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1. X-ray Scattering Data Analysis

The scattering intensity I(q) from particles in a solution can be generally analyzed by two 

different approaches, namely structural model approach and model-independent indirect Fourier 

transformation (IFT) method [1-3]. 

First, as a structural model approach, the scattering intensity I(q) of particles in a solution can 

be expressed by the following equation [1-5]: 

 I q  = np P q  S q                  (1) 

where np = Np/V is the number density of particles in the sample where Np is the number of particles 

and V is the solution sample volume exposed to the X-ray beam employed, P(q) is the form factor of 

the particle, and S(q) is the structure factor for the particles. The intensity is measured as a function 

of scattering vector q = (4π sin θ)/ λ, where 2θ is the scattering angle and λ is the wavelength of the 

X-ray beam.  
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In this study, X-ray scattering measurements were conducted for diluted particle suspensions 

and, therefore, the S(q) term can be approximated to be unity over the entire q range [1-3,6]:  

 S q  ≈ 1.           (2) 

This approximation allows the isolation of P(q) from the overall scattering intensity I(q). Therefore, 

equation 1 can be written as: 

            I q  = np P q .                                (3) 

The core-shell ellipsoid model has been developed to account colloidal particles that are not perfectly 

sphere in shape [1-3,7]; the geometry of such spheroid particle can be defined by the ellipticity (𝜀 , 

namely the ratio between polar axis (Rp) and equatorial axes (Re) as below: 

 ε = 
Rp

Re
                                   (4) 

where prolate ellipsoid is obtained when Re > Rp (i.e., ε < 1) and oblate ellipsoid is obtained when Re 

< Rp (i.e., ε > 1). In the solution x-ray scattering measurement, the ellipsoidal of revolution is 

considered by convolution of spherical scattering amplitudes 𝛷  with Gaussian smoothing function 

to account the region of fuzzy interface (2σf) with gradual decrease of radial scattering length density 

distribution [1-3,7,8]. The resulting scattering amplitude is expressed as following: 

 Φ q, σf, r
' α, Re   = 

3 sin qr’  – qr’cos(qr’)

(qr’)
3  . exp (-

qσf
2

4
)             (5) 

where  r ' is the effective radii of Re and Rp in radians of 0 ≤ α ≤ π/2, which can be expressed by 

 r '(α, Re) = Re sin2α+ ε2 cos2α .                     (6) 
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Additionally, the core-shell ellipsoidal particle is considered to account different phases in 

single particle. The total scattering amplitude (Atotal) is expanded into scattering amplitude of core 

(Acore) and scattering amplitude of shell (Ashell) as below [3,9]:  

Acore q, r' α, Re, core  = Δρcore(r
') Vcore(Re, core) Φcore q, σf, core, r

' α, Re, core       (7) 

 Ashell q,  r' α, Re, core  = Δρshell r' Vshell(Re,shell) Φshell
q, σf, shell, r

' α, Re, shell      (8) 

 Atotal = Acore q, r' α, Re, core  + Ashell q, r' α, Re, core                        (9) 

where volume of ellipsoid is described as below: 

 V(Re) = 
4π

3
εRe

3 .                             (10) 

Subsequently, the form factor of ellipsoid of revolution (Pe ) can be obtained by orientational 

averaging of the form factor P as below: 

 P q, r' α, Re  = Atotal q, r' α, Re

2
                    (11) 

 Pe q, Re  = P q, r'(α, Re) sin α dα
π
2

0
.                    (12) 

 

Moreover, the radial scattering length density profile Δρ(r) along equatorial axis Re of a single 

particle can be further obtained by numerical Fourier transformation of the respective scattering 

amplitudes: 

Δρ r  = 
1

2π2 A q, r' α, Re
sin (qr)

qr

 

 
dq                    (13) 

where α = π

2
 and  r ' α, Re  = Re. 

In this study, the model generated scattering amplitude is extrapolated to the range of 2 < q ≤ 35 

nm-1 from the measurable range of 0.07 ≤ q ≤ 2 nm-1 to avoid termination ripples due to the 
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insufficient experimental range of q. The extrapolated range of q lower than 0.007 nm-1 contributes 

insignificantly on the transformed Δρ(r). 

To consider polydisperse particles, the Schultz-Zimm distribution function is assumed [4]: 

 n(Re) = 
z + 1
R0

Re
z

Γ(z + 1)
exp

- z + 1 Re

R0
                       (14) 

 z = 
R0

σ

2
– 1                                (15) 

where z, R0 and σ are the width parameter, mean of the size distribution and root mean square 

deviation from R0, respectively. Γ(x) is the Gamma function. The Gaussian distribution function is 

approximated at z 0  and right-skewed distribution function is approximated at z ≫ 1. After 

incorporating all contributions, including constant incoherent background Ibckg  [8], the number-

averaged intensity distribution is expressed as below: 

 I q, Re  = np  n(Re) P q, r' α, Re dRe sin α dα
∞

0

π
2

0
+ Ibckg.          (16) 

 

To consider X-ray scattering intensities from possible inhomogeneities inside a single particle, 

structure, an additional form factor Pa(q) can be expressed as the function of correlation length lp 

which is assumed to be originated from random two phases [10]: 

 P(q)= e
- r

lp
∞

0

sin (qr)

qr
r2dr.                           (17) 

On the other hand, the structure factor S(q) from the particles system can be given as below [5,11,12]: 

 S q  = 
1

1 – N(q)
                               (18) 

where 
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 N q = -24ϕ
λ1

sin D – D sin D

D3  – 6ϕλ2
D2 cos D – 2D sin D – 2 cos D + 2

D4

– ϕλ1
D4 cos D – 4D3 sin D – 12D2 cos D + 24D cos D – 24

2D6

            (19) 
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 .            (21)  

Here, ϕ is the volume fraction of minor phase domain, and D = 2lDq where lD indicates the size of the 

phase separated domain and it is assumed that lD is equal to lp which is the correlation length used in 

the form factor for simplicity in consideration of randomly phase separated structure model.  

As a second approach, the IFT method is applicable to analyze the scattering intensity I(q) from 

particles in a solution [1-3,7,11,13-16]. With the priori information of maximum dimension, Dmax, 

the radius of gyration, Rg and radius at peak maximum, Rmax are obtained from the pair distance 

distribution function p(r) by assuming the p(r) as the series below: 

 p r  = ∑ 𝑐  𝜑 𝑟  for 0 ≤ r ≤ Dmax   (22) 

where N is the number of functions, ci are the unknown expansion coefficients and φi(r) are the 

cubic B splines. 

Due to the linearity of Fourier transformation, 

 I q  = ∑ ci ψi(q)N
i=1      (23) 

where I(q) is the Fourier transform of p(r) and is represented by the series of Fourier transformed B 

splines ψi(q). 

Under the constraint of Nc, 

Nc = ∑ (ci+1- ci)
2N-1

i=1      (24) 
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together with the Lagrange multiplier, λ under least square condition, 

L+λ∙Nc  = Min      (25) 

ci is then calculated by weighted least-squares operation: 

L = ∑
[Iexp qk -Iexp qk ]

2

σ2 qk
= ∑

[Iexp qk - ∑ ci ψi(qk)N
i=1 ]

2

σ2 qk

M
k=1

M
k=1    (26) 

Thus, the p(r) profile is then obtained with the optimized ci indirectly. 

 Alternatively, the p(r) can also be obtained by numerical Fourier transformation of the 

scattering intensity profile I(q) which is reconstructed with the structural parameter details determined 

from the structural model analysis of the experimentally measured scattering data (Figure S1). This 

approach requires good matches between the measured I(q) and the model generated I(q). In this 

study, the model generated I(q) is extrapolated to the range of 0.001 ≤ q < 0.07 nm-1 from the 

measurable range of 0.07 ≤ q ≤ 2 nm-1 to avoid termination ripples due to the insufficient experimental 

range of q. The extrapolated range of q higher than 2 nm-1 contributes insignificantly to the 

transformed p(r). The p(r) is obtained with the equation below: 

 p r  = 
1

2π
I q  qr sin (qr) dq

 

 
.                      (27) 

From the p(r) function profile, the radius of gyration (Rg) of the particle can be estimated by using 

the following relation: 

 Rg
2 = p r  r2 dr

2 p r  dr
 .                            (28) 

 

Moreover, the radius distributions (i.e., number-weighted radius distribution: n(Re) versus Re), 

which are determined from the scattering data by the quantitative structural model analysis, can be 

further converted to the scattering intensity-weighted radius distribution by using the following 

relation [17]: 
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I q  = 𝑐 𝑛 𝑅 ∙ 𝑅 ∙ 𝐼 𝑞𝑅 𝑑𝑅                       (29) 

 

where I1(qRe) is the scattered intensity from a particle of radius Re and cn is a constant. 

 

 

Figure S1. Pair distance distribution functions p(r) obtained from numerical Fourier transformation of 
the extrapolated scattering intensity profile from model analysis: (a-1) PS-1, corrected with water as 
the solution medium; (a-2) PS-1, corrected with supernatant as the solution medium; (b-1) PS-2, 
corrected with water as the solution medium; (b-2) PS-2, corrected with supernatant as the solution 
medium; (c-1) PS-3, corrected with water as the solution medium; (c-2) PS-3, corrected with 
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supernatant as the solution medium; (d-1) PS-4, corrected with water as the solution medium; (d-2) 
PS-4, corrected with supernatant as the solution medium. 

 

Table S1. Structural parameters of PS nanoparticles determined from p(r) function obtained by 
numerical Fourier transformation of respective extrapolated scattering intensity profile acquired in 
the quantitative structural model analysis. 
 

Structure parameter PS Nanoparticles 
PS-1  PS-2 PS-3 PS-4 

Water Supernatant  Water Supernatant Water Supernatant  Water Supernatant 

SAXS Analysis           

Rg 
a (nm) 34.0 33.8  23.4 23.5 13.6 13.5  9.3 11.3 

Rmax 
b (nm) 46.6 46.1  31.5 31.8 16.6 18.0  10.7 14.2 

Dmax c (nm) 87.5 87.0  63.0 62.5 44.0 38.7  33.1 37.5 

Rmax/Rg  1.37 1.36  1.35 1.35 1.22 1.33  1.15 1.26 
Dmax/Rmax 1.88 1.88  2.00 1.96 2.65 2.15  3.09 2.64 

 aRadius of gyration. bRadius at peak maximum. cmaximum dimension. dRadius of gyration of particle from the model analysis. 
 

 

2. DLS Data Analysis 

In a homogeneous dispersion, the particles scatter the incident light into all directions. They 

move in three-dimensional random-walk motion under diffusion process. At a fixed scattering angle, 

the scattered intensity shows stochastic fluctuations due to their time-dependent positions and 

momenta. This fluctuating signal about its mean intensity is collected by using a detector for a 

duration of time and then the normalized autocorrelation function of scattered intensity, g2 q, t  can 

be obtained as below [1,18-21]: 

g2 q, t  = 
〈Is q, t Is q, t + τ 〉

〈|Is q, t |2〉
                        (30) 

where t is the time, τ is the delayed time, and q is the magnitude of scattering vector defined by the 

equation below: 

q = 
4πno sin θ

λ
                               (31) 

where no is the refractive index of a solvent used, λ is the wavelength of a laser light used, and 2θ is 

the scattering angle. When τ is approaching zero,  I q, t + τ  is correlated with Is q, t  and this 

correlation disappears at large τ. Thus, the g2 q, t  of a nonperiodic property decay from its initial 
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value of 〈Is
 2〉 to a final value of 〈Is〉2. The Siegert relation [22] describes the g2 q, t  by normalized 

scattered field equation of g1 q, t  as below: 

g2 q, τ  = 1+ β g1 q, t
2
                          (32) 

with β is a instrumental optical corrections. For a monodisperse and dilute dispersion of particles,  

g1 q, t  = exp - Γτ                             (33) 

where Γ = q2Dt is the decay rate constant and related to the translational diffusion coefficient Dt of 

the particles. In the case of spherical particles, the hydrodynamic radius, Rh is expressed by the 

Stokes-Einstein equation [23,24] as below: 

Rh = 
kBT

6πηDt
                               (34) 

where kB is the Boltzmann constant, T is the temperature of sample, and η is the (temperature-

dependent) viscosity of the dispersant. For the polydisperse dispersion, g1 q, τ  is the integral over 

exponential terms weighted by G Γ , or a continuous distribution of decay rate constants Γ as 

below [19,25]: 

g1 q, τ  = G Γ exp - Γτ dΓ.                       (35) 

 

For a narrow monomodal distribution of G Γ , the Cumulant method [26,27] is generally used to 

analyze the deviation from linearity of equation below: 

 ln g1 q, τ = ∑ km(Γ)
(- τ m)

m!
∞
1                       (36) 

where km(Γ) is the mth cumulant values, which can be obtained from the curve of ln g1 q, τ  

versus τ . k1 Γ  is the mean of G Γ  or z-averaged translational diffusion coefficient Dz  of 

particles: 

k1 Γ  = Γ = G Γ ΓdΓ = q2Dz.                     (37) 
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From Dz, the hydrodynamic radius Rh of the particle (specially, hard spherical particle) can be 

calculated by using the Stokes-Einstein equation [24,28] and the viscosity of the surrounding medium: 

 

Rh,z = 
kBT

6πηDz
.                               (38) 

Together with Γ  and k2 Γ  or the variance of G Γ , the polydispersity index (PDIDLS)  is 

calculated as below: 

PDIDLS =
k2 Γ

Γ
 2 .                             (39) 

 

Since the Cumulant method is less descriptive for samples that have size distribution further away 

from unimodal, the non-negatively constrained least square (NNLS) deconvolution algorithm can be 

applicable to analyze the DLS data from samples with larger polydispersity, one common example is 

the CONTIN algorithms [29,30].  

For small and isotropic spherical particles, the scattering intensity is proportional to the radius 

to the sixth power. Thus, in terms of scattering intensity, the relative contribution from the spherical 

particles with a radius a can be expressed as follows [31]: 

Intensity %  𝐼 % ∙

∙∙∙∙∙
   .                (40) 

For the spherical particles, the particle volume is proportional to the radius to the third power. Taking 

this into account, in terms of volume, the relative contribution from the particles with a radius a is  

Volume %  𝑉 % ∙

∙∙∙∙∙
   .                (41) 

Moreover, in terms of particle in number, the relative contribution from the particles with a radius a 

is  

Number %  𝑁 % ∙

∙∙∙∙∙
   .                  (42) 
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