Ssphere is the surface area of the sphere
with the same volume as the grain, and Schain is the surface area of the chain with the
same volume as the grain. Ssphere and Schain can be calculated by Equations (3) and (4),
respectively. Ngrain_surf is the number of surface cells of the grain (blue spheres in Figure 2c
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or Figure 2d), Nsphere is the number of surface cells of the sphere (Figure 2a), and Nchain is
the number of surface cells of the chain (Figure 2b). Scell is the area of a cell’s great circle
on its circumscribed sphere. This value can be ignored because it cancels out. Therefore,
Equation (2) turns into:

A =
∣∣∣Ngrain_sur f − Nsphere

∣∣∣/(Nchain − Nsphere

)
(5)

Figure 2. Schematic view of (a) volume-equivalent-sphere, (b) volume-equivalent-chain, and
(c,d) two grains with volume of 500.

Note that Equations (1)–(4) are used to derive Equation (5) and that Equation (5)
should be used directly instead of calculating it from Equation (1). To calculate Nsphere and
Nchain in Equation (5), we need to build models of spheres and chains with the same volume
as the grain. The volume is Nvolume, which is the number of cells in the grain. We use a
step-by-step growth CA method to add cells to the models. For spheres, we choose the cell
that minimizes the surface-area increase. For chains, we choose the cell that maximizes it.
This way, we can simulate different grain morphologies with different sphericity degrees.
The spheres have a high sphericity degree close to 0, while the chains have a low sphericity
degree close to 1. The step-by-step growth CA method allows us to control the size and
shape of the grains by adjusting the number and location of the cells added. Then, we
count Nsphere and Nchain for each model with different Nvolume values (from 1 to 5000). We
fit curves for Nsphere and Nchain as functions of Nvolume by least squares and plot them in
Figure 3 with the actual values [30].

Nchain = 6Nvolume + 6 (6)

Nsphere = 5.037Nvolume
2
3 + 45.940 (7)

Figure 3 shows that Nchain and Nvolume have a linear relationship in the chain model, im-
plying that each Nvolume adds six units of surface area. In contrast, Nsphere has a more complex
relationship with Nvolume in the sphere model, which can be approximated by Equation (7).
To assess the quality of this approximation, we use residual analysis (Equation (8)), where
R is the average residual, and a good fit is expected to have R < 0.05 [31]. Ni and N̂i are
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the actual and fitted values of Nsphere when Nvolume = i. However, Equation (7) has a high
R value of 0.115, indicating a poor fit, especially when Nvolume < 200 (see red dotted curves
in Figure 4a,b).

Figure 3. Relationships between surface cell number of volume-equivalent-sphere (red curve and
blue dots), volume-equivalent-chain (black curve and green dots), and their corresponding grain
volume number.

Figure 4. Comparison of fitting effect between Equation (9) and Equation (7) with volume number
within a range of (a) 1~79, (b) 80~199, (c) 200~599, (d) 600~1199, (e) 1200~1799, and (f) 1800~5000.

Piecewise fitting can improve the fitting accuracy by dividing the data into segments
and using different functions for each segment that best fit the data within that segment [30].
In this way, the piecewise function can capture nonlinear patterns and discontinuities in
the data that a single function might miss. To perform piecewise fitting, we need to specify
the number of segments of Nvolume, the functions for each segment, and the breakpoints
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between segments. Then, we can use various methods to estimate the parameters of each
function and minimize the error between the fitted values and the actual values.

Therefore, we use piecewise fitting to improve the accuracy and obtain Equation (9) [30,31].
Figure 4 shows the piecewise fitting results. We recommend using Equation (9) instead of
Equation (7) to calculate Nsphere for any given Nvolume. Therefore, with Equations (5) and (9), we
can compute the shape factor A of any grain in 3D-HEX using its Nvolume and Ngrain_surf, which
are easy and efficient to obtain.

R =

√√√√∑
i
(

Ni − N̂i
Ni

)
2

(8)

Nsphere =


⌊

5.738Nvolume
2
3 + 14.662

⌋
Nvolume ∈ [1, 80)⌊

5.267Nvolume
2
3 + 28.412

⌋
Nvolume ∈ [80, 200)⌊

4.985Nvolume
2
3 + 53.979

⌋
Nvolume ∈ [200, ∞)

(9)

3. Model Validation

Monte Carlo (MC) methods evaluate the validity of a calculation model by comparing
the simulated outcomes with the observed or expected outcomes [32]. MC methods use
random sampling to generate a large number of possible scenarios based on the input
variables and parameters of the model. Then, they analyze the distribution and statistics of
the output values to estimate the probabilities, uncertainties, and risks associated with the
model. If the simulated outcomes are consistent with the observed or expected outcomes
within a certain confidence level, then the model is considered valid. Otherwise, the
model may need to be revised or improved. MC methods are widely used in various
fields, such as physics, engineering, biology and social sciences. They can handle complex
and nonlinear models that are difficult to solve analytically or numerically. They can
also incorporate different sources of uncertainty and variability in the input data and
parameters. However, MC methods also have some limitations, such as a dependence on
random number generators and a difficulty in determining convergence criteria.

We use MC methods to generate 1000 grains in 3D-HEX, including spherical, irregular,
and chain grains, to evaluate the validity of A as a shape descriptor. For spherical grains,
we choose the cell that minimizes the surface area increase. For chain grains, we choose the
cell that maximizes it. For irregular grains, we choose the cell randomly. This way, we can
generate different grain morphologies with different sphericity degrees. The step-by-step
growth method also allows us to control the size and shape of the grains by adjusting the
number and location of the cells added. Figure 5 shows the distribution of A values for
these grains.

Figure 5 reveals that most spherical grains have A values between 0 and 0.2 (green
dots), and most irregular grains have A values between 0.3 and 0.6 (red dots). This agrees
with the expected behavior of MC methods, confirming that A can capture the degree
of sphericity quantitatively. Note that we use transition rules based on equiaxed grain
formation rather than dendrite formation for MC methods in this paper, which results
in more low-A grains. However, since chain-like grains have a similar morphology to
dendrites and since they always have high A values (blue dots), we can infer that A is also
effective for dendrites.
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Figure 5. Distribution of shape factor of spherical grain, irregular grain, and chain grain.

4. Conclusions

The shape factor is a quantitative measure of grain morphology based on the ratio of
the surface area of the grain to its volume-equivalent-sphere and volume-equivalent-chain.
It indicates how the shape of a grain or phase affects its mechanical properties, such as
stiffness, deformation, and fracture. For example, spherical grains tend to have a higher
stiffness and lower ductility than chain-like grains. Therefore, controlling the shape factor
of grains can be an effective way to optimize the performance of materials.

We propose a novel model to calculate the shape factor of grains in 3D-HEX CA,
which overcomes disadvantages, such as complex algorithms and a long computation time.
The basic idea of this model is to use the ratio of the actual surface area of a grain to the
minimum surface area of a sphere with the same volume as the shape factor for spheres
and to use the ratio of the actual surface area of a grain to the maximum surface area of
a chain with the same volume as the shape factor for chains. The smaller this ratio is for
spheres or the larger it is for chains, the more spherical or chain-like, respectively, the grain
is. This model has the following advantages: (1) it is accurate and effective, especially for
simulating microstructure evolution; (2) it is normalized, so it can compare grains with
different volumes; and (3) it is based on the grain surface area, so it can be integrated with
other models that involve grain boundary, grain surface energy, grain classification, etc.
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