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Abstract: Let S; denote the class of analytic functions f in the open unit disk D = {z : |z| < 1}
normalized by f(0) = f/(0) — 1 = 0, which is subordinate to exponential function, fo;—g) <é* (zeD).
In this paper, we aim to investigate the third-order Hankel determinant H3(1) for this function class
S} associated with exponential function and obtain the upper bound of the determinant H3(1).
Meanwhile, we give two examples to illustrate the results obtained.
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1. Introduction

Let S denote the class of functions f which are analytic and univalent in the open unit disk
D = {z: |z| < 1} of the form

flz)=z+ ianzn (z e D). (1)

Assume that P denote the class of analytic functions p normalized by
p(z) =1+c1z+ 2% + 3z +- -

and satisfying the condition Re p(z) > 0 (z € D).
It is easy to see that, if p(z) € P, then exists a Schwarz function w(z) with w(0) = 0 and
|w(z)| < 1, such that (see [1])
1+ w(z)
P (Z ) - 1— ZU( Z)
Now, we start with recalling the definition of subordination.
Suppose that f and g are two analytic functions in ID. Then, we say that the function g is
subordinate to the function f, and we write

(z € D).

8(z) < f(z) (zeD),

if there exists a Schwarz function w(z) with w(0) = 0 and |w(z)| < 1, such that (see [2])

8(z) = f(w(z)) (zeD).

Recently, Mendiratta et al. in [3] introduced the following subclass S; of analytic functions
associated with exponential function.
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Definition 1. (see [3]). A function f € S is said to be in the class S, if it satisfies the following condition:

G
o) < e (zeD). (2)
We easily observe that, f € SY, if and only if
|1,
log 5 '<1 (z € D). (3)

In fact, if we choose f(z) = z + %zz, then, from Equation (3), we can sketch the figure of the
function class S; (see Figure 1).

0.8

0.6

Figure 1. the figure of the function class S} for f(z) = z + 122

The qth Hankel determinant for 4 > 1 and n > 1 is stated by Noonan and Thomas [4] as

an Ap+1 - An4g-1
Hy(n) =| @n+1 @ny2 " Gty (a; =1).
An+q-1 An+q " An429-2

This determinant has been considered by several authors, for example, Noor [5] determined the
rate of growth of H,(n) as n — co for functions f(z) given by Equation (1) with bounded boundary
and Ehrenborg [6] studied the Hankel determinant of exponential polynomials.

In particular, we have
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ap as
Hy(2) = = aray — a% (n=2,q=2),
az a4
and
ap ap das

H3(1)=|ay a3 ay | (n=1,q9=3).

as ag 4ds

Since f € S, a; =1, thus
H;(1) = a3(apas — a3) — ag(ay — aras) + as(az — a3).

We note that H,(1) is the well-known Fekete-Szego functional (see, for instance, [7-12]).

In recent years, many authors studied the second-order Hankel determinant H>(2) and the
third-order Hankel determinant H3(1) for various classes of functions, the interested readers can
see, for example, [13-22]. We note that, they discussed the determinants H,(2) and H3(1) based
on the function classes, which are all subordinate to a certain function ﬁgg (-1<B< AL,
z € D). Until now, very few researchers have studied the above determinants for the function class,
subordinated to ¢* (z € D). So, in this paper, we aim to investigate the third-order Hankel determinant

H3(1) for the function class S}, which is associated with exponential function, and obtain the upper

bound of the above determinant.

2. Main Results

In order to prove our desired results, we shall require the following lemmas.

Lemma 1. (see [23]). If p(z) € P, then exists some x, z with |x| <1, |z| < 1, such that
200 =cf +x(4—c}),
4oz = +200x(4 =) — (4—A)ex® +2(4 - 3) (1 — |xP)z
Lemma 2. (see [24]). Let p(z) € P, then
lenl <2, n=1,2,---.
Lemma 3. (see [3]). If the function f(z) € S} and of the form Equation (1), then
al <1, Jasl < 3, laal < 52, las| <1 @

We now state and prove the main results of our present investigation.

Theorem 1. If the function f(z) € S and of the form Equation (1), then we have

: (5)

N =

lag — 5| <
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Proof. Since f(z) € S, according to the definition of subordination, then there exists a Schwarz
function w(z) with w(0) = 0 and |w(z)| < 1, such that

Zf/(Z) — ew(z)_

f(2)
Now
zf'(z)  _ z4Ye,nayz"
T AL e
= (1+ Z nanz" )1 — apz + (a5 — a3)z> — (a3 — 2apa3 + ag)z> + - - -] (6)

n=2
=1+axz+ (2a3 — a3)z> + (a3 — 3a2a3 + 3a4)z> + - - - .

Define a function
(2) = 1+ w(z)
PE = 1700)

Then, we notice that p(z) € P and

=1+4ciz+cz2+---.

(z) = p(z) -1 _ c1z+cz? + 3z -
1+P() 2+C12+C222+cgz3+...'

On the other hand,

) =1+ w(z) + Uk + AL

4
_ clz+czz +C3z + 1 clz+czz +C3z + 2 1 C]Z+C222+C3Z3+"' 3 ..
=1+ 2+clz+czzz+r:3z3+ +2 (2+clz+czzz+C3z3+ ) + 6(2+clz+czzz+63z3+-~) +

2
=1+ (az+ 0z +c3z8+ )] —%Zt(%—%)zzz(%—%Jr%)z“rm] )
+i(az+ o+ + )21 - F+ (227 2322 — (Cgl; a2 4+ 9B+ ?
+4i8(clz+czzz+C3z§’+ )33[ Clz—lr(cﬁ,‘1 —9)22—(F-%2+9) 2+ P+
=1+az+ (3 -2+ (F-R+PP+--.
On comparing the coefficients of z, z?, z3 between the Equations (6) and (7), we obtain
2 3
C1 C1C2 Cl
= =, —_ _— 8
=g m = = (&)
So,
o-di= (2429|123
4 16 4 4 16

Using Lemma 1, we thus know that

_ a2 ARG VA |
lag — a3] 3 el

Letting |x| =t € [0,1], ¢; = ¢ € [0,2] and applying the triangle inequality, the above equation
reduces to

t(4—c?) 2
Y] P G Sl A
Suppose that

t(4—c?) 2

s 16
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then we get

oF 4-¢2

= >0,

ot 8 -
which shows that F(c, ) is an increasing function on the closed interval [0,1] about ¢. Therefore,
the function F(c, t) can get the maximum value at t = 1, that is

(4—c%)

8 16°

max F(c, t) = F(c,1) =

Next, let
BT I
8 16 2 16

Then, we easily find the function G(c) have a maximum value at ¢ = 0, also which is

jas — a3l < G(0) = .
The proof of Theorem 1 is thus completed. O

Theorem 2. If the function f(z) € S and of the form Equation (1), then we have

8961/2 + 385
— < 9
|azaz — ag| < 3087 9)
Proof. From the Equation (8), we have
|azas —ay| = |92 + 35 — 2 — 92 + s
_jcc ey 59
=1 6 T T

Again, by applying Lemma 1, we get

4-cpax* (@d-cax @—c)A—[x)z 5
24 24 12 144"

|ﬂ2113 - 114\ =

Assume that |x| =t € [0,1], ¢; = ¢ € [0,2]. Then, using the triangle inequality, we deduce that

(4 — c?)ct? N (4 —c?)ct N (4—c*) 5

—wl < =
205 — as| < 7 24 1 T1m

Setting
(4 — c?)ct? n (4 —c?)ct n (4—c*) 5

Flet) == ——; 24 1 "1

Hence, we have

OF  (4—c)ct  (4—c*)c
- = >
ot 12 + 24 20,

namely, that F(c, f) is an increasing function on the closed interval [0,1] about . This implies that the
maximum value of F(c, ) occurs at = 1, which is

(4—c?)c . (4 —c?)c n (4—c*) 5

max F(c, t) = F(c,1) = o7 7 W —l—m.

Now define 5 ) 5 3
4 —c%)c 4—c)c 4—¢ 5c
(4=c)e (4= (4=

Gle) =" 24 14
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then ( 2) ) 5
4—c¢ c ¢ 15c
/ _\ ) _ = _ = I
ClO="f "% &t
Let G'(c¢) = 0, then the rootisc = r = M. And so the function G(c) have a maximum value
attained atc =r = M, also which is
_ 896v/2 +385

— < —
lazaz — as| < G(r) 3087

The proof of Theorem 2 is completed. [

Theorem 3. If the function f(z) € S} and of the form Equation (1), then we have

7

2

< . 10
|a2a4 — a3] < 12 (10)

Proof. Suppose that f(z) € S, then from Equation (8), we have

2 4 2
21 ey % ¢ e 12
lazay — a3 = [952 + 48 576 (7 + £6) |
—_ ﬂ CICZ Cl C% Cl

12 96 576 16 256 I

In view of Lemma 1, we thus obtain

2 4 2
a2 |as a2 G (e C1N2
lapas —a3| = |2 + 45 — 5% — (7 + 15)
_|xqd=d) P G@-c]) 2@’ al=)A-|xP)z o}
= 192 3 64 24 256 | -

Also, let |x| =t € [0,1], ¢; = ¢ € [0,2]. Then, using the triangle inequality, we get

t*(4—c?) 4 —-c*) PA-3)? 4-c2) A
+ + - o
192 48 64 12 256

|azas — a3 <

Assume that

204 _ 2 2204 _ 2 204 _ 232 _ 2 4
F(c,t)::tc(4 c)+tc(4 c)+t(4 c)+(4 c)+ci’
192 48 64 12 256

thus, we have
204 2 204 2 _2\2
Bizc(4 c)+tc(4 c)+t(4 c?) >0,
ot 192 24 32
which implies that F(c, t) increases on the closed interval [0,1] about ¢. That is, that F(c,t) have a
maximum value at t = 1, which is

5c2(4 — c?) n (4—c?)? n (4—c2)

maxF(c,t) = F(c,1) = 15 i o +ﬁ'
Taking
52(4—c?)  (4—c2)? (44—
GO =g+ @ t 1 Txm

then we have ( 2) ( 2) 3 3
5¢(4 —c¢ c(d—c ¢ bc c

G(c) = - e X, e

() 9 16 6 9% 64
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If G'(c) = 0, then the root is ¢ = 0. After a simple calculation, we can deduce that G”(0) < 0,
which means that the function G(c) can take the maximum value at ¢ = 0, also which is

7
— a3 <G(0) = =
|ﬂ2ﬂ4 ﬂ3|_ () 12’

and so we complete the proof of Theorem 3. [

Theorem 4. If the function f(z) € S and of the form Equation (1), then we have

165,095 + 60,928+/2
444 528

|H3(1)| < ~ 0.565. (11)

Proof. Because
Hi(1) = az(axas — a3) — ag(as — axa3) + as(as — a3),

so, by applying the triangle inequality, we obtain
[H3(1)| < |as||azas — a3| + |as||ag — azas| + |as||as — a3)]. (12)

Next, substituting Equations (4), (5), (8) and (10) into (12), we easily get the desired assertion
Equation (11).
Finally, we give two examples to illustrate the results obtained. [J

Example 1. If we choose the function f(z) = ¢ — 1=z + Y5, 2, € S}, then we have

|H3(1)| < |as||a2aq — a3| + |as||as — azaz| + |as||az — |

111 11
B R TR i R

~ 0.004 < 0.565.

1 1 1 1
TR TRE TR Tl

1 1 1 1
SRR T

Example 2. Ifwe put the function f(z) = —log(1 —z) = z+ Yoo, 2= € S, then we get

|H3(1)| < |a||azay — a3| + |as||as — azaz| + |as||as — a3

1 1 1 1 1 1 1 1 1 1 1 1 1

=-X|zx>—XZ|+oX|m—xZ|+=x]|z -2 x|
3 2 4 3 3 4 4 2 3 5 3 2 2
~ 0.042 < 0.565.

3. Conclusions

In this paper, we mainly investigate the third-order Hankel determinant H3(1) for the function
class S}, which is subordinate to exponential function, and obtain the upper bound of the above
determinant. The results obtained generalize and unify the theories of Hankel determinants in
geometric function theory.

Author Contributions: All of the authors in this paper investigated this research. H.-Y.Z. wrote and reviewed the
original draft, X.-M.N. sketched the figure and H.T. wrote, reviewed and edited this research.

Funding: The second author was supported by the Natural Science Foundation of the People’s Republic of China
under Grants 11561001 and 11271045, the Program for Young Talents of Science and Technology in Universities
of Inner Mongolia Autonomous Region under Grant NJYT-18-A14, the Natural Science Foundation of Inner
Mongolia of the People’s Republic of China under Grant 2018MS01026, and the Higher School Foundation of
Inner Mongolia of the People’s Republic of China under Grants NJZY17300 and NJZY17301.

Acknowledgments: The authors thank the reviewers for their useful suggestions and valuable comments.

Conflicts of Interest: The authors declare no conflict of interest.



Symmetry 2018, 10, 501 80f8

References

1. Srivastava, HM.; Owa, S. (Eds.) Current Topics in Analytic Function Theory; World Scientific Publishing
Company: London, UK, 1992.

2. Miller, S.S.; Mocanu, P.T. Differential Subordinations: Theory and Applications, Series on Monographs and Textbooks
in Pure and Applied Mathematics; Marcel Dekker Incorporated: New York, NY, USA, 2000; p. 225.

3. Mendiratta, R.; Nagpal, S.; Ravichandran, V. On a subclass of strongly starlike functions associated with
exponential function. Bull. Malays. Math. Sci. Soc. 2015, 38, 365-386. [CrossRef]

4. Noonan, ].W.; Thomas, D.K. On the second Hankel determinant of areally mean p-valent functions. Trans. Am.
Math. Soc. 1976, 223, 337-346.

5. Noor, K.I. Hankel determinant problem for the class of functions with bounded boundary rotation. Rev. Roum.
Math. Pure Appl. 1983, 28, 731-739.

6.  Ehrenborg, R. The Hankel determinant of exponential polynomials. Am. Math. Mon. 2000, 107, 557-560.
[CrossRef]

7. Fekete, M.; Szego, G. Eine benberkung uber ungerada schlichte funktionen. J. Lond. Math. Soc. 1933, 8, 85-89.
[CrossRef]

8. Koepf, W. On the Fekete-Szego problem for close-to-convex functions. Proc. Am. Math. Soc. 1987, 101, 89-95.

9.  Koepf, W. On the Fekete-Szego problem for close-to-convex functions II. Arch. Math. 1987, 49, 420-433.
[CrossRef]

10. Srivastava, H.M.; Hussain, S.; Raziq, A.; Raza, M. The Fekete-Szego functional for a subclass of analytic
functions associated with quasi-subordination. Carpath. ]. Math. 2018, 34, 103-113.

11. Srivastava, H.M.; Mishra, A.K.; Das, M.K. The Fekete-Szego problem for a subclass of close-to-convex
functions. Complex Var. Theory Appl. 2001, 44, 145-163. [CrossRef]

12. Tang, H.; Srivastava, H.M.; Sivasubramanian, S.; Gurusamy, P. The Fekete-Szego functional problems for
some classes of m-fold symmetric bi-univalent functions. J. Math. Inequal. 2016, 10, 1063-1092. [CrossRef]

13. Babalola, K.O. On H3(1) Hankel determinant for some classes of univalent functions. Inequal. Theory Appl.
2010, 6, 1-7.

14. Bansal, D. Upper bound of second Hankel determinant for a new class of analytic functions. Appl. Math. Lett.
2013, 26, 103-107. [CrossRef]

15. Bansal, D.; Maharana, S.; Prajapat, ].K. Third order Hankel determinant for certain univalent functions.
J. Korean Math. Soc. 2015, 52, 1139-1148. [CrossRef]

16. Caglar, M.; Deniz, E.; Srivastava, H.M. Second Hankel determinant for certain subclasses of bi-univalent
functions. Turkish J. Math. 2017, 41, 694-706. [CrossRef]

17. Janteng, A.; Halim, S.; Darus, M. Coefficient inequality for a function whose derivative has a positive real
part. J. Inequal. Pure Appl. Math. 2006, 7, 1-5.

18. Janteng, A.; Halim, S.A.; Darus, M. Hankel determinant for starlike and convex functions. Int. . Math. Anal.
2007, 13, 619-625.

19. Lee, S.K; Ravichandran, V.; Subramaniam, S. Bounds for the second Hankel determinant of certain univalent
functions. J. Inequal. Appl. 2013, 281, 1-17. [CrossRef]

20. Raza, M.; Malik, S.N. Upper bound of the third Hankel determinant for a class of analytic functions related
with lemniscate of bernoulli. J. Inequal. Appl. 2013, 1, 1-8. [CrossRef]

21. Srivastava, HM.; Altinkaya, S.; Yalcin, S. Hankel determinant for a subclass of bi-univalent functions defined
by using a symmetric g-derivative operator. Filomat 2018, 32, 503-516. [CrossRef]

22.  Zhang, H.-Y;; Tang, H.; Ma, L.-N. Upper bound of third Hankel determinant for a class of analytic functions.
Pure Appl. Math. 2017, 33, 211-220. (In Chinese)

23. Libera, R.].; Zlotkiewicz, E.]. Coefficient bounds for the inverse of a function with derivative in P. Proc. Am.
Math. Soc. 1983, 87, 251-257. [CrossRef]

24. Pommerenke, C. Univalent functions. J. Math. Soc. Jpn. 1975, 49, 759-780.

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1007/s40840-014-0026-8
http://dx.doi.org/10.1080/00029890.2000.12005236
http://dx.doi.org/10.1112/jlms/s1-8.2.85
http://dx.doi.org/10.1007/BF01194100
http://dx.doi.org/10.1080/17476930108815351
http://dx.doi.org/10.7153/jmi-10-85
http://dx.doi.org/10.1016/j.aml.2012.04.002
http://dx.doi.org/10.4134/JKMS.2015.52.6.1139
http://dx.doi.org/10.3906/mat-1602-25
http://dx.doi.org/10.1186/1029-242X-2013-281
http://dx.doi.org/10.1186/1029-242X-2013-412
http://dx.doi.org/10.2298/FIL1802503S
http://dx.doi.org/10.2307/2043698
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Conclusions 
	References

