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Abstract: Hopping dynamics in glass has been known for quite a long time. In contrast,
hopping dynamics in smectic-A (SmA) and hexatic smectic-B (HexB) liquid crystals
(LC) has been observed only recently. The hopping in SmA phase occurs among the
smectic layers (one-dimensionally), while hopping in HexB phase occurs inside the layers
(two-dimensionally). The hopping dynamics in SmA and HexB liquid crystal phases is
investigated by parallel soft-core spherocylinders, while three-dimensional hopping
dynamics in inherent glassy states is investigated by systems of Weeks–Chandler–Andersen
(WCA) spheres. The temperature dependence of diffusion coefficients of hopping in SmA
phase can be described by the Arrhenius equation characteristic of activation process. In
HexB LC phase, the diffusion coefficients saturate at higher temperatures. In a system of
WCA spheres, the values and temperature dependence of diffusion coefficients depend on
the observed states.
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1. Introduction

First, we would like to clarify what we mean by “hopping dynamics” in this review. The term
“hopping” is used scientifically in several classical concepts mentioned below. Disorder and aperiodicity
are common concepts underlying hopping dynamics.

(a) Hopping motion of individual particles or molecules from its original position to nearby positions.
The time trapped in positions (which is called “sites”) is much longer compared with the time that
takes the individuals to hop among them. The sites are defined as geometrical positions surrounded by
potential barriers.

(b) Hopping conduction on a background matrix. Conduction of heat [1] and electric current [2–4] is
mainly discussed in this context.

(c) Thermally activated transfer of the “total system” between the metastable states
(free-energy minima).

In this article, we treat type (a) hopping dynamics. Type (c) refers to a theoretical treatment of
the system by the total energy (or order parameter), not considering the dynamics of the constituent
elements of the system. This type of analysis is used, for instance, to discuss the aging effect in glass
at lower temperature (typically below the mode-coupling temperature) [5]. Six-fold bond orientational
order parameter C6 of the total system in hexatic smectic B (HexB) liquid crystal shows transfer among
different metastable states (Figures 8 and 9 of [6]) and can be classified as type (c) hopping. Although
both types (a) and (c) of hopping occur in HexB LC phase and glass, type (c) does not concern us here
since we are interested in the hopping dynamics of individual particles/molecules.

In the systems we discuss here, molecular/particle movement is always three dimensional. However,
the hopping dynamics occur only in a restricted dimension. For instance, hopping dynamics in SmA
phase occurs among the stacked smectic layers, though there is also liquid-like diffusion inside the
layers. Thus the direction of the hopping is quasi one-dimensional, but the movement of the particles
occurs in all directions. In the HexB LC phase, the particles only diffuse inside the layers in a hopping
manner, however undulation of the layers (local movements perpendicular to the layers) is very important
for the stability of the HexB phase. Thus the hopping is only quasi two-dimensional.

In this article, we also stress the thermodynamic aspect of the states where hopping dynamics
exist. In liquid crystalline phases, hopping dynamics occurs in thermodynamic equilibrium phases
as well as thermodynamic metastable states. When we refer to thermodynamic metastable states, the
system is in one of the local minima of the free energy function where the thermal fluctuation at that
temperature cannot drive the system to transfer to another state in the observed time duration. Here, the
thermodynamic situation underlying the hopping dynamics is clear, i.e., the thermodynamic variables
are well defined. Dynamical relaxation processes where the thermodynamic quantities change along the
relaxation are omitted. We also omit polydispersed systems, because there is no clear-cut thermodynamic
reference state, since the crystalline structure is not known in most cases. When a thermodynamic
reference state is absent, it is not clear whether the observed dynamics is a relaxation process or a
dynamics characteristic of a certain state. The calculations reported here were possible due to the stable
and high precision symplectic integrators designed for simulating soft matter [7]. It is important to
keep not only the energy but also the symplectic structure for high-quality molecular dynamics (MD)
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simulations of well-defined thermodynamic states. For strongly anisotropic systems, such as in smectic
liquid crystals, the time scales of the fluctuation parallel and perpendicular to the layers are quite
different. Hence, to properly simulate the dynamics and thermodynamics, the simulation method has
to accommodate anisotropic fluctuations [8]. Reduced simulation units [9] are used to present the results
here, unless otherwise stated. In systems of parallel soft-core spherocylinders used as a model of liquid
crystals, additional scaling laws exist [10], which define a set of corresponding states.

2. One-Dimensional Hopping in Liquid Crystal Phase

Molecular dynamics studies in 1992 showed that in the Sm LC phase, there is molecular diffusion
not only in the direction parallel to the Sm layers but also slightly in the direction perpendicular to
the layers [11]. In addition, the pair-distribution function gz in the direction perpendicular to the Sm
layers showed that the probability to find a molecule in between the layers is negligibly small compared
with that inside the layers, suggesting that the time that the molecules exist between two layers is much
shorter compared with that inside the layers. Naturally these two facts suggested that hopping dynamics
is occurring among the layers. Later on, it was shown that the molecular rotation around the short axis
will enhance the diffusion perpendicular to Sm layers [12,13].

Recently, experimental observations of dynamical phenomena in the scale of individual rod-like
particle have been reported. The hopping-like diffusion among the smectic layers are clearly discerned in
system of viruses [14,15], where the length of the rods far exceeds the diameter (aspect ratio larger than
100) and the diffusion parallel to the rods is dominant, Dz/Dxy ≫ 1. The stiffness of the viruses affects
the anisotropy of the diffusion where in systems of stiff viral rods Dxy becomes more pronounced [16].
Preliminary observation of the dynamics of colloidal silica rods [17] in the smectic phase suggests
larger values of Dxy than Dz. Interlayer diffusion is also studied by MD simulations in a model of
rod–sphere mixture [18], hard-core spherocylinders [19], and in atomic detailed sexithiophene [20]. The
ratio is much smaller for these simulated shorter particles (molecules), but still Dz/Dxy > 1 [18,20]
or Dz/Dxy ≃ 1 [19] in the SmA phase. Experimental studies of thermotropic smectic phases show
Dxy/Dz ≥ 1 [21]. The effect of flexibility of the molecules in hopping-like diffusion in the smectic
phase also has been discussed [22].

Here we report diffusion in the SmA phase of purely repulsive soft parallel spherocylinders that
interact through minimum distance [6,23]. Figure 1 shows the diffusion coefficient parallel to the particle
long axis versus inverse of the temperature T . In the inset, the temperature is scaled by the HexB–SmA
phase transition temperature Tc. The temperature dependence of the diffusion coefficient Dz is described
by the Arrhenius equation,

Dz = Dz0 exp(−E/T ) (1)

as confirmed in experimental studies [21]. The inset confirms that the temperature dependence of Dz

in SmA interlayer hopping shows universal behavior when the temperature is scaled by the HexB–SmA
transition temperature in systems of parallel soft spherocylinders.

At the transition from HexB to SmA phase, in the layers, the area per particle jump to a higher value
showing a behavior of first order transition. Thus, in the SmA phase, the layers are completely melted
and liquid-like. As a result, the diffusion coefficients inside the layers Dxy are much higher compared
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with Dz shown in Figure 1. We show the ratio Dxy/Dz in the SmA phase in Figure 2. In parallel
spherocylinders, the values of the diffusion coefficients Dxy and Dz are higher for shorter particles at
the same temperature. However, the ratio Dxy/Dz is higher when the particles are longer as shown in
Figure 2.

Figure 1. Diffusion coefficient Dz versus inverse of temperature 1/T of interlayer hopping
in the SmA phase of N = 1344 soft parallel spherocylinders with length L = 4, 3,
and 2. Horizontal axis of the inset is Tc/T , where Tc is the HexB–SmA phase transition
temperature; Tc = 154, 124, and 96.6, respectively, for L = 4, 3, and 2.

0.004 0.006 0.00810−5

10−4

10−3

10−2

0.6 0.8 110−5

10−4

10−3

10−2

Tc/T

L=4

L=3

L=2

1/T

D
z

Figure 2. Ratio of diffusion coefficients perpendicular and parallel to the particles Dxy/Dz

versus temperature T in the SmA phase of N = 1344 parallel soft spherocylinders with
length L = 2, 3, and 4.
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In Figure 3, we show van Hove self-correlation function

F (∆z, t) =
1

N
⟨

N∑
i=1

δ[∆z + zi(0)− zi(t)]⟩ (2)

which is the probability of displacement parallel to the particles in duration of time t. The length of the
unpenetrable core is L = 3 in this system, where the average layer thickness is 4.16 at this temperature.
The peak of the van Hove self function is approximately an integer of the layer thickness. In the inset of
Figure 3, we show the non-Gaussian parameter (NGP)

α(t) =
d

(d+ 2)

⟨∆r4⟩
⟨∆r2⟩2

− 1 (3)

where d is the dimension (so the coefficients are 1/3, 1/2, and 3/5 for 1D, 2D, and 3D, respectively),
∆r = r(t)− r(0) is the displacement of the particles in duration of time t, and ⟨∆r2⟩ is the mean square
displacement. Figure 3 shows that the hopping nature is clearly observed even at such a high temperature.

Figure 3. Self van Hove function in z-direction for time duration ∆t = 50 averaged over ten
intervals at T = 340 for N = 1344 parallel soft spherocylinders with length L = 3 in the
SmA phase. The inset shows 1D non-Gaussian parameter versus duration of time t.
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3. Two-Dimensional Hopping in Liquid Crystal Phase

Despite the abundance in literature about experimental studies of HexB LC phase, there are only a
number of simulation studies of the HexB LC phase [6,23–27]. Monte Carlo simulation is a method using
statistical sampling, and by nature the dynamics that it discusses have limited significance. However,
hopping-like dynamics has been reported in Monte Carlo simulation and used as a criterion to define
the boundary between solid and HexB phases [27]. By MD simulations, thermodynamic equilibrium
HexB phase [23] and many thermodynamic metastable HexB states [6] has been investigated. In both
HexB states, thermodynamic equilibrium and metastable, the hopping nature of the dynamics is clearly
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observed in the displacement plots. In the displacements plot of HexB LC, the positional displacement
in the xy-plane is plotted for all the particles in the system where the particles on different layers are
projected on a single plane. In Figure 4, we show two examples of the displacement plots where the
hopping nature of the displacements can be observed. In Figure 4b where there are 6 layers, in addition
to the hopping dynamics in each layer, a relative diffusive motion of the layers can be discerned. In our
simulation, the number of layers in the system slightly affects the value of six-fold bond orientational
order parameter in the HexB (see inset in Figure 6 of [23]). When there are a large number of layers in
the system, the correlation among the layers seems to be reduced and the relative diffusion of the layers
enhanced even in the thermal equilibrium HexB phase. In metastable HexB states, the strength of the
correlation among the layers depends on each state (see Figure 10 of [6]).

Figure 4. Displacement plots (projection on xy-plane) of parallel soft spherocylinders with
length L = 4 in HexB phase. (a) N = 9360 with 3 layers at T = 145 in duration of time
∆t = 200; and (b) N = 4680 with 6 layers at T = 135 in time ∆t = 2300. Different colors
are used to plot displacement of the particles in different layers.
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In Figure 5, we show the self van Hove correlation function F (rxy, t) in HexB phase. At temperature
T = 66 where hopping is a rare event, the self correlation function shows existence of interstitials. In
Figure 5a, for a longer time duration (blue line compared with the green), the position of the 5th peak at
2.5deff , where deff is the effective diameter, shows that a certain amount of particles have not diffused
away but returned closer to the original position. This type of forward–backward hopping process is
widely observed in the HexB phase and clearly appears in the MSD curve, making the determination
of the diffusion coefficients difficult. At higher temperatures, the distance between the peaks in the
self-correlation function are approximately deff , and the peaks diffuse away as shown in Figure 5b. In
this figure, both lines are for the same time duration ∆t = 50, however the way the peaks diffuse are
quite different, showing the strong intermittent nature of HexB hopping diffusion. The heterogeneous
nature can be seen especially in the blue line, where some peaks distant from the origin, for instance at
r = 3deff , show high probability of existence, indicating that the particles do not evenly diffuse away.
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At temperatures T = 66 and T = 120, the effective diameters are respectively deff = 0.6981 and
deff = 0.6661. The non-Gaussian parameters in the HexB phase show the strong nature of intermittency
that persists through the observation time.

Figure 5. Self van Hove correlation function in xy-direction of N = 1344 parallel soft
spherocylinders with length L = 3 in HexB phase. (a) At temperature T = 66 for different
time durations (∆t = 300, green; ∆t = 500, blue; ∆t = 700, magenta) calculated from the
same time origin t = 300; (b) At T = 120 for ∆t = 50 for different time origin (t = 850,
green; t = 950, blue). The insets are the 2D non-Gaussian parameter at each temperature.
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We show in Figure 6 the mean square displacements (MSD) in the HexB phase of parallel
spherocylinders of length L = 3 at T = 62. The inset shows MSD for time t = 800 through 2300. We
clearly see the intermittent and fractal-like character of the hopping diffusion in different time scales.
There exists a plateau for time duration ∆t = 2037 showing that the heterogeneity extends through the
whole system (N = 1344) of this simulation.

As seen from Figure 6, the system in the HexB phase is strongly intermittent and heterogeneous,
where the waiting time is dispersed in many orders. Because of the reasons mentioned above, the
evaluation of the diffusion coefficients is difficult in the HexB phase. Nevertheless, we try to estimate
the temperature dependence of the diffusion coefficients Dxy. In the HexB phase, the layers show strong
undulation but the particles do not diffuse among different layers, thus Dz = 0 in HexB. We remind the
readers that the HexB–SmA phase transition is clearly first order in our model just as many experimental
systems [28,29]. In Figure 7, the diffusion coefficient Dxy is shown against temperature T . There is a
sharp increase in the values of Dxy at low temperatures T < 90. However, the values of Dxy seem to
saturate for higher temperatures in the HexB phase.
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Figure 6. Mean square displacements in the xy-plane of N = 1344 parallel spherocylinders
of L = 3 at temperature T = 62 in the HexB phase. The inset is for a shorter time interval.
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Figure 7. Temperature dependence of the diffusion coefficient Dxy in the HexB hopping
phase of N = 1344 parallel soft spherocylinders of length L = 2 (blue △), 3 (green �),
and 4 (•).
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4. Three-Dimensional Hopping in Monodispersed Glass

An early report of single component fluids of purely repulsive soft-spheres in dense metastable
states [30] shows that the particle dynamics changes its basic characteristics from continuous fluid-like
displacements to hopping of individual particles, in density region higher than the normal liquid range.

The simulated system we discuss here consists of monodispersed (single component) soft-spheres of
WCA potential, i.e., repulsive part of Lennard-Jones spheres. The metastable states, where the hopping
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dynamics is reported here, were first reported in [7] as amorphous solids. A more detailed analysis
using a different barostat was done in [31], where three different hopping states were reported. Here,
additional symplectic calculations are reported using the metastable states, reported in [7] (depicted by
Symbol ▽; K = 20 with T = 97 (state A), 98 (state C), 101 (state B), and 104 (state F) in Figure 11
of [7]), as initial configurations. The number of particles is N = 1344, barostat piston mass M = 10−3

and mass of thermostat K = 1000. Notice that the barostat used in these calculations yield very small
system size effects compared with conventional barostats. The volume and potential energy per particle
of WCA spheres at pressure P = 104 are shown in Figure 8. In addition to the thermal equilibrium
phases, there exist eight thermodynamic metastable states, i.e., supercooled liquid, hopping states A, B,
C, D, E, F, and amorphous solid. Since our thermodynamic metastable states correspond to local minima
of free energy surrounded by free energy barriers that cannot be overcome by thermal fluctuation at that
temperature, the structures obtained by our method correspond to the so-called inherent structures in
the glass community. The high densities of states A–F hint that there might be some relation to the
low entropy state predicted by a cooperative excitation theory that treats thermodynamic properties of
fragile glass forming liquids [32,33]. Although the density differences of the hopping states are small,
the dynamics are quite different. In the high density state E, the system is strongly heterogeneous and
divided into active and inactive regions. The hopping dynamics is strongly anisotropic and show a
cooperative string-like motion. We show in Figure 9 displacement plots of state E where the relative
displacements show an elongated helical structure. Such cooperative string-like motions are reported in
many glassy systems by experiments and by simulations [34–40], where the thermodynamic situation
is not necessarily clear; the systems might be only in a thermodynamic relaxation mode, in contrast to
our system. In state A, the mobile particles are distributed in the inactive surroundings. In this state
A, the particles are hopping to relatively well-defined sites and the structure seems to be maintained by
a domino effect; the inherent structures of these states seem to be maintained by the dynamic hopping
stream of the mobile particles.

The radial distribution function (RDF) of the hopping states A, B, C, D, E and F are shown in
Figure 10. As seen in Figure 10c, crystalline-like feature strongly appears in state C. Crystalline-like
structures are also observed in experimental systems of glass. In an experimental system of supercooled
monodispersed colloidal fluid, large fraction of particles are found to show face-centered cubic or
hexagonal closed packing characteristics [41]. High density glass is obtained by vapor deposition of
ethylbenzene on cold substrates, in addition to thermodynamically unstable low density glass [42]. When
the temperature is raised in this system, a structural relaxation occurs to the unstable low density glass,
while high density glass transforms directly to supercooled liquid [43]. States of WCA spheres also
melted when kept at temperature T = 140 for state E, at T = 135 for states A and B, at T = 134 for
state C and D, and at T = 131 for state F. State B kept at T = 135 remained to be so for a certain
time, i.e., for t = 1087 (i.e., 1.087 × 107 calculation time-steps), and melted to state D and later on
at time t = 1177 to supercooled liquid. The mean square displacement (MSD) clearly shows the two
stage melting process (Figure 11a). The value of diffusion coefficient changes from 2.71 × 10−3, to
1.32 × 10−2, and finally to 2.33 × 10−1. Note that the RDF of the intermediate melted state D shown
in Figure 11a is similar to state B (Figure 10). State C remained until time t = 332 and melted directly
to supercooled liquid at temperature T = 134. As shown in Figure 11b, state D, which exists only for
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a small temperature range, is observed to transform to state E at T = 105 where the value of diffusion
coefficient changes from 5.33× 10−3 to 6.68× 10−4 at time t = 587.

Figure 8. Volume (a) and potential energy (b) per particle of WCA spheres with number of
particles N = 1344. Thermal equilibrium phases (•), i.e., crystal and fluid, hopping states A
(⃝), B (△), C (�), D (+), E (solid ▽), F (solid △), supercooled liquid (×), and amorphous
solid ▽. The hopping states A–F and the amorphous solid are only shown in (b) for clarity.

100 150

0.24

0.25

(a)

T

V
/N

60 80 100 120 140

550

560 (b)

T

E
/N

Figure 9. 3D displacement plots in state E of WCA spheres (a) at temperatures T = 65 of
time duration ∆t = 3000, and (b) at T = 75 of ∆t = 4000.

In Figure 12, we show the self van Hove correlation function F (rxyz, t) in the hopping states A, B, C,
D, and E of WCA spheres. In all states, hopping to the nearest neighbors can be discerned. In the insets,
the 3D NGP are shown against duration of time t. Each state shows different characteristic of NGP. Note
that in state F, the value of NGP converges at around 0.18, suggesting that the scale of heterogeneity in
space is larger compared with other states of WCA spheres and has reached the order of the system size.
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Figure 10. Radial distribution function of hopping states (a) A; (b) B; (c) C; (d) D; (e) E; and
(f) F of WCA spheres at temperature T = 110 where the effective diameter is deff = 0.6707.
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T = 135, which shows a two stage melting process (State B → state D → supercooled
liquid) and (b) state D held at T = 105, which transfers to state E.
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Figure 12. Self van Hove function states in system of N = 1344 WCA spheres, (a) state A
for ∆t = 100; (b) state B for ∆t = 500; (c) state C for ∆t = 500; (d) state D for ∆t = 100;
(e) state E for ∆t = 400; and (f) state F for ∆t = 500; at temperature T = 110 where
the effective diameter is deff = 0.6707. The insets show the 3D non-Gaussian parameters
versus duration of time t.
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In the hopping states, in a short time duration, the feature of hopping dynamics with intermittency
appears in the MSDs. However, for a long time duration (but much shorter time duration needed for
the HexB phase) the MSDs smooth out and increase linearly against time, which allows us to measure
the diffusion coefficient with a linear fit. In Figure 13 the diffusion coefficients Dxyz of the hopping
dynamics in states A–F and supercooled liquid are shown. Each state shows different temperature
dependence of the diffusion coefficients. Note that the diffusion coefficients show close values for states
B and C at temperature T = 110, where the inherent structures were strikingly different (Figure 10).
State D with the largest volume difference compared with the crystal phase (Figure 8) has the largest
diffusion coefficient. However as shown in Figure 11b, at T = 105, state D becomes unstable and
transforms to state E. The temperature range of stability of state D is 106 ≤ T ≤ 133. State A shows
the second largest Dxyz, and is stable at 80 ≤ T ≤ 133. A drastic decrease in the mobility of particles
occurs for state A at T = 70, 65, and 60. We identify these states as amorphous solid. It takes a
certain time for state A to solidify, for instance at T = 65 the MSD ceases to increase after t = 1145

(1.145 × 107 time steps). The volume and the potential energy of the amorphous solid is denoted by ▽
in Figure 8. At temperature T = 65, the volume of amorphous solid and state B cannot be distinguished,
but the RDF is clearly different. At temperatures where amorphous solids (obtained from state A) are
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observed, the MSDs of states B and C still show linear increase against time. The RDFs of states A and F
are similar as shown in Figure 10, the values and temperature dependence of the diffusion coefficients are
quite different. The RDFs of states B and D are similar as shown in Figure 10, but the values of Dxyz are
an order different and the existing temperature range (as shown in Figure 8) is smaller for state D. Note
that these simulations are independent calculations conducted under constant pressure and temperature.
This is in contrast to conventional methods that usually use rapid temperature control (much faster than
the relaxation rates), usually called supercooling, to obtain glass. The supercooled liquid state(×) in our
calculation depicted in Figure 8 is also a thermodynamic metastable state, surrounded by free energy
barriers that cannot be overcome by the thermal fluctuations in those temperatures. The supercooled
liquid of WCA spheres cannot exist at temperatures T ≤ 100 under pressure P = 104.

Figure 13. Temperature dependence of the diffusion coefficients Dxyz in states of WCA
spheres; hopping states A (⃝), B (△), C (�), D (+), E (solid ▽), F (solid △), and
supercooled liquid (×).
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5. Discussion

We have seen quasi one-, two-, and three-dimensional hopping in thermodynamically well-defined
situations, i.e., in thermodynamic equilibrium and metastable states confined in energy barriers that
cannot be overcome by thermal fluctuations at the observed temperature. One- and two-dimensional
hopping occur in thermal equilibrium phases while two- and three-dimensional hopping occur in
thermodynamic metastable states. The HexB LC is the only state observed so far that shows hopping
dynamics in both thermal equilibrium and metastable states. Hopping dynamics has been extensively
discussed in the context of supercooled liquids and glassy systems but the thermodynamic situation
in these systems is not necessarily clear. We are aware that there exists a community for which the
term glass is only related to relaxation processes where the thermodynamics is irrelevant. It is stressed
again that we are concerned with the thermodynamic situation and discuss the hopping dynamics on the
same footing.
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The evidence is that in a well-defined thermodynamic situation of simple models, when the scale of
time and space is large enough, the diffusion is normal, i.e., MSD shows a linear increase against time.
The hopping event becomes quite rare in low temperatures, which makes a reasonable ensemble average
difficult, although observations of large systems or long time duration deny anomalous diffusion in these
systems. The time duration to get a reasonable MSD curve for linear fitting is at least one order longer
for the HexB LC phase compared with that of the hopping states in systems of WCA spheres. Although
these two systems show hopping dynamics in nearly the same temperature range, the length scale of
the heterogeneity is larger for the HexB LC phase. Intermittency appears strongly in the non-Gaussian
parameter of HexB phase.

In the smectic A phase, the temperature range involved in hopping dynamics is higher, although
similar or longer time durations, compared with systems of WCA spheres, is necessary to get a MSD
curve suited for linear fitting. Only in the SmA phase will the temperature dependence of diffusion
coefficients show a well-known behavior of Equation (1).

By making the model more complex, the scale of time and space where anomaly appears can be
elongated. A binary system widely used for investigating glassy systems is one example. As shown in
this manuscript, even for a simple model in a well-defined thermodynamic situation, there are several
metastable states where anomaly appears at different scales of time and space. However, when the scale
of time and space is large enough, the anomaly disappears.
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Appendix: Simulation Models and Method

This appendix gives a short summary of the simulation models and method; the reader is referred
to [7,23] for further information.

A monodisperse (single component) system of WCA spheres (repulsive part of Lennard-Jones
potential) [44] with full translational degree of freedom is used to obtain hopping dynamics of glassy
states in Section 4. Analysis of systems of WCA spheres using the Andersen’s barostat [45] was done
in [31]. Compared with the barostat in [7] used in this study, the Andersen’s barostat yield much larger
system size effect, and the range of applicable piston mass M is narrower.

Model for SmA and HexB Liquid Crystal Phases

The model used in Sections 2 and 3 is parallel soft spherocylinders described by the minimum distance
between lines representing the long axis of the two spherocylinders;

ϕij =

 ϵ

{(
D
Rij

)12

−
(

D
Rij

)6

+ 1
4

}
if Rij < r0

0 otherwise
(4)
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where r0 = 21/6D and Rij is the shortest distance between lines representing the long axis of the two
spherocylinders, i.e.,

R2
ij =

{
x2
ij + y2ij if |zij| ≤ L

x2
ij + y2ij + (zij − L)2 otherwise

(5)

where (xij, yij, zij) is the relative position of the center of mass of the spherocylinders i and j, and L is
the length of the line representing the long axis of the spherocylinder that is fixed parallel to the z-axis.
This corresponds to taking the moment of inertia as infinite. Translation of the spherocylinders is free.
Periodic boundary conditions are applied in x, y, and z directions. Reduced units where length, energy,
and mass are measured in D, ϵ, and m (where m is the mass of a spherocylinder), respectively, are used.
Since the spherocylinders are soft, the effective diameter deff changes with temperature. The model of
parallel soft spherocylinders used here is a Kihara type LJ cutoff potential [23] and is different from that
in [10]. Nevertheless, the scaling relations also hold when the length is scaled by the effective diameter
deff , defined as the distance where interparticle potential energy ϕij and the system’s temperature T is
equal, i.e., ϕij(deff ) = T .

The phase sequence that appears in this model system is crystal → HexB LC → SmA LC, where the
transition from crystal to HexB LC phase is continuous and the transition from HexB to SmA LC phase
is first order.

Symplectic Integrator Designed for Simulating Soft Matter

A symplectic integrator is an integrator that preserves the structure of the canonical Hamiltonian
equations of motion.

The barostat [8] used in the simulations has been designed to overcome the difficulties of simulating
liquid crystal phases where there exist large differences in the viscoelastic properties depending on
direction. With an anisotropic factor in the cell dynamics, the barostat reduces the system size effect
drastically. System size effects can be discerned only at higher temperatures close to the phase transition
(see for instance the inset in Figure 6 of [23]). The Hamiltonian of the new barostat is splittable and
yields an explicit symplectic integration formula.

An explicit symplectic integration formula [46] of the Nosé–Poincaré thermostat [47–49]
(Hamitonian version of Nosé–Hoover thermostat) is used in our simulation. The actual calculation is
done in the extended phase space [50]. The time scaling function between the extended phase space and
the original phase space allows relative entropy estimation between different states obtained from the
same initial configuration [7,23].

The advantage of the new method is that not only thermodynamic equilibrium phases but also
metastable states can be obtained by constant pressure and temperature processes. Thus inherent
structures are obtained in a thermodynamically well-defined situation where the temperature and pressure
are fixed.
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46. Nosé, S. An improved symplectic integrator for Nosé-Poincaré thermostat. J. Phys. Soc. Jpn.
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Nosé-Hoover dynamics. Phys. Rev. E 1997, 55, 3693–3696.

48. Bond, S.D.; Leimkuhler, B.J.; Laird, B.B. The Nosé-Poincaré method for constant temperature
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