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Abstract: As a widely employed method for in situ remediation of groundwater contamination, the
pump-and-treat (PAT) system involves the management of water recirculation between the extraction
and injection wells. The recirculation zone (RZ) of an extraction-injection well pair in a confined
aquifer has been well known. However, PAT systems are more frequently used in unconfined aquifers
with a natural regional flow and may not only include one injection well. We develop comparable
analytical models for an unconfined aquifer treated by two different system settings, including an
extraction well and one injection well (1e/1i system) or two injection wells (1e/2i system). The role
of regional groundwater flow is highlighted. Analytical solutions of RZs and recirculation ratios are
obtained using complex potential functions, with a new treatment of the jump of the stream function
at a branch cut. Results indicate that the shape of RZs and the recirculation ratio nonlinearly depend
on several dimensionless parameters linked to the pumping rate and direction of regional flow.
Compared to the 1e/1i system, the two injection wells in the 1e/2i system may reduce the integrity
of RZs and decrease the recirculation ratio; however, they lead to a higher allowable pumping rate in
satisfying the limitations of the water table in wells. This study suggests a useful methodology for
analyzing PAT systems with multiple injection wells and provides new insights into RZs between
extraction and injection wells.

Keywords: groundwater remediation; unconfined aquifer; complex potential functions; recirculation
ratio; pumping rate

1. Introduction

The pump-and-treat (PAT) method is widely used for in-situ remediation of ground-
water contamination. Groundwater is pumped out from an extraction well in a PAT system
and then treated to reduce pollutants [1–3]. In general, treated water is reinjected into
aquifers through the original extraction borehole [4] or other wellbores specially prepared
for injection [5–9]. Coordinated operation of the extraction and injection wells can acceler-
ate groundwater remediation. It has been well known that a recirculation zone (RZ) may
be developed between the extraction and injection wells, where groundwater is recharged
by the injection well while being discharged towards the pumping well. Multiple RZs may
exist at a site, including multiple injection wells, which may increase the difficulty of man-
aging the recirculation. RZs also play important roles in projects of coastal groundwater
management [10–12], Two-well tests [13,14], and thermal energy exploitation [15–17].

The regional groundwater flow significantly influences the RZ for the extraction/injection
well pair [18,19]. To delineate the shape of RZs affected by the regional groundwater flow
and estimate the fraction of flow rate in a RZ, both numerical modeling methods [20–24]
and analytical solutions [25–32] have been applied. Numerical methods are powerful for
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complicated conditions, while the accuracy of results highly depends on the resolution of
the model grid and the particle tracking process. In comparison, analytical solutions can
reveal the exact and general impacts of the regional groundwater flow in typical conditions
and can be used to provide simplified design tools for PAT systems.

The RZ of an extraction-injection well pair with a uniform regional flow has been
analyzed in detail in the literature [11,18,28,33,34]. The conceptual model of the extraction-
injection well pair in a PAT system is shown in Figure 1a, where the system includes one
extraction well and one injection well (marked as the 1e/1i system in this study). Existing
analytical solutions of the flow were typically derived for a 1e/1i system in a confined
aquifer [28], but they can be extended to determine the RZ shape in an unconfined aquifer,
as shown in Figure 1a. A poorly known effect is the limitation of water table heights in
the injection and extraction wells (to be neither too high nor too low), which may lead to a
threshold of the recirculation ratio and influence the efficiency of the PAT system.
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Figure 1. Schematic profiles of PAT system: (a) 1e/1i system with one extraction well and one
injection well; (b) 1e/2i system with one extraction well and two injection wells named I1 and I2,
where RZ1 and RZ2 are recirculation zones of I1 and I2, respectively. Arrows indicate the flow
direction.

Multiple injection wells can be used in a PAT system, but they may lead to more
complicated patterns of RZs that are not well known. A typical example is the 1e/2i
system shown in Figure 1b, where an extraction well gains water from double injection
wells. Christ et al. (1999) [25] developed analytical solutions for flow zones for multiple
extraction-injection well pairs in a confined aquifer, i.e., for the ne/ni system, where n
extraction wells are linked with n injection wells. Unfortunately, the solutions are not
available for the 1e/2i system. Shi et al. (2020) [12] analyzed RZs of the 1e/ni system
in a coastal confined aquifer, where the injection wells are located in the downgradient
area of the regional flow with respect to the extraction well. However, for the regional
groundwater flow with an arbitrary direction, the exact RZ patterns of the 1e/ni system
are still poorly known. We expect that analyzing the 1e/2i system is a reasonable step for
investigating the general behaviors of the 1e/ni system.

In this study, we delineate the RZs of the 1e/2i system in detail and estimate the
recirculation ratio using the analytical method. Results are compared with the RZ and
recirculation ratio of the 1e/1i system. Conceptual models and complex potential functions
of groundwater flow driven by the 1e/1i and 1e/2i systems are presented in Section 2 for an
unconfined aquifer with a uniform regional flow. Then, analytical solutions are presented
in Sections 3 and 4, respectively, for the RZ in the 1e/1i system and the RZs in the 1e/2i
system. The recirculation ratio and the performance of the two kinds of PAT systems are
compared in Section 5. The study results provide new insights into the design of a PAT
system influenced by regional groundwater flow.

2. Conceptual Model and Complex Potential Functions
2.1. Simplified Conceptual Model

The conceptual model of groundwater flow for the 1e/1i and 1e/2i systems is shown
in Figure 1, which includes simplifications in hydrogeological conditions: (1) The aquifer
is a horizontally extending unconfined aquifer, composed of homogeneous and isotropic
media with a flat impervious bottom, while does not influenced by the vertical infiltration
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recharge or discharge; (2) The regional groundwater flow in the aquifer is uniform in an
area that is significantly larger than the well-influenced zone at the site; (3) At the site of
the PAT system, groundwater flow is controlled by an extraction well and one injection
well (1e/1i system) or two injection wells (1e/2i system); (4) All wells are fully penetrated
into the aquifer, and the total injection flow rate is equal to the extraction flow rate; (5) The
regional groundwater flow and local flow driven by wells are both in a steady state. Based
on these simplifications, we adopt the Dupuit-Forchheimer assumption [35] to investigate
the flow in a plan view, i.e., neglecting the vertical flow velocity.

Using the Cartesian coordinate system, as (X, Y) shown in Figure 2, the regional
groundwater flow can be quantified as:

q0 cos α = −Kh0
∂h0

∂X
, q0 sin α = −Kh0

∂h0

∂Y
(1)

where: q0 is the constant flow rate per unit width of the aquifer [L2T−1], α is the counter-
clockwise angle of the flow direction with respect to the X axis [0, π]; h0 is the background
water level in the aquifer related to the bottom [L], and K is the hydraulic conductivity
of the aquifer media [LT−1]. The water table height is a function of the position, h(X, Y),
and becomes different from the background water level, h0(X, Y), due to the impacts of the
extraction and injection wells. For the 1e/1i system (Figure 2a), the extraction well (E) and
the injection well (I) are allocated at (d, 0) and (−d, 0), respectively, with a distance of 2d [L]
between them. The flow rates of the extraction and injection wells are +Q and −Q [L3T−1],
respectively, where Q is a constant positive value. For the 1e/2i system (Figure 2b), the
extraction well (E) is allocated at (0, 2d), whereas the double injection wells, I1 and I2, are
allocated at (0, b) and (0, −b), respectively. The flow rates of the injection wells are the
same as −Q/2, where Q is the pumping rate of the extraction well. Local groundwater
discharges along the directions of the X and Y coordinates, qX and qY [L2T−1], respectively,
can be estimated as:

qX = hVX = −Kh
∂h
∂X

, qY = hVY = −Kh
∂h
∂Y

(2)

where: VX [LT−1] and VY [LT−1] are the Darcy velocities in the X-direction and Y-direction,
respectively.
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Figure 2. Plane positions of the extraction (E) and injection (I) wells with the Cartesian coordinates:
(a) 1e/1i system; (b) 1e/2i system.

2.2. Complex Potential Function

The 2D steady-state flow field for an infinite aquifer with a uniform regional flow and
multiple wells can be expressed by a complex function [35,36],

Ω = Φ + iΨ = Φ0 − q0Ze−iα +
1

2π

N

∑
j=1

Qj ln
(
Z− Zj

)
(3)
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where: Ω is the complex potential; Φ and Ψ are the discharge potential and stream function
[L3T−1], respectively; Φ0 is a reference value of the discharge potential depending on the
background water level; Qj is the flow rate [L3T−1] of the j-th well (Qj > 0 for an extraction
well, Qj < 0 for an injection well); N is the number of wells; the complex variable, Z = X + iY,
defines the position at (X, Y), while Zj = Xj + iYj denotes the position of the j-th well. For
the unconfined aquifer in this study, the discharge potential and stream function can be
defined as [35]:

Φ =
1
2

Kh2,
∂Ψ

∂X
= qy,

∂Ψ

∂Y
= −qx (4)

Generic solutions of the discharge potential and stream function according to Equa-
tion (3) have been obtained as follows [36]:

Φ = Φ0 − q0(X cos α + Y sin α) +
N

∑
j=1

Qj

4π
ln
[(

X− Xj
)2

+
(
Y−Yj

)2
]

(5)

Ψ = q0(X sin α−Y cos α) +
N

∑
j=1

Qj

2π
arg(Z− Zj) (6)

where: arg(Z− Zj) is the argument of Z− Zj, which is multi-valued. When using MATLAB
for computation, the argument is usually calculated with atan2(Y − Yj, X − Xj) that takes
values in the range of (−π, π]. Substituting the well locations of the 1e/1i system (Figure 2a)
into Equations (5) and (6), we have

Φ =
1
2

Kh2
ref − q0(X cos α + Y sin α) +

Q
4π

ln
(X− d)2 + Y2

(X + d)2 + Y2
(7)

Ψ = q0(X sin α−Y cos α) +
Q
2π

[atan2(Y, X− d)− atan2(Y, X + d)] (8)

where: Q is the flow rate of the extraction well; href is the background water level at X = 0
and Y = 0. For the 1e/2i system (Figure 2b), the solutions become:

Φ =
1
2

Kh2
ref − q0(X cos α + Y sin α) +

Q
4π

ln
(X− 2d)2 + Y2√[

X2 + (Y− b)2
][

X2 + (Y + b)2
] (9)

Ψ = q0(X sin α−Y cos α)+
Q
2π

[atan2(Y, X− 2d) − atan2(Y + b, X) + atan2(Y− b, X)

2

]
(10)

Note that atan2(Y, X) in MATLAB is a special representation of the multivalued
argument function as arctan(Y/X).

2.3. Streamline and Branch Cuts

The contours of the stream function can be applied to represent streamlines for the 2D
steady-state groundwater flow. However, a challenge for delineating a streamline using the
stream function is the branch cut [37–40] arising from the argument function. As shown in
Figure 3, a branch cut is a line that extends from the well toward the negative direction of
the X axis. The relative argument of points on a cut line is either π or −π as estimated with
the atan2(Y − Yj, X − Xj) function in MATLAB. When a streamline links points A and P
on the sides of the branch cut extending from an extraction well (Figure 3a), the following
relationship should be considered:

ΨP = ΨA +
Qe

2π
(−π − π) = ΨA −Qe (11)
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where: Qe is the extraction flow rate; ΨA and ΨP are the stream function values of A and P,
respectively. When a part of the streamline between A and P extends across branch cut lines
of several wells (an example is shown in Figure 3b), the relationship of stream function
values can be accounted for by

ΨP = ΨA −
M

∑
i=1

Qi (12)

where: M is the number of branch cut lines between A and P (Figure 3b); Qi is the well flow
rate of the i-th branch cut. As a result, when the branch cut lines in Figure 3b are generated
from the three wells of the 1e/2i system (Figure 2b), there must be ΨP = ΨA.
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Figure 3. Jump of the stream function value for a stream line extending across branch cut lines: (a) the
impact of a branch cut from an extraction well; (b) joint impacts of branch cut lines from extraction
and injection wells. A and P are two points on one stream line. The red, green, or blue solid lines
indicate segments with different stream function values on the same streamline.

3. Analytical Solutions of 1e1i System
3.1. Dimensionless Functions

We introduce the following dimensionless variables for the 1e/1i system,

x =
X
d

, y =
Y
d

, φ =
2πΦ

Q
, φref =

πK
Q

h2
ref, ψ =

2πΨ

Q
, qD =

2πdq0

Q
(13)

According to Equations (7) and (8), the dimensionless discharge potential and stream
functions can be expressed as:

φ(x, y) = φref − qD(x cos α + y sin α) +
1
2

ln
(x− 1)2 + y2

(x + 1)2 + y2
(14)

ψ(x, y) = qD(x sin α− y cos α) + atan2(y, x− 1)− atan2(y, x + 1) (15)

3.2. Stagnation Points

In general, there are two stagnation points in the flow field of the 1e/1i system, denotds
S1 and S2 (Figure 4). They may fall on the X axis (Figure 4a) or Y axis (Figure 4b) or at
other places. The Darcy velocities at a stagnation point satisfy VX = 0 and VY = 0, as well as
dΩ/dz = 0. It leads to an equation expressed in a dimensionless manner as follows:

z2 −
(

1 +
2eiα

qD

)
= 0 (16)
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where: z = x + iy. The roots of Equation (16) yield the positions of S1 at z1 = x1 + iy1, and S2
at z2 = x2 + iy2. We obtain:

x1 =

√√√√( 1
4
+

1
q2

D
+

cos α

qD

)1/2

+

(
1
2
+

cos α

qD

)
, y1 =

√√√√( 1
4
+

1
q2

D
+

cos α

qD

)1/2

−
(

1
2
+

cos α

qD

)
(17)

x2 = −x1, y2 = −y1 (18)

Note that the stagnation point S1 falls on the right-side zone of the Y axis, or just on
the Y axis, while S2 falls on the opposite zone, or also just on the Y axis.

Water 2023, 15, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/water 

Figure 4.

S2

(c)

 Typical patterns of flow zones for the 1e/1i system: (a) a complete RZ when α = 0; (b) an 

S1

I E

S1

S2

(b)

S2

S1
I

E

(d)

Ⅳ

Ⅳ

Ⅰ
Ⅰ

Ⅱ

Ⅱ

Ⅲ

Ⅳ

Ⅳ

Ⅲ

Ⅱ Ⅰ

Ⅳ

Ⅳ

E
I

E S1S2

(a)

Ⅳ

Ⅳ

Ⅲ

I

Y

X

Y

X

Y

X

Y

X

S1

S2

S3

Ⅲ1

Ⅲ2

Ⅰ

Ⅱ1

Ⅱ2Ⅳ

S1

S2

S3

Ⅰ

Ⅲ1

Ⅱ1

Ⅱ2

Ⅳ

S2

S1

S3

Ⅰ

Ⅳ

Ⅱ1

Ⅱ2

(a) (b)

(d)

Ⅳ

Ⅳ

Ⅳ

S1

S2

S3 Ⅲ2

Ⅰ

Ⅱ1

Ⅱ2

Ⅳ

Ⅳ

(c)

Figure 4. Typical patterns of flow zones for the 1e/1i system: (a) a complete RZ when α = 0; (b) an
approximate prismatic RZ when α = π; (c) a rotational symmetrical RZ when α = π/4; (d) absence of
the RZ when α = π/4. I−IV are the number of flow zones. Zone-I is the regional flow captured by the
extraction well E and filled with red; zone-II is the regional flow contributed by the injection well I
and filled with blue; zone-III is the RZ and filled with green; zone-IV is filled with white. Arrows
indicate groundwater flow direction on the streamlines.

3.3. Recirculation Zone

Partitioning flow zones of the 1e/1i system can be performed by delineating stream-
lines between the two stagnation points, S1 and S2. Four streamlines are linked by a
stagnation point, which serves as a divide between flow zones. In general, four flow zones
are partitioned by these divide lines, as shown in Figure 4: Zone-I includes groundwater
captured by the extraction well from the regional flow; zone-II includes water released from
the injection well and joints to the regional flow; zone-III is the RZ; and zone-IV includes
groundwater that is not exchanged with wells. We denote stream function values at S1
and S2 as ψ(x1, y1) and ψ(x2, y2), respectively. Substituting Equations (17) and (18) into
Equation (15), we have

ψ(x1, y1) = −ψ(x2, y2) (19)
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When the RZ (zone-III) exists, the discharge (Qc) of the regional flow captured by the
extraction well can be estimated from the absolute difference between the stream function
values of S1 and S2, leading to:

Qc =
Q
2π |ψ(x1, y1)− ψ(x2, y2)|

= 1
π |qD(x1 sin α− y1 cos α) + atan2(y1, x1 − 1)− atan2(y1, x1 + 1)|

(20)

Note that Q − Qc yields the flow rate of water in the RZ. Thus, the recirculation ratio,
η = (Q − Qc)/Q, can be calculated as:

η = 1− Qc

Q
= 1− 1

π
|qD(x1 sin α− y1 cos α) + atan2(y1, x1 − 1)− atan2(y1, x1 + 1)| (21)

Equation (21) is the analytical solution of the recirculation ratio for the 1e/1i system.
The RZ of the 1e/1i system is controlled by two dimensionless parameters: qD and α.

When α = 0, both stagnation points fall on the X axis, forming a complete RZ (Figure 4a),
where the injected water totally returns to the extraction well, i.e., η = 1. When α = π,
stagnation points fall on the Y axis and form a RZ that is symmetric about the X and Y
axes (Figure 4b), where a part or all of the injected water returns to the extraction well,
i.e., η ≤ 1. When 0 < α < π, the RZ may have a shape of rotational symmetry about the
origin of coordinates (Figure 4c) with a recirculation ratio that is smaller than 1, i.e., η < 1. It
is also possible that the RZ does not exist when qD is significantly large (Figure 4d), leading
to η ≤ 0 as estimated by substituting the qD value into Equation (21). In this situation, the
exact recirculation ratio should be η = 0. Figure 5 shows the dependency of η on qD and α.
It is clear that when both the angle and relative rate of the regional flow are high (α > π/2,
qD > 2), the RZ does not exist and the recirculation ratio is zero.
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Figure 5. Dependency of the recirculation ratio, η, on the angle (α) and relative rate (qD) of the
regional flow for the 1e/1i system.

The recirculation ratio is also bounded by the limitation of water table height in the
unconfined aquifer. The water table height, h(x, y), should not be very high (to avoid being
close to the ground surface) or very low (to avoid being close to the aquifer bottom) within
the wells. It implies that the discharge potential at the PAT site has a limited range, which
can be expressed as

Φmin ≤ Φ ≤ Φmax (22)

where: Φmin and Φmax are, respectively, the allowable minimum and maximum values
of the discharge potential. The water level within the extraction well yields the lowest
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discharge potential at the site, Φext, which can be estimated with Equation (7) by using
X = d and Y = re, where re is the radius of the extraction well. It leads to

Φext =
1
2

Kh2
ref − q0(d cos α + re sin α) +

Q
4π

ln
r2

e
4d2 + r2

e
(23)

The limitation of this lowest discharge potential, is Φext > Φmin, which leads to

qD ≥ qext, qext =
q0d ln[1 + (4d2/r2

e )]

Kh2
ref − 2q0(d cos α + re sin α)− 2Φmin

(24)

The water level within the injection well yields the highest discharge potential at the
site, Φinj, which can be estimated with Equation (7) by using X = −d and Y = −ri, where ri
is the radius of the injection well. It leads to

Φinj =
1
2

Kh2
ref + q0(d cos α + ri sin α) +

Q
4π

ln
4d2 + r2

i
r2

i
(25)

The limitation of this highest discharge potential, is Φinj ≤ Φmax, which then leads to

qD ≥ qmin, qinj =
dq0 ln[1 + (4d2/r2

e )]

2Φmax − Kh2
ref − 2q0(d cos α + ri sin α)

(26)

An integrated consideration of both Equations (24) and (26) yields

qD ≥ qmin, qmin = max
{

qext, qinj
}

(27)

By replacing qD by qmin in Equation (21), a critical value of the recirculation ratio, ηc,
can be obtained as

ηc = 1− 1
π
|qmin(x1 sin α− y1 cos α) + atan2(y1, x1 − 1)− atan2(y1, x1 + 1)| (28)

As a result, the real recirculation ratio should be lower than ηc, because the η value
generally decreases with the increasing qD value (Figure 5).

4. Analytical Solutions of 1e2i System
4.1. Dimensionless Functions, Stagnation Points and Divide Lines

For the 1e/2i system, an additional parameter beside the parameters defined in
Equation (13) is introduced, as follows:

B =
b
d

(29)

Then, the dimensionless functions of the discharge potential (φ) and the stream func-
tion (ψ) can be expressed as:

φ = φref − qD(x cos α + y sin α) +
1
2

ln
(x− 2)2 + y2√[

x2 + (y− B)2
][

x2 + (y + B)2
] (30)

ψ = qD(x sin α− y cos α) + atan2(y, x− 2)−1
2
[atan2(y− B, x) + atan2(y + B, x)] (31)
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The stagnation points are linked with the equation dΩ/dz = 0, where z represents the
dimensionless complex, z = x + iy, and then the equation can be written as:

z3 − 2z2 +

(
B2 − 2

qDe−iα

)
z−

(
2B2 +

B2

qDe−iα

)
= 0 (32)

For the 1e/2i system, typical patterns of the stagnation points and divide lines are
shown in Figure 6. Three stagnation points are distributed around wells, denoted as S1
at (x1, y1), S2 at (x2, y2), and S3 at (x3, y3), where divide lines linking S1 and S3 partition
the regional groundwater flow into three parts, among which the middle part is captured
by the extraction well. Two RZs exist among the extraction well and injection wells; one
gains water from I1 and another gains water from I2. These two RZs are demarcated by a
division line between points S2 and E. The discharge rate of the regional flow captured by
the extraction well, Q13, can be estimated from the absolute difference between the stream
function values of S1 and S3, leading to:

Q13 =
Q
2π
|ψ(S1)− ψ(S3)| or Q13 =

Q
2π
|ψ(x1, y1)− ψ(x3, y3)| (33)
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Figure 6. Typical stagnation points and divide lines to infinity of the 1e/2i system. Black arrows
indicate the groundwater flow direction of divide lines; red arrows indicate the regional groundwater
flow direction; and blue arrows indicate the groundwater flow direction in the middle part of any
two divide lines.

The discharge rate of downgradient flow between S1 and S2 can be estimated from the
absolute difference between the stream function values of S1 and D2, where D2 is a point
on the downgradient streamline linking S2 over a long distance (Figure 6). Thus,

Q12 =
Q
2π
|ψ(S1)− ψ(D2)| (34)

The relationship between ψ(D2) and ψ(S2) depends on jumps of the steam function
caused by branch cut lines between D2 and S2, as follows:

ψ(D2) = ψ(S2)− π, when y2 > 0; ψ(D2) = ψ(S2) + π, when y2 < 0 (35)

A similar analysis can be performed for the discharge rate of downgradient flow
between S2 and S3, which leads to:

Q23 =
Q
2π
|ψ(D3)− ψ(D2)| =

Q
2π
|ψ(S3)− ψ(D2)| (36)



Water 2023, 15, 2852 10 of 19

where: D3 is a point on the downgradient streamline linking S3 with a long distance
(Figure 6). The value of ψ(D3) is equal to ψ(S3), because the streamline between S3 and D3
is influenced by three branch cut lines.

The Q12, Q13, and Q23 values satisfy the following equation:

Q13 = Q12 + Q23 (37)

Note that the discharge rate Q12 is a part of the injected flow from I1, and then the
recirculation flow rate from I1 to E can be estimated as

Qc1 =
1
2

Q−Q12 (38)

Further, the recirculation flow rate from I2 to E can be estimated as

Qc2 =
1
2

Q−Q23 (39)

4.2. Patterns of Flow Zones

More flow zones can be partitioned in the 1e/2i system than zones in the 1e/1i system,
as shown in Figure 7. In general, outside divide lines are identified to delineate zone IV of
the regional groundwater flow that is not directly connected to wells and links stagnation
points S1 and S3. The stagnation S2 falls in the area bounded by these division lines and
controls the patterns of RZs. The patterns of flow zones can be basically classified into four
types:

(1) Both RZs of the injection wells I1 and I2 are developed, as shown in zones III1 and III2
in Figure 7a. The extraction well gains water from zones I (regional flow) and RZs.
The injection wells I1 and I2 also contribute water to zones II1 and II2, respectively, for
the downgradient regional flow. The discharge rates, Q12, Q13, and Q23, satisfy the
following relationship:

Q12 < Q/2, Q23 < Q/2, Q13 < Q (40)

In this situation, the recirculation ratio can be estimated as:

η1 =
1
2
− Q12

Q
, η2 =

1
2
− Q23

Q
, η = η1 + η2 (41)

(2) Only the RZ of injection well I1 exists, as zone III1 in Figure 7b. The flow contributed
from the injection well, I2, totally joins the downgradient regional flow behind S3. The
discharge rates, Q12, Q13, and Q23, satisfy the following relationship:

Q12 < Q/2, Q23 > Q/2, Q13 < Q (42)

In this situation, the recirculation ratio can be estimated as:

η1 =
1
2
− Q12

Q
, η2 = 0, η = η1 (43)

(3) Only the RZ of the injection well I2 exists, as zone III2 in Figure 7c. The flow con-
tributed from this injection well totally joins the downgradient regional flow behind
S2. The discharge rates, Q12, Q13, and Q23, satisfy the following relationship:

Q12 > Q/2, Q23 < Q/2, Q13 < Q (44)



Water 2023, 15, 2852 11 of 19

In this situation, the recirculation ratio can be estimated as:

η1 = 0, η2 = 1− Q13

Q
, η = η2 (45)

(4) Both RZs of the injection wells I1 and I2 do not exist, as shown in Figure 7d. Water
contributed from the injection wells totally joins the downgradient regional flow. The
discharge rates, Q12, Q13, and Q23, satisfy the following relationship:

Q12 > Q/2, Q23 > Q/2, Q13 > Q (46)

In this situation, the recirculation ratio is zero, with η = η1 = η2 = 0.
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Figure 7. Flow zones of the 1e/2i system in different situations: (a) including two RZs denoted as
zones III1 and III2; (b) including a RZ of III1; (c) including a RZ of III2; (d) absence of RZs. I−IV are
the number of flow zones. Zone I is the regional flow captured by the extraction well E and filled
with red; zone II1 is the regional flow contributed by the injection well I1 and filled with light blue;
zone II2 is the regional flow contributed by the injection well I2 and filled with light green; zones III1

and III2 are RZ of the injection well I1 and RZ of the injection well I2, respectively, and filled with
dark blue and dark green; zone IV is the regional groundwater flow and filled with white. Arrows
indicate groundwater flow direction.

4.3. Dependency of Recirculation Ratios on Parameters

The recirculation ratio of the 1e/2i system, η, depends on the three dimensionless
parameters: α, qD, and B. Figure 8 shows the impact of parameters for 0 ≤ α ≤ π.
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Figure 8. Dependency curves of recirculation ratio (η) with a for the 1e/2i system: (a) Giving qD = 0.25
while different B values; (b) Giving B = 2 while different qD values. Circles are data points for the
1e/1i system (B = 0).

When qD = 0.25 (Figure 8a), the shape of the η-α curve varies with different values
of B, where the B value yields the relative distance (b/d) between the two injection wells,
2b. The recirculation ratio is generally larger than 0.5 for a small B value, as indicated by
the cases of B = 0.2 and B = 2 in Figure 8a. In particular, when B = 0.2, i.e., when the two
injection wells are close to each other, the dependency of the η value on the α value agrees
well with the η-α relationship of the 1e/1i system. In comparison, a large B value may
cause a decrease in the η value to a range that is generally less than 0.5, especially when the
direction of the regional flow (α) is significantly larger or smaller than π/2, as indicated by
the case of B = 20 in Figure 8a.

When B = 2 (Figure 8b), the shape of the η-α curve varies with different values of qD.
As indicated, with an increase in the qD value, the recirculation ratio decreases. It implies
that a stronger regional groundwater flow generally leads to a smaller recirculation ratio of
the 1e/2i system, which has also revealed from the analytical solution of the 1e/1i system.
The η value is higher than 0.5 for a small qD value, as indicated by the cases of qD = 0.02
and qD = 0.2 in Figure 8b. In particular, when qD = 0.02, i.e., when the regional groundwater
flow is relatively weak, the η-α relationship of the 1e/2i system agrees well with that of the
1e/1i system. When the regional groundwater flow is as strong as that in the case of qD = 2
in Figure 8b, the recirculation ratio of the 1e/2i system is generally less than 0.5, and it may
reach 0.5 only when the direction of the regional flow (α) is close to π/4.

4.4. The Impact of Water Table Limitations

Similar to the 1e/1i system, there are also limitations to the water table height in the
1e/2i system. The minimum value of the discharge potential, Φext, can be estimated from
the extracting well by substituting X = 2d and Y = re into Equation (9), as follows:

Φext =
1
2

Kh2
ref − q0(2d cos α + re sin α) +

Q
4π

ln
r2

e√[
4d2 + (re − b)2

][
4d2 + (re + b)2

] (47)

In practice, this lowest discharge potential should be higher than the threshold of
Φmin, leading to a limitation of qD:

qD ≥ qext, qext =

q0d ln
{√[

4d2 + (re − b)2
][

4d2 + (re + b)2
]
/re

2
}

Kh2
ref − 2q0(2d cos α + re sin α)− 2Φmin

(48)

The highest discharge potential may exist within an injection well, either I1 or I2.
The discharge potentials are denoted as ΦI1 or ΦI2, respectively, for I1 and I2, and can be
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estimated from the radius of the injection well (I1: X = 0, Y1 = b − ri; I2: X = 0, Y2 = −b + ri),
as follows:

ΦI1 =
1
2

Kh2
ref − q0(b− ri) sin α +

Q
4π

ln
4d2 + (b− ri)

2∣∣2bri − r2
i

∣∣ (49)

ΦI2 =
1
2

Kh2
ref − q0(−b + ri) sin α +

Q
4π

ln
4d2 + (b− ri)

2∣∣2bri − r2
i

∣∣ (50)

In practice, the highest discharge potential should be less than Φmax, leading to the
following limitations:

qD ≥ qI1, qI1 =
dq0 ln[(4d2 + (b− ri)

2)/
∣∣2bri − r2

i

∣∣]
2Φmax − Kh2

ref + 2q0(b− ri) sin α
(51)

qD ≥ qI2, qI2 =
dq0 ln[(4d2 + (b− ri)

2)/
∣∣2bri − r2

i

∣∣]
2Φmax − Kh2

ref + 2q0(−b + ri) sin α
(52)

A combined result of the limitations is:

qD ≥ qmin, qmin = max{qext, qI1, qI2} (53)

As indicated in Figure 8b, the recirculation ratio of the 1e/2i system generally decreases
with the increasing value of qD. Thus, the limitation of qD given in Equation (53) generally
leads to a maximum threshold of the recirculation ratio, ηc, which is determined by qmin.

5. Comparison Analyses and Discussions on a Synthetic Example
5.1. Hydrogeological Conditions

In this section, we compare the development of RZs and the recirculation ratio of the
PAT system between the 1e/1i and 1e/2i systems for a synthetic example of satisfying
physical experiences in practice. The properties of the aquifer-well system in the synthetic
example are listed in Table 1. The regional groundwater flow rate, q0 = 0.075 m2/d, is
specified for a condition in which the natural hydraulic gradient is 0.1%.

Table 1. Settings of the synthetic example.

Theme Elements and Parameters Symbol Value

Aquifer conditions

Hydraulic conductivity of the aquifer K 5 m/d
Regional groundwater flow rate q0 0.075 m2/d

Regional groundwater flow direction α 0 ≤ α ≤ π

Ground surface elevation zsurf 20 m
Aquifer bottom elevation zbot 0 m

Initial water level at (x = 0, y = 0) href 15 m

Water level limitations

Allowed highest water level hmax 18 m
Maximum discharge potential Φmax 810 m3/d

Allowed lowest water level hmin 10 m
Minimum discharge potential Φmin 250 m3/d

Wells

Location of the extraction well d 20 m
Well radius re = ri 0.1 m

Half the distance between injection wells b ≤20 m
Flow rate of the extraction well Q <1000 m3/d

5.2. RZs and Recirculation Ratios When α = 0 and α = π

Regional groundwater flow scenarios of α = 0 and α = π are particularly investigated
for the synthetic example in this section to observe results in a special condition: the
regional flow is parallel to the arrangement line (the X axis) of wells. For both scenarios,
three cases are typically selected to observe the patterns of the RZs, as listed in Table 2. The
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1e/1i system is used in cases C00 and C10 to compare the 1e/2i system used in cases C01,
C02, C11, and C12. When the 1e/1i system is used, the values of qext and qinj are estimated
with Equation (24) and Equation (26), respectively. Then the value of qmin is determined
according to Equation (27). It yields the maximum allowable flow rate of the extraction
well, which is denoted as Qmax (=2πdq0/qmin). Similarly, the values of qmin and Qmax can
be determined with Equation (53) when the 1e/2i system is used. The results of these
threshold values are also given in Table 2. In comparison to the 1e/1i system, it is clear
that the 1e/2i system has a higher allowable pumping rate. For instance, the Qmax values
in the C01 and C11 cases are ~25% higher than those in the C00 and C10 cases. Patterns
of RZs for these cases are shown in Figure 9. Only one RZ is developed in the cases of
the 1e/1i system, shown as zone III in Figure 9a for the case C00 and Figure 9d for the
case C10. Two RZs are developed in the cases of the 1e/2i system, which are definitely
symmetrical about the X-axis. When all of the stagnation points (S1, S2, and S3) fall on
the X-axis (Figure 9b for the case C01), or two stagnation points fall on the Y-axis and the
other one falls on the X-axis (Figure 9e for the case C11 and Figure 9f for the case C12),
the two RZs are fully connected by the X-axis. The C02 case (Figure 9c) is special because
the two stagnation points, S2 and S3 do not fall on the X-axis or Y-axis, and the regional
flow reaches the pumping well along a path between S2 and S3, i.e., the capture zone of the
regional flow toward the pumping well separates the RZs of the two injection wells.

Table 2. Typical cases for scenarios of α = 0 and α = π.

Scenario PAT System Cases b (m) qmin Qmax (m3/d) Q (m3/d) η

α = 0
1e/1i system C00 0 0.0365 258 20 0
1e/2i system C01 10 0.0292 323 20 0
1e/2i system C02 20 0.0296 319 20 0.93

α = π

1e/1i system C10 0 0.0285 258 20 0.41
1e/2i system C11 10 0.0286 329 20 0.40
1e/2i system C12 20 0.0290 325 20 0.38
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Figure 9. Patterns of RZs for typical cases listed in Table 2: (a) C00; (b) C01; (c) C02; (d) C10; (e) C11;
(f) C12. Red zones are the regional flow captured by extraction well E; light blue zone is the regional
flow contributed by the injection well I1 in C02, C11 and C12; light green zone is the regional flow
contributed by the injection well I2 in C02, C11 and C12; blue zone is the regional flow contributed by
the injection well in C01; III1 and III2 are number of RZs for injection well I1 and I2, respectively, and
filled with dark blue and dark green; III is the number of RZ in C00 and C10, and filled with green.
Arrows indicate groundwater flow direction.
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In scenarios of α = 0 or α = π, the recirculation ratio is subject to the distance between
injection wells, 2b, and the flow rate of the extraction well, Q. Using analytical solutions in
this study, the recirculation ratio is estimated and shown in Figure 10 for both scenarios
of α = 0 and α = π. When α = 0, the recirculation ratio (η) ranges between 0 and 1, which
generally increases with increasing Q and decreasing b values. As exhibited in Figure 10a,
there are two special areas in the b-Q space for η: one yields η = 0 for relatively large η and
small Q values (absence of RZs), and another yields η = 1 for relatively small η and large Q
values (e.g., cases C00 and C01 in Table 2). When α = π, the η value is positively dominated
by the Q value while showing a slight positive dependency on the b value (Figure 10b).
There is η = 0, when the Q value is smaller than a threshold (gray area in Figure 10b), while
η cannot reach 1 even when Q is close to Qmax (Table 2, ~300 m3/d), because the regional
flow must be partially captured by the pumping well in the scenarios of α = π.
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Figure 10. Dependency of the recirculation ratio on b and Q for scenarios of 1e/2i system:
(a) α = 0; (b) α = π. Red circles denote the cases in Table 2. The vertical coordinate is labeled with the
logarithmic scale to clearly show patterns for small Q values.

5.3. Sensitivity to the Angle of Regional Groundwater Flow

The impact of α on the recirculation ratio and RZs is investigated on the basis of the
cases listed in Table 2 by fixing Q = 20 m3/d for b = 0 m (1e/1i system), b = 10 m, or 20 m
(1e/2i system), while changing the α value. This value of Q is lower than the maximum
allowable pumping rate and falls on the moderate side of the b-Q space for the recirculation
ratio (Figure 10); thus, it is suitable for investigating the general role of the regional flow
angle.

The dependence of the recirculation ratio on the angle of regional flow is shown in
Figure 11. For the 1e/1i system (b = 0 m), the η value decreases from 1 to 0.40 when
the α value increases from 0 to π. The data points of this 1e/1i system in Figure 11
approximately fall on the changing curve of the 1e/2i system with b = 10 m. It indicates
that the dependencies of η on α for the 1e/2i system of b = 10 m and the 1e/1i system are
quite similar. However, the obvious difference between the 1e/1i system and the 1e/2i
system can be seen when b = 20 m. When the α value ranges between 0.17π and 0.61π, the
recirculation ratio of the 1e/2i system is higher than that of the 1e/1i system. Otherwise, in
the ranges of 0 ≤ α < 0.17π and 0.61π < α ≤ π, the recirculation ratio of the 1e/2i system is
lower than that of the 1e/1i system.

Patterns of RZs in different cases with typical angles of regional flow are shown in
Figures 12 and 13 for b = 10 m and b = 20 m, respectively. The α values of these cases
include the critical points (α = 0.17π and α = 0.61π) of α-η curves in Figure 11 and two
transition points (α = 0.03π and α = 0.3π). As indicated in Figure 12, the double RZs in
cases of b = 10 m are always adjacent, with a border streamline between the stagnation
S2 and the extraction well. When the α value increases from 0.03π (Figure 12a) to 0.17π
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(Figure 12b) and then increases to 0.3π and 0.61π, more and more regional flow is captured
by the extraction well, with increasing width of the capture zone. This response causes a
decrease in flow rate in RZs and then reduces the recirculation ratio. Similar patterns exist
in cases where b = 10 m, as shown in Figure 13. However, a new pathway of the regional
flow captured by the extraction well emerges in places between the two injection wells
when α = 0.03π (Figure 13a) and α = 0.17π (Figure 13b). This new pathway does not exist
when α = 0.3π (Figure 13c) and α = 0.61π (Figure 13d), leading to quite similar capture
zones in comparison to those of b = 10 m.
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Figure 12. RZs patterns of 1e/2i system with b = 10 m and Q = 20 m3/d for typical angles of the
regional flow: (a) α = 0.03π; (b) α = 0.17π; (c) α = 0.3π; (d) α = 0.61π. Red zones are the regional flow
captured by the extraction well E; light blue zone is the regional flow contributed by the injection well
I1; light green zone is the regional flow contributed by the injection well I2; III1 and III2 are number
of RZs for injection well I1 and I2, respectively, and filled with dark blue and dark green. Arrows
indicate groundwater flow direction.
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6. Conclusion Remarks

We obtain analytical solutions of RZs and recirculation ratios for two kinds of the PAT
system in an unconfined aquifer influenced by regional groundwater flow. An arbitrary
direction of the regional flow as well as the impact of water table limitations in the extraction
and injection wells are considered. The major conclusions can be summarized as follows:

(1) For the 1e/1i system, the existence of the RZ and the recirculation ratio (η) depend
on the angle (α) and relative rate (qD) of the regional flow. When the direction of the
regional flow is close to the path from the injection well to the extraction well (α ≈ 0),
the RZ exists with a η value that is close to 1. Larger qD and α values generally lead to
smaller η value;

(2) For the 1e/2i system, the patterns of RZs and the recirculation ratio depend on α,
qD and the relative distance between the two injection wells (B). The 1e/2i system
is equal to the 1e/1i system when B = 0. In general, an increase in the B value may
reduce the integrity of RZs or take away one or two RZs and lead to a decrease in the
recirculation ratio, especially when α is close to 0 or π;

(3) Water table limitations in the extraction and injection wells yield a maximum allowable
pumping rate for the PAT system and then lead to an upper bound on the recirculation
ratio. The 1e/2i system generally has a higher allowable pumping rate than the 1e/1i
system;

(4) A special zone of α may exist for the sake of producing RZs in the 1e/2i system, even
leading to a larger recirculation ratio than that of the 1e/1i system.

Assumptions and simplifications are introduced in this study to obtain analytical solu-
tions, which limit the applicability of the study results and should be carefully considered
in practice. In Section 2.1, five major simplifications were listed that are necessary for using
the analytical solutions of RZs and the recirculation ratio. In the real world, groundwater
flow around the wells at the beginning of a PAT system may follow a significantly unsteady
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pattern, which does not satisfy the steady-state flow assumption in this study. Thus, our
research results are more suitable to assess the long-term behavior of a PAT system with
relatively steady performance. Although we only considered one or two injection wells,
PAT systems with more than two injection wells or with multiple extraction wells generally
have similar behaviors as those discovered in this study. Further investigations are expected
to reveal details of different recirculation zones among different extraction wells in the
same field.
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