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Abstract: This study examines the energy-localization performance of a one-dimensional phononic
crystal (PnC) with a defect when exposed to burst waves of different cycle numbers under longitudinal
waves. Using the finite element method, band structures of the defect-introduced PnC were calcu-
lated, revealing a phononic band-gap range, defect-band frequencies, and corresponding defect-mode
shapes. The transient analysis examined the longitudinal displacement at the center of this defect
in the time domain for various burst-wave scenarios. The results indicate that energy-localization
performance inside the defect highly depended on the number of cycles. Energy-localization per-
formance was better with larger cycles or continuous waves, although burst waves with a small
number of cycles also showed some improvement, albeit limited. Moreover, burst waves with a small
number of cycles did not clearly induce fixed-like boundary conditions (in other words, nodal points
in standing waves) within the defect-introduced PnC, leading to obscure energy-localized behaviors.
Key messages from this work can be summarized as follows. First, comparing the energy-localization
performance under incident burst waves with different cycle numbers for different systems might
not be appropriate. Second, the physically reasonable formation of defect-mode-enabled energy
localization requires burst waves with a large (in the case study, over 500) number of cycles.

Keywords: phononic crystal; phononic band gap; defect mode; energy localization; burst wave

1. Introduction

In recent years, there has been a growing interest in research on phononic crystals
(PnCs). PnCs are constructed by arranging artificially designed unit cells in a periodic
pattern [1–3]. The potential of PnCs to manipulate elastic wave energy has opened up new
possibilities for controlling its propagating direction and intensity [4,5]. One promising area
of research involves leveraging defects in PnCs to spatially localize elastic waves in specific
regions and quantitatively increase their mechanical energy densities (energy per volume).
Defect-free PnCs create phononic band gaps in their dispersion relationships, resulting from
Bragg scattering [6,7]. However, disordering structures, known as defects, in PnCs generate
new passbands, called defect bands. These defect bands have slopes that are close to zero
and are located within these band gaps [8,9]. Recently, it has been revealed that—due to
the presence of evanescent waves—unit cells that enclose the defect create hypothetical,
fixed-end boundary conditions, resulting in a resonating motion near the defect at each
frequency of the defect bands [10]. This motion can be referred to as the defect-mode
shape [11,12]. These properties allow for the high-density concentration of elastic wave
energy inside and near the defect. Inspired by significant energy-localization performance
within a narrow frequency range, the potential applications of defect-introduced PnCs have
been suggested as narrow bandpass filters [13,14], resonance-type energy harvesters [15,16],
sensors [17,18], and actuators [19,20].

Research related to this field largely consists of numerical or analytical modeling to
predict the amount of energy localization, new designs to further improve the amount of
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energy localization, and experimental demonstration. When examining previous research
performed in simulations or experiments, it is important to note that the input signals used
in each study can vary significantly. For example, some studies have excited burst waves
that consist of only a few or tens of cycles [21–25], while others have excited continuous
waves [26–30]. Although the amplitudes (e.g., strain, displacement, or velocity) of these
incident waves may be normalized or scaled to be identical, a comparison of the absolute
energy-localization performance that can be calculated or measured within the defects
across different input signal settings is questionable. Each system has a different number
of cycles required to reach a steady state; hence, there are doubts about whether it is
fair to compare the performance for specific cycles. Another critical consideration is that
phononic band-gap properties result from the destructive interferences that occur due to the
continuously repeated generation of reflection and transmission at interfaces where there is
a mismatch in impedance between the stacks within the PnCs. Therefore, the generation
of defect bands or defect modes can be understood in the same manner as the creation
of phononic band gaps. Hence, it is doubtful that burst waves of only a few cycles can
consistently produce the physically observable energy localization enabled by defect modes
in PnCs, which is similar to the way that resonance-based displacement magnification in
vibrations requires a sufficiently continuous supply of mechanical energy.

Motivated by these concerns, the aim of this study was to evaluate the energy-
localization performance of a defect-introduced PnC when burst waves with varying
numbers of cycles enter the wave-manipulation system. This study considered two ref-
erence values for the evaluation of energy localization: the displacement amplitude of
incident burst waves and the displacement within the defect obtained from the incident
of continuous waves. To achieve this, a parametric study focusing on longitudinal wave
propagation was conducted. It can be noted that burst and continuous waves correspond
to transient and steady-state analyses, respectively. To enable a quantitative comparison
between different cycles and minimize the influence of ambient frequencies, we assumed
the use of a sinusoidal burst wave with a single ideal frequency (called the monochromatic
wave) instead of general tone-burst waves containing a target frequency and a narrow
frequency range near it. Due to the complexity of developing an analytical model of
PnCs composed of multiple lattices for transient analysis, this study adopted a numeri-
cal approach using the commercial finite-element-based tool COMSOL MULTIPHYSICS
6.1 (developed by COMSOL in Burlington, MA, USA). Observations of this work can be
summarized as follows:

• Increasing the number of cycles makes the time to reach the maximum displacement
gradually increase and then converge to a certain value;

• Increasing the number of cycles makes the maximum displacement gradually increase
and stabilize at the value obtained from time-harmonic analysis;

• For a small number of cycles, the cycle number is dominant when determining the
energy-localization performance;

• Energy-localization performance for a small number of burst waves is considerably
smaller than the cases of time-harmonic analysis or burst waves with a large number
of cycles;

From this perspective, the key messages that this work delivers are as follows:

• Comparing the energy-localization performance under incident burst waves with
different cycle numbers for different systems may not be appropriate;

• The physically reasonable formation of defect-mode-enabled energy localization re-
quires burst waves with a large (in this case study, over 500) number of cycles.

The remainder of this paper is structured into several sections. Section 2 describes the
system configuration and setup for numerical studies. Section 3 presents and discusses the
results of the band structure and transient analyses. Finally, Section 4 provides a summary
of the findings and conclusions from this work.
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2. System Configuration and Setup for Numerical Studies

Figure 1 visualizes the topic of this study. A one-dimensional PnC is made up of
nine-unit cells aligned along the longitudinal axis. Each unit cell comprises two stacks of
different materials (gray aluminum and red zinc) attached to each other’s cross-section.
At the same time, the fifth unit cell contains a defect that is introduced by altering the
length of its red stack. All structures share an identical square cross-section with an area
of 25 mm2. Jo and Youn suggested a specific design for a one-dimensional PnC with a
defect to match the defect-band frequency with a target frequency [31]. Following their
lead, the lengths of the gray and red stacks were designed to correspond to their respective
quarter-wavelengths of 25.82 mm and 16.71 mm at the target frequency of 50 kHz. Similarly,
the length of the gray defect was set to match its half-wavelength of 51.64 mm. The mass
densities of aluminum and zinc were set as 2700 kg/m3 and 8500 kg/m3, respectively.
Young’s moduli of aluminum and zinc were set to 72 GPa and 95 GPa, respectively. This
PnC itself was used in the band-structure analysis. Additionally, in transient analysis, a
semi-infinitely lengthy gray structure (made of aluminum) was bonded on each side of the
defect-introduced PnC to create an engineering scenario where incident waves entering
toward the front were partially reflected at the front and partially transmitted at the rear.
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Figure 1. A front view of a target wave-propagation system with a defect-introduced PnC: (a) The
structures and numerical setting used in band-structure analysis and (b) The structure and numerical
setting used in transient analysis.

Figure 1a shows the configuration of the defect introduced by PnC to analyze its band
structures. Figure 2 displays the workflow diagram used in COMSOL to perform the
dispersion analysis. The ‘Solid Mechanics Physics’ and ‘Eigenfrequency Study’ features
were used. First, a two-dimensional spatial domain was defined, and the defect introduced
by PnC was constructed using the ‘Rectangular’ function in the ‘Geometry’ section. When
attaching each interface of the different materials, the continuity conditions of displacement
and stress were automatically reflected. At the same time, all surfaces of the defect-
introduced PnC were automatically set to be exposed in a traction-free and plane-stress
condition. In the ‘Physics’ section, the ‘Floquet Periodicity’ setting was applied to both
ends of the defect introduced by PnC. To ensure proper meshing, the maximum mesh size
was set to 2.5 mm using the ‘Mapping’ function in the ‘Mesh’ section after the convergence
test shown in Figure 3; Figure 3a,b shows that the peak frequency and corresponding
displacement in the time-harmonic analysis converged to their specific values when the
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mesh size became less than 3 mm and 2.5 mm, respectively. By sweeping the real-valued
Bloch wavenumber over the Brillouin zone in the ‘Floquet Periodicity’ setting, the final band
structures were obtained. Under longitudinal waves, the range of the phononic band gap
was the region where two eigenfrequencies are obtained at either end of the Brillouin zone.
The defect bands were the narrow complex-valued (non-zero real part) eigenfrequency
ranges that corresponded to a set of Bloch wavenumbers inside the Brillouin zone within
the calculated phononic band gap. Additionally, the displacement field (eigenvectors) at
each defect-band frequency represented the defect-mode shape, providing a visualization
of how elastic wave energy was concentrated.
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Figure 2. The workflow diagram in COMSOL Multiphysics to perform dispersion or transient analyses.
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Figure 3. Mesh convergence test: Variations in (a) the peak frequency and (b) the corresponding
peak displacement with respect to the mesh size that ranged from 0.5 mm to 10 mm in the time-
harmonic analysis.

Figure 1b shows the configuration of the wave-propagation system that was used
in the transient analysis. Figure 2 displays the workflow diagram used in COMSOL to
perform the transient analysis. Wave-propagation analysis was performed using the ‘Time-
dependent Study’ instead of the ‘Eigenfrequency Study’. PnC was constructed using
the same procedure as the band-structure analysis described earlier, with an additional
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structure attached to both ends with a length equal to twice the wavelength at the target
frequency. The ‘Low Reflecting Boundary’ function within the ‘Solid Mechanics Physics’
was applied to both ends of the entire structure to implement semi-infinite conditions. In
this case, the ‘Damping Type’ function was set to ‘P and S Waves’. An incident burst wave
was generated as an initial condition in the middle of the attached structure on the left side
using the ‘Prescribed Displacement’ function within the ‘Solid Mechanics Physics’. The
mathematical expression for the incident waves of arbitrary cycle N is as follows.

uIn(t) = UIn sin(2π ftt)×
(

H(t)− H
(

t − N
ft

))
(1)

where the time variable t ranges from zero to 10 ms (=500/f t), and the total time length is
determined through trial and error. UIn represents the displacement amplitude of 10 nm,
while f t denotes the target frequency of 50 kHz. The Heaviside unit step functions H(·)
were used in Equation (1) to limit the time range of wave excitation. Figure 4a shows one
examples of the excited waveforms in terms of time when n = 50, while Figure 4b provides
a closer view of these waveforms in the time domain from 0.9 ms to 1.1 ms. To ensure the
stability and convergence of the results, the CFL (Courant–Friedrichs–Lewy) number was
set to 0.2 [32–34], and the numerical time step was 116.19 ns. The default settings were
used except for the parts mentioned earlier. The focus of this transient analysis was to
quantitatively evaluate the performance of defect-mode-enabled energy localization. Here,
the temporal displacement at the center of the defect was calculated.
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Figure 4. An example of excitation of burst waves when n = 50: (a) A time range from zero to 10 ms
and (b) A time range from 0.9 ms to 1.1 ms.

3. Results and Discussion

In Figure 5a, the band-structure results of longitudinal waves are depicted, with the x-
axis representing the normalized Bloch wavenumber (=Bloch wavenumber × PnC Length)
within the range of [0, π] and the y-axis representing the frequency within the range of
[0 kHz, 100 kHz]. The black and red solid lines depict the passband calculation results
outside and inside the phononic band gap, respectively. The gray box marks the phononic
band gap for longitudinal waves, spanning from 38.90 kHz to 61.10 kHz. Within the band
gap, one defect band appears with a nearly zero slope from 49.97 kHz to 50.03 kHz. As
suggested by Ref. [31], increasing the number of unit cells led to a flattened defect band,
and its corresponding frequency range gradually converged to 50 kHz, which was obtained
at the center of the Brillouin zone. Indeed, the enlarged view shown in Figure 5b supports
this statement. Hence, this frequency can be considered the representative defect-band
frequency. It can be confirmed that this defect-band frequency is also equal to the target
frequency. Physically, the defect band had a group velocity of zero since the instantaneous
slope of the band structure represented the group velocity (energy-transport velocity). This
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means that the elastic wave energy could not be transferred through space, resulting in the
energy being localized in the vicinity of the defect.
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Figure 5. Results of the defect-band analysis: (a) Emergence of a phononic band gap ranging from
38.90 kHz to 61.10 kHz, (b) Emergence of one defect band range from 49.97 kHz to 50.03 kHz,
and (c) Longitudinal displacement and strain field at the defect-band frequency of 50 kHz.

At the defect-band frequency of 50 kHz, Figure 5c shows the normalized longitudi-
nal displacement and strain fields, respectively, of the defect-introduced PnC. It can be
confirmed that this defect exhibited significantly enhanced behaviors at the defect-band
frequency. It is noteworthy that the displacement field exhibited line symmetry with respect
to the center of the defect, with the maximum displacement at the center of the defect,
whereas the strain field featured point symmetry, with the maximum strain near the ends
of the defect. Note that the displacement field is a continuous function, whereas the strain
field is a discontinuous function at each boundary where the material varies. An analysis
of the defect band could provide information on the frequency at which the elastic wave
energy is localized and the shape in which this occurs.

Next, we needed to determine which physical quantity (e.g., displacement and strain)
to examine at which point in the transient analysis. Referring to the previously discussed
defect-mode shape, we aimed to investigate the longitudinal displacement at the center of
the defect. When imagining the experiment, it would be easier to measure the displacement
in a non-contact way using a Laser Doppler Vibrometer rather than measuring the strain
by attaching a strain gauge to the defect [35–37]. One point worth mentioning before
the analysis was the consideration of two reference values. First, the amplitude of the
longitudinal displacement of the incident waves was equal to 10 nm, as mentioned in
Equation (1). Second, the maximum longitudinal displacement amplitude at the frequency
of 50 kHz in the time-harmonic analysis was 278 nm (ratio: 27.8); notably, this value
corresponded to the peak value in the frequency response function of the longitudinal
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displacement amplitude. This result can be understood in the same context as the value
that converged with respect to the mesh size in Figure 3.

Figure 6 illustrates the calculated longitudinal displacement at the center of the defect
for n = 5, 15, 30, 50, 100, 200, 300, 500, 800, and 1000 cycles. The x-axis of all plots in Figure 6
stands for time, ranging from zero to 10 ms, and the y-axis stands for the longitudinal
displacement, ranging from −350 nm to 350 nm. For a clear comparison among figures,
Table 1 summarizes the times at which the maximum displacement could be achieved for
each cycle, along with the corresponding positive displacement values. In addition, the
end time when the excitation of burst waves was completed was also listed for each cycle.
One thing to mention is that while the maximum amplitude was obtained at a time slightly
greater than the time when the excitation ended in Figure 6a–g, the maximum displacement
amplitude was obtained at the same time in Figure 6h–j. Additionally, it could be seen
that the corresponding displacements had the same values. In fact, Figure 6h–j had similar
plots. Several important observations are summarized as follows:

(1) As the number of cycles increased, the time to reach the maximum displacement
gradually increased and then converged to a certain value. Especially in the case of
Figure 6i (n = 800) and j (n = 1000), the maximum displacement was obtained within
the given time length of 10 ms even though the excited burst waves still entered the
system after the max time of 8.56 ms. This suggested that the setup used to generate
the burst waves could simulate time-harmonic analysis for a large number of cycles
(here, n > 500).

(2) Similar to the first observation, the maximum displacement also gradually increased
and stabilized at the value obtained from time-harmonic analysis. This result could be
interpreted in two ways. First, as the number of cycles increased, more cycles existed
inside the defect introduced by PnC due to the occurrence of additional reflections and
transmissions within the structure. Second, the phononic bandgap and defect-band
characteristics were strengthened as the dynamic behavior approached a steady state.

(3) The energy-localization performance of burst waves with a small number of cycles
depended heavily on the number of cycles, even for the identically configured, defect-
introduced PnCs. Taking into account the sensitivity of the burst wave setting, even
in an ideal scenario (the semi-infinite condition and monochromatic wave), we con-
cluded that comparing the energy-localization performance under incident waves
with different cycle numbers for different systems might not be appropriate.

(4) There was some improvement in the energy-localization performance of a small
number of burst waves; however, this was still small compared to the cases of time-
harmonic analysis or burst waves with a large number of cycles. Although we could
not say that there were no defect modes, the fixed-like boundary condition was
not clearly generated by the band gap. Therefore, it is appropriate to state that the
defect-mode-based energy localization was not clear in this case of a small number of
burst waves.

To supplement the discussions regarding the third and fourth investigations, Figure 7a–c
superimposes the displacement fields obtained over time from the longitudinal centerline
of the defect for n = 5, 30, and 1000, respectively. As a comparative study, Figure 7d shows
the displacement fields with various temporal phases in the time-harmonic analysis. The
x-axis represents the designated space that denotes the two ends of the defect. The different
displacement fields calculated a series of times before and after the maximum time in
Table 1 are plotted simultaneously. One thing to focus on is the temporal evolution of
the displacement at the left end. Referring to previous work in [31], this target-frequency-
customized, defect-introduced PnC should manifest the nodal point (exactly zero values
of longitudinal displacement) at each end of the defect, and a perfect standing wave
pattern could be observed inside the defect at the frequency of the defect band. From
this perspective, Figure 7c presents the zero-valued displacements at both ends, similar to
Figure 7d. In contrast, it could be seen in Figure 7a,b that the displacement value at the left
end fluctuated with the basis of a zero value. Hence, for burst waves with a small number
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of cycles, it was difficult to consider the group velocity as practically zero because the nodal
points possessed fluctuating characteristics over time. On the other hand, burst waves with
a large number of cycles had a group velocity almost close to zero, such as in continuous
wave situations.
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Figure 6. Results of the transient analysis: (a) n = 5, (b) n = 15, (c) n = 30, (d) n = 50, (e) n = 100,
(f) n = 200, (g) n = 300, (h) n = 500, (i) n = 800, and (j) n = 1000.

Table 1. The times at which the maximum displacement was achieved for each cycle along with the
corresponding displacement values.

Number of Cycles 5 15 30 50 100 200 300 500 800 1000

Max Displacement [nm] 11 20 39 58 113 202 257 287 287 287

Max Time [ms] 0.18 0.32 0.64 1.02 2.04 4.04 6.08 8.56 8.56 8.56

End Time [ms] 0.1 0.3 0.6 1 2 4 6 10 16 20

As mentioned in the Introduction, one question posed is whether it is valid to compare
which defect-introduced PnC design achieved higher energy-localized behaviors under
different input cycle conditions for different systems. The other question raised includes
whether it is reasonable to claim that fewer cycles of burst waves achieved defect-mode-
enabled energy localization from the viewpoint of resonance and band-gap formations. In
order to provide a solution to these questions, the trend of energy-localization performance
was analyzed across multiple scenarios of cycles rather than focusing on specific cycle
numbers of burst waves or continuous waves. Figures 6 and 7 distinctly differentiate this
research from previous work. This study suggests that (i) the preferred way to make a
fair comparison and evaluate the inherent energy-localization performance among two



Crystals 2023, 13, 827 9 of 12

or several different PnCs was to utilize continuous waves that could make the steady
state of the systems or excite burst waves with a sufficient number of cycles and (ii) clear
the physically reasonable formation of defect-mode-enabled energy localization required
from burst waves with a large number of cycles. Note that the required number of cycles
varied with the system settings (e.g., geometric dimensions [38], material properties [39],
the number of unit cells, and defect location [40]), and the damping effects are shown in
Appendix A.
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Figure 7. The overlaps of the displacement fields calculated over time within the defect: (a) n = 5,
(b) n = 30, (c) n = 1000 in the transient analysis, and (d) Time-harmonic analysis.

4. Conclusions

This study investigated the energy-localization performance of one-dimensional
phononic crystals (PnCs) with defects exposed to longitudinal, burst waves of differ-
ent cycle numbers at the same defect-band frequency. A finite element method was used
in a numerical case study to perform band-structure and transient analyses. The band-
structure analysis identified the phononic band-gap range, one defect-band frequency,
and the corresponding displacement/strain fields. The transient analysis quantified how
much an incident burst wave was amplified over time within a defect for various cycle
scenarios. The important observations were summarized as follows: (1) More cycles in-
creased the time to reach the maximum displacement but converged after a point; here,
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more than 500 cycles simulated time-harmonic analysis. (2) The maximum displacement
stabilized at the time-harmonic value due to additional reflection/transmission within the
defect-introduced PnC or phononic bandgap strengthening. (3) The energy localization of
burst waves with a small cycle depended heavily on the cycle number; hence, comparing
the energy-localization performance for different systems with different cycle numbers
was inappropriate. (4) The energy-localization performance improved for burst waves
with a small cycle but not as much as time-harmonic or burst waves with a large cycle (in
this study, over 500). Therefore, the small number of cycles had difficulty presenting the
physically meaningful defect-mode-enabled localization. Thus, this study recommended
using continuous waves or burst waves with a sufficient number of cycles to evaluate the
inherent energy-localization performance among two or several different PnCs, in order to
make a fair comparison.

One may throw a question of whether the observations and messages revealed in this
study could be generalized. Before thinking of defect-mode-enabled energy localization, it
is necessary to consider the universal characteristics of phononic band gaps. A phononic
band gap results from the destructive interferences that occur due to the continuously
repeated generation of reflection and transmission throughout PnCs. It is well known
that even in the case of continuous waves if the number of unit cells is insufficient or
the impedance contrast is small, the band-gap performance becomes weak. Suppose we
applied this investigation to a burst wave situation (keeping the number of unit cells and
impedance contrast constant). In that case, a smaller number of cycles would mean a
lower generation of transmission and reflection. Therefore, it can be reasonably speculated
that the band-gap performance generally weakened. In this context, the weakening of
band-gap performance could be generalized as a reduction in the defect-mode-enabled
energy-localization performance [10]. Similarly, even in the case of continuous waves,
fewer unit cells near the defect interrupt energy-localized behaviors [40]. Analogous to
the temporal displacement at the resonance frequency relying on the mass and stiffness
of the mass-spring system in vibrations, the cycle number at which the system reached a
steady state varied depending on the configuration and specification of PnCs. Therefore, it
was difficult to generalize the appropriate cycle number (in this case study, 500 cycles) for
mimicking the time-harmonic analysis. However, phenomenally observed observations
could be seen as general tendencies.
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Appendix A. Damping Effects on Energy-Localization Performance in Transient Analysis

This appendix discusses the variations in energy-localization performance due to
damping effects [41–43]. In the transient analysis, Rayleigh damping should be considered
if the materials used represent viscoelastic characteristics. The mathematic expression of
Rayleigh damping is α[M] + β[K], where [M] and [K] denote the mass and stiffness matrices,
respectively. The values considered for α and β are (α, β) = (0.00001 × 105, 0.00001/105),
(0.00002 × 105, 0.00002/105), (0.00003 × 105, 0.00003/105), and (0.00004 × 105, 0.00004/105).
Figure A1 presents the displacement over time at the center of the defect for all cases when
burst waves with 1000 cycles are excited. Each case corresponds to the plots colored with
black, red, green, and blue. As the damping effects increased, it could be observed that
the amount of displacement increasing over time decelerated, and the decreased level of
localized energy localization led to a decrease in the displacements after a specific time. In
the case of typical metals, the damping effects could be negligible, but in-depth research on
viscoelastic materials appears to be necessary in the future.
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