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Abstract: Although the passively adjusting and actively tuning of pure longitudinal (primary (P-))
and pure transverse (secondary or shear (S-)) waves band structures in periodically laminated
piezoelectric composites have been studied, the actively tuning of coupled elastic waves (such as
P-SV, P-SH, SV-SH, and P-SV-SH waves), particularly as the coupling of wave modes is attributed to
the material anisotropy, in these phononic crystals remains an untouched topic. This paper presents
the analytical matrix method for solving the dispersion characteristics of coupled elastic waves along
the thickness direction in periodically multilayered piezoelectric composites consisting of arbitrarily
anisotropic materials and applied by four kinds of electrical boundaries. By switching among these
four electrical boundaries—the electric-open, the external capacitance, the electric-short, and the
external feedback control—and by altering the capacitance/gain coefficient in cases of the external
capacitance/feedback-voltage boundaries, the tunability of the band properties of the coupled elastic
waves along layering thickness in the concerned phononic multilayered crystals are investigated.
First, the state space formalism is introduced to describe the three-dimensional elastodynamics of
arbitrarily anisotropic elastic and piezoelectric layers. Second, based on the traveling wave solutions
to the state vectors of all constituent layers in the unit cell, the transfer matrix method is used to derive
the dispersion equation of characteristic coupled elastic waves in the whole periodically laminated
anisotropic piezoelectric composites. Finally, the numerical examples are provided to demonstrate
the dispersion properties of the coupled elastic waves, with their dependence on the anisotropy of
piezoelectric constituent layers being emphasized. The influences of the electrical boundaries and the
electrode thickness on the band structures of various kinds of coupled elastic waves are also studied
through numerical examples. One main finding is that the frequencies corresponding to qH = nπ
(with qH the dimensionless characteristic wavenumber) are not always the demarcation between
pass-bands and stop-bands for coupled elastic waves, although they are definitely the demarcation
for pure P- and S-waves. The other main finding is that the coupled elastic waves are more sensitive
to, if they are affected by, the electrical boundaries than the pure P- and S-wave modes, so that higher
tunability efficiency should be achieved if coupled elastic waves instead of pure waves are exploited.

Keywords: coupled elastic waves; laminated piezoelectric phononic crystals; arbitrarily anisotropic
materials; band tunability; electrical boundaries; dispersion curves

1. Introduction

Periodically multilayered composite structures [1–3] are constituted by periodically arranged unit
cell with multilayered configuration. The different constituent layers in the unit cell have disparate
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material parameters such as material density and elastic stiffness constants. When elastic waves
propagate in the periodically multilayered composites, their abovementioned particular construction
form leads to the frequency band property resulting from the periodic scattering and further interference
phenomenon of partial waves due to impedance mismatch at the interfaces between alternating
constituent layers. This property, caused by the well-known Bragg scattering mechanism [2,3], refers to
the elastic wave with frequency in pass-bands that propagates without attenuation, and the elastic wave
with frequency in stop-bands that attenuates without propagation. During the recent three decades,
the Bragg bands in periodically multilayered composites have been subsequently extended by the
innovative concepts such as superlattices [4,5], phononic crystals [2,3,6,7], and metamaterials [2,6,8–10].
Besides the frequency bands, other novel elastic wave phenomena in these periodically multilayers
such as the negative refraction, beam steering, and mode switching have also been revealed. On
account of this progress, elastic wave (also referred to Floquet/Bloch waves) propagation in periodically
multilayered composites (also known as laminated phononic crystals) becomes an even more attractive
research topic.

Among the extensive studies on elastic waves in laminated phononic crystals, the very earliest
object of study is the periodically multilayered composites made of only elastic materials. The incipient
motivation for studying elastic wave propagation in periodically elastic multilayers is to develop
nondestructive evaluation strategy for composite materials [2]. To achieve this goal, various elastic
waves in the corresponding periodically elastic multilayers have been investigated, i.e., the bulk waves
including the pure longitudinal (primary (P-)), pure transverse (secondary or shear (S-)), and their
coupling modes in infinitely periodic multilayered elastic media [10–15], the surface/interface waves
including the Rayleigh, Love, and surface transverse waves in semi-infinitely periodic multilayered
elastic half-spaces [15–17], and the guided waves such as the Lamb and SH-type guided wave in
periodically laminated elastic slab of finite thickness [10,15]. Besides the frequency bands of these
wave modes, particular attentions have also been paid on the dispersion properties of various
waves influenced by material anisotropy [12,13] as well as material elastic constants [13] and on the
anisotropy of the characteristic waves like shear horizontal (abbr. SH) wave [14]. With the deepening
understanding of the Floquet/Bloch waves in periodically multilayered elastic composites and the
pressing demand for acoustic wave devices, researchers realized as early as 1980s that the piezoelectric
materials can be introduced periodically into multilayers to form periodically laminated piezoelectric
composites [4,5,18], and developed high-performed filters, guiders, and splitters, or delicately control
mechanical waves through electricity. Since the piezoelectric material couples the mechanical field with
the electrical field that is relatively easier to excite, detect and control as compared to other physical
fields, the piezoelectric material is the most important and extensively-used intelligent material,
especially in many functional devices like the bulk acoustic wave (BAW) and surface acoustic wave
(SAW) devices [19]. Therefore, the combination of the piezoelectric effect and the elastic wave bands in
the laminated piezoelectric phononic crystals is a very natural advance to improve the performance
of and to add new function for acoustic wave devices [18]. It is also a promising strategy to control
mechanical waves in a feasible and relatively easy way.

To push forward the development and design of these wave devices and the control strategy
for various elastic waves, multifarious laminated piezoelectric periodic structures (phononic crystals)
have been conceived. Moreover, the properties of the corresponding elastic waves thereof have been
studied [4,5,18,20–71]. Nevertheless, the studies on elastic waves in laminated piezoelectric phononic
crystals may be difficult on four counts. The first aspect, which appears definitely, is that the coupling
between mechanical and electrical fields exists in piezoelectric phononic crystals, which represents the
most essentially different property when compared to the purely elastic periodic composites. This
electromechanical coupling causes the dependence of some or all the mechanical waves on the electrical
field, besides results in the addition of a new wave mode (electric potential wave) mainly dominated
by the electric field. Accordingly, these waves are sensitive to the electrical boundary conditions, which
should be specified during the study of the wave properties and can be sorted into two main classes.
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One class is called as the passive-type electrical boundary, which remains fixed after applied like either
the electric-open or the electric-short one as the most common boundary condition. The other class
is referred to as the active-type electrical boundary, which is able to be switched between diverse
passive electrical boundaries or adjusted through connection to external electric circuits. The second
aspect, which may possibly happen, is that the constituent materials in multilayered piezoelectric
phononic crystals are anisotropic with enough low crystal symmetry to bring about the coupling
among the original pure horizontally-transverse (shear horizontal (SH)), pure longitudinal (P), and
pure vertically transverse (shear vertical (SV)) modes even for the normally-propagating elastic waves.
The third aspect, which depends on the utilized intention of the multilayered piezoelectric phononic
crystals, is that the propagation direction of the elastic waves may affect their properties, even as
the constituent materials have weak anisotropy (i.e., high symmetry). The fourth aspect is that the
multiple reflection and transmission together with possible mode conversion of elastic waves at
the surfaces/interfaces of constituent layers give rise to the complex bulk wave modes in infinite
composites, or the surface/interface waves including the surface SH, Rayleigh, Love, and Stoneley
waves in semi-infinite half-spaces, or the guided waves such as Lamb wave in finite thickness slabs.
Note that the first aspect is exclusive of piezoelectric multilayered phononic crystals, while the latter
three aspects are all common to multilayered phononic crystals of any materials. In addition, the second
aspect, i.e., the material anisotropy actually affects the coupling and the electric-field dependence of
wave modes in combination with the third and fourth aspects, i.e., the propagation direction and
surface/interface property. For example, as the constituent piezoelectric and elastic layers in the
multilayered piezoelectric phononic crystals all have enough high crystal symmetries, the mechanical
waves thereof will be pure P-, pure SV-, and pure SH-waves, among which only one is influenced by
the electric field and boundary. Nonetheless, the uncoupling requirement to the crystal symmetry
may be different for disparate propagation direction. When the constituent materials entail crystal
symmetries that do not satisfy the uncoupling condition of mechanical waves in a specific direction,
some or all wave modes propagating in that direction will be coupled. The uncoupling or coupling of
mechanical waves also influences the complexity of bulk wave and the formation of surface, interface,
and guided waves.

Taking the above four aspects into account, we can review the research progresses on elastic waves
in laminated piezoelectric phononic crystals by classification in two levels including the electrical
boundary and wave type as follows.

Firstly, the investigations considering passive-type electrical boundaries (actually nearly all
literature so far, except those specified otherwise concerning the electric open condition although not
clearly pointed out), will be surveyed according to the wave type studied. For all kinds of bulk waves,
including the pure SH wave, the uncoupled P and SV waves, and the coupled P-SV wave, propagating
both normally and obliquely in infinite media with transversely isotropic (hexagonal crystal) constituent
materials: Sapriel & Djafari-Rouhani [4] and Nougaoui & Djafari-Rouhani [5] summarized some
research achievements before 1990 involving the dispersion curves, the effective constants and the
analysis methods. Li and Wang [20,22] and Li et al. [21,23] studied the localization factor and length
in randomly disordered piezoceramic–polymer composites by the transfer matrix method (TMM)
with particular attention on the disorders of the thicknesses and thickness ratio of constituent layers
and the piezoelectric/elastic constants of the piezoelectric layer. The effects of the piezoelectricity, the
piezocomposite sort, the propagation direction, the nondimensional wavenumber, and the electrical
potential on wave band and localization were discussed. Guo and Wei [24], considering initial stresses
and their effects on constitutive equations, governing equations and boundary conditions, analyzed
by TMM the dispersion curves in phononic crystal composed of two piezoelectric materials, whose
dependences on the normal and shear initial stresses and the corresponding boundary conditions
were discussed based on the numerical results. Golub et al. [25] and Fomenko et al. [26] analyzed by
TMM the dispersion properties (such as dispersion curves and transmission/reflection coefficients), the
localization factor and the classification of pass-bands and band gaps in phononic crystals composed of a
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specific number of periodically arranged unit cells with homogenous or functionally-graded interlayers
and elastic half-spaces on both sides, whose dependences on the incident angle and the gradation
and geometrical properties of interlayers were also discussed. Very recently, this functionally-graded
model was extended by Fomenko et al. [27] to two cases, i.e., the infinite layered phononic crystals
and finite counterparts between two isotropic half-spaces. The unit cell of both cases was composed
of four piezoelectric sublayers with two being homogeneous and two being functionally graded. A
semi-analytical method based on the transfer matrix of a unit cell was proposed to analyze the dispersion
curves (phase and attenuation coefficients), the energy transmission coefficients, the localization factor
and the classification of pass-bands and band gaps, whose dependences on the number of unit cells,
the angle and type of incident waves, the thickness and material properties of the functionally graded
sublayers, and the geometrical and material properties of the homogeneous layers were also discussed.
Chen et al. [28] and Yan et al. [29], based on the nonlocal piezoelectricity continuum theory, analyzed
the dispersion curves and the localization factor by TMM and the transmission/reflection spectra by
the stiffness matrix method (SMM), respectively, in nanoscale phononic crystals consisting of two
piezoelectric materials. The dependences of these wave propagation behaviors together with the found
cutoff frequency on the ratio of internal to external characteristic lengths (R), the piezoelectric constant,
the impedance ratio, and the incident angle were discussed with referring to numerical results. The
influence of R on the mode conversion and the influence of the mode conversion on band gaps were
also analyzed. Only concerning the pure SH waves in infinite media with transversely isotropic
(hexagonal crystal) constituent materials: Zinchuk et al. [30] proposed a matrizant method to analyze
the dispersion characteristics with particular attention on the effects of the piezoelectricity, the unit cell
configuration, and the relative thickness ratio in numerical examples. This analysis was later extended
by Zinchuk et al. [31] to periodic medium made of alternating metal and piezoelectric layers. Alshits
and Shuvalov [32] analyzed the reflection/transmission of inclined SH waves in periodic composites
having finite number of unit cells consisting of identical piezoelectric layers with metallized interfaces
of fixed electropotential at alternating distances and semi-infinite substrates on its both sides, in which
the existence of Bragg resonances was revealed. Qian et al. [33] obtained the phase velocity equations
of normally and parallelly propagating waves in piezoelectric-elastic composites, and discussed the
basic wave properties such as the filter effect and the effects of thickness and shear modulus ratios
of the piezoelectric layer to elastic layer on phase velocity. Lan and Wei [34] studied the influence of
imperfect interfaces (modeled by the mass-spring parameters) on dispersion curves and band gaps of
both normally and obliquely propagating waves in piezoceramic–polymer composites with incidental
attention on the piezoelectricity and the thickness-ratio effects. Only regarding the pure P waves, Faidi
and Nayfeh [35] developed an improved continuum mixture model for analyzing the dispersion curves
(phase velocity spectra) of the parallelly propagating longitudinal waves in periodic bi-laminated
orthotropic piezoelectric media. As far as only the coupled P-SV waves are concerned, Geng and
Zhang [36] analyzed the dispersion curves of parallelly propagating coupled P-SV waves in periodic
piezoceramic–polymer composites by the method of partial wave expansion with special attention on
the effects of the volume fraction and the polymer properties, which are partially validated through
the experimentally measured thickness resonance (with polarization parallel to interface) and lateral
resonance (with polarization along periodic direction) spectra. Regarding the three-dimensional (3D)
coupled waves, besides some occasional discussions in Fomenko et al. [27], Podlipenets [37] presented
without validation a Hamiltonian system formalism to analyze the dispersion equations of bulk, surface,
and plate waves in respectively the infinite, semi-infinite, and finite phononic crystals with constituent
materials of mm2 or higher symmetry crystal. With respect to the surface/interface and guided waves,
the laminated semi-infinite and finite transversely isotropic piezoelectric phononic crystals, respectively,
with bounding plane either parallel or perpendicular to the layering plane have all been considered.
Initially in the parallel case, Zinchuk et al. [38] analyzed the dispersion curves of the SH-type surface,
Stoneley, and guided waves and discussed the state variables distribution of corresponding modes
in periodic piezoelectric and metal composites under metallized mechanically free condition. The
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distinctive/interrelation characteristics of dispersion spectra for guided (normal) wave in even-layered
periodic finite thickness plate with those for the surface wave in semi-infinite half-space were also
discussed. Yan et al. [39] investigated the dispersion curves and the mechanical displacements and
electrical potential variations of the symmetrical Lamb waves in nanoscale periodic piezoelectric
composites based on the nonlocal piezoelectricity continuum theory. The influences of the piezoelectric
effect, the ratio of internal to external characteristic lengths (i.e., R representing nanoscale size-effect),
and the volume fractions on these wave behaviors particularly like the found mode conversion and
cut-off frequency were analyzed in details. Later in the perpendicular case, Wang et al. [40] analyzed
using TMM the localization factor of Rayleigh waves in periodic piezoceramic–polymer half-space
due to disorders in polymer thickness or piezoceramic material constant, and discussed its influence
by the thickness ratios of constituent layers. Alippi et al. [41] proposed an approximate theoretical
model by neglecting the mode coupling to analyze the dispersion curves of Lamb wave below the
frequency of thickness resonance. By experimentally exciting the band edge resonances, the analysis
was validated and the fractional volume dependence of stop-bands was discussed. This work was later
improved by Craciun et al. [42] who experimentally and theoretically studied the resonance spectra
of the lateral and thickness resonances with polarizations along and perpendicular to the periodic
direction, respectively, based on the Kronig-Penney and effective medium models, when considering
the anisotropy, piezoelectricity, and volume fraction factors, which together with the coupling of two
resonant modes were verified by the corresponding dispersion curves of pure elastic P and electroelastic
SV waves. Note from the above literatures considering passive electrical boundaries that although the
passive-type electrical boundaries are easy to realize and already provide the laminated piezoelectric
phononic crystals with abundant elastic wave properties such as the frequency bands, but these wave
properties are fixed or work at fixed frequency ranges once the laminated piezoelectric phononic
crystals are fabricated. This passive feature obviously limits the application of laminated piezoelectric
phononic crystals with passive electrical boundaries in working occasions where the external dynamic
excitations have varying frequencies. Therefore, active-type electrical boundaries are proposed to tune
the elastic wave properties such as the frequency bands anytime for adapting them to the external
excitations. Two approaches have been proposed so far to actively adjust the electrical boundaries:
One is to switch between diverse passive electrical boundaries and the other is to connect to external
electrical network with alterable parameters such as capacitance, inductance, resistance, voltage, etc.
In what follows, the studies related to the two adjusting manners will be reviewed successively.

Secondly, the investigations simultaneously considering many passive electrical boundaries for
possibly switching between will be surveyed according to the wave type studied. For all kinds of bulk
waves, including the pure SH wave, the uncoupled P and SV waves, and the coupled P-SV wave,
propagating both normally and obliquely, Guo et al. [43] used TMM to analyze the dispersion curves of
the phononic crystals composed of two transversely isotropic piezoelectric materials, considering four
kinds of dielectric imperfect interfaces including weak conducting, high conducting, low dielectric,
and grounded metallized interfaces together with four kinds of mechanical imperfect interfaces
such as normal compliant, tangent compliant, tangent fixed, and tangent slippery interfaces. The
influences of the piezoelectricity and these mechanically and dielectrically imperfect interfaces on the
dispersion curves were discussed based on the numerical results. As far as only the pure SH waves in
infinitely laminated piezoelectric phononic crystals with transversely isotropic (hexagonal symmetric)
constituent materials are concerned, Ghazaryan and Piliposyan [44] investigated the effects of three
kinds of interfaces, including electrically shorted with mechanically continuous condition, magnetically
closed with mechanically continuous condition, and electrically open with mechanically smooth
contacts, on dispersion properties such as band structures and bandgap width of obliquely-propagating
Bloch–Floquet waves, with special attention on the factors like piezoelectricity, incident wavenumber,
and filling fraction. In cases of electric-open and electric-short conditions, Zhao et al. [45] computed the
dispersion curves, the transmission coefficients, and the reflective spectrum by the global transfer matrix
method with attention on the effects of the piezoelectricity, the volume fraction and the propagation
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direction. With respect to coupled P-SV waves in infinite media, Zhao et al. [46], also in cases of
electric-open and electric-short conditions and by the modified transfer matrix recursive algorithm,
theoretically studied the dispersion curves (band gaps) and the transmission/reflection spectra in
periodic structures containing fluid layer and orthotropic piezoelectric layer with special attention
on the influences of piezoelectricity and propagation direction. As regard to the surface/interface or
guided waves, the usually considered laminated piezoelectric semi-infinite or finite phononic crystals
have bounding plane parallel to the layering plane. For this kind of phononic crystals, Sapriel &
Djafari-Rouhani [4] and Nougaoui & Djafari-Rouhani [5] summarized research results on the dispersion
curve of SH-type surface wave in cases of metallized or non-metallized surfaces before 1990s, with
special attention on the influence of the nature of the film at the surface. Considering the same
electrical boundaries, Zinchuk et al. [47] and Zinchuk & Podlipenets [48] analyzed the dispersion
curves of SH-type surface and guided waves, the corresponding mode distributions of state variables
by a matrizant method based on periodic Hamiltonian system, as the constituent materials belong
to 6mm crystal class. The effects of the electrical boundaries, the unit cell configuration and relative
thickness ratio on the dispersion properties were studied by numerical examples. Zinchuk and
Podlipenets [49] introduced their previous method to the analysis of dispersion curves of Rayleigh
waves also with the 6mm materials assumption for three kinds of electrical boundaries including
electric-short, non-metalized contact with a vacuum and electric-open conditions, whose influence by
the piezoelectricity was examined in the case of free mechanical boundary. Alami et al. [50], on basis
of Green’s function method, derived and validated the dispersion relation and state density of the
SH-type surface waves in a semi-infinite superlattice composed of 6mm class piezoelectric–metallic
layers and capped with a piezoelectric layer with open- or short-circuited surfaces. The interaction
between this SH-type surface wave and the possibly-existing interface, guided and pseudo-guided
(leaky) waves induced by the cap layer and the dependences of electromechanical coupling coefficient
on the cap layer thickness and the metallic layer property were also investigated. In addition, the
laminated piezoelectric finite phononic crystals with bounding planes perpendicular to the layering
plane have also been considered. The model studied so far is the plane-strain plate consisting of
piezoceramic–polymer or two piezoelectric layers with hexagonal (usually 6mm) symmetry and with
the length in the periodic direction and the thickness parallel to the interfaces. In cases of electric open
and short boundaries, Otero et al. [51] computed the dispersion curves of Lamb waves along periodic
direction using the effective coefficients approximated by the first order asymptotic homogenization
method considering four piezoelectric volume fractions. The behaviors of the mechanical displacement
and the electric potential for different wave modes were illustrated. Considering the same electric
boundaries and Lamb wave, Zou et al. [52] studied, using the plane wave expansion (PWE) method,
the band properties such as the dispersion curves, widths and starting frequencies of the first bandgaps
and their influences by the filling fraction, the thickness to lattice pitch ratio, and the polarizations
directions. In cases of non-piezoelectricity, open-circuit, and short-circuit conditions, Zhu et al. [53]
analyzed and compared the dispersion curves, transmission spectra, eigenmode displacements of
different modes by the finite element method (FEM) on COMSOL Multiphysics software, based on
which the piezoelectric-sensitive mode was defined and its physical mechanism such as its dependences
on the piezoelectric constants, the filling ratio, and the ratio of thickness to lattice pitch were revealed.
Considering both metallized and non-metallized interfaces, Piliposyan et al. [54] analyzed by TMM
the dispersion curves and the reflection/transmission of inclined SH-type guided waves in the infinite
periodic composites or in the finite counterparts with a defect layer as the mirror symmetry center and
two piezoelectric half-spaces on both sides as substrates. The dependences of these wave behaviors on
the ratio of the unit cell’s length to the waveguide’s height, the piezoelectric material properties, the
boundary condition distribution on the lower and upper walls, and the presence of defect layer were
discussed, with special attention on the Bragg resonances and the presence of trapped modes and slow
waves. Notice from the above surveyed research works that the switching method between diverse
passive electrical boundaries can adjust the frequency bands and other wave properties of laminated
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piezoelectric phononic crystals among several discrete states. However, in practical applications there
is a trend toward the flexible usage of the frequency spectrum since the external dynamic excitations
in working environments usually have continuously-varying frequency components rather than
discrete-varying ones. This trend requires continuously-tunable frequency bands and other wave
properties, which can be realized via installing external electrical circuits with alterable electrical
parameters on the laminated piezoelectric phononic crystals that serves as the other approach to
actively adjust the electrical boundaries. Next, the studies on elastic waves in laminated piezoelectric
phononic crystals with connecting to external electrical network will be reviewed.

Thirdly, by the category of studied wave type and the alterable parameters such as capacitance,
inductance, resistance, and voltage in the connected electrical circuits, the investigations on laminated
piezoelectric phononic crystals possessing continuously-varying wave behaviors will be surveyed.
For all kinds of uncoupled waves including pure P and S (SH or SV) modes, Li et al. [55] studied the
dispersion curves of waves along the thickness direction in infinite media with orthotropic materials
(the lowest symmetry crystal guaranteeing the decoupling of three wave modes) in cases of four
electrical boundaries including the electric-open, applied electric capacitance, electric-short, and applied
feedback voltage that are capable of both discretely and continuously tuning the frequency bands.
Particular attentions were also on the influence of electrode thickness and on the characteristics of wave
dispersion. Regarding to pure P waves in infinite phononic crystals with the faces of the piezoelectric
layers being electroded and connected to electrical capacitor: Ponge et al. [56,57] briefly reviewed the
dispersion properties induced by the periodic electrical boundary conditions (with open-circuit and
short-circuit as reference) in homogeneous piezoelectric material, and then accordingly designed a
Fabry-Perot cavity whose length might be tuned by a spatial shift of electrical boundaries along with
the position of the transducer driven electrically by a voltage. The optimum performance of the cavity
device achieved through compromise among the series/parallel resonance frequencies, the band gaps
of phononic crystal (influenced by number and length of unit cells), and the coupling coefficient was
corroborated by the 1D analytical analysis using TMM, the numerical simulation using finite element
method (FEM), and the experiment. Kutsenko et al. [58,59] analyzed using TMM the dispersion spectra
of normally-propagating wave in periodic structure of identical transversely isotropic piezoelectric
layers or of alternating elastic and piezoelectric layers. Special attentions were on the unusual features
of dispersion spectra in the case of negative capacitance value, such as the quasistatic stop-band,
the poles of attenuation constant spectra corresponding to jumps of phase constant from 0 to π, and
the occurrence of quasiflat dispersion branches and dispersion curves with infinitely growing group
velocity [58,59]. Kutsenko et al. [60] extended the model to a general case where a unit cell may
consist of several piezoelectric or elastic–piezoelectric multilayers (possibly functionally graded), and
studied the effective properties characterizing the homogenized medium such as effective density,
elastic constant, as well as Willis coupling constant, and their tunability by the capacitance. Recently,
Kutsenko et al. [61] further extended the electrical boundary to 2D semi-infinite periodic network
whose unit cell contains two capacitors in parallel and in series, and studied the dispersion spectra and
wave fields by deriving explicit equations. The control of the dispersion spectrum, which can come
out either as a discrete set of curves, or as a continuous band, or as a superposition of both, by the
signs and values of the two capacitances in the unit cell was studied with considering examples and
the limiting cases of open and short circuits. As far as pure P waves in infinite media with electrical
circuits other than simple capacitor are concerned, Mansoura et al. [62] investigated theoretically the
dispersion curves of normally-propagating waves in phononic piezoelectric-elastic crystals, paying
special attention to the newly-opening hybridization gap due to a coupling of electrical resonance
with the wave propagation as the electrical impendence was inductances. The results were verified
experimentally by the measured transmission. Zhu et al. [63] proposed an active acoustic metamaterial
consisting of periodic layers of steel, polyuria, and piezoelectric ceramic transducer (PZT) with the PZT
layer shunted by an inductor. Its band structure and transmission coefficient were calculated by the
TMM, and its effective material parameters were computed by homogenization method. The extremely
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narrow stop band induced by the resonance circuit was able to be controlled through the inductor and
the corresponding effective parameters behaved negative. Parra et al. [64] calculated using TMM the
dispersions, impedances, and displacements in phononic crystals with periodically distributed local and
interconnected LC (inductance-capacitance) shunts, which were experimentally validated. The ability
of local or interconnected shunts to control the width or depth of bandgap was also discussed. As regard
to the coupled P-SV (or identical P-SH) waves, Fomenko et al. [65] analyzed using TMM the dispersion
curves, transmission coefficients, and localization factor of the obliquely-propagating waves in infinite
phononic crystals with the unit cell consisting of two piezoelectric interlayers and with or without
electric potentials at the metallic interfaces of two kinds of configurations, i.e., an infinite periodic
structure and a periodic structure surrounded by two half-spaces. The influences of the electrical
potential and the incident angle on these wave properties were also investigated. As for the pure
longitudinal waves and vibrations along the thickness in finite thickness plates have bounding plane
parallel to the layering plane: Mansoura et al. [66,67] theoretically and experimentally investigated
the electrical impedance of one piezoelectric layer within phononic crystals made of alternating
piezoelectric and elastic layers while the other piezoelectric layers were connected to the external
circuit including electric-open, electric-short, and external capacitance conditions, which is related to
the band structures and transmissions together with the electromechanical coupling. Mansoura et
al. [68] further verified, by comparing the experimentally measured transmissions with theoretically
analyzed dispersion curves, the wave control in phononic piezoelectric elastic crystals through the
negative capacitance connected on the electroded faces of piezoelectric layers that broadening band
gaps. Darinskii et al. [69] theoretically studied using TMM the reflection/transmission along the 6-fold
symmetry axis in periodic piezoelectric structure constructed by inserting infinitesimally thin metallic
electrodes into a homogeneous piezoelectric material of 6mm symmetry class and then interconnecting
each two successive electrodes by an external capacitor (with electric-open and electric-short conditions
corresponds to zero and infinity capacitance). Allam et al. [70] proposed an active acoustic metamaterial
(AMM) with the unit cell consisting of transversely isotropic piezoelectric and isotropic brass layers
clamped in air, whose effective density in real-time might be controlled by the closed feedback control
loop connected between the piezoelectric layers. The stability, characterization, and behavior of the
AMM were predicted by vibro-acoustic analytic model and were verified experimentally. The adaptive
and programmable control of AMM’s effective density through three types of controllers was also
studied. Wang et al. [71] theoretically studied using TMM the transmission and the pass-band in
piezoelectric laminated phononic crystals inserted with a 0.2 mol% Fe-doped relaxor-based ferroelectric
0.62 Pb(Mg1/3Nb2/3)O3–0.38PbTiO3 (PMN–0.38PT) single crystal defect layer, whose dependences
on the thickness/strain adjusted nonlinearly by the external electrical voltage and on the acoustic
impedance of constituent materials were analyzed. As for the vibrations associated with coupled
P-SV waves propagation in finite thickness plates that have bounding plane perpendicular to the
layering plane, Geng and Zhang [36] studied theoretically and experimentally the vibration properties
of thickness and lateral resonances (such as the surface vibration profile, the electric impedance
distribution, and the electromechanical coupling factor) under an external driving AC electric field in
both air and water media and under external incident pressure wave from the water, respectively, with
particular attention on the influence of the aspect ratio.

In summary of the above literature review on various types of elastic waves in laminated
piezoelectric phononic crystals with both passive and active electrical boundary conditions, we propose
the following five insufficiencies that exist in the investigations so far:

1. Although the electric-open, the electric-short, and the applied electrical capacitance boundaries
have all received plenty attentions, but the feedback control condition, which plays an important
role in vibration control of structures in many engineering fields [72,73], is nearly not concerned
except that in Allam et al. [70] the feedback strategy was adopted to control the real-time effective
density of an unit cell of the proposed active acoustic metamaterial involving pure P wave
propagation in laminated piezoelectric phononic crystals of finite thickness. Hence, the authors
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Li et al. [55] extended the external feedback control voltage boundary into the infinite media
and investigated its contrast with the electric-open, the electric-short, and the applied electrical
capacitance boundaries when considering the pure P- and S-waves propagation. However, when
the coupled mechanical waves in laminated piezoelectric phononic crystals are investigated, the
applied feedback control electrical condition has never been considered so far.

2. Throughout the studies on coupled elastic waves in cases of all electrical boundaries, the
coupling of the wave modes is due to the obliquely-propagating direction rather than the
material anisotropy, since the piezoelectric and elastic constituent layers in all these investigations
are assumed as transversely isotropic and isotropic, respectively, with hexagonal or higher
symmetries. Notice from Li et al. [55] that as long as the interlayers all have orthorhombic
or higher symmetries, the normally-propagating elastic waves are decoupled. That is to say,
the wave coupling caused by material anisotropy actually has nearly not been investigated in
literatures except the following two [74,75] to the best of authors’ knowledge. In Honein et al. [74]
and Minagawa [75], the analysis of the 2D coupled P-SV waves and the 3D coupled waves along
arbitrary (and occasionally along thickness) direction were considered, respectively, both for
periodically multilayered piezoelectric media with general anisotropic constituent materials.
Concretely, Honein et al. [74] introduced without validation a surface impedance matrix method
based on state vector formalism. Minagawa [75] proposed the TMM and evaluated the influence
of piezoelectric effect on the phase velocity–wavenumber relation. Therefore, the dependence of
various coupled waves on the material anisotropy alone is yet to know.

3. In cases of electrical boundaries with alterable parameters, the dominantly studied wave type
is the pure P wave. Although Li et al. [55] concerned the pure S wave in cases of applied
electric capacitance and feedback voltage conditions, and Fomenko et al. [65] and Geng &
Zhang [36] considered the coupled P-SV mode in respectively infinite and finite laminated
piezoelectric phononic crystals with applied electric potential boundary, but the coupled SV-SH,
P-SH and P-SV-SH waves in cases of diverse electrical boundaries have not been comprehensively
investigated yet.

4. In all the previous studies, the mechanical effect of electrodes is omitted by neglecting their
thickness. However, the feasibility of this manner to treat the electrode has not been validated
as far.

5. In the previous studies, except that the phase velocity spectrum is concerned occasionally
in literatures [33,35,75], the dispersion curve is dominantly represented as the frequency–
wavenumber relation. The properties of other forms of dispersion curves such as the
frequency-wavelength spectra have not been discussed up to now.

In order to make up for the above deficiencies, this paper analyzes, by introducing the TMM [76]
based on the state space formalism [77], the coupled elastic waves, including P-SH, P-SV, SV-SH,
and P-SV-SH modes, along thickness direction in infinitely laminated piezoelectric phononic crystals
with the unit cell consisting of any number of arbitrarily anisotropic piezoelectric and elastic layers
and having four electrical boundaries, such as the electric-open, the applied electrical capacitance,
the electric-short, and the applied feedback control conditions. The electrodes on the surfaces of the
piezoelectric interlayers are all modeled as elastic layers along with the inserted elastic materials
themselves, whose mechanical and electrical functions are both considered in the analysis. The
configuration of the analysis model hereof renders the presence of coupled waves without introducing
the effect of inclined propagation direction. Consequently, the forming of coupled waves is solely
caused by the material anisotropy, the individual effect of which on the multifarious frequency
related dispersion curves in cases of four electrical boundaries is the main motivation of our research.
Compared with our previous similar work [55], this paper innovatively considers the coupled-mode
waves due to material anisotropy as an extension to the previously concerned pure P and pure S waves
and as a remedy to deficiencies (2) and (3), in spite that a similar analysis process is adopted.
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This paper is organized as follows. Following the research background and motivation in Section 1,
the basic model of the general periodically laminated arbitrarily-anisotropic piezoelectric composites is
described in Section 2. Section 3 provides the state space formalism for describing the elastodynamics
of the constituent layers. Based on the wave solutions to the state variables of constituent layers, the
formulation of transfer matrix method (TMM) is presented in Section 4 to establish the governing
relations of the unit cell, which are combined with the Floquet–Bloch theorem [2,78,79] to bring out the
dispersion equation of the whole system. The numerical examples for phononic crystals with various
layouts of piezoelectric materials and four kinds of electrical boundaries are given in Section 5, with
special attention on the general features of diversified frequency related dispersion curves and their
dependences on the electrode thickness and electrical boundaries. Some findings from this research
are drawn as conclusions in Section 6.

2. Basic Model

Consider the elastic waves propagating along the thickness direction, i.e., perpendicular to the
interface, in infinitely periodically laminated piezoelectric composite structures whose unit cell, as
shown in Figure 1, consists of any number of arbitrarily anisotropic (triclinic) piezoelectric and elastic
layers with the piezoelectric interlayers having anyone of four electrical boundaries such as the
electric-open, the applied electrical capacitance, the electric-short, and the applied feedback control
conditions. These electrical boundaries are applied through the electrodes coated on the surfaces
of piezoelectric layers. Here in this paper, the electrodes are also modeled as elastic layers along
with the inserted elastic materials themselves, whose mechanical and electrical functions are both
considered in the analysis, so that their effect on the wave propagation can be revealed. According
to the Floquet–Bloch theorem [2,78,79], the unit cell model in Figure 1 together with the periodic
boundary condition is adequate for the analysis of characteristic waves with wavenumber q and circular
frequency ω. Since arbitrarily anisotropic (triclinic) materials are considered in the model, whose
crystal symmetry is far lower than orthotropy, the lowest crystal symmetry requirement for decoupling
the elastic waves along thickness direction [55]. Therefore, coupled-mode waves are actually analyzed
via the model. In the unit cell shown by Figure 1, altogether any number (m) of interlayers, involving
the shaded elastic layers, gray piezoelectric layers, and black electrode layers, and correspondingly N
(N = m + 1) interfaces are assumed for the sake of modeling all sorts of structural configurations.

As shown in Figure 1, the constituent layers, with finite thicknesses and being unbounded on their
layering planes, in the unit cell are labeled in sequence from top to bottom as (1), (2), · · · , ( j), · · · , (m),
while correspondingly those surfaces/interfaces are denoted as 1, 2, · · · , J, · · · , N, for the convenience of
description. The thickness of a typical layer, say ( j), is denoted as h( j), shown both in Figure 1 and in the

enlarged view of layer ( j) in Figure 2b, while the thickness of the unit cell is H =
∑(m)

( j)=(1)
h( j). For the

piezoelectric layer ( j) as depicted by Figure 2b, a local coordinate system
(
x( j), y( j), z( j)

)
is established

with its origin on the top surface of the layer for facilitating the description of physical quantities.
ux( j), uy( j), and uz( j) signify the displacements along x, y, and z axes at any position on a plane
within layer ( j) parallel to the layer surfaces, while τzx( j), τzy( j), and σz( j) denote the corresponding
stresses on that plane. These mechanical quantities, if the linear theory of piezoelectricity [80–82]
are resorted, are known to be related to the six partial mechanical waves whose wavenumbers are
the components of vector Λ( j). The six partial waves can be divided into two groups propagating
respectively in downward and upward directions and into three pairs representing respectively the
three modes. Because of the piezoelectric effect in the piezoelectric layer, these partial waves can
also be tuned by the electrical boundaries applied on the electrode layers, which are coated on the
piezoelectric layer surfaces and are connected to the four external circuits including the electric-open,
the applied electric capacitance, the electric-short, and the applied feedback control conditions. Both
switching between the four electrical boundaries and adjusting the applied capacitance C( j) in the
case of connecting external capacitor or the gain coefficient Kg( j) in the connecting feedback control
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condition can actively change the electric charge on the electrode Q( j) and the voltage (electric potential
difference) between electrodes V( j), and further alter the thickness distribution of the electric potential
φ( j), the electrical displacement Dz( j) along the thickness direction, and the intensity of electrical field
Ez( j) along the thickness direction. Note that in the case of applied feedback control boundary, V( j) is
related to Kg( j) through V( j) = −Kg( j)[uz( j)(h( j)) − uz( j)(0)], where uz( j)(0) and uz( j)(h( j)) represent the
displacements along the thickness direction on the top and bottom surfaces of layer ( j) at the sampling
position, respectively.

The descriptions of the local coordinates and the pertaining physical quantities of other piezoelectric
layers and of elastic layers denoting either the electrodes or the inserted elastic materials are exactly the
same as those for piezoelectric layer ( j), except that the quantities related to electrical field of elastic
layers are not provided as can be noticed from Figure 2a for elastic layer (i), because they will not
be involved in later formulation. Moreover, no electrical boundaries are applied on the elastic layers,
as also noted from Figure 2a. Here and after, all the quantities pertaining to a layer are denoted by a
subscript of layer label, while those pertaining to a surface/interface will be signified by a superscript
of surface/interface label. All the vector-type physical variables are deemed as positive when their
directions are coincident with the positive coordinate axes, while the scalar electric quantities are
deemed as positive when they are corresponding to the positive electric charge, and vice versa.
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Figure 1. The unit cell of the general periodically laminated piezoelectric composite structures with
arbitrarily anisotropic constituent interlayers and the description about the propagation characteristics
of coupled elastic waves along thickness direction.



Crystals 2019, 9, 426 12 of 37Crystals 2019, 9, x FOR PEER REVIEW 12 of 40 

 
(a) 

 
(b) 

Figure 2. The descriptions of the local coordinate systems and the physical quantities of typical 
elastic/piezoelectric layers in the unit cell. (a) A typical elastic layer. (b) A typical piezoelectric layer 
covered by the electrode layers with four electrical boundaries: electric-open, applied capacitance, 
electric-short, and applied feedback control. 

3. State Space Formalism 

Since the considered piezoelectric phononic crystals and their unit cells are laminated, the state 
space formalism [77], which is essentially a displacement–stress hybrid method suitable for 
structures with unidirectional configuration, is introduced to describe the elastodynamics of the 
constituent layers. For any elastic or piezoelectric constituent layer, by using the method of 
separation of variables and by choosing the displacements and stresses on the plane parallel to the 
surfaces as the components in the state vector, the state equation governing the spectral state vector 
in frequency–wavenumber domain can be derived from all the fundamental equations of 
three-dimensional (3D) elasticity and piezoelectricity, respectively. The solution to the state 
equation can then be obtained by virtue of the theory of first order ordinary differential equations. 
It should be pointed out that all the equations and their solutions in this section are given in the 
local coordinate system, but the subscript indicating the pertinent layer and coordinates is omitted 
for brevity. 

3.1. The State Equation of a Layer Derived from the 3D Elastodynamics 

The derivation of the state equation for elastic and piezoelectric layers will be provided 
successively, although their route is generally similar except for the introduction of electrical 
boundaries to the piezoelectric layer. For the piezoelectric layer, the differences of the deriving 
process as compared to that for the elastic layer will be emphasized, and the similarities will be 
abbreviated, as indicated in Section 3.1.2. 

3.1.1. The State Equation of An Elastic Layer 

According to the 3D elasticity, the fundamental equations governing the elastodynamics of a 
typical arbitrarily anisotropic elastic layer ( )i  as seen in Figure 2a can be written based on 

( ) 0jV =
( ) ( ) ( )j j jQ C V=

J

K
( ) ( ),x j zx ju T

( ) ( ),z j zz ju T

( ) ( )

( ) ( ) ( )[ ( ) (0)]
j g j

z j j z j

V K
u h u

= − ×

× −

( )j( )jh ( ), jω Λ

( )jx

( )jy
( )jz

( ) ( ),z j z jE D

( )jφ

( ) ( ),y j zy ju T

( ) 0jQ =

( -1)iy

( -1)iz

-1I

I
( 1) ( 1),yi zyiu τ− −

( )iy

( )ix

( )iz

( ) ( ),x i zx iu T

( ) ( ),y i zy iu T
( ) ( ),z i zz iu T

( )ih i ( ), iω Λ

Figure 2. The descriptions of the local coordinate systems and the physical quantities of typical
elastic/piezoelectric layers in the unit cell. (a) A typical elastic layer. (b) A typical piezoelectric layer
covered by the electrode layers with four electrical boundaries: electric-open, applied capacitance,
electric-short, and applied feedback control.

3. State Space Formalism

Since the considered piezoelectric phononic crystals and their unit cells are laminated, the state
space formalism [77], which is essentially a displacement–stress hybrid method suitable for structures
with unidirectional configuration, is introduced to describe the elastodynamics of the constituent
layers. For any elastic or piezoelectric constituent layer, by using the method of separation of variables
and by choosing the displacements and stresses on the plane parallel to the surfaces as the components
in the state vector, the state equation governing the spectral state vector in frequency–wavenumber
domain can be derived from all the fundamental equations of three-dimensional (3D) elasticity and
piezoelectricity, respectively. The solution to the state equation can then be obtained by virtue of the
theory of first order ordinary differential equations. It should be pointed out that all the equations and
their solutions in this section are given in the local coordinate system, but the subscript indicating the
pertinent layer and coordinates is omitted for brevity.

3.1. The State Equation of a Layer Derived from the 3D Elastodynamics

The derivation of the state equation for elastic and piezoelectric layers will be provided successively,
although their route is generally similar except for the introduction of electrical boundaries to the
piezoelectric layer. For the piezoelectric layer, the differences of the deriving process as compared to
that for the elastic layer will be emphasized, and the similarities will be abbreviated, as indicated in
Section 3.1.2.

3.1.1. The State Equation of An Elastic Layer

According to the 3D elasticity, the fundamental equations governing the elastodynamics of a
typical arbitrarily anisotropic elastic layer (i) as seen in Figure 2a can be written based on mechanical
and electrical considerations [82]. The mechanical equations include the equation of motion (without
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body force here), the strain–displacement relation, and the elastic constitutive equation, which are
written in fully matrix notation as

(∇s)
TT = ρ

∂2u
∂t2 , S = ∇su, T = cS, (1)

where the superscript “T” denotes the transposition of a matrix or a vector here and after;
u = [ux, uy, uz]

T, T = [Txx, Tyy, Tzz, Tyz, Tzx, Txy]
T, and S = [Sxx, Syy, Szz, 2Syz, 2Szx, 2Sxy]

T are the
displacement, stress, and strain vectors, respectively; ρ denotes the mass density; and ∇s and c are the
6× 3 operator matrix and the 6× 6 symmetric elastic stiffness constant matrix, respectively, with the
following components

∇s =



∂/∂x 0 0
0 ∂/∂y 0
0 0 ∂/∂z
0 ∂/∂z ∂/∂y

∂/∂z 0 ∂/∂x
∂/∂y ∂/∂x 0


, c =



c11 c12 c13 c14 c15 c16

c21 c22 c23 c24 c25 c26

c31 c32 c33 c34 c35 c36

c41 c42 c43 c44 c45 c46

c51 c52 c53 c54 c55 c56

c61 c62 c63 c64 c65 c66


. (2)

The electrical equations under the quasi-static assumption to electric field include the charge equation
(Gauss’s law) of electrostatics (with free charge here), the electric field-electric potential relation, and
the electric constitutive equation, which are written in fully matrix notation as

(∇)TD = 0, E = −∇φ, D = εE, (3)

where φ is the scalar electric potential; D = [Dx, Dy, Dz]
T and E = [Ex, Ey, Ez]

T denote the electric
displacement and electric field intensity vectors, respectively; and ∇ and ε are the 3 × 1 Hamilton
operator vector and the 3× 3 dielectric constant matrix, respectively, having the following components

∇ =


∂/∂x
∂/∂y
∂/∂z

, ε =


ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

. (4)

According to the method of separation of variables, the harmonic solutions to the physical
quantities can be given as

Γ(x, y, z, t) = Γ̂(kx; ky; z;ω)ei(ωt−kxx−ky y) = Γ̂(z;ω)eiωt(Γ = u, T, S,φ, D, E), (5)

where i =
√
−1 is the imaginary unit; ω is the circular frequency; kx and ky are the wavenumbers

along the local coordinates x and y, respectively; and the superscript “̂” means corresponding physical
quantities in the kx − ky −ωdomain. In Equation (5), the vanishing of wavenumbers in the layering plane
kx = ky = 0 has been taken into account, because only the elastic waves propagating along the thickness
direction are considered in this paper. Besides, since the considered layer is infinite in the layering plane
and has finite thickness, then only the displacements and stresses on the surfaces will appear in the
mechanical boundaries. Consequently, we choose the displacements and stresses on the plane parallel

to the surfaces [77] as the components of the state vector v̂ = [(v̂u)
T, (v̂T)

T]
T
= [ûx, ûy, ûz, T̂zx, T̂zy, T̂zz]

T,

with v̂u = û = [ûx, ûy, ûz]
T and v̂T = [T̂zx, T̂zy, T̂zz]

T being referred to as the displacements and stresses
state vectors, respectively.

Note from Equations (1) and (3) that the mechanical and electrical fields in the elastic layer are
mutually independent each other. Since here in this paper the mechanical field rather than electrical
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field is continuous across the adjacent layers, only Equation (1) is used to derive the state equation of
the elastic layer. Substitution of Equation (5) into the first formula in Equation (1) leads to

dv̂T

dz
= −ρω2v̂u. (6)

Substituting the second formula into the third formula in Equation (1), then introducing Equation (5)
into the resulting equation T = c∇su, and finally selecting from the consequent equation out those
pertaining to the stress state vector, we can obtain

v̂T = G
dv̂u

dz
, (7)

which further leads, through matrix inversion, to

dv̂u

dz
= G−1v̂T, (8)

The 3× 3 coefficient matrix G is composed of

G =


c55 c54 c53

c45 c44 c43

c35 c34 c33

. (9)

The combination of Equations (6) and (8) results in the state equation of the elastic layer

dv̂
dz

= Mv̂, (10)

where the 6× 6 coefficient matrix M of the state equation are formed as

M =

(
0 G−1

−ρω2I3 0

)
, (11)

with I3 the third order identity matrix.

3.1.2. The State Equation of a Piezoelectric Layer

According to the 3D piezoelectricity, the fundamental elastodynamic equations of a typical
arbitrarily anisotropic piezoelectric layer ( j), as seen in Figure 2b, can be given. From both mechanical
and electrical considerations [80–83], all the equations are identical to those of elastic layer except that
the constitutive equation currently should be written in fully matrix notation as

T = cS− eTE, D = eS + εE, (12)

where e is the 3× 6 piezoelectric constant matrix composed of

e =


e11 e12 e13 e14 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36

. (13)

Equation (12) indicates that the mechanical and electrical fields in piezoelectric layer are coupled
through the constitutive relation. Consequently, although here in this paper only the mechanical field
is continuous across the adjacent layers, the effect of the electrical field on the mechanical field needs to
be considered during the derivation of the state equation for the piezoelectric layer.
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Bear in mind that the solutions to the mechanical and electrical quantities of the piezoelectric
layer can be still expressed as Equation (5), and the displacements, stresses, and whole state vectors
of the piezoelectric layer are formed identically as those of the elastic layer shown before. Therefore,
Equation (6) is still right for piezoelectric layer when Equation (5) is substituted into the equation
of motion without body force. In addition, by substituting the strain–displacement relation as the
second formula in Equation (1), the electric field-electric potential relation as the second formula in
Equation (3), and Equation (5) into the constitutive Equation (12), through the similar process as before
in Section 3.1.1, we gain

v̂T = G
dv̂u

dz
+ FT dφ̂

dz
, D̂z = F

dv̂u

dz
− ε33

dφ̂
dz

, (14)

where G is the same as Equation (9)

F =
[

e35 e34 e33
]
, (15)

and only the expression of D̂z among the three components of electric displacement vector is sorted out
since only it can be used, after the electrical boundaries of the piezoelectric layer have been introduced,
to represent dφ̂/dz by dv̂u/dz as

dφ̂
dz

=
F
ε33

dv̂u

dz
−R[v̂u(h) − v̂u(0)]. (16)

The 1× 3 coefficient matrix R is related to F diversely in cases of four different electrical boundaries
as shown from Table A1 in Appendix A, where the derivation of Equation (16) is provided in detail.
Substituting Equation (16) into the first formula of Equation (14), it is obtained by further simplification
that

dv̂u

dz
=

(
G +

FTF
ε33

)−1

v̂T +

(
G +

FTF
ε33

)−1

FTR[v̂u(h) − v̂u(0)]. (17)

The combination of Equations (6) and (17) gives the state equation of the piezoelectric layer as

dv̂
dz

= Mv̂ + N[v̂(h) − v̂(0)], (18)

where the 6× 6 coefficient matrix M and the 6× 6 inhomogeneous term matrix N are given by

M =

 0 (G + FTF/ε33)
−1

−ρω2I3 0

, N =

 (G + FTF/ε33)
−1

FTR 0
0 0

. (19)

Notice that the state Equation (18) of the piezoelectric layer is naturally degenerated to that of
the elastic layer in Equation (10), when the piezoelectric constants are set to zero, i.e., N is a matrix of
zeros due to F = 01×3, with 1× 3 signifying the numbers of row and column of the zero matrix 0 here
and after.

3.2. The Traveling Wave Solution to the State Equation of a Layer

The state equation of an elastic layer is a set of one order homogeneous linear ordinary differential
equations as shown in Equation (10), whose general solution can be directly written according to the
mathematical theory of this kind of equations as

v̂ = ΦeΛzw, (20)

where w is the 6 order column vector composed of undetermined amplitudes; and Λ and Φ are the
6× 6 matrices composed of eigenvalues and eigenvectors of coefficient matrix M, respectively. The
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6× 6 diagonal matrix eΛz is formed by placing eγiz on the main diagonal with γi the ith (i = 1, 2, 3, 4, 5, 6)
eigenvalue.

Nevertheless, the state equation of a piezoelectric layer is a set of one order inhomogeneous linear
ordinary differential equations as shown in Equation (18), whose complete solution is comprised of
the general solution to the corresponding homogeneous equations and the particular solution to the
inhomogeneous equations and is expressed as

v̂ = Φ(e Λz
− P)w, (21)

where P is the 6× 6 matrix related to matrix N via P = Λ−1Φ−1NΦ(eΛh
− I6) with I6 denoting the sixth

order identity matrix here and after.
Notice that the solution to the state equation of the elastic layer in Equation (20) can also be

achieved through degeneration to that of the piezoelectric layer when the piezoelectric coefficients
equal to zero, i.e., P is a matrix of zeros due to N = 06×6.

4. Transfer Matrix Method

After the state equations and their solutions determining the state vectors of the elastic and
piezoelectric constituent layers have been obtained, the classical transfer matrix method (TMM) [76] is
further introduced to derive the equation governing the elastodynamics of the whole unit cell. This
equation is represented by a relation between the state vector on the top surface and that on the
bottom surface in the TMM formulation. The derived transfer relation of the unit cell will then be
combined with the Floquet–Bloch theorem [2,78,79] to bring out the dispersion equation governing the
dispersion characteristics of coupled elastic waves in the laminated arbitrarily anisotropic piezoelectric
phononic crystals.

4.1. Transfer Relation of an Elastic Layer

Take a typical elastic layer (i) (as depicted in Figure 2a for illustration), the state vectors of its top
and bottom surfaces, when referring to Equation (20), should be expressed respectively as

v̂(i)(0) = Φ(i)w(i), v̂(i)(h(i)) = Φ(i)e
Λ(i)h(i)w(i). (22)

It is obtained from the former formula in Equation (22) that w(i) = Φ−1
(i) v̂(i)(0), which is substituted

into the latter formula in Equation (22) to provide the transfer relation of elastic layer (i)

v̂(i)(h(i)) = Φ(i)e
Λ(i)h(i)Φ−1

(i) v̂(i)(0) = B(i)v̂(i)(0), (23)

where B(i) = Φ(i)e
Λ(i)h(i)Φ−1

(i) is referred to as the transfer matrix of elastic layer (i).

4.2. Transfer Relation of a Piezoelectric Layer

A typical piezoelectric layer ( j) is accounted for demonstration. By referring to Equation (21) one
can express the state vectors at the top and bottom surfaces of layer ( j) as

v̂( j)(0) = Φ( j)(I6 − P( j))w( j), v̂( j)(h( j)) = Φ( j)(e
Λ( j)h( j) − P( j))w( j). (24)

When the expression w( j) = (I6 − P( j))
−1

Φ−1
( j)v̂( j)(0) gotten from the former formula in Equation (24) is

introduced into its latter formula, the transfer relation is easily obtained by this process of eliminating
w( j) as

v̂( j)(h( j)) = Φ( j)(e
Λ( j)h( j) − P( j))(I6 − P( j))

−1
Φ−1

( j)v̂( j)(0) = B( j)v̂( j)(0), (25)
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where B( j) = Φ( j)(e
Λ( j)h( j) − P( j))(I6 − P( j))

−1
Φ−1

( j) is referred to as the transfer matrix of piezoelectric
layer ( j).

4.3. Transfer Relation of an Interface

Consider a typical interface J between adjacent layers (i) and ( j). According to the compatibility
of displacements and equilibrium of stresses, the state vector at the top surface of layer ( j) is related to
that at the bottom surface of layer (i) by

v̂( j)(0) = v̂(i)(h(i)) = BJv̂(i)(h(i)), (26)

where BJ = I6 is referred to as the transfer matrix of interface J.

4.4. Transfer Relation of the Unit Cell

For the whole unit cell, by recurring the transfer relations of layers and interfaces alternately from
bottom to top, the state vector at the bottom surface of the bottommost layer (m) can be expressed by
the state vector at the top surface of the topmost layer (1) as

v̂(m)(h(m)) = B(m)v̂(m)(0) = B(m)B
Mv̂(m−1)(h(m−1)) = · · ·

= B(m)B
MB(m−1)B

(M−1)
· · ·B( j)B

J
· · ·B(2)B

2B(1)v̂(1)(0) = Bv̂1(0)
(27)

which is referred to as the transfer relation of the unit cell. The 6 × 6 matrix B =

B(m)B
MB(m−1)B

(M−1)
· · ·B( j)B

J
· · ·B(2)B

2B(1) is the transfer matrix of the unit cell.

4.5. Dispersion Relation of the Laminated Arbitrarily anisotropic Piezoelectric Phononic Crystals

Since the unit cells with arbitrarily anisotropic elastic and piezoelectric constituent layers are
periodically arranged in the considered laminated phononic crystals, in view of the Floquet–Bloch
theorem [2,78,79] for periodic structures, the state vector v̂(m)(h(m)) should also be related to
v̂(1)(0) through

v̂(m)(h(m)) = eiqHv̂(1)(0), (28)

where q and H are the wavenumber of the characteristic coupled elastic waves in and the height of the
unit cell, respectively, as can be seen in Figure 1.

Combining Equation (28) with Equation (27) and eliminating the state vector v̂(m)(h(m)), one gets

Bv̂(1)(0) = eiqHv̂(1)(0) or (B− eiqHI6)v̂(1)(0) = 0. (29)

The former formula in Equation (29) comes down to the matrix eigenvalue problem, while the latter
indicates that the determinant of the coefficient matrix (B− eiqHI6) should be zero to give nontrivial
solution to v̂1(0), i.e.,

eiqH = Eigenvalues(B) = µ or det(B− eiqHI6) = 0. (30)

These formulas are the dispersion equations governing the characteristics of the coupled elastic waves
along the thickness direction in the laminated arbitrarily anisotropic piezoelectric phononic crystals,
which actually specify the relation between the wavenumber q and the frequency ω. Notice that the
phase velocity and the wavelength are expressed as v = ω/q and λ = 2π/q, respectively. When the
frequency ω is given within a range at specified increment, the frequency-related dispersion curves
including the eigenvalue, wavenumber, wavelength and phase velocity spectra, can all be obtained
after the former formula in Equation (30) has been solved numerically by direct eigenvalue operation.
Otherwise, as anyone amongω, q (or λ) and v is specified, the other two can be obtained by numerically
solving the latter formula in Equation (30), so as to provide the comprehensive dispersion curves
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including the frequency-related, wavenumber-related, wavelength-related, and phase velocity-related
dispersion curves. Regardless, in the following section, only the frequency-related dispersion curves
are illustrated since they can already describe the dispersion characteristics of coupled elastic waves in
a relatively complete way.

5. Numerical Examples

The above derived analysis method will be utilized in this section to calculate the comprehensive
frequency-related dispersion curves of elastic waves along thickness direction, including the eigenvalue
amplitude spectra, the wavenumber spectra, the wavelength spectra, and the phase velocity spectra
in laminated piezoelectric phononic crystals with four exemplified unit cell configurations and with
four kinds of electrical boundaries as stated in Section 2. The four unit cell configurations guarantee
the presence of four representative patterns about the elastic wave coupling and decoupling, which
are composed of the Glass as the inserted elastic layer, the Brass as the electrode layer, and anyone
or two layers among the three types piezoelectric layers labeled as “LiNbO3

A”, “LiNbO3
B”, and

“LiNbO3
C”, respectively. These three piezoelectric layers are actually all acquired from the piezoelectric

material LiNbO3 crystal with 3m symmetry but are arranged in three different directions. The layers
“LiNbO3

A”, “LiNbO3
B”, and “LiNbO3

C” are formed, respectively, when the threefold symmetry axis 3
are parallel to the local coordinate axes z, y, and x, and correspondingly the three layers are interpreted
as 3//z, 3//y, and 3//x, respectively. Because “LiNbO3

B” and “LiNbO3
C” have lower crystal symmetry

in the layering plane than the orthotropic crystal discussed by the authors of [55], the coupling of
normally-propagating elastic waves exists when they are the constituent layers of the unit cell. By
contrast, “LiNbO3

A” layer still has high crystal symmetry in the layering plane. Thus, when the
unit cell is Glass-Brass-LiNbO3

A-Brass, which is the first analysis model, all the elastic waves along
thickness direction are decoupled. The computed dispersion curves of the pure mode waves in this
configuration will be later taken as the reference to show the differences of dispersion characteristics
of the coupled mode waves in the other three configurations, i.e., Glass-Brass-LiNbO3

B-Brass,
Glass-Brass-LiNbO3

C-Brass, and Glass-Brass-LiNbO3
B-Brass-LiNbO3

C-Brass. In all the four considered
configurations, the thicknesses of the inserted elastic Glass layer and the piezoelectric layers are all
10 mm, and the thickness of the Brass electrodes is 0.025 mm, except that it is varied as stated in
Section 5.3 where the effect of the electrode thickness on the dispersion curves is discussed. The
material parameters of these constituent layers are listed in Table 1. Note that the parameters for
“LiNbO3

A” are exactly excerpted from Auld [82], while those for “LiNbO3
B” and “LiNbO3

C” are
obtained from further coordinate transformation. The (c11)Glass = (c22)Glass = (c33)Glass = 83.34 GPa
and (ρ)Glass = 2540 kg/m3 for Glass are quoted from Kutsenko et al. [60] and the other parameters
are computed from the Poisson’s ratio 0.2163 and the Young’s modulus 73.39 GPa determined by
rough average of the many values in material handbook [84]. The stiffness constants of Brass are
all computed from the Poisson’s ratio 0.337 and the Young’s modulus 106.80 GPa that are roughly
determined together with the mass density (ρ)Brass = 8320 kg/m3 by referring material handbook [84].
The material parameters of Glass and Brass have also been provided in our previous studies [55,85].

For the convenience of drawing the dispersion curves, the dimensionless frequency ωH/(πv), the
dimensionless wavenumber qH/π, the dimensionless wavelength λ/H, and the dimensionless phase

velocity v/v are employed with v =
√
(c55)LiNbO3A /(ρ)LiNbO3

the velocity of shear wave in LiNbO3
A.

Since in previous literatures the coupled waves and the electrode thickness are not considered, in
order to validate our proposed analysis method, these factors have to be left out. Thus, we further
calculated the band structures (frequency–wavenumber spectra) of pure P and S waves along thickness
in periodically multilayered Glass-LiNbO3

A composites with electric-open boundary, which can be
compared with the results computed by analytical formula in Galich et al. [86] or identically in Shen &
Cao [87]. All the results are provided in Appendix B.
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Table 1. Material parameters of the constituent layers in the unit cell of exemplified laminated
phononic crystals.

Materials LiNbO3
A [82]

(3//z)
LiNbO3

B

(3//y)
LiNbO3

C

(3//x)
Glass

[55,60,84]
Brass

[55,84,85]

Elastic constants
(×1010 N ·m−2)

c11 20.300 20.300 24.500 8.334 16.246

c22 20.300 24.500 20.300 8.334 16.246

c33 24.500 20.300 20.300 8.334 16.246

c44 6.000 6.000 7.500 3.017 3.994

c55 6.000 7.500 6.000 3.017 3.994

c66 7.500 6.000 6.000 3.017 3.994

c12 5.300 7.500 7.500 2.300 8.258

c13 7.500 5.300 7.500 2.300 8.258

c23 7.500 7.500 5.300 2.300 8.258

c14 0.900 c14 −0.900 c36 −0.900

-c24 −0.900 c34 0.900 c26 0.900

c56 0.900 c56 −0.900 c45 −0.900

Piezoelectric constants
(C ·m−2)

e15 3.700 e15 −2.500 e11 −1.300

- or
eαi = 0.000

(α = 1, 2, 3,i = 1, · · · , 6)

e16 −2.500 e16 −3.700 e12 −0.200

e21 −2.500 e21 −0.200 e13 −0.200

e22 2.500 e22 −1.300 e22 2.500

e24 3.700 e23 −0.200 e23 −2.500

e31 0.200 e31 −2.500 e26 −3.700

e32 0.200 e33 2.500 e34 −2.500

e33 1.300 e34 −3.700 e35 −3.700

Dielectric constants
(×10−10F ·m−1)

ε11 3.89576 3.89576 2.56766 - -

ε22 3.89576 2.56766 3.89576 - -

ε33 2.56766 3.89576 3.89576 - -

Mass density
(kg ·m−3)

ρ 4700 4700 4700 2540 8320

5.1. Dispersion Properties of Coupled Elastic Waves

To search the general features of the comprehensive frequency-related dispersion curves,
the electric-short boundary is adopted in the calculation, because the spectra associated with
this electrical boundary serve as the limiting curves for both the applied capacitance and the
applied feedback control boundaries as will be shown in Section 5.2. Figures 3–6 give the
results of these comprehensive frequency-related dispersion curves for the periodic structures
consisting of Glass-Brass-LiNbO3

A-Brass, Glass-Brass-LiNbO3
B-Brass, Glass-Brass-LiNbO3

C-Brass,
and Glass-Brass-LiNbO3

B-Brass-LiNbO3
C-Brass configurations, respectively; subfigures (a–d) in

these figures represent the relations between the frequency and the eigenvalue amplitude (
∣∣∣µ∣∣∣),

the wavenumber (qH/π), the wavelength (λ/H), and the phase velocity (v/v), respectively. The
corresponding wave modes of all the spectra in these figures are marked out.
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Figure 3. The comprehensive frequency-related dispersion curves of the uncoupled elastic waves in periodic Glass-Brass-LiNbO3A-Brass multilayers with 

electric-short boundary: (a) eigenvalue amplitude μ  spectra; (b) wavenumber spectra; (c) wavelength spectra; (d) phase velocity spectra. 
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Figure 3. The comprehensive frequency-related dispersion curves of the uncoupled elastic waves in periodic Glass-Brass-LiNbO3
A-Brass multilayers with electric-short

boundary: (a) eigenvalue amplitude
∣∣∣µ∣∣∣ spectra; (b) wavenumber spectra; (c) wavelength spectra; (d) phase velocity spectra.
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electric-short boundary: (a) eigenvalue amplitude μ  spectra; (b) wavenumber spectra; (c) wavelength spectra; (d) phase velocity spectra. 

(a ) (b )

(c) (d )

0

0.5

1

1.5

2

2.5

0 1 2 3 4

μ

H vω π

SH

SH SH

Coupled P-SV
Coupled P-SV

-0.4

-0.2

0

0 1 2 3 4

Rq H π

Iq H π

H vω π

0

0.5

1

SH

SH

Coupled P-SV

Coupled P-SV

SH SH

0.1

1

10

100

0 1 2 3 4

Hλ

H vω π

SH

SH

SH

SH

Coupled P-SV

Coupled P-SV

0.1

1

10

100

0 1 2 3 4H vω π

v v SH

SH SH

SH

Coupled P-SV

Coupled P-SV

(2 1)Rq H n π= +Frequency as Frequency as 2Rq H nπ=
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∣∣∣µ∣∣∣ spectra; (b) wavenumber spectra; (c) wavelength spectra; (d) phase velocity spectra.
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The subfigures in Figures 4–6 indicate, as compared with their counterparts in Figure 3, that the
coupled mechanical waves in laminated phononic crystals have some dispersion features identical
to those of the uncoupling pure waves, which can be found in [55] but some of which will mention
briefly as follows. For example, (1) any kind of frequency-related dispersion curve can show the
frequency bands clearly. In frequency ranges where the spectra associated with the real wavenumber
(or wavelength/phase velocity) appear, the corresponding wave modes propagate without attenuation,
while in frequency ranges where the spectra associated with the imaginary wavenumber (or non-unit
eigenvalue amplitude) emerge, the corresponding wave modes attenuate without propagation. These
frequency ranges are called as the pass-bands and stop-bands, respectively. (2) When the wavelength
tends to infinity, the first order spectrum of each mode asymptotically tend to zero frequency, and
the corresponding phase velocity gradually tends to a cut-off value; the higher order spectra of each
mode asymptotically tend to the bounding frequencies with phase 2nπ (n is an integer), and the
corresponding phase velocity also asymptotically tends to infinity. These features are actually common
to all kinds of waves in diverse periodic structures such as the longitudinal waves in periodic elastic
rods [88] and periodic piezoelectric rods [85]. In addition, as a complement to the summarization in
previous studies, it is also found that the eigenvalue amplitude spectra appear in reciprocal pairs.

Beside these same features, the subfigures in Figures 4–6 also exhibit three dispersion features of
coupled elastic waves that are different from those of the pure mode waves. The first remarkable one is
that a narrow stop-band can be observed near the intersections of the dispersion curves of different
coupled and/or uncoupled waves, which are shown in the green ellipse of Figure 4b, Figure 5b, and
Figure 6b. The reason for forming these bands may involve strong coupling and interaction between
different wave modes near specific frequency as a result of the material anisotropy. The second feature
is that the pass-bands and stop-bands of the coupled wave of one mode no longer appear alternately,
which is exactly opposite to those of the pure wave of one mode shown in Figure 3b. The third feature
is that for some pass-bands/stop-bands, the frequency lines corresponding to phase qRH = 2nπ and
qRH = (2n + 1)π, i.e., the Brillouin zone boundaries, are no longer the demarcation line between a
pass-band and a stop-band. Thus the dispersion curves of these pass-bands/stop-bands are not entirely
constrained in-between the Brillouin zone boundaries.

5.2. Tuning the Dispersion Characteristics of Coupled Elastic Waves by the Electrical Boundaries

In order to show the influence of the electrical boundaries on the dispersion characteristics
of coupled elastic waves, the band structures (wavenumber spectra) of the periodic anisotropic
piezoelectric composites with the four configurations of the unit cell are computed in cases of four
electrical boundaries, including the electric-open, the applied electrical capacitance, the electric-short,
and the applied feedback control conditions. The wavenumber spectra are selected from the four kinds
of frequency-related dispersion curves because they contain the most information and thus they are
the representative dispersion curves. For the sake of expressing the influences more clearly, we always
take the electric-open and electric-short boundaries as reference and individually consider the applied
positive capacitance, the applied negative capacitance, and the applied feedback control conditions.
Figure 7 shows the band structures in cases of electric-open, electric-short, and applied capacitances
C/A = 1.0× 10−8 F/m2 and C/A = 1.0× 10−7 F/m2, with the subfigures (a), (b), (c), and (d) denoting
the results for the unit cell configurations of Glass-Brass-LiNbO3

A-Brass, Glass-Brass-LiNbO3
B-Brass,

Glass-Brass-LiNbO3
C-Brass, and Glass-Brass-LiNbO3

B-Brass-LiNbO3
C-Brass, respectively. Figure 8a–d

provides the corresponding wavenumber spectra in cases of the applied capacitance with the values
C/A = −2.5 × 10−8 F/m2 and C/A = −2.6 × 10−8 F/m2 for periodic Glass-Brass-LiNbO3

A-Brass
composite as well as C/A = −3.8×10−8 F/m2 and C/A = −4.0×10−8 F/m2 for the other configurations,
together with the electric-open (C/A = 0) and electric-short (C/A = ∞) condition, while Figure 9a–d
provides the corresponding ones in the case of applied feedback control with the gain coefficient
being Kg = 5.0× 1010 V/m and Kg = 1.0× 1012 V/m together with the electric-open and electric-short
(Kg = 0.0 V/m) conditions. Note that the values of the positive capacitance and the gain coefficient are
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chosen so as to most clearly show their influences on the band structures and their correlation with
the electric-open and electric-short conditions. The negative capacitance values are determined so
as to closely near but not at the singular point specified by ε2

33S/C + ε33h = 0 that can be obtained
through the vanishing of the denominator of the expression for vector R as given in Table A1. In
addition, notice also from the expression for vector R in Table A1 that C/A = +∞ and C/A = −∞

actually lead to the same R and accordingly the same computed band structures. In Figure 10, the band
structures associated with the negative capacitances are compared with those associated with a very
big gain coefficient Kg = 1.0× 1012 V/m, so that the correlation between applied negative capacitance
and applied feedback control can be revealed. In Figures 7–10, the band structures corresponding
to the pure wave that is independent on the electric field are marked by solid arrows pointing to
the direction of increasing frequency, these are trivial curves for our investigation. In the following
interpretations, we only focus on the elastic waves that are dependent on electric field and thus the
electrical boundary. Each unit cell configuration exactly corresponds to one elastic wave. As also
noticed in Section 5.1, these waves are pure P, coupled P-SV, coupled SV-SH, and coupled P-SV-SH
modes in subfigures (a–d), respectively. Common in this numerical example Section, the pure P wave
in the periodic Glass-Brass-LiNbO3

A-Brass structure is used as the object of comparison, so that the
differences between the coupled waves and the pure modes waves can be clearly exhibited.

From all the subfigures in Figure 7, it is seen that as the positive capacitance varies from C/A = 0
to C/A = ∞, the band structures gradually changes from those associated with the electric-open
condition to those associated with the electric-short condition. Generally, the central frequency of
bandgaps moves downward, and the bandgap widths becomes narrower. Nevertheless, the entire
alteration is not very significant, since the band structures associated with the electric-short condition
are actually relatively near the corresponding curves associated with the electric-open condition.
Comparing Figure 7b–d with Figure 7a, it is seen that the dispersion curves of coupled waves are more
obviously influenced than those of the pure wave, so that the coupled waves are more sensitive to the
applied positive capacitance.

From all the subfigures in Figure 8, it is seen that for any waves related to the electric field, either
uncoupled or coupled modes, sharp variation of the attenuation constants (imaginary wavenumbers)
to infinity exists at some frequency ranges, where the phase constants also sharply and corresponding
changed. These phenomena are similarly found in Refs. [55,58] for pure P and S waves. As the negative
capacitance varies from C/A = 0 to C/A = −∞, the band structures does not change in a monotonous
way, which is attributed to the singular property as the applied capacitance corresponds to the zero
denominator of the expression for vector R. The comparison between Figure 8a–d further indicates
that the coupled P-SV-SH wave has more complex variation pattern of the attenuation and phase
constants spectra near the singular range.

It is seen from Figure 9 that the gain coefficient of the applied feedback control has very obvious
influence on the band structures of both uncoupled and coupled waves except those of the coupled
SV-SH wave. The insensitivity of coupled SV-SH wave to the applied feedback control condition is
resulting from the e33 = 0 for LiNbO3

C as shown in Table 1, which further leads to the vanishing of
the last component of vector F and accordingly the vanishing of the components at the last row of
FTR. As the gain coefficient Kg increases from zero, the band structures of coupled P-SV and P-SV-SH
waves associated with the applied feedback control condition, as compared to those associated with
the electric-short condition, changes substantially including forming new phase/attenuation constants
spectra as shown in subfigures (b,d). However, those of pure P wave simply move downwards to the
smaller frequency side.

Figure 10 indicates, except the coupled SV-SH wave, all other waves can realize the singular
pattern of dispersion by either applying proper negative capacitance boundary or applying feedback
control condition with relatively big gain coefficient. For coupled SV-SH wave in periodic
Glass-Brass-LiNbO3

C-Brass composites discussed here, only the proper negative capacitance can
be applied.
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Moreover, from all the above discussion it is known that the electric-short boundary is both
the upper value limiting of the applied positive/negative capacitance boundary and the lower value
limiting of the applied feedback control boundary. This is the reason that the electric-short boundaries
are utilized in the previous Section 5.1 and the following Section 5.3.
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5.3. Electrode Thickness Influence on the Dispersion Characteristics of Coupled Elastic Waves

For the sake of knowing the mechanical effect of electrode layers on coupled elastic waves
besides their electrical function, the band structures (wavenumber spectra) of the periodic anisotropic
piezoelectric composites with the above-mentioned four configurations of unit cell are computed by
specifying the electric-short boundary and four values of the electrode thickness, i.e., 0 mm, 0.025 mm,
0.25 mm, and 2.5 mm. The results are provided in Figure 11, with subfigures (a–d) corresponding to the
configuration of Glass-Brass-LiNbO3

A-Brass, Glass-Brass-LiNbO3
B-Brass, Glass-Brass-LiNbO3

C-Brass,
and Glass-Brass-LiNbO3

B-Brass-LiNbO3
C-Brass, respectively. Adopting the electric-short boundary

is because the associated band structures serve exactly as the limiting curves for both the applied
capacitance and the applied feedback control boundaries as obtained from Section 5.2, and thus they are
typical. In Figure 11a–d, for any kind of wave, when the ratio of the electrode thickness to the thickness
of the piezoelectric layer (called as the relative electrode thickness) is less than 0.25%(= 0.025/10),
the mechanical effect of the electrode is too weak to affect the band structures. When it reaches to
2.5%(= 0.25/10), the band structures of the relatively high order modes are distinguishably affected by



Crystals 2019, 9, 426 30 of 37

the mechanical effect of the electrode, though the band structures of low order modes are nearly not
influenced. Also inferred from these figures that, when the relative electrode thickness is higher than
2.5%, with the increasing of electrode thickness, the band structures will be more and more obviously
affected by the mechanical effect of the electrode. The variation is characterized by the decreasing of
the central frequencies of the pass-bands/stop-bands and the changes of the bandgap widths without
uniform rule. From the comparisons of Figure 11b–d with Figure 11a, it can be noticed that the band
structures of coupled wave modes associated with the narrow bandgaps discussed in Section 5.1 are
more sensitive to the electrode thickness than those of the other coupled wave modes and uncoupled
waves. With the increasing of electrode thickness, these sensitively-influenced bandgaps gradually
move down, but their widths remain almost unchanged.Crystals 2019, 9, x FOR PEER REVIEW 33 of 40 
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Figure 11. The influence of electrode thickness on the band structures of the uncoupled and coupled
elastic waves in periodic anisotropic piezoelectric composites with electric-short boundary and
with the unit cell consisting of (a) Glass-Brass-LiNbO3

A-Brass, (b) Glass-Brass-LiNbO3
B-Brass, (c)

Glass-Brass-LiNbO3
C-Brass, and (d) Glass-Brass-LiNbO3

B-Brass-LiNbO3
C-Brass.

6. Conclusions

This paper studies the active tuning of coupled elastic waves propagating perpendicular to the
interface in general laminated piezoelectric phononic crystals composed of arbitrarily anisotropic
piezoelectric and elastic materials, where the wave coupling is attributed only to the material anisotropy.
The active tuning is realized through the continuous adjustment of the electrical parameters in the
external electric circuit connected to the piezoelectric layers or the switching between different electric
circuits. The considered electrical boundaries include the electric-open, the electric-short, the applied
capacitance, and the applied feedback control conditions. The analytical matrix method is proposed,
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on the bases of the state space formalism for modeling the elastodynamics of constituent layers, the
transfer matrix method for modeling the relations between constituent layers, and the Floquet–Bloch
theorem for modeling the periodic conditions of the unit cell, to derive the dispersion equation
of general periodic laminated piezoelectric composites. By validating and adopting the analysis
method in numerical examples, the dispersion characteristics of coupled elastic waves as well as the
influences of electrical boundaries and electrode thickness on the band structures of coupled waves
were investigated. The following conclusions may be drawn from these studies for the coupled waves
induced by only material anisotropy other than inclined propagation.

1. The coupled elastic waves may have innovative dispersion phenomena such as the presence of
narrow band gaps that are not bounded between frequency lines associated with phase 2nπ or
(2n + 1)π (n is an integer). That is to say, the dispersion curves in some pass-bands/stop-bands of
coupled waves are not entirely constrained in between the Brillouin zone boundaries.

2. The coupled elastic waves are generally more sensitive than pure waves to the electrical boundaries
if they are related to electric field. The electric-short boundary is both the upper value limiting of
the applied positive/negative capacitance boundary and the lower value limiting of the applied
feedback control boundary. The applied negative capacitance and the applied feedback control
generally have much bigger extent of tunability on the band structures of couple waves than
the applied positive capacitance has. The negative capacitance and the gain coefficient do not
monotonously affect the band structures of coupled waves, but the positive capacitance does.

3. For most coupled waves, the singular pattern of dispersion curves characterized as infinity
attenuation constant (imaginary wavenumber) may be realized by either applying proper negative
capacitance boundary or applying feedback control condition with relatively big gain coefficient.

4. The mechanical effect of the electrode should be considered, as its relative thickness (defined as
the ratio of the electrode thickness to the thickness of the piezoelectric layer) reaches ~2.5% or
above if the accurate band structures of the coupled waves are required.

All these findings will push forward the design and nondestructive evaluation of laminated
anisotropic piezoelectric phononic crystals that may be applied in the smart structures with active
wave control function.
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Appendix A

In this section, the derivation of the relation between dφ̂/dz and dv̂u/dz will be given in detail,
based on all the electrical considerations including the electrical boundary conditions and their
influences on mechanical field.

First, substituting Equation (5) into the charge equation (Gauss’s law) of electrostatics with free
charge as the first formula in Equation (3), one gets dD̂z/dz = 0, which implies that D̂z is a constant.
The relation between D̂z and the electric charge on electrodes Q̂ is D̂z = Q̂/A with A the area of
electrodes, which further indicates that Q̂ is a constant. It is then substituted into the latter formula of
Equation (14) to express dφ̂/dz as

dφ̂
dz

=
F
ε33

dv̂u

dz
−

Q̂
ε33A

(A1)
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Second, the voltage (potential difference) V̂ between the electrodes can be computed from the
electric potential by

V̂ = φ̂(h) − φ̂(0) =
∫ h

0
dφ̂
dz dz =

∫ h
0

(
F
ε33

dv̂u
dz −

Q̂
ε33A

)
dz

= F
ε33

[v̂u(h) − v̂u(0)] −
Q̂h
ε33A

(A2)

where Equation (A1) has been involved. Equation (A2) provides the relation with respect to three
quantities, i.e., the voltage V̂, the electric charge Q̂, and the displacement difference [v̂u(h)− v̂u(0)]. On
the basis of Equation (A2) and the mathematical relation specifying either V̂ or Q̂ or a relation between
V̂ and Q̂ corresponding to the four considered electrical boundaries, the expressions of V̂ and Q̂ can be
further obtained as listed in Table A1.

Table A1. Expressions of relative electrical quantities in cases of four electrical boundaries.

Electrical
Boundaries Electric-Open Applied

Capacitance Electric-Short Applied Feedback
Control 1

Mathematical
relation Q̂ = 0 Q̂ = CV̂ V̂ = 0 V̂ = −Kg×

[ûz(h) − ûz(0)]

Expressions of V̂ F
ε33

[v̂u(h) − v̂u(0)]
F

ε33+Ch/A×

[v̂u(h) − v̂u(0)]
0 −K[v̂u(h) − v̂u(0)]

Expressions of Q̂ 0
F

ε33/C+h/A×

[v̂u(h) − v̂u(0)]
F

h/A [v̂u(h) − v̂u(0)]
F+ε33K

h/A ×

[v̂u(h) − v̂u(0)]

Expressions of R 01×3
F

[ε33A/(Ch)+1]ε33h
F
ε33h

F+ε33K
ε33h

1 K = [0 0 Kg].

Finally, substituting the expressions of Q̂ into Equation (A1) gives,

dφ̂
dz

=
F
ε33

dv̂u

dz
−R[v̂u(h) − v̂u(0)] (A3)

i.e., Equation (16), where R is naturally obtained from Q̂ and represented by F in cases of four electrical
boundaries as also listed in Table A1.

Appendix B

In this section, the frequency–wavenumber spectra (band structures) of elastic waves along
thickness in laminated piezoelectric phononic crystals with the unit cell consisting of Glass-LiNbO3

A

layers and the piezoelectric layer being in a state of electric open are analyzed by the formulation
described above, so that the proposed method and the corresponding computer program can be
validated in this degeneration situation. The elastic waves in this case are decoupled into pure SH,
SV and P waves, so the computed results can be compared with their counterparts obtained by the
explicit formula in Galich et al. [86] or identically in Shen & Cao [87], as provided in Figure A1. It is
worth noting that the equivalent elastic constant c33 + e2

33/ε33 is used for the LiNbO3
A layer in the

explicit formula so as to take its piezoelectric effect into account. From Figure A1, it is seen that the
band structures gained by the two methods are exactly coincident, which proves our proposed method
in this paper. Besides, note that the wavenumber spectra of the SH wave are superposed exactly on
those of the SV wave due to the same wave speed.
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