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Abstract: The method of the joint probability distribution function was applied in order to
estimate the normal structure factor amplitudes of the anomalous scatterer substructure in a FEL
experiment. The two-wavelength case was examined. In this, the prior knowledge of the moduli
B E LS
arising from the normal scattering of the heavy atom anomalous scatterers. The mathematical
treatment provides a solid theoretical basis for the RIP (Radiation-damage Induced Phasing) method,
which was originally proposed in order to take the radiation damage induced by synchrotron
radiation sources into account. This was further adapted to exploit FEL data, where the crystal
damage is usually more massive.

F; | was used to predict the value of |F,

, which is the structure factor amplitude

Keywords: joint probability distribution function; FEL data; RIP method

1. Introduction

The properties of large tunability, high monochromaticity, small beam divergence and large power
of the modern synchrotron beamlines have made MIR, MAD and MIRAS popular tools for determining
the crystal structure solution of proteins. Such phasing procedures are usually organized into two steps.
In the first step, the amplitudes of the structure factors corresponding to the anomalous scatterers or to
the heavy atom substructure are estimated. After this, they are used to solve the substructure via the
Direct or Patterson methods [1-6]. In the second step, the full protein structure is identified using the
prior information of the substructure [7-13].

Despite the increased efficiency of the modern phasing methods, a bottleneck is still present,
which is related to the capacity of the method in growing sufficiently large and well-ordered crystals
for a large class of biologically important proteins (e.g., membrane proteins). We can use X-ray
free-electron lasers (FEL) to overcome the difficulty. Furthermore, due to their unprecedented high
X-ray fluence [14,15], the diffraction effects may be measured even in nanocrystals [15-19].

However, the extreme high fluence [20] causes severe radiation damage [21] although diffraction
before destruction is allowed as an effect of the ultrashort X-ray pulses. During femtosecond pulses,
an ionization process [15] occurs, with this effect usually described as diffraction during ionization [22].

Therefore, radiation damage is of major concern if FEL data are collected for phasing purposes.
According to Blake and Phillips [23], the induced damage quickly reduces the diffractive power of
the cryocooled crystals, increases the vibrational atomic parameters and consequently, increases the
cell volume. Local variations of the electron density are also generated. Heavy-atom substructures
seem to be particularly sensitive to damage and as a consequence, dispersive signals can be obscured
in SAD-MAD experiments.

More recently, the radiation damage has been used to phase macromolecular structures [24,25].
This method is mainly focused on synchrotron radiation sources and has been named RIP
(Radiation-damage Induced Phasing). The data collected before the damage and data collected
from a damaged crystal are used as the isomorphous data.
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The RIP approach has also been applied to FEL data, where the damage is usually more massive
and of a different nature. Indeed, the damage generated by a synchrotron source is mainly constituted
of the breaking of bonds and implies atomic movements. Due to the very short pulse-length, the FEL
damage takes the ionization of the atoms into account and does not imply atomic movement.

A detailed description of the physical phenomena occurring during the ultrashort X-ray pulses
has been described in recent papers [22,26-30]. These papers studied the evolution of different
electron populations for some selected state charges during an X-ray pulse and demonstrated how the
neutrality of heavy atoms may be depleted into high-charge states. The practical physical effects may
be condensed in a short statement. In a FEL experiment, nanocrystals may be used to provide different
sets of diffraction data, with one corresponding to the undamaged crystal (obtained via low fluence
pulses) and one or more with high fluence pulses.

The interaction X-ray pulse-crystal affects both the coherent atomic scattering factor and the
dispersion effects. Son et al. [22] suggested that a basic assumption may be made in order to ensure
that the FEL anomalous dispersion experiment is highly informative. This assumption is that the
contribution of the light atoms to the anomalous scattering may be neglected when the photon energy is
near to the inner-shell ionization threshold of the heavy atoms. They also showed that the K-shell edge
is shifted from the standard position by a certain quantity, which depends on the specific charge state of
the atom (accordingly, different configurations of the same heavy atom species may be simultaneously
present in the crystal). Furthermore, Af; and f]{' amplitudes also change according to the configuration
selected for the different charge states.

In this paper, we will consider a simplified model for both the damaged and undamaged crystals,
in which diffraction data with anomalous scattering effects are available. In the state 1, where radiation
damage is assumed to be absent, the jth scattering factor may be represented by:

fil, = f]'o - [Af](]l + i[f;/]1 - [fﬂl +i[ff]1

In the state 2, where radiation damage occurs, we obtain:

i), = f]Q + {Afjo]z T [Aff/}z + i[fj”]2 - ffo +18fil+ i[fﬁz

In both cases, the scattering factor may be represented (see the definition at Section 1) by:

=+ af ity

where Af; includes the variations of both the normal scattering factor and the real component of the
anomalous scatterer. Thus, we can conclude that:

for the state 1 Af; = [Af], and f]f' = [f].”]l;

for the state 2 Af; = [Af]Q]2 +[Afj], and f]f' = [f].”]z.

The above two states are usually generated in a FEL experiment by two different fluences, although
the same wavelength is used. This situation has no counterpart in a SAD experiment and is closer to a
two-wavelength MAD experiment, where the two different states correspond to two different pairs
(Af', f). The substantial difference between FEL and the two-wavelength MAD case is not due to the
use of a different number of wavelengths (the final MAD formulas do not depend on the number of
wavelengths but on the states corresponding to them), but this is attributed to the fact that the crystal
damage at high fluence involves the use of f]O +[A fjo]2 rather than f]Q in a FEL experiment.

The continuous ionization of the heavy atoms during FEL experiments makes it difficult to directly
apply MAD techniques to FEL data [22]. Indeed, the present theory cannot take into account the large
number of electronic states accessible to heavy atoms during a high-fluence FEL experiment and the
dynamics of these states during measurements. Our model is static. In other words, we assume that
the structure factors do not change during measurements taken from the damaged crystal. The model
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would be certainly more representative of the dynamic nature of the damage if it might include a
time-dependent term, but this is outside of our present capacity.

However, the fact that many protein structures have been solved using FEL data obtained by
Molecular Replacement techniques suggests that data collected from an undamaged crystal (low
fluence) and data collected from a damaged crystal (high fluence) have sufficient internal consistency
to be useful in attempts to determine the protein crystal structure. This was the main reason that
encouraged us to describe a probabilistic theory integrating FEL damage into the framework of the
anomalous dispersion techniques [12].

This work focuses on the first step of a phasing procedure, which involves finding the heavy atom
positions according to the diffraction data.

2. The Mathematical Model

A necessary condition for finding the heavy atom substructure from the diffraction amplitudes
of undamaged and damaged crystals involves having sufficiently accurate estimates of the Roy
amplitudes. Once available, the Direct or Patterson methods can use these estimates to locate the
heavy atom positions. The most general approach for estimating Roy involves the calculation of the
joint probability distribution function:

P(Eow, E*,E},E7,E;). 1)
From this (see below), we can derive the conditional estimate as follows:
< R0H| RJF,R;,Ri,Rdi > .

where the superscripts + and — indicate that the structure factors are calculated for the reflections h
and —h, respectively.

The use of Equation (1) requires the preliminary modelling of the structure factors. Their algebraic
form should reflect the physical phenomena occurring in a FEL experiment. According to Section 1,
the isomorphous derivatives created in such experiments are similar, although they are not identical
to those available in traditional MAD or MIRAS cases. Thus, it may be worthwhile to compare
these derivatives in order to discover similarity and differences in addition to profiting from the
mathematical theories already developed for treating the usual MAD and MIRAS cases [5,13,31].

Our FEL model involves the following assumptions:

(1) For light atoms, Af; is assumed to be negligible both for the damaged and for the undamaged
crystals. In our model, we set A fJ =0forj=1,...,L. Furthermore, f].O is assumed to be the same
for the jth atom independently of whether this refers to the undamaged or damaged crystal.

(2) For heavy atoms, the scattering factor of the jth atom f]Q is described by two different functions
according to whether the atom is considered in the undamaged or in the damaged crystal. As a
result, A f] will assume different values.

(3) The atomic positions in the damaged and in the undamaged crystals coincide [26,32]. Indeed,
there is no evidence so far that the pulse duration (about a few femtoseconds) produces detectable
changes in the heavy atom positions in femtosecond X-ray nanocrystallography even if the
simulations of radiation dynamics in proteins suggests some correlated movement of the heavy
atoms [33].

(4) The observed amplitudes F ¥, F;, F~,F; are affected by errors, which are calculated as:

pt =|p"|exp (i) and pm =|u" |exp (i),

ui =lp lexp (i8] ) and py =|u [exp(iv;)
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These represent the measurement errors relative to the undamaged and the damaged crystal,
respectively. The errors are assumed to be complex quantities because they influence both the real and
the imaginary components of the structure factors. Since Rog is not measured and is instead estimated
using the probabilistic approach, no error will be associated with it. Furthermore, the errors will be
assumed to be uncorrelated and thus, we can obtain:

<put>=<pul >=<pT >=<pu; >=0

and
<ptul >=<ptu >=<pp; >=<ufu; >=0

According to Equations (1)—-(4), the following mathematical model will be adopted:

At = {Zf] cos (2rhr;) + if cos (27thr;) Zf sin(27thr;) +‘]/t ’COSl9+ }/ (8 2) ,
N

j j=1 j=

L 1/2
{Zf] sin(27hr;) +Zf] sin(27thr;) +Zf cos (27thr; —i—‘,u .Slnl9+ /(s%) ,

j=

L H H
A = {Zf]?cos (27thry) + Zf]-’cos (27Thrj)+2f]f/sin (27‘[111‘]‘)4-“‘1/!_ ‘00519_
=1

]':] j:l

=1 ]':] j:]

L H H
Al = {Zf]%os (27thr)) + ) | ficos (27‘(hr]-)—2f‘;'].sin (27Thr]-)—|—‘,u;’cosﬁ;{ /
=1 =1 =1

L H H
BS = {Zf]" sin(27thry) + ) fy; sin(27rhr]-)+2f;]. cos(27rhrj)+‘;4;‘sin o
j=1 j=1 j=1

B~ — {_ifjosin (2rhr;) — if].’sin(2nhrj)+if]f’cos(2nhrj)+’y"sinﬂ‘ }
j

o
Z
D
<___
-
~
N
<

L H H
A; = {Zf]?’cos (27thr;) + Zf{;jcos (2nhrj)+2f;}sin (27rhrj)+‘y; ’cosb‘; /(
=1 =1 =1

L ) ) 1/2
B, = {_Z{f;’sin@nhrj) - 2f{fljsin(Znhr]-)+Z;f;}cos(2nhrj)+’ﬂg‘Sinﬂd_ }/ <e Nd) .
= "~

j=1

It is important to notice that for heavy atoms:

fi=f+5f, (2a)
faj = f; + D (2b)
where

(A f].’ ]1 and [A f]( ]2 are the real components of the anomalous scattering of the jth heavy atom for
the undamaged and damaged crystals, respectively.

We then considered the mathematical model adopted for the usual two-wavelength MAD
experiment by Giacovazzo and Siligi [12]. In order to facilitate an easier comparison with the
above FEL model, we slightly changed the original Giacovazzo and Siliqi notation. We denoted
Et = (At +iB"), E- = (A~ +iB") as the normalized structure factors corresponding to the
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first wavelength. E; = (A; + iB;), E; = (A; +iB;) is denoted as the normalized structure
factor corresponding to the second MAD wavelength, while E;; is denoted as the structure factor
corresponding to the anomalous scatterer substructure (anomalous scattering is not included). L and
H is the number of non-hydrogen light atoms and the number of the anomalous scatterers in the unit
cell, respectively. Thus, the Giacovazzo and Siligi model may be rewritten as follows:

A+_{
]

=

o o 1/2
f;’cos (27thr;) + ij'cos (27Ihrj)—zif;/sin (27hr;)+ ut|cosd™ }/ (s Z) ,
j=

1 =1 N

3

=

[
=
g

fsin(27thr;) + Zf]sm (27hr;) Z cos (2rthr;)+ |t |sind*

;-n

Mw

I
—

]

Mh‘

f]"sm 27Thr )+ Zf]szn 27Ihr Z cos( 27‘[h1‘ +|p |sind”

1 j= j=1

-
Il

Mw

H
f{cos (2rthr;) + Zfd]cos (27thr)) Z;f‘;'jsin(ZHhrj)—i- iy |cosdT &/ (s
= =

Il
_

j

ffcos(2rhr;) + if cos (27thr;) Z sin(27thr;) +|p~ |cosd™ }/ (e
=1

L H 172
B = {Zif]"sm 27thr;) + Zfd]szn (27thr;) Zfé}cos (27hry)+ | |sin®] 5/ (e Nd) p
j=

L H
Y f{cos(2mthr;) + Zfd]cos (27thr;) ;fgjsin (27thr;) + |y |cosdy }
j=

1/2
Ay = / (e ) /
=1 j=1 Nd
L H 1/2
By = Y ffsin(2mhr)) + Zfd]szn (27hr;) Zfl'i/jcos(ZHhrj)—}— py |sind; o/ (e )
j=1 j=1 j=1 Nd
where
fi=f+4f (3a)
and
fii = 7+ Bfi; (3b)

Now f? does not vary when considered for the first or for the second wavelength independently
of whether Equation (3) refers to heavy or to light atoms.

Comparing Equation (3) with Equation (2) reveals the main difference between the FEL and the
usual two-wavelength MAD mathematical model. The FEL data imply a supplementary decay of the
scattering factor of the heavy atoms, which is generated by the crystal damage when passing from the
first to the second wavelength. However, there is significantly similarity between the two models so
thus, most of the mathematics developed for MAD by Giacovazzo and Siligi [12] may also be used for
FEL with small modifications, which is shown in Section 3.

3. The Joint Probability Distribution P(Eoy,E*,E},E™E)

The characteristic function of

P(Aou, A, AS, A=, A7, Bou, BY,BS,B~,B;)
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may be written down as:

C(uop, ut,uj, u,uy, vop,v*,vl,07,07) ~

exp{—% (ki1 (b + 0%y) + koo (u™ +072) + k33 (u:{Z + v;{z) +kgg(u?+072)
+ kss (”11_2 + v;z) + 2kog (utu™ —vto™) + 2kss (uju; —viv;)
+ 2kog (U0 + v U™ ) + 2k 10 (1 v 4o Uy ) + 2kss (ufum — v o) )
+ 2kos (utul + vt ol) + 2kos (uTuy —vtoy) + 2ky 10 (w0 + 0T uy)
+ 2kpg (utv) —vtul) + 2kin (ugput + vovt) + ks (ugu~ — VoY)

+2k17 (o™ — vopu™) + 2k (oo™ + VU ) + 2kis (ugpty + o0 )
+ 2kis (uoptty — vop0y ) + 2kis (Uop vy — Voptty ) + 2k110 (Uop 0y + Voptty )

where ugy, u™, u;, U=, Uy, 00H,0 Ud ,0~, v, are the carrying variables associated with

Ao, AT, AT, A", A, Boy, B, BS,B~, By, respectively.
Equation (4) can also be written as:

C= exp{ —31 (UKU) } (5)

where
u= [MOH/ u+/ u;/ u-, M;/UOH/ U+, U;, v, U;:I

and K is the symmetric square matrix. The elements of K are specified as follows:

ki1 =kes =1

koo :k7726+ :1+0'+2With0'+2: <’]/l+‘2 >/<€Z
N

k33 = kgg :E‘; = 1+0’;2 WithO’;z = <|]/l;|2 >/<€
Nd

N——— — " 0

kuy=kog =e =140 2witho 2= <|u | >/<52
N
kss = k110 = ¢, =1+ 0,2 witho;? = <|u; | >/<s )
Nd
0 1/2
kiz = k14 = ke7 = —keo = So/ (ZZ)

0
kis = kis5 = kes = —ke ;10 = S11/ (ZZ)

H Nd

kie = ko7 = kzg = ka9 = k510 =0

1/2
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0
koy = —kz9 = (24—51) /Y
T N
/2
ks = ksy = —k710 = —kso = (Z +S5 — Sé) /< )
Nd

1/2
kag = —ks7 = +kyg10 = —kso = (S7 — Ss)/ <2 Z)

N Nd
koo =kaz = S3/)
N

N Nd

1/2
ka,10 = ka9 = kag = ks7 = (S7+ Ss)/ (ZZ)

0
kss = —kg10 = (Z +52> /Y.
L Nd
k3o =kss = Sa/ ),
Nd

where

Slzg(fj/z_ ]{lz),52:Z(f f//2> 53:2§J7f]l/
S22 fifiy S5 = Lfifiy Se = L5/ 1
S7=Y_fifsy Ss = L1 faj So=2_fif]

H % =
S10 = Zf]f]f]f’, Sy = Zf]pfy/lj/ S = Zf]of;]
H H =

The formal expressions of the k and S parameters coincide with those obtained by Giacovazzo
and Siliqi for the usual two-wavelength MAD experiments. However, the f} ir according to Equation
(2b), implies a change in the normal jth heavy atoms scattering factor, which will influence the values
of all the S parameters that involves f, i

In our mathematical treatment, A ij is implicitly assumed to be negative (it describes the passage
from a neutral to an ionic state). As A f]»’ is also usually negative, the value of A fé] =A ij +A f]-’ is
expected to be largely negative, particularly for high ionization states. This effect may strongly reduce
the £} j values. As a result, the S parameters f} j are expected to be smaller for FEL data than for standard
MAD data.

In accordance with the above considerations, the joint probability distribution function
P(Aon, AT, AT, A=, A7, Bon, BT,BJ,B~,B;) may be obtained by the Fourier inversion of the
characteristic function of Equation (5). Through the change of variables, we can obtain:

Ao = Rorcos@on, Bog = ROHSi”g(JH
AT = Rtcos¢p™, BT = Rtsing™
A” =R cosgp™,B~ =R sing~
AJ =Rlcosg), B = Rjsing;

Ay =Rjcosp;, By =R sing; .
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The following joint probability distribution function is obtained:

P(Rop, R, R™, R}, Ry, ¢, @ ,...,(p;) ~ SRRt R RY R [det K] 1/
2 2 _\2
EXP{ [/\11( or1)” T A2(R) 4+ Aaa(RY)” + Aaa(R7)* + Ass(Ry )
+2A3RTR  cos(¢F — ¢ ) —2AsRTR} sin(¢T — @)
+2A24RTR™cos(¢ + ¢~ ) +2A9RTR™ sin(p" + ¢7)
+20sR TRy cos(@T + 94 ) +24210R" Ry sin(g” + gy )
+2A34R" R cos(¢~ + ¢ ) +2A39R R} sin(¢~ + ¢F) (6)
+2A35RT R cos(¢f + @) +2A310R Ry sin(¢) + ¢ )
+2A45R™ R cos(¢™ — @7 ) —2A410R™ R sin(¢™ — )
+ 2)\12R0HR+COS((POH (P+) 2/\17ROHR+ Sln((PO (P+)
+2M13Ron R cos (@ — ¢4 ) — 2MsRonR ] sin(poy — ¢ )
+ 2A14RopR ™ cos (9o + @) — 2A19RouR ™ sin(@qy + ¢ )
+ 2A15Rou R cos (@ + @7 ) +2A1,10Rou Ry sin(¢oy + 97 ) 1},

where Ay, are the elements of the matrix KL
The distribution found in Equation (6) is the main result of this paper.
In accordance with Giacovazzo and Siligi and based on Equation (6), the conditional probability
may be obtained:
P(Ron|R",R™,R},R;) (7)

From this, the conditional mean value is:
1 4 X?
Rou|RT,R™,RY,Ry) >~ ~(n/A1)?( 1 8
<( OH’ 7 7 d/ d)> 2(7-[/ 11) +7T)\11 7 ()

where:
X2 = Q1%+ Q)
Q1 = A2Rq + A3R2 + A14Gy + A5G
Q2 = A7Rq + AigRo — A9Gp — Aq,10Ga.

The details of the mathematical derivation may be found in the referenced paper. In this paper,
the standard deviation associated with the estimate of Equation (8) was calculated to be:

A= [0- P

<Rogl> [ 7/4+X2/A1 "7
oR o 1— /4 ’

2
ORyy = {< RS,|.. >

— < Ry~

so that

)

Since A11 is always expected to be positive, the expected values of < R,, > and oy are always
positive. The reflections with the largest values of the ratio found in Equation (9) are likely to be the
most useful ones.

4. Conclusions

We have described a probabilistic approach for modelling the crystal structure factors when the
crystal is damaged due to the strong impact of FEL radiation on the crystal sample. This involves
using corresponding data to solve the crystal structure. The calculations show that the mathematical
formulation described by Giacovazzo and Siliqi [12] may also be applied to FEL data, provided that
suitable modifications are introduced in the parameters depending on the scattering factors.
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Abbreviation
. statistical Wilson coefficient (corrected for expected
intensities in reciprocal lattice zones).
number of non-hydrogen light and heavy atoms in the
L, H unit cell, respectively. Their values do not vary when
considered in the undamaged or damaged crystals.
N=L+H number of non-hydrogen atomic positions in the unit cell,

0 Ny Lo
fj—f]- +Af]+zfj —fj’+1fj

for the undamaged and the damaged crystals.
scattering factor of the jth atom. f' is its real and f” is its
imaginary part. The thermal factor is included.

N 2 the summation is calculated for the undamaged crystal
= LR A7) . i theunitedll,
j=1 and is extended to all the atoms in the unit cell.
N Lo
2, the summation is calculated for the damaged crystal and
= 2 | f-
LN ]-El (fd/ Ja > is extended to all the atoms in the unit cell.
0 _ &(0)? the summation is extended to all the light atoms in the
= 2 () :
j=1 unit cell.
o _ H/)\2 the summation is extended to all the heavy atoms in the
ZH =Y ( j > .
i unit cell.
N
F = |Flexp(ip) = Y. fiexp (27T ihr]-> structure factor of the undamaged crystal
=1
E :’F ’exp(iq)) /(eTn)Y? = Rexplig) = A+iB normalized structure factor of the undamaged crystal.
Nd
Fy = |Fylexp(ip,) = ¥ fajexp <27Tihr]'> structure factor of the damaged crystal.
=1
Ey = |Flexp(ip) /(e ):dN)l/z = Ryexp(ip,) = Ag+iBy normalized structure factor of the damaged crystal

H
Foy = Byl exp(igoy) = 'Zlf]fj exp<27rhrj)
j=

normal structure factor for the heavy atom substructure
(anomalous scattering excluded).
normalized structure factor of the normal heavy atom

Eon = ‘FOH ‘exp(i(pOH)/(s ZOH)N2 = Ropexp(ipoy) = Aon +iBon substructure (anomalous scattering excluded).
Fy= |F, H‘ exp(ig H )= El f] exp <27T1‘lrj) structure factor of the heavy atom substructure.

] multiple isomorphous replacement, multiple anomalous
dispersion, multiple isomorphous replacement combined
with anomalous scattering techniques, respectively. For

MIR, MAD. MIRAS i caves o SR (ingle omorghoe eplcement,
SAD (single anomalous dispersion) and SIRAS (single
isomorphous replacement combined with anomalous
scattering techniques).
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