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Abstract: The development and breakdown of Kelvin–Helmholtz (KH) waves (billows) in the
stable atmospheric boundary layer (SABL) and their impact on vertical transport of momentum
and scalars have been examined utilizing large eddy simulations. These simulations are initialized
with a vertically uniform geostrophic wind and a constant potential temperature lapse rate. An
Ekman type of boundary layer develops, and an inflection point forms in the SABL, which triggers
the KH instability (KHI). KHI develops with the kinetic energy (KE) in the KH billows growing
exponentially with time. The subsequent onset of secondary shear instability along S-shaped braids
leads to the turbulent breakdown of the KH billow cores and braids. The frictional ground surface
tends to slow down the growth of KE near the surface, reduce the KH billow core depth, and likely
suppress other types of secondary instability. KH billows induce substantial down-gradient transport
of momentum and sensible heat, which can be further enhanced by the onset of secondary shear
instability. Although the KHI-induced strong transport only lasts for around 10–20 min, it reduces
vertical shear and stratification in the SABL, enhances surface winds, and results in a 2–3-fold increase
in the SABL depth.

Keywords: Kelvin–Helmholtz billows; stable atmospheric boundary layer; secondary instability

1. Introduction

Kelvin–Helmholtz instability (KHI) occurs frequently in stably stratified flows in
the presence of strong vertical wind shear [1,2]. The necessary conditions for KHI to
occur in a continuously stratified flow include (a) the presence of an inflection point (i.e.,
the level where d2U(z)/dz2 = 0, where U(z) denotes the wind speed at level z) and (b)
the minimum Richardson number in the shear layer is less than 0.25. A KHI process in
the atmosphere lasts from a few minutes to a few dozens of minutes [3], including an
initial growth phase with the roll-up of the shear layer (or vortex sheet) into wave-like
undulations, the formation of mature KH billows phase, and turbulent breakdown of KHBs
phase associated with the overturning of density surfaces or other types of secondary
instability (SI). In addition to many laboratory experiments, the secondary instability in
two- or three-dimensional laminar flows has been extensively investigated by numerical
studies for low-to-moderate Reynolds number fluids using direct numerical simulation
codes (DNS). Several SI types have been identified from numerical and laboratory studies,
namely localized core vortex instability, secondary core deformation instability, secondary
convective instability, stagnation point instability, secondary shear instability, secondary
vorticity bands instability, subharmonic vortex pairing, and knots and tubes (see [4] for
a review). More recently, the knots and tubes dynamics was numerically investigated by
Fritts et al. [5,6].

KHI has been frequently cited as an important source of internal gravity waves (IGWs)
and intermittent turbulence in the stable atmospheric boundary layer (SABL, see [7] for
a review). Otherwise known as “KH waves” or “KH billows”, KHI-induced wave-like
undulations are also frequently referred to as “vorticity waves”, as they are generated by
the roll-up of vortex sheets, to distinguish them from buoyancy-driven IGWs in a stably
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stratified atmosphere. IGWs may trigger KHI in the atmosphere through locally enhancing
wind shear and reducing the Richardson number (e.g., [8]); on the other hand, KHIs may
generate IGWs [9]. Recent remote-sensing observations suggested that KHI frequently
occurs in the SABL over polar regions. For example, in the winter months, KH billows
and braids were documented 40% of the time by high-resolution sodar at an Antarctic
site [10,11]. Zaitseva et al. [12] evaluated the impact of wave-like motions on turbulent
characteristics using long-term sodar measurements and found that the passage of 30% of
KH billow trains was accompanied by an increase in turbulent kinetic energy and heat and
momentum fluxes. The role KHI plays in the vertical mixing of momentum and scalars
has been the subject of numerous studies, mostly for low to moderate Reynolds number
fluids, with a few exceptions. Through the analysis of a KHI event documented in the SABL
during the Cooperative Atmospheric Surface Exchange Study 1999 field campaign (CASES-
99), Newsom and Banta [3] found that, associated with the onset of KH waves, a sudden
increase in the downward wave momentum flux was accompanied by a sharp reduction in
the wind shear near the critical level. The numerical study by Smyth [13] suggested that
KH billows may be important for vertical mixing in stratified fluids. More recently, van der
Linden et al. [14] noted that, in a very stable boundary layer, the KHI-induced bursting of
momentum flux tends to erode wind shear near the ground surface.

The majority of KHI studies are focused on KH billows developing in an initially
sheared laminar flow, far away from any boundaries, with a few exceptions. The devel-
opment of shear instability in a stably stratified shear layer in the presence of prescribed
turbulence has been numerically examined by Kaminski and Smyth [15], and they found
that KH billow structure can be suppressed by pre-existing turbulence and be eventually
eliminated if the turbulence is strong enough. The impact of a lower boundary on KHI
and the turbulent breakdown of KH billows was recently studied by Liu et al. [16] using
ensembles of direct numerical simulations (DNS). They noticed that the transition into
turbulence and the subsequent mixing were modified by the nearby solid boundary, where
a no-slip boundary condition was applied.

The objective of this study is to shed light on KHI development, KH billow character-
istics, secondary instability, the turbulent breakdown of KH billows, and their impact on
vertical mixing in a stable atmosphere boundary layer by analyzing large eddy simulations.
The remainder of this paper is organized as follows. The LES code and model configuration
are illustrated in Section 2. The development of the simulated KH billows, secondary
instability, and their impact on vertical mixing and mean boundary layer characteristics
are examined in Section 3. Some issues related to secondary instability and the model
domain sensitivity are further discussed in Section 4. Section 5 includes a summary and
concluding remarks.

2. LES Code and Model Configuration

The LES code used in this study solves a set of spatially filtered three-dimensional
Boussinesq equations in a rectangular domain with periodic boundary conditions applied
along the side walls (e.g., [17,18]). The subgridal scale (SGS) stress and fluxes are param-
eterized following the two-part SGS scheme illustrated in [18]. The pair of simulations
presented in this study are selected from two dozen experimental runs with different
horizontal domain aspect ratios, domain sizes, and grid spacings.

For the control simulation (i.e., A in Table 1), the horizontal dimensions of the rectan-
gular domain are Lx = 1536 m and Ly = 384 m with a grid spacing of ∆x = ∆y = 3 m. There
are 220 vertical levels with the first model level at z1 = 2 m and the model top at D = 1200 m,
where a radiation boundary condition [19] is applied. The vertical grid spacing increases
with height with a constant stretching ratio, ∆zi+1/∆zi = 1.007, and a resulting average
grid spacing of 2.38 m for the lowest 100 m. For simulation B, the first model level is at
z1 = 1 m and the model top is at D = 1200 m with a stretching ratio of 1.015. The average
vertical grid spacing is 1.54 m in the lowest 100 m. Some control and derived parameters
from these simulations can be found in Table 1.
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Table 1. Control and derived parameters for the two LES runs (A and B). The model grids, horizontal
grid spacing, geostrophic wind speed, and the first model level (z1) are shown in columns 2–5. The
derived parameters (i.e., columns 6–11) include inflection point level (ZIP) before KHI starts, KH
wavelength (λ), phase angle (α), inflection point level and wavelength ratio, horizontally averaged
kinetic energy maximum (KEm), and the ratio between mature KH billow core height and the
wavelength (R), respectively.

Exp Grids ∆x (m) Ug (m/s) z1 (m) ZIP (m) λ (m) α (◦) ZIP/λ KEm (m2/s2) R

A 512 × 128 3.0 15 2 30 370 14.4 6.2 5.1 0.16

B 1024 × 256 2.5 9 1 20 247 14.3 6.2 1.7 0.12

The initial horizontal winds are unidirectional and vertically uniform,
→
V0(z) = (Ug, 0),

where Ug is the wind speed in the X direction. The atmosphere is initially in geostrophic
balance with a constant Coriolis parameter f = 1.2 × 10−4 s−1. For the control simulation,
the potential temperature is given by θ(z) = θ0 + Γz, where θ0 = 265 K is the potential
temperature at the surface and Γ = 6 K/km is the constant lapse rate. In addition, small
random perturbations in wind and potential temperature are introduced at the beginning
of each simulation to accelerate the spin-up of turbulence in the stable boundary layer.

The surface stress (τ) and dynamic heat flux (Fθ) are computed using the bulk formula
(e.g., [20]), namely,

τ = ρaCD(u2
1 + v2

1) (1)

Fθ = −Cθ

√
u2

1 + v2
1(θ1 − θs) (2)

where the subscripts s and 1 denote variables at the surface and 1st model level, respec-
tively. The exchange coefficients, CD and Cθ , are computed following the Monin–Obukhov
similarity theory using a constant surface roughness length z0 = 0.1 m for both the surface
stress and temperature flux. The ground temperature linearly decreases with time, i.e.,
θs(T) = θ0 + αt, where θ0 = 265 K is the initial ground temperature, t is the integration time,
and α = −0.5 K/h is the cooling rate. Therefore, the surface heat flux is always negativem
and the boundary layer is stable throughout the simulations. The model integration time in-
terval (∆t) is assessed at every time step by setting the maximum Courant–Fredrichs–Lewy
number to 0.3 [i.e., CFLmax = ∆tmax(u/∆x, v/∆y, w/∆z) = 0.3] to maintain computa-
tional stability. For the control simulation, the time interval varies between 0.055 and
0.062 s with an average of 0.059 s. It is worth noting that in the majority of KHI studies
using LES or DNS models, the model is usually initialized with an idealized unidirectional
shear layer. Accordingly, the fastest growth unstable mode can be predicted by solving
the Taylor–Goldstein equation, and the horizontal KH phase line is normal to the flow
direction in the shear layer. In this study, the LES model is initialized with a vertically
uniform unidirectional geostrophic wind (i.e., Ug in the X or u-wind direction). Vertical
wind shears in both X and Y directions develop naturally in an Ekman type boundary layer
until KHI occurs, associated with an inflection point. Therefore, the fastest growth mode
and its phase line orientation are not known a priori. Especially in a limited-area horizontal
domain, the fastest growing KHI mode may depend on the domain size and its aspect ratio
to satisfy the double periodic boundary conditions. Some of these issues are discussed in
Section 4.

3. KH Billows and Breakdown in the SABL

In the control simulation (A), a shallow stable Ekman boundary layer develops rapidly.
As will be shown, KHI takes place associated with an inflection point in the v-wind profile
followed by secondary instability. We start by diagnosing the control simulation with
emphasis on the characteristics and evolution of the simulated KH billows as well as their
impact on vertical transport of momentum and heat.
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3.1. KH Billows and Turbulent Breakdown

The evolution of KH waves and billows are revealed in the vertical and horizontal
cross-sections in Figures 1 and 2 (note that both figures are created by stitching two identical
vertical or horizontal cross-sections together, taking advantage of the periodic boundary
conditions to give readers a better perspective). Figure 1 shows snapshots of u-wind,
potential temperature (θ − θ0), spanwise vorticity (i.e., ζ = ∂u

∂z − ∂w
∂x ), and the buoyancy

frequency squared (i.e., N2 = g
θ0

∂θ
∂z ) in a vertical cross-section oriented along the geostrophic

wind (i.e., X) direction. KHI starts around t0 = 40 min, and for the sake of clarity, we use
tKH = t − t0 in the following discussion of KH billow evolution. At tKH = 5 min, the
KH waves become evident, manifested as vertical undulations of the isotachs, isentropic
surfaces, spanwise vorticity patterns, and the boundary layer top inversion (Figure 1a,d). At
this early stage, the KH waves are most noticeable in the vorticity cross-section (Figure 1c).
As expected, the spanwise vorticity is positive in the boundary layer with a maximum
immediately above the surface and decreases with height toward zero at the SABL top
level, presumably dominated by the contribution from the vertical wind shear term (i.e.,
∂u/∂z > 0). The largest vertical undulation of the isosurfaces occurs between 20 and 40 m,
suggesting that the KH layer is centered approximately at z = 30 m.

These unstable KH waves grow in amplitude rapidly with time, and the KH billow
cores start forming underneath wave crests in 5 min (i.e., tKH = 11 min), as evidenced by the
overturning of isotachs and isentropic surfaces (Figure 1e,f). In Figure 1g,h, the KH billow
cores are characterized by reduced vorticity (slightly negative in places) and weakened
stratification encompassed by S-shaped braids where both the vorticity and stratification
are enhanced. Approximately by tKH = 15 min, the KH billows are fully developed with
their cores between 20–80 m (Figure 1i–l). KHI-induced vertical undulation extends from
the surface up to 120 m and beyond (Figure 1j). The mature billow cores contain multiple
rings of alternating wind and temperature anomalies, associated with the entrainment
of the warmer and faster airflow from above. Similarly, negative vorticity filaments are
evident inside the cores along with much enhanced positive vorticity in the lowest 20 m
(Figure 1k). According to [21], the negative vorticity in KH billow cores is generated by
baroclinicity, which also contributes to the enhancement of the positive vorticity in the
braids. There are negative N2 filaments inside the cores as well, suggesting that some
portions of the KH cores are convectively unstable (Figure 1l).

At tKH = 16 min, small kinks first appear along the S-shaped braids that wrap around
the KH billow cores, implying the onset of the secondary shear instability (SSI). By
tKH = 16.5 min, several spikes are evident along the braids and the wave crests with a
horizontal length scale of 100–150 m, suggesting fast growth of SSI (Figure 1e). Negative
vorticity and negative N2 appear in the spikes as well (Figure 1o,p), implying that the
secondary KH billows become convectively unstable as well. By tKH = 17.5 min, while the
vertical undulations of the isotachs and isentropic surfaces associated with the primary
KH waves are still evident, KH cores are virtually destroyed by SSI and become turbulent
(Figure 1q–t).

Shown in Figure 2 are the horizontal sections of the u wind at two different levels
during the SSI. Prior to the SSI and KHB breakdown, the KH waves are two-dimensional
with the orientation angle between the phase lines and the geostrophic wind (i.e., X)
direction α ≈ 14.40 (Figure 2a). The horizontal wavelength (i.e., the distance between two
adjacent phase lines) is λH ≈ 372 m. Therefore, the ratio between the KH core depth and
wavelength is around 0.16, which is sizably smaller than typical KH billows away from a
solid surface derived from previous studies (e.g., 0.2 in [22,23]). The smaller KH core depth
is likely due to the negative impact of the ground surface, as suggested in [16].
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Figure 1. Vertical cross-sections of u (leftmost, color incr. = 0.5 m/s), potential temperature (col 2,

0θ θ− , color incr. = 0.025 K), normalized span-wise vorticity (col 3, incr. = 0.05), and normalized 
buoyancy frequency squared (rightmost, incr. = 0.05) valid at (top to bottom rows) tKH = 5 (a–d), 11 
(e–h), 16 (i–l), 17.5 (m–p), and 18.5 (q–t) min, respectively. The vorticity is normalized by 0.35 (top 
row), 0.49 (row 2), and 0.78 s−1 (rows 3–5), respectively, and N2 is normalized by 0.001 s−2. These 
figures are created by stitching together two identical cross-sections for the sake of description. 

        

        

Figure 1. Vertical cross-sections of u (leftmost, color incr. = 0.5 m/s), potential temperature (col 2,
θ − θ0, color incr. = 0.025 K), normalized span-wise vorticity (col 3, incr. = 0.05), and normalized
buoyancy frequency squared (rightmost, incr. = 0.05) valid at (top to bottom rows) tKH = 5 (a–d), 11
(e–h), 16 (i–l), 17.5 (m–p), and 18.5 (q–t) min, respectively. The vorticity is normalized by 0.35 (top
row), 0.49 (row 2), and 0.78 s−1 (rows 3–5), respectively, and N2 is normalized by 0.001 s−2. These
figures are created by stitching together two identical cross-sections for the sake of description.
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KH wave-induced wind perturbations are substantially larger near the KHB cores 
than at the surface. Secondary shear instability first develops below each wave crest, 
where the u-wind is minimal (Figure 2a), and finer-scale perturbations are noticeably 
stronger at the z = 21 m level than at the surface (Figure 2a,b). In 2 min, the amplitude of 
the SSI-induced u-wind perturbations become comparable to that of the primary KH 
waves (Figure 2c,d). The KH waves propagate toward the lower right while growing in 
amplitude. At tKH = 15 min, finer-scale features first appear along the upwind edges of 

Figure 2. Horizontal (X-Y) cross-sections of u at levels z = 6 (a,c) and 21 m (b,d) valid at tKH = 15
and 17 min, respectively. The color shading increments are (a) 0.2 m/s, (b) 0.6 m/s, (c) 0.5 m/s, and
(d) 0.5 m/s, respectively. The graphics are stretched in the Y direction by a factor of two. These figures
are created by stitching two horizontal sections together in the X-direction for the sake of description.

KH wave-induced wind perturbations are substantially larger near the KHB cores than
at the surface. Secondary shear instability first develops below each wave crest, where the
u-wind is minimal (Figure 2a), and finer-scale perturbations are noticeably stronger at the
z = 21 m level than at the surface (Figure 2a,b). In 2 min, the amplitude of the SSI-
induced u-wind perturbations become comparable to that of the primary KH waves
(Figure 2c,d). The KH waves propagate toward the lower right while growing in am-
plitude. At tKH = 15 min, finer-scale features first appear along the upwind edges of wave
crests (Figure 2b), corresponding to the spikes along braids in the vertical cross-sections
(Figure 1d). At tKH = 17 min, the primary KH waves are blurred by finger-like patterns
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(Figure 2c). The fast-growing fine-scale perturbations along the KH braids, where the wind
shear is the strongest (Figures 1 and 2), imply that the secondary shear instability is three-
dimensional in nature and plays a dominant role in the initial turbulent breakdown of the
simulated KH billows, although convective instability likely contributes to the breakdown
as well.

Shown in Figure 3 are the distance–time sections of u at z = 18.6 m. In the X direction,
the KH waves propagate along the wind direction while growing in amplitude and sub-
sequently experiencing SSI and turbulent breakdown (Figure 3a). The wave speed (i.e.,
the slope of patterns indicated by dashed lines in Figure 3a) is around 5.10 m/s. In the
Y-direction, the KH wave speed is around 1.35 m/s, implying that the KH waves tend to
propagate in the direction perpendicular to the horizontal phase lines (Figure 3b). The
growth of KH billows and their breakdown observed near the center of the LES domain
are revealed in Figure 4. KHI first manifests itself as undulations of the cold sheared layer
above the surface (Figure 4a,b), which rolls up in the second cycle (between tKH = 8–13 min)
with the onset of the overturning of the isentropic surfaces under the wave crest. In the third
cycle (tKH = 13–17 min), a mature KH billow is evident with signs of the early development
of the secondary shear instability (fine-scale spikes along the top edge of the KH billow in
Figure 4a,b). Associated with the abrupt breakdown of the KH billow (tKH > 17 min), the
turbulent layer thickens substantially with relatively large eddies reaching beyond 200 m
above the surface.
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The domain-averaged profiles of the horizontal winds (U, V), potential temperature
(θ − θ0), vertical wind shears (dU/dz and dV/dz), and Richardson number

(Ri = g
θ

∂θ
∂z

((
∂U
∂z

)2
+

(
∂U
∂z

)2
)−1

) before and after the KH event are shown in Figure 5.

Prior to the KH event, the stable boundary layer is about 60 m deep, capped by a thin
and more stable layer. While the u-wind and its vertical shear are much larger than its
v-wind counterparts, the vertical shear in u-wind is positive throughout the boundary
layer. Although the vertical shear of the v-wind is weak, a well-defined inflection point
(i.e., where d2V/dz2 = 0) is present at ~30 m. In general, the gradient Richardson number
is small (Ri < 0.1) in the boundary layer. Therefore, the development of the KH instability
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is likely associated with the inflection point in the v-wind profile. A low-level jet is evident
in the v wind, and the depth of the shear layer above the jet level is around 40 m. For the u
wind, the depth of the shear layer is comparable to the SABL depth (i.e., ~60 m). The ratio
between the KH wavelength and shear layer depth is 6.2 for u wind and 9.3 for v wind,
respectively, which fall into the range for the fastest growing KH mode (i.e., 6–13, e.g., [24]).
After the onset of SSI (i.e., tKH > 17 min), the boundary layer depth extends to 150 m, above
which the Richardson number > 0.25, the wind shear reduces to zero, and a more stable
layer is evident between 150–180 m.
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3.2. Impact of KH Billows on Vertical Transport of Momentum and Heat

The development of KHI and its impact on the mean boundary layer structure is
further revealed in Figure 6, which shows the time–height sections of several domain-
averaged variables along with some second- and third-order moments. A kinetic energy
(KE, including both KH-induced perturbations and turbulent kinetic energy or TKE) max-
imum first appears approximately at z ~ 30 m, where the inflection point is located, and
tKH ~ 6 min (Figure 6a). The KE maximum grows rapidly with time in terms of both its
magnitude and vertical extension and then breaks into two separate maxima centered at
approximately 10–15 m and 40–50 m, respectively, with a relative minimum at z = 30 m.
The KE distribution, namely two KE maxima separated by an inflection point, is in quali-
tative agreement with the Doppler lidar observations by Newsom and Banta [3]. Further
analysis indicates that these KE maxima are dominated by contributions from horizontal
wind perturbations, which, according to the linear wave theory, are at their minimum near
the inflection point level [3]. Starting from the onset of the SSI (tKH ~ 17 min), both KE
maxima start decreasing with time, and for tKH > 20 min, KE is characterized by a single
maximum near the surface while the elevated maximum disappears. In the meantime, the
KE maximum envelope experiences a sharp increase in its vertical extension during the SSI
and turbulent breakdown phase and extends up to ~160 m above the ground.
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Figure 6. Time–height sections of (a) kinetic energy (KE, normalized by 5 m2/s2), (b) momentum
flux in the geostrophic wind direction (u′w′ normalized by 0.8 m2/s2), (c) dynamic heat flux (w′θ′

normalized by 0.064 K m/s), (d) Km (normalized by 20 m2/s), (e) Kh (normalized by 20 m2/s), (f) w′3

(normalized by 0.6 m3/s3), (g) θ′2 (normalized by 0.044 K2), (h) Richardson number, (i) U (normalized
by Ug), and (j) θ − θ0 (K). Only the lowest 160 m is shown.

Shown in Figure 6b is the u-wind flux, u′w′, which is 1–2 orders of magnitude larger
than its counterpart in the Y direction (i.e., v′w′). The u-wind momentum flux is charac-
terized by a negative maximum centered approximately at z ~ 25 m level. The negative
maximum grows in magnitude with time before the onset of SSI on pace with the KE
growth, implying the role of KH waves in downward, and therefore down-gradient, mo-
mentum transport. The momentum flux peaks between tKH = 16–18 min, coinciding with
the occurrence of the secondary shear instability, suggesting that the SSI and turbulent
breakdown of the KH billows are more effective in the vertical mixing of momentum than
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the KH billows themselves. The dynamic heat flux (i.e., w′θ′, which is proportional to the
sensible heat flux) is negative as well during this KH event, suggesting generally downward
transport of heat by KH billows (Figure 6c). The vertical extension and evolution of the heat
flux resemble the momentum flux. However, the largest momentum flux occurs noticeably
lower than its counterpart in the heat flux, presumably due to the fact that the strongest
mean vertical wind shear is confined in the lowest 20 m while the vertical gradient of
potential temperature is more uniform throughout the SABL.

The KHI-induced vertical mixing effect is also evident in the eddy diffusivity cross-
sections (Figure 6d,e). The eddy diffusivities of momentum (Km) and scalars (Kh) are
evaluated from the domain-averaged fluxes, vertical wind shear, and potential temperature
gradient using

Km =

√
u′w′2 + v′w′2/

√
(∂U/∂z)2 + (∂V/∂z)2 and (3)

Kh = −θ′w′/(∂θ/∂z) (4)

Both Km and Kh exhibit similar vertical structure and evolution as their corresponding
fluxes. A sharp increase in the eddy diffusivity occurs around tKH~16 min, coinciding
with the onset of SSI. For both momenta and scalars, the eddy diffusivity maxima exceed
20 m2/s, suggesting a much stronger mixing effect than in a typical stable atmospheric
boundary layer [25]. The strongest mixing lasts for only a few minutes, after which the
maximum eddy diffusivity decreases to around 10 m2/s and is nearly constant with time
to the end of the simulation. The momentum eddy diffusivity also shows a detached
maximum above the KH layer (Figure 6d), where no strong turbulence is expected. Further
diagnosis finds that this spurious eddy diffusivity maximum is due to a combination of
relatively small momentum flux from KHI-induced internal gravity waves and nearly zero
vertical wind shear aloft.

The evolution of the boundary layer depth is evident in Figure 6f,g, which shows
the potential temperature variances and gradient Richardson number. Large θ variances
are evident along the upper edge of the KE and flux maximum envelopes, associated
with the downward entrainment of the warmer air from above. Prior to the KH event,
the SABL top (~60 m) is defined by a sharp Richardson number gradient with Ri < Ric in
the boundary layer, where Ric = 0.25 denotes the critical Richardson number. Across the
SSI and subsequent KH billow breakdown phase, the SABL top increases abruptly, and
afterward the sharp Ri gradient along the SABL top thickens and becomes blurry. The
Richardson number in the upper portion of the SABL gradually increases, presumably due
to entrainment of the warmer air across the SABL top. It is worth noting that perturbations
generated by the KH billow breakdown exhibit high skewness (Figure 6h) with w′3 < 0
near the surface and w′3 > 0 above the KH billow cores, suggestive of downward transport
of the KE near the surface and upward transport above the KHB cores.

Finally, the thickening of the SABL is also evident in the u-wind and θ sections
(Figure 6i,j). For the u-wind, the whole shear layer expands substantially, from ~60 m before
the KH event to more than 150 m in about 15 min. Near the surface, the winds are noticeably
enhanced while the wind speed above the 30 m level weakens. Even in the presence of
surface cooling, KHI-enhanced vertical mixing leads to warming of the air below ~60 m
and cooling aloft. The evolutions in the mean u-wind and potential temperature over a
homogeneous surface are governed by the following budget equations,

∂u
∂t

+ f v = −∂w′u′

∂z
(5)

∂θ

∂t
= −∂w′θ′

∂z
(6)
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where the right-hand side terms represent the vertical divergence of momenta and heat
fluxes associated with both turbulence and KH waves. As shown in Figure 6c, the negative
heat flux reaches its maximum at z~60 m, and accordingly, the right-hand side term in
Equation (6) is positive in the lowest ~60 m and negative aloft. Therefore, we see warming
near the surface and cooling in the upper portion of the SABL. In Equation (5), the Coriolis
term is small, because the time scale for the KH process is much shorter than the geostrophic
adjustment time scale (i.e., 1/f ) and v-wind is much weaker than u-wind. If neglecting
the Coriolis term, the u-wind evolution is solely driven by the vertical divergence of
the momentum flux. The negative momentum flux maximum is located below 30 m,
which is noticeably lower than the negative heat flux maximum. Accordingly, the u-wind
component is enhanced near the surface where the right-hand side of Equation (5) is
positive and weakened aloft.

For a more quantitative comparison, the profiles of kinetic energy, momentum, heat
fluxes, and eddy diffusivity at times before, during, and after the KH event are shown in
Figure 7. At the beginning of the KH event, KE is relatively small and so are the fluxes
and eddy diffusivities, with predominant contribution from turbulence. When secondary
instability and the turbulent breakdown of KH billows are taking place, KE becomes
substantially larger with two separate maxima located at z = 10 m and 60 m, respectively.
The momenta and heat fluxes are dramatically increased by KH processes and exhibit
a broad elevated maximum. Turbulence production in an elevated shear layer has been
frequently observed in the stable atmospheric boundary layer and such a boundary layer is
often referred to as an “upside-down” boundary layer (e.g., [26]). Accordingly, the eddy
diffusivity becomes ~30 times larger than at the earlier time when the KH instability just
started (Figure 7d). The levels where the momentum and heat fluxes reach their maxima are
~30 and 60 m, respectively. It is worth noting that the eddy diffusivities for the momentum
and heat are quite similar (Figure 6f,g), as the two are dependent mostly on the KH eddy
and turbulent characteristics in the SABL.
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About twenty minutes later, the KE, fluxes, and eddy diffusivities are much reduced
from its peak values during the breakdown of KH billows and the elevated maxima
in KE and flux profiles vanish, suggesting the weakening of the vertical transport of
momentum and heat by KH-induced perturbations and turbulence. The momentum flux
linearly decreases with height between the surface and the SABL top, which is now located
at ~220 m, suggesting that the SABL thickens more than three times over a 30 min period.

Shown in Figure 8 are the vertically integrated KE, shear production rate, and dissi-
pation rate over a 40 min time period. In general, the integrated KE grows exponentially
over the first 18 min by approximately four orders of magnitude and monotonically decays
afterward. Quantitatively, KE grows faster over the first 12 min, presumably corresponding
to the growth of primary KH waves and billows. The KE growth slows down over the
next ~6 min associated with mature billows and the onset of secondary shear instabil-
ity. If we divide the total KE into the lower portion below the inflection point level (i.e.,
ZIP = 30 m) and the upper portion above, the former grows noticeably slower than the
latter. For comparison, the e-folding growth time, Tg, can be estimated for the first
12 min using KE2 ∼ KE1 exp(∆t/Tg), where KE1 and KE2 denote the integrated KE
at two reference times, 1 and 2, over time period ∆t. The derived e-folding growth times for
the lower, upper, and total KE are 1.74, 1.16, and 1.23 min, respectively. The slower growth
of KE near the surface is likely due to the influence from the ground surface and surface
stress. This is in qualitative agreement with [16], who demonstrated that the KHB grows
slower near a solid surface.
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Figure 8. Evolution of the (a) vertically integrated kinetic energy (IKE, m3/s2, top) in log scale,
(b) vertically integrated shear production rate of KE (ISPR, m3/s3, middle; resolved and SGS are
shown in black and red respectively), and (c) integrated dissipation rate (IDR, ε, m3/s3, bottom; IDRs
in the lowest 30 m, above, and total are shown in black, red, and green, respectively).

For the mature billow and SSI phase, the KE in the lowest 30 m grows slower than
its counterpart aloft as well. Similarly, the KE decay portion can be divided into two
phases, the breakdown phase (between tKH = 18–21 min) during which KE decreases
exponentially, predominantly due to turbulent breakdown of the primary and secondary
KH billows, and the dissipation phase (tKH > 21 min), which features slower decrease of KE
dominated by turbulent dissipation. The shear production rate from resolved eddies (i.e.,
−U ∂u′w′

∂z − V ∂v′w′
∂z ) shows a pronounced maximum at tKH = 18 min, coinciding with the KE

maximum (Figure 8b). The shear production rate related to the parameterized turbulence
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(i.e., −U ∂τxz
∂z − V ∂τyz

∂z , where τxz and τyz denote SGS shear stress) increases with the growth
of KH billows as well, suggesting that KH billows tend to enhance small-scale turbulence.
The vertically integrated dissipation rate exhibits a less pronounced maximum that lags
behind the ISPR peak by ~1.5 min. In addition, stronger dissipation takes place in the
lowest 30 m than in the layer above (Figure 8c).

The evolution of the domain-averaged 10 m wind, surface heat flux, and SABL depth
over the same time period are shown in Figure 9. The 10 m wind increases with time during
the KE growth phase and reaches its maximum approximately at tKH = 19 min, apparently
associated with the downward transport of momentum by KH billows. Afterward, the
10 m wind speed gradually decreases with time. In accordance with the sudden increase
in the 10 m wind, the surface stress increases significantly, approximately in proportion
to the square of the 10 m wind speed. The magnitude of the surface heat flux increases
by several folds during this KH event as well. It is worth noting that the increase in 10 m
wind during the KH event also implies substantially stronger wind shear near the surface.
The enhanced shear layer or surface vortex sheet is lifted off the surface (Figure 1c) and
wrapped into KH braids during the mature phase of the KH billows; therefore, it plays a
role in the development of secondary shear instability. Finally, the SABL depth increases
from ~60 m prior to the KH event to more than 200 m in less than 30 min, suggesting the
dramatic impact of the KH event on the mean stable boundary layer characteristics.
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The above analysis suggests that KHI may significantly enhance the vertical transport
of momentum and scalars, substantially thicken the SABL, generate residual waves and
intermittent turbulence, modulate mean boundary layer structure, and enhance interactions
with the surface. Questions remain regarding contributions from KH waves, secondary
instability, and smaller scale turbulence induced or enhanced by the KH waves. To address
these questions, we have computed the power spectra of the three wind components and
a pair of co-spectra using the volume data. Shown in Figure 10 are the power spectra
of u and w and co-spectra of w–u (i.e., momentum flux in the wave number space) and
w − θ′ (i.e., dynamic heat flux) as a function of the dimensionless horizontal wave number,
K̂H = Lx

√
k2 + l2/(2π), for the lowest 160 m. Here, k and l denote the wave numbers in
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the X and Y directions, respectively, and only the portion for K̂H ≤ 50 is shown in Figure 10.
At the early stage of the KHI event, the u variance is largely confined in the lowest 60 m
and characterized by two maxima separated by the inflection point level (i.e., ZIP ~ 30 m)
centered at the nondimensional horizontal wave number K̂H ∼ 4.1. This corresponds to a
wavelength of λ = Lx/K̂H ∼ 374 m, which is comparable to the wavelength estimated
from the plan-view illustrated in Figure 2. The v-wind spectrum resembles its u-wind
counterpart except that it is much smaller in magnitude. The w power spectrum shows
a single maximum centered at z = 60 m and K̂H = 4.1, which extends up to ~140 m. The
maximum of the w spectrum is only around 2% of its u-wind counterpart. Therefore, the
largest contribution to KE comes from u-wind perturbations associated with the primary
KH waves. It is worth mentioning that, in an LES study of hurricane boundary layer rolls
by Wang and Jiang [27], they found that, while the shear instability is attributed to an
inflection point in the radial wind profile, the strength of the rolls is positively correlated
with the shear in the much stronger tangential wind. The same seems to be true for this
study. The u–w co-spectrum is characterized by a single maximum at 30 m, suggesting
that the KH waves are able to induce substantial vertical transport of momentum fluxes.
The w − θ′ co-spectrum exhibits a similar maximum except that it extends up to ~100 m,
noticeably deeper than the maximum in the w–u co-spectrum.

During the SSI and breakdown phases (mid-column), a pair of pronounced maxima
centered at K̂H = 4.1 is still evident in the u-wind spectra, implying that the primary KH
waves- (or billows)-induced perturbations remain significant. However, the peak value
in Figure 10b is only about a third of that in Figure 10a (i.e., 5 min ago), implying that the
primary waves are weakened by the SSI substantially and nearly two-thirds of its energy
are cascaded into the secondary waves and large eddies. Accordingly, the u and w spectra
spread toward higher wave numbers, especially near the surface (i.e., z < 30 m), where a
secondary maximum in the u spectra is located at K̂H = 18, corresponding to a wavelength
of ~85 m. The w spectra show a more substantial spreading of energy to the higher
wave numbers (Figure 10e). The u–w co-spectra at tKH = 18 min show three discernible
maxima, namely the primary maximum, now centered at z = 45 m, a minor maximum
centered at K̂H ∼ 12 and z ~70 m, and a third maximum at K̂H ∼ 18, suggesting that
while the primary KH waves still play a substantial role in vertical momentum transport,
perturbations associated with SSI billows become equally important. For the w − θ′ co-
spectrum, in addition to the primary maximum located at K̂H = 4.1 and z = 45 m, there is a
marked maximum centered at K̂H = 12 and z = 80 m (Figure 10k), presumably associated
with the downward entrainment of warmer air from above by the SSI billows.

At tKH = 23 min (right column), both u and w power spectra extend further up beyond
160 m while spreading more toward higher wave numbers. While at this time, KH billow
cores are barely distinguishable from vertical cross-sections, there is still a pronounced
maximum centered at the primary KH wave number, implying that the residual waves
persist after the turbulent breakdown occurs. For the u spectra, a few secondary maxima
appear in the lowest 30 m, suggesting a downscale energy cascade from the KH billows to
the turbulence in the SABL. The residue waves still play an important role in the vertical
transport of momentum and sensible heat along with substantial contributions from higher
wave numbers (Figure 10i,l).

The evolution of the energetics and momentum mixing in the boundary layer (i.e., at
z = 21 m) is further revealed by Figure 11. From tKH = 11 to 18 min, a significant portion
of the kinetic energy cascades from the primary KH waves to SSI waves and large ed-
dies. In addition, more kinetic energy is transferred from horizontal to vertical motion
by the SSI process. From tKH = 18 to 23 min, kinetic energy weakens at all wave num-
bers, presumably due to turbulent dissipation. It is worth noting that, in the high wave
number limit, the spectral slopes tend toward -5/3 after the breakdown KH billows (i.e.,
tKH = 18 to 23 min), likely due to the enhancement of turbulence and weakening of strat-
ification. In terms of momentum flux, the primary wave contribution to the downward
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flux doubles from tKH = 16 to 23 min with comparable contributions from secondary waves
with K̂H between 13 and 23.

Figure 10. Dimensionless power spectra of (a–c) u and (d–f) w, and dimensionless co-spectra of
(g–i) u–w and (j–l) w − θ′ valid at tKH = 13 (left), 18 (middle), and 23 min (right), respectively, are
shown in nondimensional wave number (K̂H) and height sections. Only the lowest 160 m and K̂H up
to 50 is shown.
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of KH billows have been the subject of numerous two-dimensional and three-dimensional 
numerical studies (see [4] for a brief review). Some proposed secondary instability may 
only appear in two-dimensional simulations or relatively low Reynolds number fluids. It 
is evident that secondary shear instability occurs and plays the dominant role in the tur-
bulent breakdown of the KH billows in the control simulation. However, the small model 
domain used in the control simulation may have suppressed some other types of second-
ary instability, such as vortex pairing instability and the formation of knots and tubes [5]. 
To address this issue, sensitivity simulations have been conducted with varying geo-
strophic winds, domain sizes and grid spacings. This section provides a brief summary of 

Figure 11. Dimensionless power spectra of (a) u (i.e., Pu), (b) w (i.e., Pw), and (c) u–w co-spectrum
(i.e., Fm) at z = 21 m valid at tKH = 11, 18, and 23 min, respectively. Both Pu and Pw are shown in
logarithm and the blue dashed lines with -5/3 slope are included for comparison.

4. Discussion

The development of secondary instability and the subsequent turbulent breakdown of
KH billows have been the subject of numerous two-dimensional and three-dimensional
numerical studies (see [4] for a brief review). Some proposed secondary instability may
only appear in two-dimensional simulations or relatively low Reynolds number fluids.
It is evident that secondary shear instability occurs and plays the dominant role in the
turbulent breakdown of the KH billows in the control simulation. However, the small
model domain used in the control simulation may have suppressed some other types of
secondary instability, such as vortex pairing instability and the formation of knots and
tubes [5]. To address this issue, sensitivity simulations have been conducted with varying
geostrophic winds, domain sizes and grid spacings. This section provides a brief summary
of these sensitivity simulations using simulation B as an example with emphasis on the
secondary instability and domains size dependence of the simulated KH waves.

The model configuration for simulation B is identical to the control simulation, except
that the initial geostrophic wind is Ug = 9 m/s, the horizontal domain is larger (i.e.,
2560 m × 640 m), and the horizontal grid spacing is finer (i.e., ∆x = ∆y = 2.5 m). KHI
takes place in simulation B and the resulting KE maximum resembles its counterpart in the
control except that its peak value is smaller, the KE maximum is centered at ~22 m, which
is closer to the surface (Figure 12), and the vertical extension of the KH maximum layer
is lower. It is interesting that the ratio of the KE maxima between the two simulations is
around 2.8, which is approximately equal to the geostrophic wind squared, (15/9)2~2.8,
suggesting that KE tends to be proportional to the vertical shear squared in the u wind
component, although the inflection point appears in the v profile in this pair of simulations.
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Figure 12. Time–height sections of (a) KE (normalized by 1.7 m2/s2), (b) momentum flux (nor-
malized by 0.32 m2/s2), (c) U (normalized by Ug = 9 m/s), and (d) potential temperature
(θ − θ0, incr. = 0.05 K).

There are six waves in the horizontal domain (Figure 13) with a shorter wavelength
(i.e., λ~247 m). However, the angle between the wave phase lines and the geostrophic wind
direction is about the same (see Table 1), and the ratios between the wavelength and the
boundary layer depth are comparable as well. Just as in the control, three-dimensional
SSI occurs first along the braids, when the primary KH billows are mature enough
(Figures 13 and 14). At their mature phase, the KH cores are located between 10 and
40 m (Figure 14), and the ratio between the core height and horizontal wave length is
around 0.12, which is substantially smaller than those reported in previous studies with
KH billows away from any solid surface. The same happens in other simulations, including
a weaker geostrophic wind (Ug = 6 m/s) simulation and a larger domain simulation (i.e.,
identical to B but with ∆x = 5 m and therefore both domain length and width are dou-
bled). No vortex pairing is observed in any sensitivity simulations, likely due to the close
proximity of KH billows to the ground surface, which tends to suppress the subharmonic
instability [16].

The phase lines in Figure 13 are not as perfectly straight as in the control simulation.
KH billows with variable phases that are misaligned along their axes have been documented
in laboratory experiments [28,29] and numerical simulations [5,6]. The misaligned portions,
also known as “tubes” and “knots”, may evolve more rapidly than a typical secondary
instability and accelerate the turbulent breakdown of KH billows (e.g., [5]). This seems to
be the case in Figure 13 (highlighted by ovals). It is worth noting that the misalignment of
KH billows in simulation B is due to the double-periodic lateral boundary conditions. In
nature, this could happen in association with spatial variability in the large-scale flow.
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Figure 13. The X–Y sections of u at z = 10.6 m from simulation B valid at tKH = 5.5, 6.9, 8.3, and
9.7 min (a–d), respectively. The color increment = 0.4 m/s. The misalignment portions (or knots) are
highlighted by dashed ovals.
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5. Summary and Concluding Remarks

We examined KH instability in an Ekman type stable atmospheric boundary layer
using large eddy simulations. The LES model is initialized using a geostrophic wind which
is constant with height without a prescribed shear layer. The vertical wind shear develops
naturally as the SABL spins up. While the wind component in the geostrophic wind
direction (i.e., u) is substantially stronger than the v wind, KHI takes place in association
with an inflection point in the weaker v wind profile.

The simulated KH waves are initially two-dimensional with their horizontal phase
lines tilting with an acute angle from the geostrophic wind direction. As demonstrated
in the control simulation, the KH event can be divided into four phases, namely the
growth phase (i.e., exponential growth of KE in the primary KH waves), mature KH billow
phase (slow growth of KE associated with mature KH billows and secondary instability),
turbulent breakdown phase (fast exponential decay of KE due to turbulent breakdown of
KH billow cores), and dissipation phase associated with the slow decay of KE primarily
due to turbulent dissipation.

The general characteristics of the simulated KH waves (or billows) and their subse-
quent turbulent breakdown are in qualitative agreement with previous analytical, numerical
and observational studies. For example, KE grows exponentially with time as predicted by
linear theory, and the wavelength to shear layer depth ratio is between 6 and 10, which is
consistent with previous studies. The simulated KH wavelength and the presence of two
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stacked KE maxima are in qualitative agreement with the Doppler lidar analysis of a KH
event as documented during CASES-99 [3]. In the meantime, several unique aspects and
new insights from this study are worth noting.

First, the simulated KH billows are centered at 20–30 m above the ground surface,
and the resulting ZIP/D, where D is the half depth of the shear layer, is around unity or
less. Regardless of the close proximity to a solid frictional surface, the KH billows and the
general characteristics of the billow cores are consistent with previous numerical studies,
suggesting that KHI may develop near a frictional surface. The impact of the ground surface
on the KHI in the SABL is more quantitative. For example, it has been demonstrated that
the integrated KE near the surface grows slower than its counterpart aloft, suggesting that
a frictional surface tends to slow down the growth of KH billows, which is consistent with
the recent DNS study by Liu et al. [16]. In addition, the ratio between the height of the
mature KH billow cores and the horizontal wavelength appears to be smaller, suggesting
that the ground surface plays a role in limiting the vertical extension of KH billow cores.

Second, this study also suggests that the turbulent breakdown of KH billows in the
SABL starts with the onset of secondary shear instability, which first develops along the S-
shaped braids. In addition to the SSI, “tubes” and “knots” associated with the misalignment
of phase lines appear in some simulations, which seems to accelerate secondary instability.
Other types of secondary instability identified in previous studies are not observed in our
simulations, which may be due to the influence of the frictional ground surface.

Finally, as shown in previous studies, KH billows and their subsequent breakdown
may dramatically enhance vertical transport (and mixing) or momentum and heat. The
magnitudes of KHI-induced vertical fluxes peak during the onset of SSI and breakdown of
the KH billows and then slowly decay with time. This leads to a significant increase in the
SABL depth, weakened wind shear and stratification throughout most of the SABL, and
increased Richardson number in the upper portion of the SABL. It is worth noting that the
KHI-induced momentum and heat fluxes exhibit substantial spatiotemporal variability. For
example, the maximum momentum flux doubles itself from tKH = 15 to 17 min (Figure 6b),
and for tKH = 16 min, the momentum flux at z = 40 m is twice as large as at z = 20 m. This
large variability suggests that one has to be careful when evaluating the KHI impact on
boundary layer mixing from limited observations.
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