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Abstract: In this work, the magnesium alloy AZ31BF subjected to proportional and non-proportional
loads has been studied. For this purpose, a series of experimental multiaxial fatigue tests were carried
out according to the ASTM E466 protocol. The main objective was to determine the relationship
between the multiaxial fatigue strength of this alloy under these two different types of loading.
The results showed that the AZ31BF magnesium alloy has different fatigue strengths depending
on the loading type. Based on these results, it was found that the ratio between proportional and
non-proportional damage in AZ31BF magnesium alloy varies depending on the number of loading
cycles. To represent this variation, parameter Y was used to modulate the non-proportional damage
of AZ31BF. In this way, two Y functions were considered, one for the normal stress component and
the other for the shear stress component. The results obtained for the non-proportional parameter Y
are of particular interest since the multiaxial fatigue models do not distinguish between these two
types of loading when evaluating fatigue life. In this sense, the results of this study can be used in
these models to overcome this limitation.

Keywords: magnesium alloys; multiaxial fatigue; non-proportional loading; experimental testing

1. Introduction

The transportation industry is a major contributor to CO2 emissions, leading to in-
creased global warming and lower quality of life in societies as pollution increases, which
in turn negatively impacts public health. This fact is closely related to the weight of vehicles.
The higher the weight, the higher the fuel consumption, and the higher the emission of
CO2 [1].

In this sense, over the years, the transportation industry, especially the automotive
and aeronautical industries, have explored the use of lighter materials in their vehicles
in order to reduce their weight, thus reducing fuel consumption and, consequently, CO2
emissions [2]. This strategy is in line with the 17 Sustainable Development Goals of the
United Nations, as it not only promotes the sustainability of the planet but also that
of secondary industries, especially those that use vehicles as a fundamental means of
doing business.

However, despite these efforts, the strategies are still far from fully achieving the goals.
For example, in recent decades, the aerospace industry has invested heavily in building
aircraft from composite materials, particularly carbon fiber, because of their high mechanical
strength and low weight. However, due to the uncertainty about the mechanical properties
of these materials, the safety coefficients are very high, which leads to an oversizing of the
structures, which, in turn, leads to an increase in weight. In this way, results in aircraft
weight reduction have fallen far short of expectations [3,4].
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On the other hand, the cost of manufacturing and maintaining these structures is
much higher than for aluminum alloy structures, resulting in a more expensive solution.
This fact has encouraged the continued use of aluminum alloys in aircraft construction, as
there is a high demand due to economic factors [5].

In this context, magnesium alloys are proving to be an alternative to both carbon fiber
composites, steel, and aluminum alloys. Magnesium alloys are about 75% lighter than
steel, 50% lighter than titanium, and 33% lighter than aluminum. Compared to carbon fiber
composites, magnesium alloys are about 20% heavier, but the energy costs associated with
that 20% are fully recovered at the end of the product’s life [6,7].

Looking at the life cycle of the products, magnesium alloys are fully recyclable, while
composites are not. So, the decommissioning and disposal of scrap at the end of the life
cycle of carbon fiber structures incurs higher costs and contributes to CO2 emissions, which
to some extent, negates the advantage that they are 20% lighter than magnesium alloys.
However, magnesium alloy structures are cheaper to manufacture and maintain, which, in
turn, makes the purchase and maintenance costs more attractive to the end user [8].

In addition to structural applications, magnesium alloys can also be used in dentistry,
for example, for temporary implants [9]. Magnesium alloys are non-toxic to the human
body and biodegradable, i.e., the human body gradually degrades the mass of the implant
until it is completely eliminated from the body.

Due to this property, i.e., the natural and gradual degradation of the implant over
time, the challenge is to size the implant to ensure its structural resistance during the time
it takes the body to recover.

The sizing of dental implants is a major challenge in itself [10–12]. However, this
challenge becomes significantly greater when these implants are made of magnesium
alloys, as the variations in mechanical strength, resulting from the structural reduction of
the implant due to removal by the body, must be taken into account.

Despite the above advantages, magnesium alloys present some challenges in charac-
terizing their mechanical behavior. Over time, some challenges have been solved, such as
the problem of corrosion. The new magnesium alloys have corrosion resistance comparable
to that of aluminum alloys, so corrosion is no longer a major problem in magnesium alloys.
However, due to the peculiarities of their crystalline structure, magnesium alloys have a
different mechanical behavior than aluminum and steel alloys. For this reason, the design
of magnesium alloy mechanical components or structures requires additional information
beyond that required for other structural materials [13].

A unique property of magnesium alloys is that they exhibit differential compressive
and tensile yield stresses, a property not found in other structural materials. This property
results from their hexagonal close-packed crystalline structure (HCP), which allows them
to accommodate very specific slip planes at the microstructural level in a form known as
twinning, in which the microstructure has a mirrored morphology in a specific direction,
which has implications for the mechanical response to cyclic loading [14,15].

Another characteristic feature is the hysteresis cycles that occur during cyclic loading.
It can be seen that the hysteresis loops are not symmetrical with respect to the reference axes,
as is the case with other structural materials. This asymmetry results from the different
behavior of magnesium alloys in tension and compression. In tension, magnesium alloys
tend to harden cyclically, i.e., the cyclic yield stress tends to increase with the number of
loads, while in compression the variation of the cyclic yield stress is almost zero [16].

These aspects of the mechanical behavior of magnesium alloys have been system-
atically studied over time. However, there are some gaps in the literature regarding the
resistance of magnesium alloys to multiaxial cyclic loading, i.e., the information available in
the literature on the multiaxial fatigue strength of magnesium alloys is somewhat limited.
In this sense, further studies are needed to fill this important gap, especially with respect to
the influence of the loading paths’ nature on fatigue strength [17].

In practice, structures are usually subjected to random loading spectra of multiaxial
nature, which are characterized by fatigue damage accumulation models during the de-
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velopment of structures and mechanical components. Therefore, the characterization of
the mechanical behavior of magnesium alloys in multiaxial loading regimes is extremely
important to ensure the required reliability of magnesium structures [18].

In practice, load spectra can be determined in the field by instrumenting the structure
or by using databases of previously recorded load spectra, such as the FALSATFF database.
These load spectra summarize cyclic loads of different types that cause various degrees of
damage. The load spectra can summarize uniaxial cyclic loads (normal and shear and with
or without mean stress) and multiaxial loads (proportional and non-proportional, with or
without mean stress, and synchronous or asynchronous) [19].

The results presented in the literature for different structural materials show that the
multiaxial fatigue strength strongly depends on the type of loading, i.e., for the same stress
level (e.g., for the same von Mises equivalent stress), the fatigue strength of a given material
is different depending on the loading path. In addition to this proof, the loading sequence
(sequential combination of different types of loading) also has a strong influence on the
fatigue strength of materials [20].

Another important aspect is the limitation of damage parameters when distinguishing
the loading type. For example, multiaxial fatigue models based on the invariant of the
stress tensor consider only the amplitude ranges of the normal and shear stresses. This
results in the same damage value for proportional and non-proportional loads if they have
the same amplitude ranges. However, it has been experimentally demonstrated that the
damage caused by these loads is different, resulting in different fatigue lives [21].

With this in mind, and for a given material, it is extremely important to characterize
these loads in terms of their resistance to multiaxial fatigue, both individually and in
aggregate form, to facilitate decision-making in the design of the structures subjected to
load spectra. This characterization is of particular importance in magnesium alloys because
the information available in the literature on the effects of loading type on resistance to
multiaxial fatigue is almost non-existent. In particular, the fatigue resistance of magnesium
alloys subjected to non-proportional loads is very limited.

The objective of this article is to characterize the relationship between damage due to
proportional loading and damage due to non-proportional loading in AZ31BF magnesium
alloy. To our knowledge, this relationship has never been studied in magnesium alloys,
although it is of great importance for the evaluation of cumulative damage in multiaxial
loading spectra.

To obtain this relationship, a series of experimental tests were performed considering
two reference loads, namely a proportional load with an amplitude ratio of 45º and a non-
proportional load with an amplitude ratio of 45º and a phase shift angle between normal
and shear stress of 90 degrees. For these two loads, the ratio between the amplitudes
of the normal and shear stresses is the same. The only difference between the loads is
the phase shift angle between normal and shear stresses, which is present in the non-
proportional load.

The paper is divided into five sections, starting with an introduction that introduces
the reader to the research problem with a holistic approach, covering topics ranging from
the impact on the industry to the research question that this paper aims to answer. Then,
the Literature Review section presents the most commonly used theoretical approaches to
characterize non-proportional loads. In the Materials and Methods section, the methodol-
ogy used in the experimental tests and a brief characterization of the material in question
are presented. The Results section presents the findings, the Discussion section discusses
the results obtained, and the Conclusions section concludes the paper.

2. Literature Review

The loading path results from the combination of normal and shear stresses that can
load the material in many different ways. Materials respond differently depending on the
loading path even at the same stress level. This is because multiaxial fatigue strength is
strongly related to the shape of the loading path [22].
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Essentially, there are two types of loading by which all cyclic loading can be char-
acterized: proportional and non-proportional. The main feature that distinguishes the
two types of loading is the variation in the principal directions of the stress tensor. In
non-proportional loads, the main directions of the stress tensor change during the duration
of the load, while in proportional loads they remain constant or unchanged. As for the
effect of the load on the material, these two types of loads cause different fatigue damage.
In proportional loads, the material is loaded in a certain plane (direction) given by the ratio
of the stress amplitudes. Non-proportional loads, on the other hand, activate more than
one stress plane in the material, resulting in non-proportional loads causing additional
phenomenological effects, such as non-proportional hardening [23].

Material hardening is the phenomenological response of the material to external
stresses, and it is particularly sensitive to the intensity of stress and the type of stress.
Essentially, internal microplasticity due to cyclic loading alters material strength, fatigue
behavior, and cracking. Therefore, during the initial loading cycles, materials seek a
stable response, i.e., a stress–strain relationship that corresponds to the type of external
loading [24].

After the material has cyclically adapted to the initial loading cycles, the stress state is
maintained for the remainder of the loading period if the loading pattern is not changed
in the interim. Under strain control conditions, material hardening results in an increase
in the stress level required to maintain the same strain amplitude, i.e., the cyclic strain is
maintained during the loading period when the loading level is increased [25].

On the other hand, a constant stress amplitude during stress-controlled loading re-
sults in a decrease in strain amplitude due to material hardening. This point is very
important because material accommodation (or response to loading) affects the stress state.
Therefore, the relationship between stresses and strains becomes nonlinear during elastic
cyclic loading.

On the other hand, softening of the material by cyclic loading is the opposite phe-
nomenon described in the concept of cyclic hardening. In this case, and from the point of
view of stress control, constant stress amplitudes increase the inherent strain amplitude
in materials that soften cyclically, which can lead to higher plasticity. In addition, higher
strains increase the potential for cracking. Therefore, this type of material is much more
susceptible to failure than materials that harden cyclically. Nevertheless, construction
materials do usually harden. Therefore, this issue, cyclic softening, is not as much of a
focus in the literature as the phenomenon of cyclic curing.

Analyzing the state of assessing non-proportional cyclic damage, one can conclude
that the general way to deal with non-proportionality is to find a factor that corrects the
damage parameter criterion in some way [25,26].

None of the multiaxial fatigue criteria found in the literature account for non-
proportional cyclic effects by default. Multiaxial fatigue criteria are generally insensitive to
non-proportionality, i.e., the criteria procedures do not distinguish between proportional
and non-proportional loading conditions. For this reason, without any correction, their
fatigue life estimates show an unsatisfactory correlation with test data.

There are several physical phenomena in non-proportional loading that add complex-
ity to the fatigue damage assessment for this type of loading. These phenomena result
from different types of non-proportionality that can arise from a loading path, such as
non-proportionality due to loading sequences, variable amplitude, and mean stresses [27].

Therefore, finding a damage parameter that captures the additional damage due to
non-proportionality remains a difficult task. Non-proportionality is closely related to the
nature of the loading path and, therefore, has been evaluated in the literature based on the
shape of the loading path.

The non-proportionality of materials is usually characterized on the basis of the non-
proportional cyclic hardening coefficient of the material [28,29].

This coefficient is usually determined considering two specific multiaxial loading
cases, namely: the non-proportional loading with a phase shift of 90 degrees and a stress
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amplitude ratio of 45 degrees, and the typical proportional loading with a stress amplitude
ratio of 45 degrees and a phase shift of zero (the stress amplitude ratio is evaluated in the
von Mises stress space).

For each (proportional and non-proportional) equivalent total strain within a prede-
fined strain range, the equivalent stress values under proportional and non-proportional
loading conditions are investigated. These values are determined when cyclically stable
behavior is achieved at each total strain and used to measure the non-proportional response
(behavior) of the material to non-proportional loading.

To evaluate the non-proportionality, some coefficients have been proposed in the
literature. The non-proportional hardening coefficient α is one example [30].

This coefficient tries to capture the maximum non-proportional effect by considering
the ratio between the non-proportional equivalent stress (90 degrees out of phase and with
a stress amplitude ratio of 45 degrees) and the proportional equivalent stress (with a stress
amplitude ratio of 45 degrees). In order to determine the values of the two equivalent
stresses and evaluate the non-proportional strain hardening coefficient alfa, stabilized stress–
strain curves must be obtained by experiments before evaluating the equivalent stresses.
The expression for the non-proportional strain hardening α is as follows in Equation (1).

α =
σeqv,OP

σeqv,PP
− 1, (1)

where PP stands for proportional and OP for non-proportional. In order to generalize
the α parameter for any kind of non-proportional loading cases, Socie and Marquis [30]
developed the idea that the entire loading path represented in a stress space can be enclosed
by an ellipse. Then, the ratio between the minor (b) and major (a) axes of the ellipse
enclosing the stress path is the so-called non-proportional factor F, given by the following
Equation (2):

F =
b
a

. (2)

This factor has been used to quantify the degree of non-proportionality within a
stress path, which is used to correlate the non-proportional cyclic hardening behavior of
the material. These two coefficients, α and F, can be used to update equivalent stress to
account for the phenomenological behavior of a given material under non-proportional
loads. Equation (3) shows this update.

σ = K′ · (1 + α · F) ·
(
εp
)n′ , (3)

where α is the non-proportional strain hardening coefficient, εp is the plastic strain, F
is the non-proportionality factor, and K′ and n′ are the coefficient and exponent of the
stress–strain curve equation, respectively.

Based on experiments, Anes et al. [31] found that the axial and shear S-N curves are
nearly parallel to each other under proportional and non-proportional loading when the
ratio of stress amplitudes is equal to 1/

√
3. This result suggests that the relative position

between the axial and shear S-N curves under proportional and non-proportional loading
is due to the non-proportional contribution to the total fatigue damage.

Furthermore, the relative damage between proportional and non-proportional loading
can be considered constant and independent of fatigue life, since both the proportional
and non-proportional S-N curves are parallel to each other. The physical significance of
the relative damage between proportional and non-proportional load curves is justified
as follows:

If the S-N curves of the axial and shear components of a non-proportional load are
above their homologous proportional curves, then for a given fatigue life it is necessary
to increase the stress amplitude level of the non-proportional axial and shear components
to obtain the same fatigue life. Therefore, in this scenario, the non-proportional load
has a longer fatigue life than the proportional load, with the same axial and shear stress
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amplitudes for the proportional and non-proportional loads. In this scenario, the non-
proportional load is less damaging than the proportional load, indicating that the material
is less sensitive to non-proportionality.

On the other hand, if the axial and shear S-N curves of a non-proportional load
are below their homologous proportional curves, the energy that must be expended for
the fatigue damage process is less for non-proportional loading than for proportional
loading. In this case, the non-proportional load is more damaging than the proportional
load, indicating that the material is more sensitive to non-proportionality. To quantify the
non-proportional sensitivity of the material, Anes et al. proposed the Y parameter, which
correlates proportional and non-proportional loading amplitudes, and the non-proportional
S-N curves (axial and shear) can be estimated with this parameter based on the proportional
curves. Equations (4) and (5) show the Y parameter in relation to the S-N amplitudes for
normal and shear stresses.

Ynormal =
σPP
σOP

, (4)

Yshear =
τPP
τOP

. (5)

σPP, σOP stands for the amplitude of the normal stress and τPP, τOP for the amplitude
of the shear stress. The difference between the alpha parameter and the Y parameter is based
on the fact that the α parameter requires equivalent stress to evaluate non-proportional
damage, using compatibility constants for the amplitudes of the normal and shear stresses.
This fact may bias the interpretation of non-proportional damage to some extent. The
Y parameter, on the other hand, does not use any equivalent stress. In this case, the
non-proportional damage is evaluated by a strict comparison of the proportional and
non-proportional amplitudes for the same fatigue duration.

The interpretation of the Y parameter is as follows: Thus if the Y-parameter has a value
of less than 1, the material is less sensitive to non-proportionality than to proportionality. If
the Y parameter is equal to 1, then proportional and non-proportional loads have the same
effect on the fatigue strength of the material. When the Y parameter is greater than 1, the
material can be considered to be very sensitive to the non-proportional loading conditions.
In this case, the non-proportional loads have lower stress amplitudes than the proportional
loads for a given fatigue life.

In this article, we intend to evaluate experimentally the parameter Y for the magne-
sium alloy AZ31BF. This parameter will allow for the estimation of the non-proportional
damage based on the loading history and to understand the sensitivity of this alloy to
non-proportional loading. This alloy has been studied extensively in recent years due to
its potential for structural applications. These studies have focused on the cyclic response
at low and high fatigue cycles, under uniaxial and multiaxial loading conditions [32–35],
damping properties [36], elastic–plastic evolution at multiaxial loading conditions [13,14],
modulation of cyclic response [37], and other topics. However, the relationship between
proportional and non-proportional damage in AZ31BF magnesium alloy is not available in
the literature, although it is extremely important for the evaluation of damage accumulation
in variable amplitude spectra. In this sense, this work aims to fill this gap.

3. Materials and Methods

The experimental program began with the fabrication of the test specimens, followed
by the selection of the load paths, and finally, the experimental tests were performed using
the 8874 biaxial fatigue testing machines (Instron, Norwood, MA, USA). The test specimens
consisted of bars made of AZ31BF magnesium alloy with a length of 1 m and a diameter of
26 mm. These bars were previously produced by extrusion of ingots at a temperature in
the range of 360 to 380 ◦C and a speed of 51 mm/s, the final extrusion ratio being 6. After
extrusion, the bars were hardened in air. Figure 1 shows the geometry of the specimens and
their respective dimensions. The test specimens were manufactured on a CNC machine in
compliance with the dimensions specified in the ASTM E 466 standard.



Crystals 2023, 13, 688 7 of 14

Crystals 2023, 13, x FOR PEER REVIEW 7 of 14 
 

 

in the literature, although it is extremely important for the evaluation of damage accumu-
lation in variable amplitude spectra. In this sense, this work aims to fill this gap. 

3. Materials and Methods 
The experimental program began with the fabrication of the test specimens, followed 

by the selection of the load paths, and finally, the experimental tests were performed using 
the 8874 biaxial fatigue testing machines (Instron, Norwood, MA, USA). The test speci-
mens consisted of bars made of AZ31BF magnesium alloy with a length of 1 m and a 
diameter of 26 mm. These bars were previously produced by extrusion of ingots at a tem-
perature in the range of 360 to 380 °C and a speed of 51 mm/s, the final extrusion ratio 
being 6. After extrusion, the bars were hardened in air. Figure 1 shows the geometry of 
the specimens and their respective dimensions. The test specimens were manufactured on 
a CNC machine in compliance with the dimensions specified in the ASTM E 466 standard.  

 
Figure 1. Specimen geometry and respective dimensions in (mm) [38]. 

During machining, the longitudinal direction of the test specimens was aligned with 
the longitudinal direction of the bars, i.e., with the extrusion direction of the bars. Surface 
finishing was first performed with abrasive paper of decreasing grit size and later with 
diamond paste to obtain a mirror-smooth surface. The fatigue tests were carried out under 
tensile load according to the procedures of ASTM E466, considering the two reference 
load paths normally used to evaluate resistance to multiaxial fatigue, namely proportional 
loading with SAR = 45, represented as PP (Figure 2a), and non-proportional loading with 
SAR = 45° and a displacement of 90°, represented as OP, (Figure 2b). 

 
Figure 2. (a) Proportional loading time variation, and (b) non-Proportional loading time variation. 

These loads have two load channels, one for torque and one for axial force. In each 
of the channels, a sine wave with R = −1 has been considered, i.e., the average stress is zero 
in both the normal stress channel and the shear stress channel. The condition for the end 

Figure 1. Specimen geometry and respective dimensions in (mm) [38].

During machining, the longitudinal direction of the test specimens was aligned with
the longitudinal direction of the bars, i.e., with the extrusion direction of the bars. Surface
finishing was first performed with abrasive paper of decreasing grit size and later with
diamond paste to obtain a mirror-smooth surface. The fatigue tests were carried out under
tensile load according to the procedures of ASTM E466, considering the two reference
load paths normally used to evaluate resistance to multiaxial fatigue, namely proportional
loading with SAR = 45, represented as PP (Figure 2a), and non-proportional loading with
SAR = 45◦ and a displacement of 90◦, represented as OP, (Figure 2b).
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These loads have two load channels, one for torque and one for axial force. In each of
the channels, a sine wave with R = −1 has been considered, i.e., the average stress is zero
in both the normal stress channel and the shear stress channel. The condition for the end of
the test and the recording of the respective fatigue life was the complete separation of the
test specimen.

4. Results

The results of the experimental tests are shown in Tables 1 and 2 for proportional (PP)
and non-proportional loading (OP), respectively. In both cases, care was taken to ensure
that the ratio between the amplitudes of the shear and normal stresses was equal to 0.58.
This ensured that the non-proportional damage, as assessed by the results shown in Table 2,
resulted only from the phase shift between the amplitudes of the normal and shear stresses,
thus avoiding other factors that could potentially distort the intended results.
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Table 1. Fatigue life results for AZ31BF at proportional reference load (PP).

σa [MPa] τa [MPa] Phase Shift SAR Nf

106.07 61.24 0 0.58 16,800
91.92 53.07 0 0.58 46,878
77.78 44.91 0 0.58 69,169
74.25 42.87 0 0.58 242,685
70.71 40.82 0 0.58 353,718
67.18 38.78 0 0.58 1,000,000

Table 2. Fatigue life results for AZ31BF at non-proportional reference load (OP).

σa [MPa] τa [MPa] Phase Shift SAR Nf

106.07 61.24 90 0.58 7182
95.00 54.85 90 0.58 8595
74.25 42.87 90 0.58 167,525
72.50 41.86 90 0.58 576,336
70.71 40.82 90 0.58 800,000
67.18 38.78 90 0.58 1,000,000

The tables show, in the first column, the intensity of the amplitude of normal stress, in
the second column, the intensity of the amplitude of shear stress, and in the third column,
the phase shift of the load (proportional loads have a phase shift equal to zero), the next
column shows the ratio between the intensity of the shear amplitude and the intensity of
the normal amplitude (SAR), that is, these values are obtained by dividing the values in the
second column by the values in the first column. Finally, in the last column, Nf indicates
the number of verified load cycles until failure (complete separation of the specimen).

It can be seen that the greater the intensity of the amplitudes, the lower the number
of verified cycles at the time of fracture. However, there were two cases where at the
respective intensity of the normal and shear amplitudes the break did not occur, and the
so-called runout was verified. In these cases, the Nf was assigned the value of 1,000,000.

The results presented in Tables 1 and 2 are shown graphically in Figure 3. This plot
relates the normal and shear amplitudes as a function of the number of cycles and shows
two SN curves per load. This way of plotting the stress amplitudes as a function of the
number of cycles is not the conventional one. In the most common representation, the
two amplitudes are converted into an equivalent parameter and then correlated with the
number of load cycles Nf, resulting in a typical SN curve.

The problem with this approach is that converting the load amplitudes (normal and
shear) to equivalent stress requires a scaling factor between the normal and shear stresses
(for example, for the von Mises equivalent stress, the scaling factor is the square root of
three). This scaling factor can bias the results toward non-proportionality when evaluating
the sensitivity factor. It is known that the scaling factor between normal and shear stresses
is not independent of the type of stress, the respective intensity, and the number of cycles.
Due to this fact, the typical SN curve in the Y parameter approach is decomposed into two
components, one for the normal stress and the other for the shear stress. This approach
eliminates the limitations described above.



Crystals 2023, 13, 688 9 of 14

Crystals 2023, 13, x FOR PEER REVIEW 9 of 14 
 

 

three). This scaling factor can bias the results toward non-proportionality when evaluat-
ing the sensitivity factor. It is known that the scaling factor between normal and shear 
stresses is not independent of the type of stress, the respective intensity, and the number 
of cycles. Due to this fact, the typical SN curve in the Y parameter approach is decomposed 
into two components, one for the normal stress and the other for the shear stress. This 
approach eliminates the limitations described above. 

 
Figure 3. (a) Proportional loading results and respective SN trend lines, (b) non-proportional fatigue 
strength and respective SN trend lines. 

With the SN curves plotted for both loads, it was possible to determine the expres-
sions for each curve by fitting the experimental results using power equations. Since the 
plots are of the semi-logarithmic type, the power curves resemble a straight line. Equa-
tions (6) through (9) were determined for an R in the interval of 0.89 to 0.94, which is a 
fairly acceptable deviation from the experimental results. Based on the Equations (6) to (9) 
and using Expressions (4) to (5) for the calculation of the parameter Y, Equations (10) and 
(11) are obtained. 

0.11
, 292.31a PP xσ −= ⋅ , (6)

0.11
, 168.76a PP xτ −= ⋅ , (7)

0.08
, 203.55a OP xσ −= ⋅  (8)

Figure 3. (a) Proportional loading results and respective SN trend lines, (b) non-proportional fatigue
strength and respective SN trend lines.

With the SN curves plotted for both loads, it was possible to determine the expressions
for each curve by fitting the experimental results using power equations. Since the plots
are of the semi-logarithmic type, the power curves resemble a straight line. Equations (6)
through (9) were determined for an R in the interval of 0.89 to 0.94, which is a fairly
acceptable deviation from the experimental results. Based on the Equations (6) to (9) and
using Expressions (4) to (5) for the calculation of the parameter Y, Equations (10) and (11)
are obtained.

σa,PP = 292.31 · x−0.11, (6)

τa,PP = 168.76 · x−0.11, (7)

σa,OP = 203.55 · x−0.08 (8)

τa,OP = 117.52 · x−0.08, (9)

Ynormal =
σPP
σOP

=
292.31 · x−0.11

203.55 · x−0.08 = 1.4360599 · x−0.03, (10)

Yshear =
τPP
τOP

=
168.75 · x−0.11

117.52 · x−0.08 = 1.4359258 · x−0.03. (11)
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Figure 4 graphically represents Equations (10) and (11) as a function of the number of
cycles Nf. Due to their similarity, their representation is almost superimposed.
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Figure 5 shows the plot of parameter Y as a function of the amplitudes of the normal
and shear stresses. Based on these diagrams, the expressions for the parameter Y as a
function of the amplitudes were determined, see Equations (12) and (13).

Ynormal = 0.346 · σ0.244
a , (12)

Yshear = 0.2559 · τ0.3581
a . (13)
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5. Discussion

Based on the results obtained, we can conclude that the damage caused by proportional
loads is indeed different from the damage caused by non-proportional loads. The only
difference between the two loads considered in this study is the phase shift between the
two load channels (normal and shear), i.e., the SAR was kept the same for both loads,
leading to the difference in damage due to the phase shift observed in the experimental
results. In this sense, damage parameters based only on the intensities of the amplitudes of
normal and shear stresses cannot distinguish between proportional and non-proportional
damage. The Y parameter proves to be suitable to distinguish the damage caused by both
types of loading.

The analysis of Expressions (10) and (11) shows that the difference between the normal
Y parameter and the shear Y parameter is indeed negligible for the magnesium alloy
AZ31BF. However, it is shown that there are experimental results for other materials where
this difference is more pronounced [38]. Based on the plot of these expressions (Figure 4),
where the evolution of the non-proportional sensitivity parameter Y is represented, it
can be seen that the Y parameter does not remain constant over the number of cycles.
Considering that a lower number of loading cycles leads to higher stress amplitudes and a
higher number of cycles leads to lower stress amplitudes, it can also be concluded that the
parameter Y varies as a function of the intensity of the stress amplitudes (normal and shear).

From Expressions (12) and (13) and the respective plots (Figure 5), it can be seen that
the Y value is greater than 1 at higher amplitudes and less than 1 at lower amplitudes.
Higher amplitudes lead to higher degrees of deformation and, consequently, to a stronger
expression of cyclic plasticity, which proves a greater sensitivity of the AZ31BF magnesium
alloy to non-proportionality in this range of stress amplitudes. In this case, the non-
proportional load causes more damage compared to the non-proportional load because the
non-proportional load amplitudes are smaller and result in the same number of fatigue
cycles at the time of failure.

If we analyze the evolution of the parameter Y with the increase of the intensity of the
loading amplitude (normal or shear loading, Figure 5), we can identify a loading intensity
where the parameter Y equals 1. In this case, the normal amplitude is equal to 77.4 MPa
and the shear amplitude is equal to 45 MPa, resulting in a fatigue life of 200,000 cycles.
In this particular case, the non-proportional damage is equal to the proportional damage,
with no difference in damage between the two loads. Continuing the analysis, we can see
that after 200,000 cycles the relationship between the non-proportional and proportional
damage reverses, resulting in a Y parameter of less than 1.

In this case, the proportional loading results in greater damage to the AZ21BF magne-
sium alloy compared to the non-proportional loading, i.e., the amplitudes of the propor-
tional loading are less than the amplitudes of the non-proportional loading for the same
fatigue duration. This result leads to the conclusion that approaches to characterize the
cyclic response to non-proportional loading cannot be of the constant type. It is impor-
tant that they consider the intensity of the amplitudes to capture the cyclic response of
the material.

In this sense, the alpha parameter presented in the literature, Equation (1), does not
capture this variation, which is an extremely important drawback when evaluating the
cumulative damage of variable amplitude loading spectra, since its applicability is rather
limited to fatigue design for infinite life. In turn, the parameter F, Equation (2), through
the ratio between the smallest and largest diameters of the ellipse circumscribing the stress
trajectory represented in a given stress space, allows for the consideration of the variation
in the intensity of the stress amplitude. However, F estimates may be biased in the case
of non-proportionality due to the constant ratio between normal and shear stresses in the
stress space where the F parameter is evaluated.

For loading regimes with infinite life under multiaxial fatigue, the Y parameter takes
the value 0.95, indicating a very low sensitivity to non-proportionality compared to other
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materials, e.g., the high-strength steels Ck45 and 42CrMo4 have Y values of 0.83 and 0.95,
respectively, and the stainless steel AISI 303 has a Y value of 0.81 [38].

From this we can conclude that the AZ31BF magnesium alloy indeed has a lower
sensitivity to non-proportional loading at infinite life and in this respect is on the same
level as the high-strength steels.

6. Conclusions

The objective of this study was to evaluate the cyclic response of AZ31BF magnesium
alloy when subjected to a non-proportional reference load normally used to characterize fa-
tigue damage due to non-proportionality, i.e., a biaxial load with a phase shift of 90 degrees
and a ratio between the normal and shear amplitude of 45 degrees.

The sensitivity of this alloy to non-proportional loading was quantified by the non-
proportional sensitivity parameter Y, which is obtained from an expression relating the
intensity of normal and shear stresses under proportional and non-proportional loading to
the fatigue strength of magnesium alloy AZ31BF.

The results show that the non-proportional sensitivity of magnesium alloy AZ31BF
varies as a function of fatigue life, in other words, the non-proportional sensitivity of this
alloy varies as a function of the intensity of the normal and shear stress amplitudes.

From the experimental results, it is shown that this magnesium alloy is very sensitive
to the non-proportionality at higher amplitudes of the normal and shear stresses, i.e., at
higher strains and, consequently, at higher deformations, the Y parameter is greater than 1,
which means that for the same stress range at proportional and non-proportional loading,
the damage caused by the non-proportional loading is greater. This increase in damage
results only from the 90 degree phase shift between normal and shear stress.

On the other hand, with the decrease of the intensity of the normal and shear stress
amplitudes and, consequently, with the increase of the fatigue life, a decrease of the
parameter Y to values below 1 is observed. The kink point of the damage regime occurs
at 200,000 cycles, from which the parameter Y assumes values below 1. In this case, the
non-proportional load starts to cause less damage than the proportional load.

From these results, we can conclude that the sensitivity of magnesium alloy AZ31 BF
to non-proportional loading is not constant, i.e., it varies depending on the intensity of the
amplitudes of normal and shear stresses in a given loading spectrum.

We may also note that constant parameters for non-proportionality, i.e., a non- propor-
tional parameter independent of fatigue strength or, alternatively, a parameter independent
of the intensity of the amplitude of the normal and shear stresses, prove insufficient to eval-
uate the cumulative damage caused by non-proportional loading because the sensitivity to
non-proportional loading varies as a function of the intensity of the loading amplitudes.
From a practical point of view, the evaluation of the cyclic response of magnesium alloys to
non-proportional loading obtained in this study enables the fatigue design of the AZ31BF
magnesium alloy components subjected to multiaxial cyclic loading, both from the point
of view of infinite life and from the point of view of evaluating cumulative damage in
situations with variable loading amplitude spectra.

The limitations of the present study arise from the fact that only the non-proportional
reference case was investigated. However, there are other non-proportional loads, namely
loads with a phase shift of 30, 45, and 60 degrees, which exhibit an intermediate degree
of non-proportionality compared to the reference case. In view of the above and taking
into account the peculiarities of the hexagonal compact crystal structure of magnesium
alloy AZ31BF, it is hypothesized that the parameter for sensitivity to non-proportionality
is a function with two variables, namely the number of load cycles and the phase shift.
Investigation of this hypothesis has been deferred for future work.
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