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Abstract: We calculate the thermal expansivity of ice I for the monatomic mW model using the
quasi-harmonic approximation. It is found that the original mW model is unable to reproduce the
negative thermal expansivity experimentally observed at low temperatures. A simple prescription
is proposed to recover the negative thermal expansion by re-adjusting the so-called tetrahedrality
parameter, λ. We investigate the relation between the λ value and the Grüneisen parameter to explain
the origin of negative thermal expansion in the mW model and compare it with an all-atom water
model that allows the examination of the effect of the rotational motions on the volume of ice.

Keywords: Negative thermal expansivity; mW model; Grüneisen parameter

1. Introduction

Liquid water freezes into ice I under ambient pressure. One of interesting characteristics of ice I
is its negative thermal expansivity at low temperatures [1–5]. This was also recovered by theoretical
study [6]. The thermal expansivity of a crystal can be related to the so-called Grüneisen parameter.
For a mode with frequency ν, this parameter is defined as γ = −(d ln ν/d ln V) [7]. The quantity is
positive for stretching modes. This is evident from the sharp increase in the potential energy with
a decrease in the bond length caused by the Pauli exclusion principle. By contrast, the Grüneisen
parameter can be negative for bending modes. The negative thermal expansivity is realized when
the Grüneisen parameter of the bending modes is negative and the positive contribution from the
stretching modes is small enough.

The Gibbs energy calculation with the quasi-harmonic approximation is a useful computational
approach to examine the thermal properties of crystals [8]. This method allows for the calculation
of the temperature dependence of the equilibrium volume of a crystal, from which one can obtain
the thermal expansivity. It also enables one to calculate the components of the thermal expansivity,
that is, the heat capacity and the Grüneisen parameters of individual intermolecular vibrational
modes. The quality of the results depends strongly on the employed force field. Excellent results
can be obtained from ab initio methods considering a high level electron correlation with a large
basis set, but such calculations are quite time-consuming and may therefore not be suitable for the
treatment of ice I, for which the system size and the number of examined configurations should be
large enough to take the hydrogen-disorder into account [9]. In addition, properties of molecular
solids, including ice, are sensitive to van der Waals interactions while empirical models to correct
the van der Waals interactions for density functional theory (DFT) methods are not specialized for
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ice [10]. At this point, classical force fields modelled to reproduce properties of ice I work better than
ab initio force fields, except for the cleavage of chemical bonds. Of course, the ab initio calculation and
the path integral method are useful for examining the isotope effects and for taking into account the
anharmonic contributions [11–13]. Some discussions on the most effective method among these types
of calculations has been conducted [14].

Here, we take advantage of the excellent reproducibility of classical force fields parameterized
for liquid water and ice polymorphs. In passing, this kind of approach costs rather little, so that
we can handle not only a larger number of molecules (say 1000) in the simulation cell but also
many hydrogen-disordered structures, such as 100 different structures. The TIP4P/2005 model is one
such classical force field [15]. A water molecule consists of one oxygen atom without charge, two
positively charged hydrogen atoms, and one negatively charged site without mass. The oxygen atom
interacts with oxygen atoms of other molecules via the Lennard-Jones (LJ) potential. This model
reproduces the phase diagram of ice for a wide range of pressure except for the very high pressure
region [16–19]. TIP4P/2005 is a re-parameterized TIP4P model [20]. It has been demonstrated that the
thermal expansivity of ice I is negative at temperatures that are under 60 K when the original TIP4P
model is employed [6]. A similar method was applied to ice II and III [21].

The monatomic water (mW) model is a different type of empirical model for water [22]. This is
a single site water model, and the intermolecular interactions are described by the sum of the
short-ranged pair and three-body interactions. The computational cost of the mW model is quite low
because the number of interaction sites is reduced and because the long-range interactions are omitted.
Nevertheless, this model reproduces various properties of ice I well, such as the melting point. It has
been used frequently in molecular dynamics (MD) studies of nucleation and growth of not only ice I
but also clathrate hydrates [23,24]. The mW model was developed on the basis of the Stillinger-Weber
silicon model [25]. Although crystalline Si exhibits negative thermal expansivity, the Stillinger-Weber
Si potential does not reproduce this anomaly [26].

The negative thermal expansivity of ice Ih has recently been measured in a and c lattice directions.
Both measurements show an anisotropy in the thermal expansion between the a-axis and c-axis [3–5].
The temperature of the minimum thermal expansivity in those experiments shifts toward a low
temperature, around 30 K. The negative thermal expansivity is observed for some crystals with open
network structures, such as silicon, quartz, and silica zeolites. This fact suggests that the preference
of a molecule for a regular tetrahedral arrangement, which is the origin of the low density of ice,
is an important factor for the negative thermal expansivity [27]. In the mW model, the preference
is implemented by a parameter in the three body interaction term. In this study, we calculate the
thermal expansivity of ice I using the quasi-harmonic approximation and examine the effect of this
tetrahedrality parameter on the thermal expansivity. We also calculate the thermal expansivity for
the TIP4P/2005 model. The vibrational modes can be classified into the translation-dominant and
rotation-dominant modes because it is an all-atom model. We demonstrate that the coupling between
the two types of modes plays a vital role for the negative thermal expansivity of ice.

Our aim in this work is to explore how the mW model works in low temperatures by examining
the thermal expansivity of ice. The original potential for the Si atom has been made, and the negative
thermal expansion is recovered for amorphous Si only [28]. Therefore, it is of interest to examine if
the mW model can reproduce the negative thermal expansivity and how to revise it to lead to its
better reproducibility.

2. Method

2.1. Force Field Models and Structure of Ice

The potential energy of the mW model is the sum of the pairwise and three-body interactions [22]:

E = ε
∑

i

∑
j>i

φ2(ri j) +
∑

i

∑
j,i

∑
k>j

φ3(ri j, rik, θi jk), (1)
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with

φ2(r) = A
[
B
(
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r

)4
− 1

]
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(
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r− aσ

)
, (2)

and
φ3(r, s,θ) = λ[cosθ− cosθ0]

2 exp
( γσ

r− aσ

)
exp

( γσ

s− aσ

)
. (3)

The parameters are given in Table 1. The interaction is short-ranged: a molecule interacts
with a different molecule only when the distance between them is shorter than aσ = 0.43065 nm.
The three-body term is zero when the O-O-O angle is the tetrahedral angle ofθ0 = 109.47◦, and otherwise
it is positive. Therefore, the preference for tetrahedral arrangements increases with the increase of the
coefficient of the three body term, λ. In the mW model, this tetrahedrality parameter is set to 23.15 to
reproduce various properties of ice I and liquid water [22,24,29].

Table 1. Parameters of the mW model [22].

A 7.049556277

B 0.6022245584

γ 1.2

a 1.8

λ 23.15

θ0 109.47◦

σ 0.23925 nm

ε 25.895 kJ mol−1

The TIP4P/2005 model is an all-atom rigid model for water [15]. The intermolecular interactions
are described by pairwise additive Coulomb and LJ interactions. A negatively charged site without
mass, M, is located on the bisector of the H-O-H angle with an O-M distance of 0.01546 nm. The O-H
distance and the H-O-H angle are 0.09572 nm and 104.52◦, respectively. The partial charge on
each hydrogen atom is 0.5564 e. The LJ parameters of the oxygen atom are σO = 0.31589 nm and
εO = 0.774912 kJ mol−1.

The structure of ice in this study is ice Ic, consisting of 1000 water molecules. A hundred
hydrogen-disordered ice structures without net polarization are generated for the TIP4P/2005 model by
the GenIce tool [30]. For ices with the mW model, oxygen atoms are simply placed on the corresponding
lattice sites. The calculations are performed for numerous densities. The shape of the cell is kept cubic
throughout the expansion or compression. Periodic boundary conditions are applied to ensure that the
molecules are in the bulk phase without any surface effect.

2.2. Quasi-Harmonic Approximation

The Helmholtz energy of ice can be expressed as:

A(T, V) = Uq(V) + F(T, V) − TSc, (4)

where Uq(V) is the potential energy at 0 K, F(T, V) is the vibrational free energy, and Sc is the
configurational entropy. The vibrational free energy consists of the harmonic and anharmonic
contributions. The anharmonic part can be ignored at low temperatures at which the potential energy
surface is regarded to be parabolic in any direction. The harmonic vibrational free energy is given by:

Fh(T, V) = kBT
∑

i

ln
[
2sin h

(
h νi

2 kBT

)]
, (5)
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where h is the Planck constant, kB is the Boltzmann constant, and νi is the frequency of the i-th normal
mode. The steepest descent method is employed to obtain the crystalline configuration at T = 0 K and
its potential energy, Uq(V). Then, we calculate the mass-weighted Hessian matrix and diagonalize it
to obtain the normal mode frequencies. The equilibrium volume, 〈V〉, at a given pressure, p, and at
a temperature, T, is the volume that minimizes the following thermodynamic potential:

Ψ(V; T, p) = A(T, V) + pV. (6)

The pressure is set to 0.1 MPa in all of the calculations. The Gibbs free energy is given by:

G(T, p) = Ψ(〈V〉; T, p). (7)

3. Results

As will be shown below, the thermal expansivity is connected with the frequencies of the
intermolecular vibrations via the Grüneisen parameter and the heat capacity. Therefore, some
vibrational modes play a significant role in the appearance of its anomaly under cryogenic conditions.
The distribution, known as the density of states (DOS), reveals the vibrational characteristics of ice.
The calculated DOS resembles that of neutron scattering experiments, as shown in Figure 1 [9,31].
The DOS of the TIP4P/2005 model has two peaks. The modes in the lower frequency region of up to
400 cm−1 originate mostly from the translational motions, while the modes between 500 and 1000 cm−1

are associated mostly with the rotational (librational) motions. The frequency range of mW ice is limited
to 250 cm−1 because all of the modes arise from the translational motions. The calculated DOS for
TIP4P/2005 ice reproduces the overall feature of the experimental DOS. There are two distinct peaks in
the low frequency region in both experimental and TIP4P/2005 ice. The DOSs in the rotation-dominant
region agree roughly with each other. The mW model also has two distinct peaks in the low frequency
region. The peak position of the higher one is fairly different from either of the other two. However,
the position of the lower peak agrees with that of the TIP4P/2005 ice model and of the experimental
one. Since the modes in this low frequency region, which corresponds to the O-O-O bending, play
a central role in giving rise to a negative thermal expansivity [6], the mW model or its variants could
reproduce the negative thermal expansivity.
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Figure 1. Densities of state of ice Ic calculated with the mW model (λ = 23.15) and that of the all-atom
model. The experimental neutron scattering data for ice Ih is also shown [31].

Although the mW model was developed for ice I, we attempt to use this model for other ice
phases. The thermodynamic potential, A + pV, is plotted against the molar volume for several ice
phases in Figure 2. The equilibrium molar volume, 〈V〉, is the volume at which the thermodynamic
potential is minimized. The equilibrium molar volume is reasonably obtained for ice Ic, Ih, II, and III.
The curves of ices II and III reside totally inside the parabola of ice I, meaning that they cannot be the
most stable phase at atmospheric pressure. When we elevate the pressure to 300 MPa, ice II and III can
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be stable relative to ice Ih with the mW model. We fail to obtain a smooth curve of the thermodynamic
potential for ice VI. Probably, the deviation from the perfect tetrahedral coordination is too large to
describe this ice structure through the mW model. The octahedral coordination of ice VII is also out of
the applicable range of the force field model. The octahedral coordination does not mean that there are
eight strong bonds for a molecule. It is impossible to distinguish four hydrogen bonding molecules
out of the eight neighbors in the mW model because of the absence of the hydrogen atoms. Another
limitation is that the mW model cannot describe the difference between hydrogen-disordered ice and
its hydrogen-ordered counterpart. Thus, there is no way to distinguish, for example, ice Ih from ice XI.
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Figure 2. Thermodynamics potential, A + pV, for several ice structures at T = 20 K, obtained with the
mW model. The curve for ice Ic overlaps completely with that of ice Ih.

The thermodynamic potential of Ic is the same as that of Ih for the mW model in the framework
of the harmonic approximation, although Ih is slightly more stable than Ic experimentally. Because
the interaction range is limited to the nearest four neighbors and they form an ideal tetrahedral
arrangement both in ice Ih and Ic, no difference between them is expected for Uq at a fixed density.
No practical difference in the vibrational free energy is found. The free energy from the anharmonic
vibrations may give rise to the difference at high temperatures. Hereafter, we will not concern ourselves
with the stability difference and will examine only ice Ic.

The equilibrium molar volume for ice Ic is plotted in Figure 3 as a function of temperature. It is
evident that the thermal expansivity at low temperatures cannot be reproduced using the original
mW model (λ = 23.15). In addition, the molar volume of 18.19 cm3 mol−1 is much smaller than the
experimental value [3]. Figure 3 shows the volumes calculated with different λ values. We find that
the negative thermal expansivity is successfully reproduced when the λ value is small enough, though
only qualitatively.
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The equilibrium volume depends substantially on the tetrahedrality parameter, λ. A smaller λ
makes the hydrogen bond network more flexible and leads to a more compact packing, while the
tetrahedral coordination remains. As shown in Figure 4, the peaks in the DOS shift to a lower frequency
as a result of the increase in flexibility due to the decrease in λ from 23.15 to 13. Figure 5 plots the
thermal expansivity against the temperature. The critical λ value to recover the negative thermal
expansivity lies around 18.
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4. Discussion

We calculate the temperature dependence of the molar volume for both the TIP4P/2005 model
and the mW model. The purple curve in Figure 6 is the molar volume of ice Ic plotted against the
temperature calculated with the all-atom TIP4P/2005 model. The value of 20.05 cm3 mol−1 is close
to the experimental value for ice Ih, 19.3 cm3 mol−1 [3]. Figure 7 shows the thermal expansivity.
The thermal expansivity of the TIP4P/2005 model is negative below 60 K, which is in agreement with
the experimental result. We examine the effect of the coupling between the rotational and translational
modes on the volume and its temperature dependence. The Hessian matrix, K, can be expressed as:

K =

(
Ktt Ktr

Krt Krr

)
, (8)

where t and r denote the translational and rotational components, respectively. We obtain a matrix Kb
by removing the rotational-translational coupling elements, Ktr and Krt.

Kb =

(
Ktt 0
0 Krr

)
, (9)
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The thermodynamic properties without the rotational-translational coupling are calculated from the
mode frequencies obtained by the diagonalization of the matrix Kb. Figure 6 shows that the volume
of ice only slightly increases due to the removal of the coupling. However, the negative thermal
expansivity disappears completely, as shown in Figure 7. It is also possible to eliminate the contributions
from the rotational modes, as well as those from the rotational-translational coupling, by removing Krr

in Equation (9). The volume calculated only from the translational motion is 19.38 3 cm3 mol−1, much
smaller than the original value of the TIP4P/2005 model, 20.05 cm3 mol−1. Notwithstanding this, both
the mW model and the TIP4P family reproduce the volume of liquid water fairly well [16], although
there is a large discrepancy in the volume of ice I. The underestimation of the volume for the mW
model may originate from the absence of the rotational modes. The shift to a higher frequency side
upon compression in the TIP4P/2005 model is observed for the modes associated with the rotational
motions, which is not shown but is a normal behavior against pressurization. This causes a decrease in
the volume.
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The volume of the mW model with λ = 13 is also shown (yellow, right axis).
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Figure 7. Thermal expansivity of ice Ic plotted against the temperature for the TIP4P/2005 model
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data [3]. The thermal expansivity of the mW model with λ = 13 is also shown (yellow).

The thermal expansivity, α, can be expressed as:

α =
γCvκT

3V
, (10)
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where γ is the Grüneisen parameter, Cv is the heat capacity, and κT is the isothermal compressibility.
The Grüneisen parameter is expressed as:

γ =
∑

i

γiCi/
∑

i

Ci , (11)

where γi and Ci are the Grüneisen parameter and heat capacity for the i-th mode, respectively. The mode
Grüneisen parameter of the i-th mode is defined as:

γi = −

(
∂ ln νi
∂ ln V

)
. (12)

The heat capacity of a mode is given by:

Ci = kB

(
hνi
kBT

)2[
exp

(
hνi
kBT

)
− 1

]−2

. (13)

Figure 8 shows the frequency dependence of the heat capacities of the vibrational modes defined as:

c(ν) =
∫ ν+∆ν

ν

∑
i

δ(ν′ − ν)Cidν′, (14)

for the mW model with λ = 13 at three different temperatures. The heat capacity is almost zero for
modes with frequencies higher than 80 cm−1 at T = 20 K, reflecting the fact that only very low-frequency
modes can be thermally excited at such a low temperature.
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The mode Grüneisen parameter is calculated as follows. First, the mass-weighted Hessian matrix
at the equilibrium volume, K0, is diagonalized as:

Λ0 = U†0K0U0, (15)

where Λ0 is the diagonalized matrix and U0 is the unitary matrix that diagonalizes K0. Next, the volume
of the system is scaled isotropically by a factor of 1.0015, and the mass-weighted Hessian for the
expanded system, Ke, is calculated. Similarly, the original system is scaled by 0.9985, and the
mass-weighted Hessian for the shrunken system, Ks, is calculated. The mode frequencies of the
expanded and the shrunken systems are calculated with the unitary matrix for the original volume:

Λe = U†0KeU0, (16)
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and
Λs = U†0KsU0. (17)

The differential value, γi, is numerically calculated from Λe and Λs. Figure 9 shows the frequency
dependence of the product γiCi for the mW model with λ = 13. The γi value is negative for the O-O-O
bending modes around 50 cm−1. When the temperature is low enough, only this part contributes to the
γ defined in Equation (11). At higher temperatures, the positive contributions from the high frequency
O-O stretching modes become dominant because of the increase in Ci. Therefore, the negative thermal
expansivity is observed only at low temperatures. A similar result was reported for the TIP4P model [6].Crystals 2019, 9, x FOR PEER REVIEW 9 of 11 
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As shown in Figure 5, the negative thermal expansivity is found for the mW model when the λ
parameter is small enough. Figure 10 presents the frequency dependence of γi. The mode Grüneisen
parameters are positive even in the region around 50 cm−1 for the original λ value of 23.15. This is
probably because the modes around 50 cm−1 with the original λ value have a lower O-O-O bending
character. However, a decrease in the λ value can loosen the geometrical restriction of the arrangement
on the three neighboring molecules and give rise to rather lower frequency modes, which may have
the bending character.
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5. Conclusions

We have calculated the chemical potential and volumetric properties of ice polymorphs with
the original mW potential, applying the quasi-harmonic approximation. It is found that only several
low-pressure ices (Ih, Ic, II, and III) are stable or metastable with the original mW model. The original
mW model does not reproduce the negative thermal expansivity at low temperatures for ice I. A revision
is proposed so as to recover the negative thermal expansivity. It is achieved by reducing one of the
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parameters of the force field model, λ, which was introduced for three molecules to favor the angle of
the ideal tetrahedral arrangement, 109.47◦. The origin of the negative thermal expansivity is examined
for the revised mW model in terms of the anomalous mode Grüneisen parameters. In particular,
the dependence of the mode Grüneisen parameters on the λ value is closely scrutinized. The magnitude
of the negative mode Grüneisen parameters generally increases with decreasing λ value.

The calculated thermodynamic properties for mW ice are compared with those of a more realistic
model, TIP4P/2005. The origin of the difference in the thermal expansivity is investigated by the
chemical potential, whose vibrational free energy part is calculated from the block diagonal matrix
in which all off-diagonal elements associated with translational-rotational degrees of freedom are
removed. This decoupling of the translational and rotational motions eliminates the anomaly in the
thermal expansivity and seems to be related to the observation that the negative thermal expansivity is
not recovered with the original mW potential. The rotational degree of freedom may help to absorb the
bare collisional motion between two adjacent oxygens through tight hydrogen bonding. The decrease
in the λ value in mW, which loosens the geometrical restriction of the arrangement on the three
neighboring molecules, seems to have a similar effect.
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