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Abstract: In our previous work, we obtained the uniformly valid asymptotic solution of a cylindrical
rod eutectic. In order to further study the critical point of the stable growth of a rod eutectic, we
have considered the unsteady growth of a rod eutectic on the basis of the steady solution of the rod
eutectic. Based on the experimental system of rod eutectic growth, combined with solidification
thermodynamics and kinetics, the unsteady mathematical model of the rod eutectic was established.
We used the asymptotic analysis method to seek the analytical solution of the mathematical model
and used the nonlinear stability analysis theory to analyze the analytical solution and establish the
corresponding disturbance model. We obtained the analytic form of the global mode solution and the
corresponding quantization conditions and find that there is a stable growth mode, namely the mode
(ST-mode), for rod eutectic growth; when ε < ε0

ST, the rod eutectic growth is stable, when ε > ε0
ST, the

rod eutectic growth is unstable and when ε = ε0
ST, the rod eutectic growth is of a neutral stability. The

critical eutectic spacing of succinonitrile(D)camphor (SCN-DC) predicted by us is smaller than that
predicted by Jackson–Hunt, which is consistent with the corresponding experimental data. Finally,
we found that the critical eutectic spacing and stable region of rod eutectic growth changed little with
the temperature gradient.

Keywords: directional solidification; rod eutectic growth; perturbation analysis; global steady
(ST) mode

1. Introduction

Eutectic growth is one of the important phenomena of solid–liquid interface morphol-
ogy evolution in metal solidification systems. Therefore, the key problem of preparing
eutectic materials is how to effectively control the solidification process of eutectic materials
under given preparation conditions. In the process of eutectic solidification, there are
two fundamental problems that are very important and which determine the quality and
properties of the final product materials and that demand a lot of in-depth quantitative
research to be conducted: the first is the thermodynamics of the eutectic solidification
process; the second is the formation and evolution of the eutectic solid–liquid interface
and the solid–solid interface. The two influence and interact with each other, forming an
inseparable nonlinear dynamic system. The research focus of eutectic growth theory is
to explore the coupling behavior of the two in eutectic growth. Therefore, the expected
theoretical results of eutectic growth will make people have a deeper understanding of the
formation of the eutectic microstructure, the evolution of the interface and the mechanism
of microstructure stability.

The study of interface evolution, stability and selectivity in eutectic solidification
systems has been one of the most important subjects in material science, condensed matter
physics and nonlinear science [1–4]. Generally, regular eutectic mainly includes a lamellar
eutectic and a rod eutectic. Most of the theories and experiments on eutectic growth are
focused on the two-dimensional lamellar eutectic growth [1–19], while there are few reports
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on the three-dimensional rod eutectic [20–33]. For the growth of the three-dimensional rod
eutectic, three-dimensional dimensions such as rod cross-sectional morphology (round,
oval, peanut, etc.) and rod arrangement structure have important influences on the mor-
phology of the eutectic. Therefore, it is of great theoretical significance to study the coupling
behavior of the three-dimensional characteristic size, crystal growth kinetics and interface
evolution in three-dimensional rod eutectic growth systems. Jackson and Hunt made
important contributions to the theory of rod eutectic growth. They established a classical
mathematical model for the growth of cylindrical rod eutectic and obtained the steady solu-
tion to cylindrical rod eutectic growth. Based on this, they used the average undercooling
degree of the interface to correspond to the selection point of eutectic stable growth; as a
result, the rod eutectic with eutectic spacing less than λm disappeared.

In 2007, Akamatsu et al. [24] observed the growth morphology of a SCN-DC rod
eutectic in thin and thick sample containers in real time and showed that: (1) in thin sample
containers, the minimum critical eutectic spacing of a periodic eutectic can grow stably at
about 0.65 times that predicted with the Jackson–Hunt theory; when the eutectic spacing
of the hypereutectic alloy during solidification growth is about 1.8 times that predicted
with the Jackson–Hunt theory, the eutectic begins to grow in a double-period (the period is
two eutectic spacing) oscillation mode. When the eutectic spacing in solidification growth
of hypoeutectic alloy is about twice that predicted by Jackson–Hunt theory, the eutectic
begins to grow in a single period (the period is one eutectic spacing) oscillation mode.
(2) In the thick sample container, the eutectic has an irregular arrangement structure, and
the average eutectic spacing is close to that predicted with the Jackson–Hunt theory, but
the minimum eutectic spacing is still about 0.65 times of that predicted with the Jackson–
Hunt theory. Subsequently, Serefoglu et al. [25,26] demonstrated the growth experiment
of a SCN-DC rod eutectic and specifically studied the influence of container thickness
on the arrangement of the rod eutectic. Recently, Perrut et al. [27] disturbed the eutectic
growth system through the isothermal eutectic interface protruding to the liquid phase
and observed the growth of the SCN-DC rod-like eutectic in real time for a long time.
They found that the critical distance when the rod-like phase starts to split satisfies the
scale relationship predicted with the Jackson–Hunt theory, and the eutectic distance is
inversely proportional to the square root of solidification rate, while the critical distance
when the rod-like phase starts to split is 1.2 times that predicted with the Jackson–Hunt
theory. However, the critical eutectic spacing which begins to disappear does not meet
the scale relationship predicted with the Jackson–Hunt theory, and with the decrease
in the solidification rate, the critical eutectic spacing is farther and farther away from
the critical eutectic spacing predicted with the Jackson–Hunt theory, that is, when the
velocity decreases from 0.25 to 0.01 µm/s, the ratio of the two decreases from 0.96 times
to 0.66 times. At the same time, when the critical eutectic spacing is close to the critical
spacing predicted with the Jackson–Hunt theory, they also observed the spatial oscillation
mode of rod eutectic growth. In 2021, Sabine Bottin-Rousseau et al. [34] observed the
lamellar–rod transformation process of a directionally solidified eutectic alloy in real time
for the first time. They found that at a low growth rate, the extended rod-like domain and
lamellar domain coexisted for a long time, thus clearly proving the dynamic metastability
between the energy band structure and the hexagonal structure in the non-equilibrium
system. It is also found that the straight sheet is stable when it is in contact with the wall,
and because it drifts along the inclined isotherm, the instability of its free-end varicose
veins will become convective, which provides a laboratory example for how to produce a
self-organized composite structure with a two-domain upper structure in solid. In 2022, M.
Serefoglu et al. [35]. studied the lamellar–rod phase transformation process during eutectic
growth by observing the directional solidification process of SCN-DC eutectic alloys with
different thicknesses in real time and explored the coupling dynamics of eutectic growth
with variable constraint effect. Morphology maps in terms of the solidification velocity V,
interphase spacing λ and sample thickness δ were plotted. These maps permit locating the
stability limits of rod-like and lamellar patterns as well as coexistence regions. Confinement
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in samples of intermediate thickness operates via a wall effect, which stabilizes and aligns
the lamella ends, and a size effect, which can block some secondary instability modes prior
to the lamellar breakup and the lamellar-to-rod transformation. In addition to observations
showing mixed patterns and hysteresis behaviors, morphology maps in terms of the
solidification velocity V, interphase spacing λ and sample thickness δ made evident the
existence of a bistable domain of parameters. The rod elongation instability governs the
rod-to-lamellar transformation. Complex spatiotemporal phenomena involving labyrinth,
oscillatory and hybrid patterns were also reported, the multiscale dynamics of which
are reminiscent of previous observations in directionally solidified eutectics [36]. The
above experimental results show that in the eutectic growth system, the rod eutectic has
a variety of stable growth morphology characteristics (cylindrical, elliptical, peanut, etc.);
indeed, all kinds of rod eutectics have stable growth regions. In addition to the above
stable morphology characteristics, there are also oscillation modes such as the single-
cycle oscillation growth mode and double-cycle growth mode. To study the stability of rod
eutectic growth is to reveal the mechanism of the rod eutectic growth of various morphology
characteristics and determine the specific stable growth region; the study of the selectivity
of rod eutectic growth is to analyze the transformation law of different eutectic growth
modes and determine the critical transition region or critical point of various growth mode
regions of the rod eutectic.

The stability and selectivity of rod eutectic growth cannot be completely solved with
the Jackson–Hunt theory. Specifically, the main reason why the Jackson–Hunt theory failed
to solve the problem of the selectivity of the minimum critical point for the stable growth
of eutectic is that they made the following important assumptions in the process of solving:
(1) the growth rate of the eutectic is sufficiently small, so that the effect of solidification
rate on the diffusion effect of solute is ignored in the liquid solute diffusion equation.
(2) The eutectic solid–liquid interface is a flat isothermal interface, which transforms
the free boundary problem of the eutectic growth system into a simple boundary value
problem. (3) The average undercooling degree at the interface between the α phase and
the liquid phase is equal to the average undercooling degree at the interface between the
β phase and the liquid phase, and the coupling effect of the morphology of the solid–
liquid interface and the solubility of the interfacial solute is ignored. Since the eutectic
interface (especially rod eutectic) is never a straight interface, and the problem is still a free
boundary problem, the solid–liquid interface formed during eutectic growth is affected
by the experimental conditions, and its specific morphology needs to be determined in
the process of solving its mathematical model. Although some researchers [31–33] have
perfected or modified the Jackson–Hunt theory, these theories have not solved the problem
of the stability and selectivity of rod-like eutectic growth. This is mainly because none of
these theories have obtained a globally consistent and effective analytical solution for rod
eutectic growth systems.

Eutectic materials have special optical properties, magnetic properties, superconduc-
tivity, heat resistance and high strength. For example, a magnesium–lithium eutectic alloy
has high rigidity, excellent electrical conductivity, impact resistance, super plasticity, creep
resistance and corrosion resistance in addition to light weight [37–46]. Metal–gas eutectic
materials not only have light weight, high stiffness and high impact energy absorption,
but also have unique mechanical properties and thermal conductivity. In 2023, Naveed
Hassan, Manickam Minakshi and Zhong-Tao Jiang et al. [37] systematically studied the
thermophysical properties, thermal repeatability and thermal decomposition behavior of
binary eutectic salt mixtures, and they found that 32 mol% LiCl-68 mol% was a potential
candidate with a potential for thermal energy storage. This is because they found that the
particles of 32 mol% LiCl-68 mol% were evenly distributed and dense and observed that the
particle posture of the sample changed slightly before cycling, and the sample decomposed
at 700◦C, which further proved that the binary salt mixture had good morphology, uniform
element distribution, good uniformity, good thermal performance and good thermal sta-
bility. So, to solve the stability problem of rod eutectic growth, it is necessary to explore
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the eutectic spacing of the rod-like eutectic growing steadily, as shown in Figure 1. In
this paper, the linear instability mechanism of rod eutectic growth is studied by means of
the interfacial wave (IFW) theory developed by Xu [47] in the 1990s. We performed the
asymptotic analysis for the perturbations around the basic steady state of the rod eutectic
system. We obtained the analytic form of the global mode solution and the corresponding
quantization conditions and found that there was a stable growth mode, namely the ST
mode (see Figure 1), for rod eutectic growth; when ε < ε0

ST, the rod eutectic growth is
stable, when ε > ε0

ST, the rod eutectic growth is unstable and when ε = ε0
ST, the rod eutectic

growth is of a neutral stability. The critical eutectic spacing of SCN-DC predicted by us
is smaller than that predicted by J–H [25], which is consistent with the corresponding
experimental data [25]. Finally, we found that the critical eutectic spacing and stable region
of rod eutectic growth changed little with the temperature gradient.

Dear editor  

Hello, we are very sorry to bother you at this time，after reading the 

manuscript carefully, we found some subtle problems, and the specific 

changes are shown in the PDF attachment. The main changes are as 

follows:  
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stable in Figure 4.  

Figure 1. The geometry model of the metal–metal rod eutectic growth.

2. Mathematical Formulation of Rod Eutectic Growth
2.1. Unsteady Mathematical Model of Rod Eutectic Growth

Here, we consider the simple model of the growth of the axis-symmetric rod eutectics
and present the non-dimensional form of the system for unsteady rod eutectic growth. We
introduce the non-dimensional concentration field C = (CD − Ce)/

(
Cβ − Cα

)
, where Ce

is the eutectic concentration, CD is the dimensional concentration in liquid phase, Cs is
the equilibrium concentration of s-phase at eutectic temperature and subscripts s = α, β
denote the two solid phases. Thus, the concentration field in the liquid phase subjects to
the diffusion equation:

∂2C
∂r2 +

1
r

∂C
∂r

+
∂2C
∂z2 + ε

(
∂C
∂z
− ∂C

∂t

)
= 0, (1)

where ε = RV/κD is the Peclet number and κD is the solute diffusion coefficient in the
liquid. Here, t is the time and the cylindrical coordinate system, (r, z), scaled as half the
eutectic spacing R, moves with the freezing speed V in the z direction. Additionally, the
dimensionless geometric model of the rod eutectic we used is shown in Figure 2:

Figure 1 shows the dimensionless cylindrical coordinate system selected by our group
before, where the origin of the cylindrical coordinate system coincides with the vertex of
the α phase, and r0 represents the position where the α phase, β phase and liquid phase are
combined, and the selected unit period is 1.
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Figure 2. Figures showing the local dispersion relationship for typical cases of α− phase and β− phase,
(∆s < 0) with Mα = 0.2, Mβ = 0.25, Λα = 2.2, Λβ = 2.3, θα = 65

◦
, θβ = 50.55

◦
, C∞ = 0.01,

Eα = 0.1388, Eβ = −0.8599. (a) Typical dispersion curves for the α− phase, with the real eigenvalues
σ0 = 0.0 ∼ 0.1. (b) Typical dispersion curves for the β− phase, with the real eigenvalues σ0 = 0.0 ∼
0.1. (c) Typical dispersion curves for the α− phase, with the complex eigenvalues σ0 = 0.2 + iω,
where ω = −0.1 ∼ 0.1. (d) Typical dispersion curves for the β− phase, with the complex eigenvalues

σ0 = 0.2 + iω, where ω = −0.1 − 0.1. In the figures, the black line describes
∼
k
(1)

0 , the red line

describes
∼
k
(3)

0 , the blue line describes
∼
k
(2)

0 , R
{∼

k0

}
is the real part of

∼
k0 and ℵ

{∼
k0

}
is the imaginary

part of
∼
k0.

At the liquid-solid interface z = hs(r), the Gibbs–Thomson condition is expressed as

νsC =
ε

Ms
(z∗ − hs) +

Γs

ε

rh′′ s(r) +
(

1 + (h′s(r))
2
)

h′s(r)

r
(

1 + (h′s(r))
2
)3/2 , (2)

and the solute mass balance condition is written as

ε[(1− κs)C + Es]

(
∂hs

∂t
+ 1
)
= −∂C

∂z
+

∂hs

∂r
∂C
∂r

, (3)

where z∗ is the location of eutectic temperature, vα = 1, vβ = −1. The dimensionless
parameters are denoted as following:

Ms = −
νsmsV

(
Cβ − Cα

)
κDG

, Γs = −
γsTeV

νsmsLsκD
(
Cβ − Cα

) , Es =
Ce −Cs

Cβ − Cα
,

where ms is the liquidus slope of the phase diagram, Te is the eutectic temperature, Ls is
the latent heat and γs is the interfacial tension among liquid–s phase interface.

At the triple phase junction, r = r0, and the connection condition is

hα(r0) = hβ(r0) (4)
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and the slope of the liquid–solid interface is

h′s(r0) = −νstanθs, (5)

where θs is the contact angle.
At infinity, as z→ ∞ ,

C → C∞ (6)

where C∞ is the solute concentration in the liquid phase far from the interface.

2.2. Steady Basic State of Rod Eutectic Growth

The above system provides a description of unsteady rod eutectic growth. When the
time term is ignored, it is reduced to a steady state. The asymptotic solutions for the steady
growth of rod eutectics have been obtained [33]. We summarize as follows for the solutions
of the concentration, the liquid–solid interface and the triple phase junction:

CB(r, z) = C∞[1− e−εz + εd1e−εz + 2ε
C∞

∞
∑

n=1

J1(λnr0)J0(λnr)
λn

2 J0
2(λn)

e−λnz + o(ε)]

hB(r) = δ

[
− tanθs√

as
exp

(
vs
√

as
−
r
)
+ z∗1 − vs

−
Ms(d1 + ∑∞

n=1 ωn J0(λnr)) + o(δ)
]

rB = w0 + o(ε)

, (7)

As ε→ 0 , δ→ 0 , Equation (7) is uniformly valid, and we will analyze the instability
mechanisms for Equation (7) by using the perturbation method. Additionally, for the
specific expressions of parameters in Equation (7), please refer to the reference [33].

2.3. Linear Perturbed States of Rod Eutectic Growth

We now write the unsteady-state solutions in the following two parts:
C(r, z, t, ε) = CB(r, z, ε) +

∼
C(r, z, t, ε)

h(r, t, ε) = hB(r, ε) +
∼
h(r, t, ε)

r0(t, ε) = rB(ε) +
∼
w0(t, ε)

(8)

Part I of the solution, CB(r, z, ε), hB(r, ε), rB(ε) are the basic steady-state solutions

of the system. Part II of the unsteady perturbed states
∼
C(r, z, t, ε),

∼
h(r, t, ε) and

∼
w0(t, ε)

is considered as the small perturbations around the basic state. In the present paper,
we assume that the eutectic spacing 2R is unperturbed, so that the parameter ε is time
independent. However, when the concentration field is perturbed, the location of the triple
point r0 may be accordingly perturbed.

For the infinitesimal perturbations
∣∣∣∣∼C(r, z, t, ε)

∣∣∣∣� |CB(r, z, ε)| ,
∣∣∣∣∼h(r, t, ε)

∣∣∣∣ � |hB(r, ε)| ,∣∣∣ ∼w0(t, ε)
∣∣∣ � | rB(ε)| , one may derive the following linearized perturbed system:

∂2
∼
C

∂r2 +
∂
∼
C

∂r
1
r
+

∂2
∼
C

∂z2 + ε

∂
∼
C

∂z
− ∂

∼
C

∂t

 = 0 (9)

With the boundary conditions:

1. As z→ ∞ ,
∼
C ∼ 0 (10)

2. As r = 0 or 1:
∼
C =

∼
h = 0 (11)
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Here, we choose the cylindrical coordinate system to meet the requirement that the
axis r=0 passes through the tip of the liquid—α interface, and r = 1 corresponds to half the
eutectic spacing.

1. At the interface z = hB = δhs1 + ...� 1, the interface conditions linearized at z = 0
can be written as follows:

(1) the Gibbs–Thomson condition:

νs

(∼
C +

∂CB
∂z

∼
h
)
= − ε

Ms

∼
h +

Γs

ε

r
∼
h
′′
(r) +

∼
h
′
(r)

r
, (12)

(2) the mass balance condition:

ε

(1− κs)

(∼
C +

∂CB
∂z

∼
h
)
+ Es

∂
∼
h

∂t

 = −∂
∼
C

∂z
+ hBr

∂
∼
C

∂r
(13)

2. At the triple phase junction, r = r0, the connection condition for the perturbed
interface is

∼
hα(w0) +

∂hs,α(w0)

∂w0

∼
w0 =

∼
hβ(w0) +

∂hs,β(w0)

∂w0

∼
w0, (14)

and the connection condition of the perturbation interface derivative is[∼
h
′
α(w0) +

∂2hs,α(w0)

∂r2
∼
w0

]
−
(

cosθβ

cosθα

)2
[
∼
h
′
β(w0) +

∂2hs,β(w0)

∂r2
∼
w0

]
= 0. (15)

3. Multiple Variables Expansion Form of the Perturbed System

Here, it is presumed that the perturbed state involves multiple length scales, and we
can use multivariate expansion method to solve the system. Therefore, we introduce the
following variables [47]: 

t+ = t
ε0

r+ = 1
ε0

∫ r
w0

∼
k s(r1, z)dr1

z+ = 1
ε0

∫ z
0

∼
k s(r, z1)dz1

. (16)

where ε0 � 1 and we will further express the perturbed states in the multiple vari-
ables form:

∼
C(r, z, t, ε0) =

∼
C(r, z, r+, z+, t+, ε0),

∼
h(r, t, ε0) =

∼
H(r, r+, t+, ε0). (17)

3.1. The System with Multiple Variables

It is derived that
∼
k

2( ∂2

∂r+2 +
∂2

∂z+2

)∼
C = 0. (18)

with the boundary conditions:

1. As z+ → ∞ ,
∼
C ∼ 0, (19)

2. As r+ = 0 or 1:
∼
C =

∼
H = 0. (20)

3. The interface z = z+ = 0, and we have
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I. the Gibbs–Thomson condition:

νs

[∼
C+ εC∞

(
1−∑∞

n=1 ωnλn J0(λnr)
)∼
H
]
= − ε

Ms

∼
H+

Λs
2δ

2
ε

Ms

∼
k

2

ε02
d2
∼
H

dr+2 + O(ε). (21)

Here, Λs is an undetermined parameter, which needs to be determined by
using boundary conditions and connection conditions, and its specific value
varies with the growth conditions of eutectic.

II. the mass balance condition:

∼
k

∂
∼
C

∂z+
− hBr

∼
k

∂
∼
C

∂r+
+ εEs

∂
∼
H

∂t+
= 0. (22)

One may expend the perturbed states in the following asymptotic form in the limits
ε→ 0 , ε0 → 0 :

∼
C(r, z, r+, z+, t+, ε0, ε) = ε

(∼
C0(r, z, r+, z+) + q(ε, ε0)

∼
C1(r, z, r+, z+) + ...

)
eσt+

∼
H(r, r+, t+, ε0, ε) =

(∼
H0(r, r+) + q(ε, ε0)

∼
H1(r, r+) + ...

)
eσt+

∼
r 0(t+, ε0, ε) =

(∼
w0 + q(ε, ε0)

∼
w1 + ...

)
eσt+

, (23)

where q(ε, ε0)� 1.
According to the above system, we will also set{ ∼

k(r, z, ε0, ε) =
∼
k0(r, z) + q(ε, ε0)

∼
k1(r, z) + · · ·

σ(ε0, ε) = σ0(ε0) + q(ε, ε0)σ1(ε0) + · · ·
, (24)

3.2. Leading Order Approximate System

From the converted MV form of the system, by neglecting all the higher order small
terms one may derive the following leading order approximate system, and in order to
ensure the balance between the two sides of Equations (21) and (22), we must set ε0 = δ.

It is derived that (
∂2

∂r+2 +
∂2

∂z+2

)∼
C0 = 0, (25)

with the following boundary conditions:

1. As z→ ∞ ,
∼
C0 ∼ 0. (26)

2. At the tips of the solid phases: r= 0 or 1:

∼
C0 =

∼
H0 = 0. (27)

3. At the interface, letting z = 0, we have

(1). the Gibbs–Thomson condition:

νs

[∼
C0 + C∞

(
1−∑∞

n=1 ωnλn J0(λnr)
)∼
H0

]
= −

∼
H0

Ms
+

Λs
2
∼
k0

2

Ms

d2
∼
H0

dr+2 , (28)

(2). The mass balance condition:

∼
k0

∂
∼
C0

∂z+
− hBr

∼
k0

∂
∼
C0

∂r+
+ Es

∼
H0σ0 = 0, (29)
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(3). The connection conditions at the triple junction r = w0 as follows:

∼
H0,α(w0) =

∼
H0,β(w0);

∼
k0,α

∂
∼
H0,α

∂r+
=
∼
k0,β

(
cosθβ

cosθα

)2 ∂
∼
H0,β

∂r+
. (30)

We can solve the above system and obtain the analytical solution of the above system.

We can consider the complex solutions for the concentration field as
∼
C0(ς) =

∼
C0(r+ + iz+),

where
∼
C0(ς) is an analytic periodic function of ς= (r+ + iz+) and subjects to the far field

condition: z→ ∞ ,
∼
C0 → 0 . We deduce that

∼
C0(ς) = ∑∞

n=0

∼
dneinπς, (31)

Then, from the interface conditions, one may derive the normal mode solution for the

interface shape as
∼
H0(r) =

∼
D0eir+ , where

∼
D0 is a piece-wise constant to be determined,

which has different values in the different sub-intervals (0 < r < w0) and (w0 < r < 1).
From the above, we can derive the following dispersion relationship:

σ0 = Q0(r)
∼
k0

[
−Λs

2
∼
k0

2
− vsC∞ Ms + 2Msvs

∞

∑
n=1

J0(λnr)J1(λnr0)

λn J0
2(λn)

− 1

]
, (32)

where Q0(r) = [1 + ihBr]/vs MsEs, and

∆s = −vsC∞ Ms + 2vs Ms∑∞
n=1

J0(λnr)J1(λnr0)

λn J0
2(λn)

− 1. (33)

Based on the above Equation (32), we can give three roots about
∼
k
(i)

0 (r), (i = 1, 2, 3)

4. According to the expression of σ0, we can discuss it in the following three cases:

(1). For the case ∆s < 0, for the α− phase and β− phase, M and N will be imaginary
numbers; from Equation (32), we deduce that

∼
k0

(1)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)]
∼
k0

(2)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)
+ 4

3 π
]
,

∼
k0

(3)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)
+ 2

3 π
] (34)

where M =
(

4∆s/3Λs
2
) 1

2 , N = −
(

4/27Λs
2
) 1

2 ∆s
3
2 , and we assign the values

to the parameters in Equation (34) and obtain Figure 2:

(2). As ∆s = 0, Equation (32) cannot be applied in this case, in which case
∼
k
(1)

0 =
∼
k
(2)

0 =
∼
k
(3)

0 = 0 and M = N = 0.
(3). For the case ∆s > 0, for the α− phase and β− phase, M and N will be real

numbers; from Equation (32), we deduce that

∼
k0

(1)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)]
∼
k0

(2)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)
+ 2

3 π
]
,

∼
k0

(3)
(r) = Mcos

[
1
3 arccos

(
σ0

NQ0(r)

)
+ 4

3 π
] (35)
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where M =
(

4∆s/3Λs
2
) 1

2 , N = −
(

4/27Λs
2
) 1

2 ∆s
3
2 , and we assign the values

to the parameters in Equation (35) and obtain Figure 3:
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⎩
⎪
⎨

⎪
⎧

𝐷෩଴,ఈ
ሺଵሻe

i

ഄబ
න ௞෨ బ,ഀ

ሺభሻሺ௥భሻ
ೝ

ೢబ
dr1

൅ 𝐷෩଴,ఈ
ሺଷሻe

i

ഄబ
න ௞෨ బ,ഀ

ሺయሻሺ௥భሻ
ೝ

ೢబ
dr1

, ሺ0 ൏ 𝑟 ൏ 𝑤଴ሻ

𝐷෩଴,ఉ
ሺଵሻe

i

ഄబ
න ௞෨ బ,ഁ

ሺభሻሺ௥భሻ
ೝ

ೢబ
dr1

൅ 𝐷෩଴,ఉ
ሺଷሻe

i

ഄబ
න ௞෨ బ,ഁ

ሺయሻሺ௥భሻ
ೝ

ೢబ
dr1
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బ
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ℍ෩ ଴,ఉሺ1ሻ=ሻ𝐷෩଴,ఉ
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i

ഄబ
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భ
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Figure 3. Figures showing the local dispersion relationship for typical cases of α− phase and β− phase,
(∆s > 0) with Mα = 0.35, Mβ = 3.3, Λα = 2.2, Λβ = 2.3,θα = 65

◦
, θβ = 50.55

◦
, C∞ = 0.01,

Eα = 0.1388, Eβ = −0.8599. (a) Typical dispersion curves for the α− phase, with the real eigenvalues
σ0 = 0.0 ∼ 0.1. (b) Typical dispersion curves for the β− phase, with the real eigenvalues σ0 = 0.0 ∼
0.1. (c) Typical dispersion curves for the α− phase, with the complex eigenvalues σ0 = 0.2+ iω, where
ω = −0.1 ∼ 0.1. (d) Typical dispersion curves for the β− interface, with the complex eigenvalues

σ0 = 0.2 + iω, where ω = −0.1 ∼ 0.1. In the figures, the black line describes
∼
k
(1)

0 , the red line

describes
∼
k
(3)

0 , the blue line describes
∼
k
(2)

0 , R
{∼

k0

}
is the real part of

∼
k0 and ℵ

{∼
k0

}
is the imaginary

part of
∼
k0.

For a given σ0, from Equation (32), we can obtain three roots as the function of σ0,{
∼
k
(1)

0 ,
∼
k
(2)

0 ,
∼
k
(3)

0

}
as shown in Figures 2 and 3, and from Figures 2 and 3, we find out

R

{
∼
k
(1)

0

}
≥ R

{
∼
k
(3)

0

}
> 0 > R

{
∼
k
(2)

0

}
. So, in viewing the form of Equation (31), to have

a finite concentration field as z→ ∞ , the fundamental solution corresponding to

{
∼
k
(2)

0

}
must be ruled out. As a consequence, the perturbed state solutions can be expressed as

∼
H0,s(r) =


∼
D

(1)

0,αe
i

ε0

∫ r
w0

∼
k
(1)

0,α (r1)dr1 +
∼
D

(3)

0,αe
i

ε0

∫ r
w0

∼
k
(3)

0,α (r1)dr1 , (0 < r < w0)

∼
D

(1)

0,βe
i

ε0

∫ r
w0

∼
k
(1)

0,β(r1)dr1 +
∼
D

(3)

0,βe
i

ε0

∫ r
w0

∼
k
(3)

0,β(r1)dr1 , (w0 < r < 1)

. (36)

In what follows, we shall give the solutions in different subintervals separately.

4. Perturbed State Solutions in the Subinterval and Quantization Condition

To derive the global modes of the system, we need to apply the connection conditions
∼
H0,α(0) = 0 at the triple phase junction.
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We apply the tip condition:
∼
H0,α(0) = 0,

∼
H0,β(1) = 0. It is obtained that

∼
H0,α(0) =

∼
D

(1)

0,αe
i

ε0

∫ 0
w0

∼
k
(1)

0,α (r1)dr1 +
∼
D

(3)

0,αe
i

ε0

∫ 0
w0

∼
k
(3)

0,α (r1)dr1 = 0. (37)

∼
H0,β(1) =

∼
D

(1)

0,βe
i

ε0

∫ 1
w0

∼
k
(1)

0,β(r1)dr1 +
∼
D

(3)

0,βe
i

ε0

∫ 1
w0

∼
k
(3)

0,β(r1)dr1 = 0. (38)

Thus, one may write the solution in the subinterval (0 < r < w0) as

∼
H0,α(r) =

∼
D

(1)

0,α

[∼
H1,α(r)− e−iχα

∼
H3,α(r)

]
, (39)

where we have set
∼
H1,α(r) = e

i
ε0

∫ 0
w0

∼
k
(1)

0,α (r1)dr1 ,
∼
H3,α(r) = e

i
ε0

∫ 0
w0

∼
k
(3)

0,α (r1)dr1

and

χα =
1
ε0

∫ w0

0

[
∼
k
(1)

0,α(r1)−
∼
k
(3)

0,α(r1)

]
dr1 (40)

Additionally, in the subinterval (w0 < r < 1), given as

∼
H0,β(r) =

∼
D

(1)

0,β

[∼
H1,β(r)− e−iχβ

∼
H3,β(r)

]
, (41)

where we have set
∼
H1,β(r) = e

i
ε0

∫ 1
w0

∼
k
(1)

0,β(r1)dr1 ,
∼
H3,β(r) = e

i
ε0

∫ 1
w0

∼
k
(3)

0,β(r1)dr1

and defined

χβ = − 1
ε0

∫ 1

w0

[
∼
k
(1)

0,β(r1)−
∼
k
(3)

0,β(r1)

]
dr1 (42)

Here,
∼
D

(1)

0,α and
∼
D

(1)

0,β can be any real numbers, but we need to determine the propor-
tionality between them, so we now apply the connection conditions at the triple phase
junction (r = w0)

The condition
∼
H0,α

(
w−0
)
=
∼
H0,β

(
w+

0
)

yields that

∼
D

(1)

0,α

[
1− e−iχα

]
=
∼
D

(1)

0,β

[
1− e−iχβ

]
(43)

The condition
∼
k0,α

∂
∼
H0,α
∂r+

=
∼
k0,β

(
cosθβ

cosθα

)2 ∂
∼
H0,β
∂r+

yields that

∼
D

(1)

0,α

[
∼
k
(1)

0,α
(
w−0
)
− e−iχα

∼
k
(1)

0,α (0)
∼
k
(3)

0,α(w−0 )
∼
k
(3)

0,α (0)

]

=
(

cosθβ

cosθα

)2∼
D

(1)

0,β

[
∼
k
(1)

0,β
(
w+

0
)
− e−iχβ

∼
k
(3)

0,β
(
w+

0
)] (44)
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By combining Equations (43) and (44), we obtain the following quantization condition:

[
1− e−iχα

][
1− e−iχβ

] =

(
cosθβ

cosθα

)2

[
∼
k
(1)

0,α
(
w−0
)
− e−iχα

∼
k
(3)

0,α
(
w−0
)]

[
∼
k
(1)

0,β
(
w+

0
)
− e−iχβ

∼
k
(3)

0,β
(
w+

0
)] (45)

From the above quantization condition, one can calculate the eigenvalues σ0 = σ0(ε0)
as a function of ε0 and other physical parameters.

5. The Global Steady (ST) Mode of Perturbed States

We find that the system allows a set of steady perturbed state mode. To do so, let
σ0 = 0 in the quantization condition. Thus, from the quantization condition one can solve
for some critical values of the real pattern parameters ε = εST with given growth conditions
V, G and C∞. The steady mode is used as the ST mode.

We first solve the wave number functions of the ST modes from the local dispersion
Equation (32), which is as follows

Q0(r)
∼
k0[−Λs

2
∼
k0

2
− C∞ Msvs + 2Msvs∑∞

n=1
J0(λnr)J1(λnr0)

λn J0
2(λn)

− 1] = 0. (46)

From Equation (46) we can obtain the following situations:

(1)


∼
k
(1)

0 =
√

∆s
Λs

2

∼
k
(3)

0 = 0
, (∆s > 0); (2)


∼
k
(1)

0 = (−∆s)
1
2 i

Λs
∼
k
(3)

0 = −(−∆s)
1
2 i

Λs

, (∆s < 0). (47)

As ∆s < 0, here we set

X =
2
ε0

∣∣∣∣∣∼k (1)0,α
(
w−0
)∣∣∣∣∣w0, A1 =

(
cosθβ

cosθα

)2
∼
k
(1)

0,α
∼
k
(1)

0,β

, B =

∼
k
(1)

0,β(1 − w0)

∼
k
(1)

0,α w0

.

From Equation (45), we obtain:[
1− eX][

1− e−BX
] = A1

[
1 + eX][

1 + e−BX
] , (48)

since X > 0, B > 0, A1 > 0, 1 − exp(X) < 0, 1 + exp(X) > 0, 1 − exp(−BX) > 0,
1 + exp(−BX) > 0, Equation (48) is not valid, so we will focus on ∆s > 0.

As ∆s > 0, we can obtain that from Equations (40) and (42):

χα =
1
ε0

∫ w0

0

[
∼
k
(1)

0,α(r1)−
∼
k
(3)

0,α(r1)

]
dr1 ≈

1
ε0

∼
k
(1)

0,α
(
w−0
)
w0, (49)

χβ = − 1
ε0

∫ 1

w0

[
∼
k
(1)

0,β(r1)−
∼
k
(3)

0,β(r1)

]
dr1 ≈ −

1
ε0

∼
k
(1)

0,β(w
+
0 )(1− w0) =

−
∼
k
(1)

0,β(w
+
0 )(1− w0)

∼
k
(1)

0,α w0

χα, (50)
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here, we set

X1 =
1
ε0

∼
k
(1)

0,α
(
w−0
)
w0, A1 =

(
cosθβ

cosθα

)2
∼
k
(1)

0,α
∼
k
(1)

0,β

, B =

∼
k
(1)

0,β(1 − w0)

∼
k
(1)

0,α w0

,

the variable X1 is related to the parameter ε, A1 is related to the growth parameter G and
V, which measures the effect of the triple point, and B is a constant determined by the
thermodynamic properties of the system and the growth parameter G and V. As σ0 = 0,
from Equation (45) we can obtain the following solution:

εn
ST =

√
MαΓαX1

∗
(n)

(−C∞ Mαvα + 2Mαvα∑∞
n=1

J0(λnw−0 )J1(λnw0)

λn J0
2(λn)

− 1)
1
2
w0

, (n = 0, 1 · ··). (51)

From Equation (51), we can know the positive correlation between εn
ST and X1

∗
(n), so we

can obtain a group of relations about εn
ST:
(
ε0

ST < ε1
ST < ε2

ST < · · ·
)
; it can also be seen from

Equation (32) that the real part of σ0 is positively related to ε0 [1], so that we think when
ε < ε0

ST, the rod eutectic growth is stable; therefore, ε0
ST corresponds to the minimum critical

point of rod eutectic growth. After a lot of calculation with the experimental data [25], from
Equation (51) we can obtain the relationship between εn

ST and V, as shown in Figure 4:

 
6.Change the colon after Figure 5 to a dot 

7. In the conclusion, change the word unstable to stable, and stable, 

stable to unstable. 

We are very sorry to trouble you., and the above changes will not 

affect the main conclusions of this article. 

Yours sincerely 

Gan Yanlin 

Figure 4. The curve of the critical numbers of εn
ST(n = 0) versus V for the typical case (∆s > 0), where

θα = 65
◦
, θβ = 50.55

◦
,w0 = 0.40, G = 5000K/m.

From Figure 4, we have obtained the stable growth region of the SCN-DC rod eutectic,
which is close to the experimental data for the steady growth of the SCN-DC rod eutec-
tic [25]; for example, when V = 3× 10−8m/s and ε < ε0

ST = 0.001716, we say that the rod
eutectic growth is stable. Next, we combined the obtained ε0

ST with λ∗ = 2R = 2εκD/V and
predicted the relationship between the critical stable eutectic spacing of the material (SCN-
DC) and the velocity under the conditions that the velocity V is greater than 3× 10−8m/s
and where G = 5000K/m in, then compared it with the theoretical values predicted by
J–H [25] and some experimental data [25]; the results are shown in Figure 5.
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Figure 5. The critical eutectic spacing of λ∗ with the speeding velocity V: λ∗ and λJH
∗ as a function of

V, where w0 = 0.40, G = 5000K/m.

It can be seen from the above Figure 5 that the predicted critical stable rod eutectic
spacing in the case of V > 3× 10−8m/s, G = 5000K/m is smaller than the theoretical
values predicted by J–H, and we found that the experimental data are close to the values we
predicted and that when the velocity increases from 3× 10−8m/s to 3× 10−7m/s, λ∗/λJH

∗
decreases from 0.968 to 0.819; when the velocity is greater than 3× 10−7m/s, λ∗/λJH

∗ is
close to the constant 0.811.

Additionally, we obtained the relationship between the critical small parameter, the
critical eutectic spacing and the temperature gradient by changing the value of the temper-
ature gradient, as shown in Figure 6:
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Figure 6. (a) The curves of the critical numbers of εn
ST(n = 0) of versus G for the typical case

(∆s > 0); (b) the critical eutectic spacing of λ∗ with the temperature gradient G, where θα = 65
◦
,

θβ = 50.55
◦
,w0 = 0.40.

It can be seen from Figure 6 that the critical small parameter and the critical eutectic
spacing are less affected by the temperature gradient where θα = 65

◦
, θβ = 50.55

◦
,w0 = 0.40.

Only when the velocity is relatively small, that is, when ∆s → 0 or ∆s ∼ O(1), the critical
small parameter and the critical eutectic spacing are slightly affected by the temperature
gradient and increase with the increase in the temperature gradient, but their changes
are not obvious. When the velocity is relatively large, that is, when ∆s � 1, the critical
parameters and the critical eutectic spacing almost do not change with the change in the
temperature gradient.

6. Conclusions

In this paper, the linear instability mechanism of rod eutectic growth is studied. We
performed the asymptotic analysis for the perturbations around the basic steady state of
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the rod eutectic system and obtained the global modes solution by solving the related
eigenvalue problem. We obtain the analytic form of the global mode solution and the
corresponding quantization conditions and predict the corresponding critical eutectic
spacing. We find that the system allows for the real spectrum of the eigenvalue σ0, and
we find that there is a stable growth mode, the ST mode, for rod eutectic growth; when
ε < ε0

ST, the rod eutectic growth is stable, when ε > ε0
ST, the rod eutectic growth is unstable

and when ε = ε0
ST, the rod eutectic growth is of a neutral stability. Additionally, the critical

eutectic spacing of SCN-DC predicted by us is smaller than that predicted by Jackson–Hunt,
which is consistent with the corresponding experimental data. Finally, we found that
the critical eutectic spacing and the stable region of rod eutectic growth changed little
with the temperature gradient. Based on the content explored in this paper, we can better
understand the growth of the rod-shaped eutectic; therefore, a foundation for the analytical
study of rod eutectic oscillation growth has thus been laid.

Author Contributions: Conceptualization, X.L. and Y.G.; methodology, X.L.; validation, X.L. and
Y.G.; formal analysis, X.L. and Y.G.; resources, X.L.; writing—original draft preparation, X.L. and
Y.G.; writ-ing—review and editing, X.L.; supervision, X.L.; project administration, X.L.; funding
ac-quisition, X.L. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by National Natural Science Foundation of China (No.51961018).
The APC was funded by National Natural Science Foundation of China (No.51961018).

Data Availability Statement: The data is confidential and inconvenient to publish.

Acknowledgments: The authors deeply grateful to the National Natural Science Foundation of
China (No.51961018).

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Xu, J.-J.; Li, X.-M.; Chen, Y.-Q. Global steady state solutions for lamellar eutectic growth in directional solidification. J. Cryst.

Growth 2014, 401, 93–98. [CrossRef]
2. Chen, Y.-J.; Davis, S. Instability of triple junctions in lamellar eutectic growth. Acta Mater. 2001, 49, 1363–1372. [CrossRef]
3. Zhang, A.; Guo, Z.; Xiong, S.-M. Quantitative phase-field lattice-Boltzmann study of lamellar eutectic growth under natural

convection. Phys. Rev. E 2018, 97, 053302. [CrossRef] [PubMed]
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