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Abstract: The existing construction methods of granularity importance degree only consider the
direct influence of single granularity on decision-making; however, they ignore the joint impact from
other granularities when carrying out granularity selection. In this regard, we have the following
improvements. First of all, we define a more reasonable granularity importance degree calculating
method among multiple granularities to deal with the above problem and give a granularity reduction
algorithm based on this method. Besides, this paper combines the reduction sets of optimistic and
pessimistic multi-granulation rough sets with intuitionistic fuzzy sets, respectively, and their related
properties are shown synchronously. Based on this, to further reduce the redundant objects in each
granularity of reduction sets, four novel kinds of three-way decisions models with multi-granulation
rough intuitionistic fuzzy sets are developed. Moreover, a series of concrete examples can demonstrate
that these joint models not only can remove the redundant objects inside each granularity of the
reduction sets, but also can generate much suitable granularity selection results using the designed
comprehensive score function and comprehensive accuracy function of granularities.

Keywords: three-way decisions; intuitionistic fuzzy sets; multi-granulation rough intuitionistic fuzzy
sets; granularity importance degree

1. Introduction

Pawlak [1,2] proposed rough sets theory in 1982 as a method of dealing with inaccuracy
and uncertainty, and it has been developed into a variety of theories [3-6]. For example,
the multi-granulation rough sets (MRS) model is one of the important developments [7,8]. The MRS
can also be regarded as a mathematical framework to handle granular computing, which is proposed
by Qian et al. [9]. Thereinto, the problem of granularity reduction is a vital research aspect of MRS.
Considering the test cost problem of granularity structure selection in data mining and machine
learning, Yang et al. constructed two reduction algorithms of cost-sensitive multi-granulation
decision-making system based on the definition of approximate quality [10]. Through introducing
the concept of distribution reduction [11] and taking the quality of approximate distribution as
the measure in the multi-granulation decision rough sets model, Sang et al. proposed an x-lower
approximate distribution reduction algorithm based on multi-granulation decision rough sets, however,
the interactions among multiple granularities were not considered [12]. In order to overcome the
problem of updating reduction, when the large-scale data vary dynamically, Jing et al. developed an
incremental attribute reduction approach based on knowledge granularity with a multi-granulation
view [13]. Then other multi-granulation reduction methods have been put forward one after
another [14-17].
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The notion of intuitionistic fuzzy sets (IFS), proposed by Atanassov [18,19], was initially developed
in the framework of fuzzy sets [20,21]. Within the previous literature, how to get reasonable
membership and non-membership functions is a key issue. In the interest of dealing with fuzzy
information better, many experts and scholars have expanded the IFS model. Huang et al. combined
IFS with MRS to obtain intuitionistic fuzzy MRS [22]. On the basis of fuzzy rough sets, Liu et al.
constructed covering-based multi-granulation fuzzy rough sets [23]. Moreover, multi-granulation
rough intuitionistic fuzzy cut sets model was structured by Xue et al. [24]. In order to reduce the
classification errors and the limitation of ordering by single theory, they further combined IFS with
graded rough sets theory based on dominance relation and extended them to a multi-granulation
perspective. [25]. Under the optimistic multi-granulation intuitionistic fuzzy rough sets, Wang et al.
proposed a novel method to solve multiple criteria group decision-making problems [26]. However,
the above studies rarely deal with the optimal granularity selection problem in intuitionistic fuzzy
environments. The measure of similarity between intuitionistic fuzzy sets is also one of the hot areas
of research for experts, and some similarity measures about IFS are summarized in references [27-29],
whereas these metric formulas cannot measure the importance degree of multiple granularities in the
same IFS.

For further explaining the semantics of decision-theoretic rough sets (DTRS), Yao proposed
a three-way decisions theory [30,31], which vastly pushed the development of rough sets. As a
risk decision-making method, the key strategy of three-way decisions is to divide the domain
into acceptance, rejection, and non-commitment. Up to now, researchers have accumulated a vast
literature on its theory and application. For instance, in order to narrow the applications limits of
three-way decisions model in uncertainty environment, Zhai et al. extended the three-way decisions
models to tolerance rough fuzzy sets and rough fuzzy sets, respectively, the target concepts are
relatively extended to tolerance rough fuzzy sets and rough fuzzy sets [32,33]. To accommodate
the situation where the objects or attributes in a multi-scale decision table are sequentially updated,
Hao et al. used sequential three-way decisions to investigate the optimal scale selection problem [34].
Subsequently, Luo et al. applied three-way decisions theory to incomplete multi-scale information
systems [35]. With respect to multiple attribute decision-making, Zhang et al. study the inclusion
relations of neutrosophic sets in their case in reference [36]. For improving the classification correct
rate of three-way decisions, Zhang et al. proposed a novel three-way decisions model with DTRS by
considering the new risk measurement functions through the utility theory [37]. Yang et al. combined
three-way decisions theory with IFS to obtain novel three-way decision rules [38]. At the same time,
Liu et al. explored the intuitionistic fuzzy three-way decision theory based on intuitionistic fuzzy
decision systems [39]. Nevertheless, Yang et al. [38] and Liu et al. [39] only considered the case of a
single granularity, and did not analyze the decision-making situation of multiple granularities in an
intuitionistic fuzzy environment. The DTRS and three-way decisions theory are both used to deal
with decision-making problems, so it is also enlightening for us to study three-way decisions theory
through DTRS. An extension version that can be used to multi-periods scenarios has been introduced by
Liang et al. using intuitionistic fuzzy decision- theoretic rough sets [40]. Furthermore, they introduced
the intuitionistic fuzzy point operator into DTRS [41]. The three-way decisions are also applied in
multiple attribute group decision making [42], supplier selection problem [43], clustering analysis [44],
cognitive computer [45], and so on. However, they have not applied the three-way decisions theory to
the optimal granularity selection problem. To solve this problem, we have expanded the three-way
decisions models.

The main contributions of this paper include four points:

(1) The new granularity importance degree calculating methods among multiple granularities
(i.e., sig/;ﬁ (A;, A7,D) and sig/ﬁlt
discriminative granularities.

(2) Optimistic optimistic multi-granulation rough intuitionistic fuzzy sets (OOMRIFS)
model, optimistic pessimistic multi-granulation rough intuitionistic fuzzy sets (OIMRIFS) model,

(A;, A1,D)) are given respectively, which can generate more
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pessimistic optimistic multi-granulation rough intuitionistic fuzzy sets (IOMRIFS) model and
pessimistic pessimistic multi-granulation rough intuitionistic fuzzy sets (IIMRIFS) model are
constructed by combining intuitionistic fuzzy sets with the reduction of the optimistic and pessimistic
multi-granulation rough sets. These four models can reduce the subjective errors caused by a single
intuitionistic fuzzy set.

(3) We put forward four kinds of three-way decisions models based on the proposed four
multi-granulation rough intuitionistic fuzzy sets (MRIFS), which can further reduce the redundant
objects in each granularity of reduction sets.

(4) Comprehensive score function and comprehensive accuracy function based on MRIFS are
constructed. Based on this, we can obtain the optimal granularity selection results.

The rest of this paper is organized as follows. In Section 2, some basic concepts of MRS, IFS,
and three-way decisions are briefly reviewed. In Section 3, we propose two new granularity importance
degree calculating methods and a granularity reduction Algorithm 1. At the same time, a comparative
example is given. Four novel MRIFS models are constructed in Section 4, and the properties of the
four models are verified by Example 2. Section 5 proposes some novel three-way decisions models
based on above four new MRIFS, and the comprehensive score function and comprehensive accuracy
function based on MRIFS are built. At the same time, through Algorithm 2, we make the optimal
granularity selection. In Section 6, we use Example 3 to study and illustrate the three-way decisions
models based on new MRIFS. Section 7 concludes this paper.

2. Preliminaries

The basic notions of MRS, IFS, and three-way decisions theory are briefly reviewed in this section.
Throughout the paper, we denote U as a nonempty object set, i.e., the universe of discourse and
A={Ay, Ay, -+, Ay} is an attribute set.

Definition 1 ([9]). Suppose 1S =< U,AV,f > is a consistent information system,
A={Ay, Ay, -+, An} is an attribute set. And Ry, is an equivalence relation generated by A. [x] 4 is
the equivalence class of R, VX C U, the lower and upper approximations of optimistic multi-granulation
rough sets (OMRS) of X are defined by the following two formulas:

m O
YA (X)={xeUl[x]y, CXVx],

CXVix]y, C©X...VIx],, CX}
i=1

2 — 3 — -

m O 0
‘:lAi (X) =~ (LA (~X)).

1

o) ——O0

m m
where V is a disjunction operation, ~ X is a complement of X, if Y, A; (X) # YL A; (X), the pair
i=1 i=1

(A (X), L A; (X)) is referred to as an optimistic multi-granulation rough set of X.

Definition 2 ([9]). Let IS =< U, A, V, f > be an information system, where A = {Ay, Ay, -+, A} isan
attribute set, and R 5, is an equivalence relation generated by A. [x|  is the equivalence class of Ra,, VX C U,
the pessimistic multi-granulation rough sets (IMRS) of X with respect to A are defined as follows:

m
YA (X) ={xeUl[x]y S XAlx],

CXA[x]a, SXAA[X], C X}
i=1

2 — 3 —

rra— m I

YA (X)=~ (LA (~X)).

i=1 i=1
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I

m

where [x], (1 < i < m) is equivalence class of x for A;, A is a conjunction operation, if Y. A; (X) #
i i=1

I I I

m m m
Y A; (X), thepair (Y A; (X), ¥ A; (X)) is referred to as a pessimistic multi-granulation rough set of X.
i=1 i=1 i=1

Definition 3 ([18,19]). Let U be a finite non-empty universe set, then the IFS E in U are denoted by:
E={<x, ug(x),ve(x) > |x € U},

where pp(x): U — [0,1] and ve(x): U — [0,1]. ug(x) and ve(x) are called membership and non-mem-
bership functions of the element x in Ewith 0 < ug(x)+vg(x) < 1. ForV x € U, the hesitancy degree function
is defined as mtg(x) = 1 — pp(x) — ve(x), obviously, mg(x): U — [0,1]. Suppose V E1, E; € IFS(U),
the basic operations of Eq and E, are given as follows:

(1)  E1 € Ex & pp (x) < pgy(x), vg (x) 2 vE,y(x), Vx € U;

2) A=B< palx)=pp(x), valx) =vp(x), Vx € U;

(®) E\UE = {< % max{yig, (x), jig,()}, min{vg, (x), v, (x)} > [x € U};

(4) (4) E1NEy = {< x, min{ug, (x), pg,(x)}, max{vg, (x), ve,(x)} > |x € U};
G) (5) ~E={<x vg(x), pg (x) > |x € U}

Definition 4 ([30,31]). Let U = {x1,xp,- - - , X, } be a universe of discourse, ¢ = {wp, wn, wp} represents
the decisions of dividing an object x into receptive POS(X), rejective NEG(X), and boundary regions BND(X),
respectively. The cost functions App, Anp and App are used to represent the three decision- making costs of
Vx € U, and the cost functions Apn, ANN and Ay are used to represent the three decision-making costs of
Vx & U, as shown in Table 1.

Table 1. Cost matrix of decision actions.

. . . Decision Functions
Decision Actions

X ~X
wp App ApN
wp Agp ABN
wN ANP ANN

According to the minimum-risk principle of Bayesian decision procedure, three-way decisions
rules can be obtained as follows:

(P): If P(X|[x]) > a, then x € POS(X);

(N): If P(X|[x]) < B, then x € NEG(X);

(B):If B < P(X|[x]) < &, then x € BND(X).

Here a, § and -y represent respectively:

ApN — ABN )
(ApN — AsN) + (Agp — App)’

_ ABN — ANN )
(ABN — ANN) + (Anp — ABp)’
ApN — ANN

T iow = Ann) + (Awp — App)|
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3. Granularity Reduction Algorithm Derives from Granularity Importance Degree

Definition 5 ([10,12]). Let DIS = (U,CUD,V, f) be a decision information system, A = {A;, A,
-+, A} are m sub-attributes of condition attributes C. U/D = {X3,Xa, - - - , X } is the partition induced
by the decision attributes D, then approximation quality of U /D about granularity set A is defined as:

m A
u{ YA (X)1<t< s}
i=1
uf

Y(A,D) =

where | X| denotes the cardinal number of set X. A € {O, I} represents two cases of optimistic and pessimistic
multi-granulation rough sets, the same as the following.

Definition 6 ([12]). Let DIS = (U,CU D, V, f) be a decision information system, A = {A1, Az, -+, Am}
are m sub-attributes of C, Al C A, X € U/D,

m A m A
My Y A (X)# Y A; (X), then A’ is important in A for X;
i=1,A;€A i=1,A;€A—A/
m A m A
QI Y A (X)= y A; (X), then A’ is not important in A for X.
i=1,A;€A i=1,A;€A— A/

Definition 7 ([10,12]). Suppose DIS = (U,CU D, V, f) is a decision information system, A = {A1, Aa, - - -,
Ap } are m sub-attributes of C, A1 C A. VA; € A1, on the granularity sets Al, the internal importance degree
of A; for D can be defined as follows:

sigh (A;, A1,D) = |v(A1,D) — y(Ar — {A;},D)|.
Definition 8 ([10,12]). Let DIS = (U,CUD, V, f) be a decision information system, A = {Ay, Az, -+,
Ay} are m sub-attributes of C, A1 C A. YA; € A — Al, on the granularity sets Al, the external importance
degree of A; for D can be defined as follows:
SigoAut(Air A,/ D) = |,Y(Al U A// D) - r)/(A/' D)'
Theorem 1. Let DIS = (U,CUD, V, f) be a decision information system, A = {A1, Az, , Am} arem
sub-attributes of C, A1 C A.

(1) For YA; € A1, on the basis of attribute subset family A’, the granularity importance degree of A; in Al
with respect to D is expressed as follows:

) 1 . .
sigh (Aj, A1, D) = m2|31gﬁ1({Ak,A,-},A/,D) — sighy (A, A1 —{ A}, D).
where 1 < k < m, k # i, the same as the following.

(2) For VA; € A — A1, on the basis of attribute subset family A’, the granularity importance degree of A;
in A — Al with respect to D, we have:

. 1 . .
szgt?ut(Ai/ Al, D) = mz |51goAut({Akr Ai}/ {Al} UA/, D) - SlgoAut(Ak/ Al, D)|
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Proof. (1) According to Definition 7, then

sign,(Ai, AL,D) = |y(A1,D) = y(Ar — {A;},D)|
= =1|9(A1,D) — y(Ar — {A;}, D) + L |7(Ar — { Ay, A}, D) — y(A7 — {Ay, A}, D)|
= i L ([7(A1, D) — v(Ar = { Ay, A}, D) — (v(A7 = {A;}, D) — y(Ar — { Ay, A}, D))
= w1 X Isigi, ({Aw A;}, A1, D) — sigy, (A, A1 — {A;}, D).

(2) According to Definition 8, we can get:

sigo(Ai, AL,D) = |7({A;} U A1, D) — v(A1,D)|
= =114({A;} U A/, D) — 4(A1,D)| — L |7(A1 — {A}, D) — v(Ar — {A}, D))
= 75 E (17({A} U A1, D) — (A1 — { A}, D)| — [(7(Ar — { A}, D) — (A1, D))
= w1 L lsigou ({ Ak At} {Ai} U AL, D) — sigy, (Ay, A1, D).

O

In Definitions 7 and 8, only the direct effect of a single granularity on the whole granularity sets
is given, without considering the indirect effect of the remaining granularities on decision-making.
The following Definitions 9 and 10 synthetically analyze the interdependence between multiple
granularities and present two new methods for calculating granularity importance degree.

Definition 9. Let DIS = (U,CU D, V, f) be a decision information system, A = {A1, Ay, -+, An} are
m sub-attributes of C, Al C A. VA;, Ax € Al, on the attribute subset family, A, the new internal importance
degree of A; relative to D is defined as follows:

. , 1 : )
sigr®(A;, A1, D) = sigh (A;, A1,D) + mz |sigh (A, A1 — {A;}, D) —sigh (Ay, A1, D).

sigh (A;, A1, D) and 11 Y" |sigh (Ay, A1 — {A;}, D) — sigh (A, A1, D)| respectively indicate the direct
and indirect effects of granularity A; on decision-making. When |sigiAn (Ay, Ar—{A;},D) — sigiAn (Ag, A1,D)]
> 0 is satisfied, it is shown that the granularity importance degree of Ay is increased by the addition of A;
in attribute subset Al — {A;}, so the granularity importance degree of Ay should be added to A;. Therefore,
when there are m sub-attributes, we should add 153" |sigh (A, A1 — {A;}, D) — sigh (Ax, A1, D)| to the
granularity importance degree of A;.

If |sigiAn(Ak, Ar—{A;},D) — sigl-An(Ak, A1,D)| = 0and k # i, then it shows that there is no interaction
between granularity A; and other granularities, which means sig/;ﬁ(Ai, A1,D) = sigiAn (A;, A1,D).

Definition 10. Let DIS = (U,CU D, V, f) be a decision information system, A = {A1, Az, , Am} bem
sub-attributes of C, A1 C A. YA; € A — Al, the new external importance degree of A; relative to D is defined
as follows:

. ) 1 . .
5iglyu (A, A1, D) = sigh(A;, A1, D) + L |sigout (Ax, A7, D) — sigo(Ar, {Ai} U A1, D).

out

Similarly, the new external importance degree calculation formula has a similar effect.

Theorem 2. Let DIS = (U,CUD,V, f) be a decision information system, A = {A1, Ay,---, Am}bem
sub-attributes of C, Al C A, Y A; € Al. The improved internal importance can be rewritten as:

. 1 LA
sigr®(A;, A1, D) = stzgin(Ai, Ar—{A},D).
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Proof.

siglh(Ai, A1 D) = sig;, (Ai, A1, D) + 71X Isigh, (Ay, A7 — { A}, D) — sigi, (Ay, A1, D))
= 2=L]y(A1, D) — v(Ar = {A:}, D)| + 74 L |7 (A7 — {A;}, D) -
Y(Ar = {Ap A}, D)| = [7(A1, D) — 7(Ar = { A}, D)|
= w1 T V(A1 {A}, D) — 1(A1 — {A, A}, D)
= L.y sigh (A, A1 — {A}, D).

O

Theorem 3. Let DIS = (U,CUD, V, f) be a decision information system, A = {A1, Az, , Am} arem
sub-attributes of C, A1 C A. The improved external importance can be expressed as follows:

. 1 . A
szg/fut(Ai, A1,D) = stzgout(A,', {Ax} UA1D,).

Proof.

sigr (Aj, A,D) = sigo,(A;, A, D) + —L2¥ |(sigh; (Ay, A1, D) — sigh (A, {Ai} U A1, D))|
= =1y ({A;} UAL, D) — y(A,D)| + -5 L |7 (A, D) — y({Ax} U AL, D)|—
lv({Ai} U Ar, D)
= Ly |y({A;, Ay} U AL D) — y({A;} U A1, D)
= AL sigh.(Ai {Ac} U AL D).

O

Theorems 2 and 3 show that when sigh (A;, A7 — {A}, D) =0 (sigsut(Ai, {A}UALD) =0)
is satisfied, having sig/;ﬁ(Ai, A1, D) =0 (sig/;ﬁt(Ai, A1, D) = 0). And each granularity importance
degree is calculated on the basis of removing Ay from A/, which makes it more convenient for us to
choose the required granularity.

According to [10,12], we can get optimistic and pessimistic multi-granulation lower
approximations L° and L!. The granularity reduction algorithm based on improved granularity

importance degree is derived from Theorems 2 and 3, as shown in Algorithm 1.
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Algorithm 1. Granularity reduction algorithm derives from granularity importance degree

Input: DIS = (U, CUD,V, ), A={A1, Ay,---, An} are m sub-attributes of C, A1 C A,V A; € Al,
U/D = {Xl,Xz, e ,Xs},'

Output: A granularity reduction set A? of this information system.

1: set up A? —¢,1<h<m

2: compute U/ D, optimistic and pessimistic multi-granulation lower approximations LA,
3:forVA; € A

4:  compute si g/;ﬁ (A;, A1, D) via Definition 9;

5. if (sigr}(A;, Ar,D) > 0) then A; = A} UA;;

6: end

7. forVA; € A—A;
8.

9

if ’y(A?, D) = y(A, D) then compute sig:)’ft(Ai, A, D) via Definition 10;

: end
10: if sigr> (Ay, A1, D) = max{sigr’,(Ay, A1,D)} then A; = A; U Ay;
11: end
12: end
13: forVA; € A;,
14: if Y(A; — A;, D) = 7(A,D) then A; = A; — A;;
15: end
16: end
17: return granularity reduction set A? ;
18: end

Therefore, we can obtain two reductions by utilizing Algorithm 1.

Example 1. This paper calculates the granularity importance of 10 on-line investment schemes given in
Reference [12]. After comparing and analyzing the obtained granularity importance degree, we can obtain the
reduction results of 5 evaluation sites through Algorithm 1, and the detailed calculation steps are as follows.

According to [12], we can get A = {Aj, Ay A3 Ay, A5}, A1 C A U/D =
{{xlr X2, X4, X6, x8}r {Xg, X5, X7,X9, xlO}}'

(1) Reduction set of OMRS

First of all, we can calculate the internal importance degree of OMRS by Theorem 2 as shown in
Table 2.

Table 2. Internal importance degree of optimistic multi-granulation rough sets (OMRS).

Ay Ay A; Aq As
sig$) (A;, A1,D) 0 0.15 0.05 0 0.05
sigr?(A;, A1,D) 0.025 0.375 0.225 0 0

Then, according to Algorithm 1, we can deduce the initial granularity set is {A1, Ay, As}.
Inspired by Definition 5, we obtain r°({A,, A3}, D) = r°(A,D) = 1. So, the reduction set of the
OMRS is AY = {A,, A3}.

As shown in Table 2, when using the new method to calculate internal importance degree,
more discriminative granularities can be generated, which are more convenient for screening out the
required granularities. In literature [12], the approximate quality of granularity A; in the reduction set
is different from that of the whole granularity set, so it is necessary to calculate the external importance
degree again. When calculating the internal and external importance degree, References [10,12] only
considered the direct influence of the single granularity on the granularity Aj, so the influence of the
granularity A, on the overall decision-making can’t be fully reflected.
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(2) Reduction set of IMRS

Similarly, by using Theorem 2, we can get the internal importance degree of each site under IMRS,
as shown in Table 3.

Table 3. Internal importance degree of pessimistic multi-granulation rough sets (IMRS).

Ay A, A; % As
sigl (Aj, AL,D) 0 0.05 0 0 0
sighl (A, A,D) 0 0.025 0 0.025 0.025

According to Algorithm 1, the sites 2, 4, and 5 with internal importance degrees greater than 0,
which are added to the granularity reduction set as the initial granularity set, and then the approximate
quality of it can be calculated as follows:

r({As, Ay}, D) = r'({A4, A5}, D) = r'(A,D) = 0.2.

Namely, the reduction set of IMRS is A} = {Ay, A} or Al = {A4, A5} without calculating the
external importance degree.

In this paper, when calculating the internal and external importance degree of each granularity,
the influence of removing other granularities on decision-making is also considered. According to
Theorem 2, after calculating the internal importance degree of OMRS and IMRS, if the approximate
quality of each granularity in the reduction sets are the same as the overall granularities, it is
not necessary to calculate the external importance degree again, which can reduce the amount
of computation.

4. Novel Multi-Granulation Rough Intuitionistic Fuzzy Sets Models

In Example 1, two reduction sets are obtained under IMRS, so we need a novel method to obtain
more accurate granularity reduction results by calculating granularity reduction.

In order to obtain the optimal determined site selection result, we combine the optimistic and
pessimistic multi-granulation reduction sets based on Algorithm 1 with IFS, respectively, and construct
the following four new MRIFS models.

Definition 11 ([22,25]). Suppose IS = (U, A, V, f) is an information system, A = {Ay, Az,---, Am}.
VE C U, E are IFS. Then the lower and upper approximations of optimistic MRIFS of A; are respectively

defined by:
o

m

Ry (BE)={<x, 4y o (¥)yvy o (x)>[xel};
i=1 glRA,- (E) glRAi (E)

5 - -
YRa, (E)={<x,po—0 (x),v——0 (x)>|xecU}.
=1 L Ry, (E) L Ry, (E)
where . "
By o (x)=V inf pp(y), v, o (x)= A sup ve(y);

LRa (E) i=lyelx] . L Ra, (E) =lyel],,

oo (x)= A sup ue(y), vo—o (x) =V inf ve(y).
Y Ra; (E) =lyela, L Ra. (E) i=lyelx]y,
i—1 1 i=1 !

where Rp; is an equivalence relation of x in A, [x], is the equivalence class of Ra,and V is a
disjunction operation.
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Definition 12 ([22,25]). Suppose IS =< U, A, V, f > is an information system, A = {A1, Az,-++, Am}.
VE C U, E are IFS. Then the lower and upper approximations of pessimistic MRIFS of A; can be described

as follows:
I

‘éRAZ. (E)=1{<x,u, 1 () v, 1 (x)>|xelUl};

LRa, (E) Y R4, (E))

i=1

I

:RAi (E)={<x, po—1 (x), v o (x) > [xeU}.

i LRy (B) LR (E)
where . .
Uw 1 (x)=A inf pup(y), v, 1 (x)= V sup ve(y);
L Ra; (E) i=lyelaly, L Ra; (E) =lyelal,,
1 (0) =V sup p(y), vt (x)= A inf vg(y).
Y Ry, (E) =yl , Y Ry, (E) i=lyefy,
i=1 t i=1 !

where [x] 4 is the equivalence class of x about the equivalence relation R 5, and A is a conjunction operation.

Definition 13. Suppose IS =< U, A,V, f > is an information system, A? = {A, Ay, A} C A,
A={Ay, Ay~ , Am}. And R, o is an equivalence relation of x with respect to the attribute reduction set
Al-O under OMRS, [x] 5 o is the equivalence class of R 4 0. Let E be IFS of U and they can be characterized by a
pair of lower and upper approximations:

e}

Ryo (E)={<xp, o (x)v, o (x)>|xelU}
L Ehe B LR ©
r o - -
)y RAIQ (E) ={<xp- o (x),v—wo (x)>[xecU}.
= ElRAiO ) iglRAio (E)
where . .
Fooo (=¥ it p)v, o ()= A sup uely)
z‘ElRAzO (E) . ye[X]AiO iElRAZO (E) - ye[x]AiO
o (x)= A sup pr(y) o (¥)=YV inf vg(y).
R0 (E) i= yeldl, 0 ER0 (E) i=lyelx], 0
o) O

Definition 14. Suppose IS =< U, A,V,f > is an information system, VE C U, E are IFS. AiO =
{Ay, Ay,--- A} € A A = {Ay, Ay,---, Am}. where A? is an optimistic multi-granulation
attribute reduction set. Then the lower and upper approximations of pessimistic MRIFS under optimistic
multi-granulation environment can be defined as follows:

, I
Rap (B)={<mp 1 @, o @)>keu);
=1 ! E

1
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where

W, 1 ()=A inf ur@)v, 1 (x)=V sup ve(y);
L R0 (E) =lyeldyo L R0 (E) ZZIVGMAI'O
D(x) =V sup pe(y), v (x)= A inf vp(y).

LR, (B) el o TR (E)  imWelklgo
i=1 i i ;

I

I I

I

r r r r
The pair (R 40 (E), ¥ R0 (E)) are called OIMRIFS, if ¥R, 0 (E) # YR 0 (E).
i=1 i=1 i=1 i=1 !

According to Definitions 13 and 14, the following theorem can be obtained.

Theorem 4. Let IS =< U, A,V,f > be an information system, AZQ ={A, A, A} CA A=
{A1, Ay, -+, An}, and Eq, E; be IFS on U. Comparing with Definitions 13 and 14, the following proposition
is obtained.

)

)

®)

4)

)

(6)

7)

®)
©)

(10)

r @) r
LRao (E1) = U R0 (E);
i= i = i

r 0 T O
Rap (B1) = DRyo" (B

r I r
Rap (B1) = O Ryp" (F);

1

i=1

r I r
1RA? (Er) = iglRAzoI(El);

1

I (0]

r

}ZlRAo (E1) € Y Ryo (E1);
i= i i i
S— —
'ZlRAQ (E1) € ZlRAO (E1);
i— i i— i

It~

, ) ; 0 , o , I , i ; i
_Z:]RAQ (E1NEy) = Z]RA_O (E1)N Z]RAO (Ez)rZ]RAo (E1NEr) = Z]RAO (E1)N Z]RA,O (E2);
i= i i— i i= i i= i i= i i—= i

——o0 o ) 1 1 1

r T r r r T

'Z1RAO (EUEy) = ZlRA_o (Ey) U ZlRAQ (E2), Z]RA_O (EiUEy) = ZlRA_o (E1)U ZlRAQ (E2);
i= i i= i i= i i= i i= i i= i

, o G , o ;o ;o ;T
):]RA_O (E1UEp) 2 ZlRA_o (E1) U ZIRAO (Ez),):]RA_o (E1UE) 2 Z1RAO (E1) U ZlRAo (E2);
i= i i= i i= i i= i i= i i= i
—0 —o0 0 1 1 1

Y Ryo (E1NE2) € YRy (E)N TR0 (E2), X Ryo (E1NE) € X Ryo ()N LRyo (Ea).
i= i= i= 4 i= i= i i=

Proof. It is easy to prove by the Definitions 13 and 14. [

Definition 15. Let IS =< U, A, V, f > be an information system, and E be IFS on U. AZ-I ={A1, Ay,
A} CA A={A, Ay, -+, Ay}, where AiI is a pessimistic multi-granulation attribute reduction set. Then,
the pessimistic optimistic lower and upper approximations of E with respect to equivalence relation R , 1 are
defined by the following formulas:

O

LRy (E)={<xu, o (v, o (x)>el)
= lZlRAII ) iglRAZI )

- O

YRy (E)={<xp—o0 (x),v—0 (x)>|xecU}.
=1 YR, (E) YR, (E)

i=1 i i=1 i
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where . .
B, o (x)=V inf pp(y),v, o (x)= A sup ve(y);
ERal ® IRl LRl &) z:lyeMAil
oo ()= A sup pp(y) o (x)=V _inf vg(y).
YR, (E) =lyeld, | LR, (E) i=lyeld
i—=1 1 i=1 "

;0 -0
If YRy (E)# YR, (E), then E can be called IOMRIFS.
i=1 ! i=1 !

Definition 16. Let IS =< U, A, V, f > be an information system, and E be IFS on U. AZ-I ={A1, Ay,
A} CA A={A1, Ay, -+, A}, where A{ is a pessimistic multi-granulation attribute reduction set. Then,
the pessimistic lower and upper approximations of E under IMRS are defined by the following formulas:

roo
LRy (B)=f<xp, 1 (v, 1 ()>]xeUl;

LRat (E) LR, (E)

I

E

YRy (E)={<x,p—01 (x),v—1 (x)>[xeU}.
i=1 i ElR"‘l (E) ElRAl (E)

where

W, 1 (x)=A inf pe(y)v, 1 ()= V sup ve(y);
ElRA} (E) i=lyelx] 41 LR, (E) ’zlye[x}Al_l

P () =V osup pp(y), v, ()= A inf vg(y).

iRAI (E) l_lyE[X]A,I iRA, (E) i=1y€[x}Al_1
i1 A i Al

where R 4 1 is an equivalence relation of x about the attribute reduction set Al under IMRS, [x] a0 Is the
equivalence class of R 1.

I I I I
If TR, (E) # SR, (E), then the pair (£ R 41 (E), LR, (E)) is said to be IMRIFS.
i=1 ! i=1 ! i=1 ! i=1 !

According to Definitions 15 and 16, the following theorem can be captured.

Theorem 5. Let IS =< U, A, V, f > be an information system, AiI ={A, Ay, A} CA A={A,,
Ay, -+, Ap}, and Eq, Ep be IFS on U. Then IOMRIFS and IIOMRIFS models have the following properties:

r o r
M ERy (E1) = YRy (Er);
= =124

r T
) 1RA{ (El):iglRA} (E1);

®) LRy ()= ORy'(E);

@ YRy (E1) = ORy(E);

14 r
®) ,ZlRAl (Ey) € ZlRAl (Eq);
= 1 i= 1
r 0 r I
(6) .ZlRA]I (E1) € ,ZlRA,l (Eq).
17 o Zir o r o r 1 r 1 r I
7) ‘;]RAI! (EmEz):_;RA{ (El)ﬁ_;RA! (Ez),‘;lRAi, (ElﬁEZ):‘);lRAi, (El)m_glRA{ (E2);
0] O O I I 1

r r r T ° T ° r
(8) YRy (E1UE) = _Z]RAI (E1) U Z]RAI (EZ)rZ]RAI (E1UE) = ZlRAI (E1) U Z]RAI (E2);
i— i i— i i= i i= i i— i
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p o . o p ) . I . I . I
) ,ZlRA,r (E1UE) 2 ZlRA.I (E1) U ZlRA.I (EQ)'ZlRAI (ELUEz) 2 ZlRA( (E1) U ZlRA.’ (E2);
i=1 i=1 i i=1 i=1 i =1 ! =1

—o0 —o0 —o0 — —1 —
(10) ‘;1RAIZ (E] N Ez) - 'ERA{ (El) N _;1RA,I (Ez),.glRA{ (E1 n Ez) - -glRAzI (El) n 'glRA!I (Ez).
Proof. It can be derived directly from Definitions 15 and 16. [

The characteristics of the proposed four models are further verified by Example 2 below.

Example 2. (Continued with Example 1). From Example 1, we know that these 5 sites are evaluated by
10 investment schemes respectively. Suppose they have the following IFS with respect to 10 investment schemes

E— [0.25,0.43] [0.51,0.28] [0.54,0.38] [0.37,0.59] [0.49,0.35] [0.92,0.04] [0.09,0.86] [0.15,0.46]
- X1 7 X7 7 X3 7 X4 7 X5 7 Xg 7 X7 7 Xg s

[0.72,0.12] [0.67,0.23] }

X9 7 X1

(1) In OOMRIES, the lower and upper approximations of OOMRIFS can be calculated as follows:

o}

i Ry (E) = [0.25,0.59] [0.49,0.38] [0.49,0.38] [0.250.59] [0.49,0.38] [0.25,0.46] [0.09,0.86]
= AP - x1 7 x Y x3 7 xg x5 7 X S x7 7
i=
0.15,0.46] [0.15,0.46] [0.67,0.23]
xg 7 X9 7 Xq0 ’

- 0]

R, (E)= [0.51,0.28] [0.51,0.28] [0.54,0.35] [0.51,0.28] [0.54,0.35] [0.92,0.04] [0.54,0.35]
= Ai X1 4 X9 4 X3 4 X4 4 X5 4 X6 4 X7 4
=

0.15,0.46] [0.72,0.12] [0.67,0.23]
xg 7 X9 7 X ’

(2) Similarly, in OIMRIFS, we have:

I
i Ryo (E) = (0.25,059] [0.25,059] [0.09,0.86] [0.250.59] [0.09,0.86] [0.15,0.59] [0.09,0.86]
= AP - xx 7 xx 7 x3 /7 xx 7 x5 S x5 7 xz
1=

[0.15,0.46] [0.09,0.86] [0.09,0.86]
xg 7 X9 7 X0 !

1
LR (E) = 0.92,0.04] [0.54,028] [0.540.28] [0.92,0.04] [0.540.28] [0.92,0.04] [0.72,0.12]
= AP o x1 / oxp 7 x3 7 xg 7 x5 7 x5 7 x7 7
1=

[0.92,0.04] [0.92,0.04] [0.72,0.12]
xg 7 X9 7 X1 ’

From the above results, Figure 1 can be drawn as follows:

1.0 ~

0.3

T p 09 e

s =

g 0.8 R v

8 ,

2 E oy t
g

B o U2

i 0.6 ——

s % . t

—E g 05 [ ]

g 5 —— 1,

E Zoa )

é £ |/ FEN /EN N D--- v,

E £

s 2

= S

£ &

£ 3

£ E

= =

g
—
.
x

Figure 1. The lower and upper approximations of OOMRIFS and OIMRIFS.

Note that

1= ﬁ(xj) and v = v°°

(xj) represent the lower approximation of OOMRIFS;

pa = pO09(x;) and vy = vOO (x;) represent the upper approximation of OOMRIFS;
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p3 = uO!(x;) and vs = vO!(x;) represent the lower approximation of OIMRIFS;

py = o1 (xj) and vy = el (x;) represent the upper approximation of OIMRIFS.
Regarding Figure 1, we can get,

1OT(xj) > 0 (x;) > u9(x;) > pO (x)); v (xj) > 199 (xj) > vO9(x;) > vOI(x;).

As shown in Figure 1, the rules of Theorem 4 are satisfied. By constructing the OOMRIFS and OIMRIFS
models, we can reduce the subjective scoring errors of experts under intuitionistic fuzzy conditions.
(3) Similar to (1), in IOMRIFS, we have:

O

i R ( E) _ [0.25,0.43] [0.25,0.43] [0.25,0.43] [0.37,0.59] [0.25,0.43] [0.25,0. 46] [0.09,0.86]
Al - x X x3 xy 7 x5 7 X6 x7
[0.15,0.46] [0.67,0.23] [0.67,0.23]
xg 7 X9 7 X1 !
- 0]
Z R ( E) _ [0.51,0.28] [0.51,0.28] [0.54,0.35] [0.37,0.59] [0.49,0.35] [0.92,0.04] [0.51,0.35]
AI - X1 4 X2 4 X3 4 X4 4 X5 4 X6 4 X7 4

[0.49,0.35] [0.72,0.12] [0.67,0.23]
xg 7 X9 7 X1 ’

(4) The same as (1), in IIMRIFS, we can get:

I

i R ( E) o [0.25,0.59] [0.09,0.86] [0.09,0.86] [0.25,0.59] [0.09,0.86] [0.09,0.86] [0.09,0.86]
AI - X1 4 X2 4 X3 4 Xgq 4 X5 4 X6 4 X7 4
[0.09,0.86] [0.15,0.46] [0.67,0.23]
xg X9 7 X0 ’
- I
E R ( E) o [0.92,0.04] [0.54,0.28] [0.92,0.04] [0.92,0.04] [0.54,0.28] [0.92,0.04] [0.92,0.04]
Al - X1 4 X 4 X3 ’ X4 4 X5 4 X6 4 X7 4

[0.92,0.04] [0.92,0.04] [0.72,0.12]
xg 7 X9 7 X1 :

From (3) and (4), we can obtain Figure 2 as shown:

1.0

09 &
08 [
0.7
0.6
05

04

0.3 |

0.2

0.1

Membership and non-membership of lower and
upper approximations of IOMRIFS and IIMRIFS

0.0

X1 X2 X3 X4 Xs X6 X7 Xg X9 *10

Figure 2. The lower and upper approximations of IOMRIFS and IIMRIFS.

Note that

Hs = ' (%))

He = y’o(x]) and ve = v'O(x;) represent the upper approximation of IOMRIFS;
p7 = p(xj) and v; = v'(x;) represent the lower approximation of IMRIFS;

pg = pll(xj) and vg = 1/”( i)

For Figure 2, we can get,

xj) and vs = represent the lower approximation of IOMRIFS;

10
10

represent the upper approximation of IMRIFS.

uH(x) > plo(x;) > 'O (xj) > u' (x)); v (xj) > v9(x;) > vIO(x) > vII(x)).
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As shown in Figure 2, the rules of Theorem 5 are satisfied.

Through the Example 2, we can obtain four relatively more objective MRIFS models, which are
beneficial to reduce subjective errors.

5. Three-Way Decisions Models Based on MRIFS and Optimal Granularity Selection

In order to obtain the optimal granularity selection results in the case of optimistic and pessimistic
multi-granulation sets, it is necessary to further distinguish the importance degree of each granularity
in the reduction sets. We respectively combine the four MRIFS models mentioned above with three-way
decisions theory to get four new three-way decisions models. By extracting the rules, the redundant
objects in the reduction sets are removed, and the decision error is further reduced. Then the optimal
granularity selection results in two cases are obtained respectively by constructing the comprehensive
score function and comprehensive accuracy function measurement formulas of each granularity of the
reduction sets.

5.1. Three-Way Decisions Model Based on OOMRIFS

Suppose A? is the reduction set under OMRS. According to reference [46], the expected loss
function RO°(w.|[x] 40)(*x = P, B, N) of object x can be obtained:

ROO(wpl[x] j0) = App - p99(x) + Apn - vOO(x) + App - m90(x);
ROO(wn|[x] 40) = Anp - OO (x) 4+ Ann - vOO (x) + Anp - m90(x);
ROO(wp|[x] 40) = Agp - u99(x) + Agn - vO°(x) + App - 199 (x).

where
0w =n, o W=V i )@ =v, o ©=A sp v, r0W=1-p, o @-v, o
,ElRAE’ (E) YEA0 iglRA,Q (E) veldy 0 ElRAIo (E) zglRA,O (E)
or
KOO0 =p——o (W= A swp (), 100 o (W)=Y inf ), 70w =10 ()0 ()
LR, (E) ’yﬂx]A‘_o LR,0 (E) TVEly0 LR,o (E) LR,0 (E)

The minimume-risk decision rules derived from the Bayesian decision process are as follows:
(P"): 1f R’(wp|[x]Alo) < R,<WB|[’C]A?) and R’(wp|[x}A,o) < R,((UNHX]AIQ), then x € POS(X);
(N/7): If R’(wN|[x]Alo) < R’(a)p|[x]Alo) and R’(wN|[x]Alo) < R’(w3|[x]Azo), then x € NEG(X);
(B/): If R"(wp|[x] 40) < R'(wn|[x] 40) and R’ (wp][x] 40) < R'(wp|[x] 40), then x € BND(X).
Thus, the decision rules (Pr)-(B/) can be re—expressedlconcisely as:

(P/) rule satisfies:

00, — 2001y . ANN — APN 00, _00( 1)) AN — ApN .
W< (<)) (App — ANp) + (ApN — ANN) AN < () (/\pp—ABp)+(ApN—ABN))’

(N/) rule satisfies:

00 — 7200 (1)) - ApN — ANN 00y — 72001 - ABN — ANN i
(W < ) (Anp = App) + (ApN — ANN) JIMET ) < () (Anp — Agp) + (Apn — Ann) )

(B/) rule satisfies:

00 00\ . ApN — ApN 00 00 . ApN — ANN
#x) > (1 =77 ) (Apn = ApN) + (Agp _/\PP))/\ W 0x) 2 (A=) (AN — ANN) + (Anp — App)
Therefore, the three-way decisions rules based on OOMRIFS are as follows:
(P1): If u©°(x) > (1 — m99(x)) - &, then x € POS(X);
(N1): If u99(x) < (1 — m99(x)) - B, then x € NEG(X);
(B1): If (1 — 199(x)) - B < u99(x) and u®°(x) < (1 — 99(x)) - &, then x € BND(X).



Symmetry 2018, 10, 662 16 of 25

5.2. Three-Way Decisions Model Based on OIMRIFS

Suppose A? is the reduction set under OMRS. According to reference [46], the expected loss
functions RC (w.|[x] ,0)(* = P, B, N) of an object x are presented as follows:

RO (wp|[x] jo) = App - uO(x) + Apn - vO!(x) + App - 101 (x);
RO (wn|[x] 40) = Anp - w0 (x) + Ann - VO (x) + Ang - 701 (x);
RO (wp|[x] 40) = Agp - uO1(x) + Apn - vOl (x) + App - 1O (x).

where
r . r
pON) =p, o ()= A dnf () Vi) =0, 0 () =V osup op(y), mON(x) =1-p, 4 (x)=v, o (x);
Zfa0 ® eblao Lt ® Treblgo a0 © N
or
r r .
KO () =t ()= U sup pe(y), O (0) = v ()= A nf ve(y), 7)==y (W) (x).
i;]RAiO (E) - ye[x]Aio Py RAP (E) = yE[X]Aio LR,0 (B) LR,0 (E)

Therefore, the three-way decisions rules based on OIMRIFS are as follows:

(P2): If uO(x) > (1 — 7n°1(x)) - «, then x € POS(X);

(N2): If 4O (x) < (1 — 7°%(x)) - B, then x € NEG(X);

(B2): If (1 — 1% (x)) - B < uOl(x) and u®!(x) < (1 — 79 (x)) - @, then x € BND(X).

5.3. Three-Way Decisions Model Based on IOMRIFS
Suppose Al is the reduction set under IMRS. According to reference [46], the expected loss

functions R!©(w.|[x] 41)(* = P, B, N) of an object x are as follows:

RIO(wp|[x] 41) = App - 1O (x) + Apn - vIO(x) + App - 71O (x);
RIO(wn|[x] 41) = Anp - p1O(x) + Ann - vIO(x) + Ang - 11O (x);
RIO(wp|[x] 41) = App - 1O (x) + Apy - vIO(x) + App - 71O (x).

where
y . r
pOW =p, o (=N inf pe@y) vO()=v, o ()=A sup ve(y), 7O =1-p, o ()=v, o ()
Elar ® yeldl 1 ERat ® veld 1 R @ ERa ®
or
T r
o) =p—o0 (x)= A sup pe(y), vVo(x)=v0—0 )=V inf vp(y), 7°)=1-p—0 *)—vo—-o ().
LRy (®) lyell 1 LR, (B I=IyEl y Ry (®) LR,y (B
i= i i= i i= i i= i

Therefore, the three-way decisions rules based on IOMRIFS are as follows:

(P3): If u'O(x) > (1 — 7'(x)) - «, then x € POS(X);

(N3): If u1O(x) < (1 — 7'9(x)) - B, then x € NEG(X);

(B3): If (1 — O(x)) - B < u!O(x) and u'°(x) < (1 — 79(x)) - &, then x € BND(X).

5.4. Three-Way Decisions Model Based on IIMRIFS

Suppose A! is the reduction set under IMRS. Like Section 5.1, the expected loss functions
R"(w,|[x] 41)(x = P, B,N) of an object x are as follows:

RH(WPHX]A{) = App - !l (x) + Apn - v (x) + App - !l (x);

RH(“’N'[X]AII) = Anp - w(x) + Ann v (x) + Anp - 7l (x);

RH(WBHX]AZ.I) = App - 'l (x) + Apn - v (x) + App - T (x).

where
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. r
pl) =mu, 1 (=7 inf pe), v () =v, 0 (x) =V osup ve(y), Al(x) =1—p, 1 (x)-v, 1 (x);
IRt ) velly 1 ZRal () veld 1 ZRar ®) EZRal )
or
r r
i) =pp— ()= V sup pp(y), vI(x)=v— ()= A inf ve(y), 77(x)=1—p—q (x)—v— ().
LR, (E) Hlyel, 1 LR, (E) el 1 LR, (E) LR, (E)
i=1 4 i i=1 4 ! i=1 4 i=1 4

Therefore, the three-way decisions rules based on IIMRIFS are captured as follows:

(P4): If u(x) > (1 — t!(x)) - &, then x € POS(X);

(N4): If ' (x) < (1 — 7! (x)) - B, then x € NEG(X);

(B4): If (1 — ' (x)) - B < p'l(x) and p!(x) < (1 — 7t'l(x)) - &, then x € BND(X).

By constructing the above three decision models, the redundant objects in the reduction sets can
be removed, which is beneficial to the optimal granular selection.

5.5. Comprehensive Measuring Methods of Granularity

Definition 17 ([40]). Let an intuitionistic fuzzy number E(f;) = (ng(f1),vg(f1)), f1 € U, then the score
function of E(fy) is calculated as:

S(E(f1)) = up(f1) —vg(fo)-
The accuracy function of E(fy) is defined as:

H(E(f1)) = pg(fi) + v(fr)-

where —1 < S(E(f)) <1and 0 < H(E(f;)) < 1.

Definition 18. Let DIS = (U, C U D) be a decision information system, A = {A1, Aa,--+, Am} arem
sub-attributes of C. Suppose E are IFS on the universe U = {x1, %2, - -, Xn}, defined by pn,(x;) and va,(x;),
where pa,(x;) and va,(x;) are their membership and non-membership functions respectively. |[x;] , | is the
number of equivalence classes of x; on granularity A;, U/D = {Xq, X, -, Xs} is the partition induced by
the decision attributes D. Then, the comprehensive score function of granularity A; is captured as:

CSF4 (E) =

[V

« i |‘11Al.(x]‘) _VAi(xj)|.
]:1,n€[x]']Ai

BN

The comprehensive accuracy function of granularity A; is captured as:

_!

n
CAFAi (E) = X Z
5 j=Lnelx],

lpa; (x)) +va,(x))]
%],

where —1 < CSFp, (E) <1and 0 < CAF4 (E) < 1.
With respect to Definition 19, according to references [27,39], we can deduce the following rules.

Definition 19. Let two granularities A1, Ay, then we have:

(1) If CSFa,(E) > CSFa,(E), then A; is smaller than A;, expressed as Ay > Ay;
(2) If CSFp,(E) < CSFa,(E), then Ay is smaller than A,, expressed as Ay < Ay;
(3) If CSFA, (E) = CSF4,(E), then

(i) If CSF4,(E) = CSFy,(E), then A is equal to A;, expressed as A1 = Ay;
(i) If CSFa,(E) > CSFa,(E), then A; is smaller than Ay, expressed as Ay > Ay;
(iii)  If CSFs,(E) < CSFa,(E), then Ay is smaller than A;, expressed as Ay < Aj.
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5.6. Optimal Granularity Selection Algorithm to Derive Three-Way Decisions from MRIFS

Suppose the reduction sets of optimistic and IMRS are A? and A! respectively. In this
section, we take the reduction set under OMRS as an example to make the result A9’ of optimal
granularity selection.

Algorithm 2. Optimal granularity selection algorithm to derive three-way decisions from MRIFS

Input: DIS = (U,CUD,V, f), A={A1, Aa, -, An} be m sub-attributes of condition attributes C,VA; € A’,
U/D = {Xy, Xy, ,Xs}, IFSE;

Output: Optimal granularity selection result Alo’ .

1: compute via Algorithm 1;

2:if |A9] > 1

3: forVA; € AY

4 computep, s (x5),v, & (%), pr—a (xj)andv—n (xj);
LRyo (E) LRyo (E) Y R,0 (E) YR,o (E)
i= i i= i i=1 i i=1 "

5: according (P1)-(B1) and (P2)-(B2), compute POS(X®2), NEG(X®2), BND(X9%), POS(X%2),
NEG(XO4), BND(X02);
6: if NEG(X9%) # U or NEG(XO4) £ U

7: compute U/ AP*, CSF 401 (E), CAF40u (E) or (U/AP?), (CSF55(E), CAFox(E);

OA
Az

8: according to Definition 19 to get Alo’ ;
9: return A?’ =A;
10: end

11: else

12: return NULL;
13: end

14: end

15: end

16: else

17: return A?' = A?;

18: end

6. Example Analysis 3 (Continued with Example 2)

In Example 1, only site 1 can be ignored under optimistic and pessimistic multi-granulation
conditions, so it can be determined that site 1 does not need to be evaluated, while sites 2 and 3 need
to be further investigated under the environment of optimistic multi-granulation. At the same time,
with respect to the environment of pessimistic multi-granulation, comprehensive considera- tion site
3 can ignore the assessment and sites 2, 4 and 5 need to be further investigated.

According to Example 1, we can get that the reduction set of OMRS is { A3, A3}, but in the case of
IMRS, there are two reduction sets, which are contradictory. Therefore, two reduction sets should be
reconsidered simultaneously, so the joint reduction set under IMRS is { A, A4, As}.

Where the corresponding granularity structures of sites 2, 3, 4 and 5 are divided as follows:

U/Az = {{x1,x2,x4},{x3,x5,x7}, {x6, %8, %9}, {x10} },
U/ Az = {{x1,x4,x6},{x2,x3,x5},{x8}, {x7, %9, X10} },
U/ Ay = {{x1,x2,%3,x5},{xa}, {x6, X7, x8}, {x9, x10} },
U/As = {{x1,x3,x4, 6}, {x2, %7}, {x5,x8 }, {x9, x10} }

According to reference [11], we can get:

®= G350 = 075 B = morae—y = 033

The optimal site selection process under optimistic and IMRS is as follows:

(1) Optimal site selection based on OOMRIFS



Symmetry 2018, 10, 662 19 of 25

According to the Example 2, we can get the values of evaluation functions 3“° (xj), (1— 700 (7))
w, (1—=719(x))) - B, 499 (x7), (1 — 199 (x;)) -« and (1 — 199 (x;)) - B of OOMRIFS, as shown in Table 4.

Table 4. The values of evaluation functions for OOMRIFS.

12 (%) (1-%9(x;)a  (1-m99x;))-B  pOO(x)) (1=799(xj))-a  (1-79°(x;))-B
X1 0.25 0.63 0.2772 0.51 0.5925 0.2607
X 0.49 0.6525 0.2871 0.51 0.5925 0.2607
x3 0.49 0.6525 0.2871 0.54 0.6675 0.2937
x4 0.25 0.63 0.2772 0.51 0.5925 0.2607
x5 0.49 0.6525 0.2871 0.54 0.6675 0.2937
X6 0.25 0.5325 0.2343 0.92 0.72 0.3168
X7 0.09 0.7125 0.3135 0.54 0.6675 0.2937
xg 0.15 0.4575 0.2013 0.15 0.4575 0.2013
Xg 0.15 0.4575 0.2013 0.72 0.63 02772
x10 0.67 0.675 0.297 0.67 0.675 0.297

We can get decision results of the lower and upper approximations of OOMRIFS by three-way
decisions of the Section 5.1, as follows:

POS(X99) = ¢,

NEG(X99) = {x1,x4,x7, %8, X9},

BND(X9) = {x2,x3, x5, X6, X10};

POS(X90) = {x4,x9},

NEG(X%) = {xs},

BND(W) = {XQ, X3, X5}.

In the light of three-way decisions rules based on OOMRIFS, after getting rid of the objects in
the rejection domain, we choose to fuse the objects in the delay domain with those in the acceptance
domain for the optimal granularity selection. Therefore, the new granularities A, A3 are as follows:

U/ A9 = {{x2}, {x3, x5}, {x6}, {x10}},
U/A:E?I = {{x2,x3,x5}, {x6}, {x10} };
U/AP" = {{x1, x2, x4}, {x3, x5, %7}, {x6, %0}, {x10}},

u/A3OI = {{xll X4, X6}, {xZI X3, x5}/ {x7/ X9, xlo}}'
Then, according to Definition 18, we can get:

n la; (xj)—va, (x))]
CSFygo(E) =3x Y —toprir
= j:l,ne[xj]Ai 74
a1 E |ﬂﬁ(xj)*’/£(xj)|
4 ij]/,go\

j:l,Tl€ [X]'}Ago

— 1% ((0.49 — 0.38) + (042-038)1(049-038) | () 95 _ 0.46) + (0.67 — 0.23))

=0.1125,
n N )
CSFuo(E) =1x y  talil vl
% S sl 2N
]_LHE[XI]AI- i
_1 10 1490 (5)) = 400 (x)
=3 X ) ol

J':L"G[xj]A(Sjo
1 ((0.25 - 0.46) + (049-038)+(049-038)1(049-038) | (81 _ .14))
.1133;

Similarly, we have:
CSF5(E) = 0.4, CSF55(E) = 0.3533.
2 3
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From the above results, in OOMRIFS, we can see that we can’t get the selection result of sites
2 and 3 only according to the comprehensive score function of granularities A, and Aj3. Therefore,
we need to further calculate the comprehensive accuracies to get the results as follows:

n (x)+va. (x;
CAF&(E) — % % Z |‘HA1(X]) VAl(x])|

4 IEIN
=Lnelx; 14,
] n [x]]Al. !
10 1 400 (xj)+v 00 (%))
_ 1 % Z 2 2
4

=
Il ;}Azoo|

j:l,)’le[x]']A?O

— 1% ((0.49 +0.38) + (224038 LO91038) | (0 95 4 0.46) + (0.67 +0.23))

= 0.8375,
_1 o may () v ()
CAFj00(E) =3 szme[xj] 5T,
, A
_1y 10 ‘Vﬁ(xj)JrVﬁ(xj)‘
3 |[xj]A<3)o|

jZl,HE[Xj]Ag)O
= 15 ((0.25+0.46) + (O.49+0.38)+(0.49J§0.38)+(0.49+0‘38) +(0.81 4 0.14))
= 0.8267;

Analogously, we have:

CAFAZW(E) =0.87, CAF@(D = 0.86.

Through calculation above, we know that the comprehensive accuracy of the granularity As is
higher, so the site 3 is selected as the selection result.

(2) Optimal site selection based on OIMRIFS
The same as (1), we can get the values of evaluation functions LOI(XJ-), (1- ﬂ(xj)) cw, (1—

LOI(xj)) - B, W(x]«), (1- W(xj)) ~aand (1 — W(xj)) - B of OIMRIFS listed in Table 5.

Table 5. The values of evaluation functions for OIMRIFS.

19 (%) (1-7%x))a  (1-7%x))-B 1O (%)) (1-7%(x;))a  (1=7%(x;))-B
v o 025 0.63 0.2772 0.92 0.72 0.3168
¥ 025 0.63 0.2772 0.54 0.615 0.2706
x 0.09 0.7125 0.3135 0.54 0.615 0.2706
xg 025 0.63 0.2772 0.92 0.72 0.3168
x5 0.09 0.7125 0.3135 0.54 0.615 0.2706
% 015 0.555 0.2442 0.92 0.72 0.3168
X7 0.09 0.7125 0.3135 0.72 0.63 0.2772
g 015 0.4575 0.2013 0.92 0.72 0.3168
X9 0.09 0.7125 0.3135 0.92 0.72 0.3168
xp  0.09 0.7125 0.3135 0.72 0.63 0.2772

We can get decision results of the lower and upper approximations of OIMRIFS by three-way
decisions in the Section 5.2, as follows:

POS(XO) = ¢,

NEG(x9") = U,

BND(X9) = ¢;

POS(W) = {x1, X4, X6, X7, X8, X9, X10 },

NEG(XOT) = ¢,

BND(W) = {XZ, X3, X5}.

Hence, in the upper approximations of OIMRIFS, the new granularities A, A3 are as follows:
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u/ﬁ = {{x11x2/ x4}/ {x3/ X5, x7}/ {x6/ X8, xg}/ {xlo}}/

U/ A" = {{x1, x4, %6}, {x2, %3, x5}, {x8}, {x7, %9, %10} }.
According to Definition 18, we can calculate that
CSFim(E) = CSFLSOI(E) =0;

CAFAEN(E) = CAFAS(?[(E) = 0;

CSF5;:(E) = 0.6317, CSF-5;(E) = 0.6783;

A1 AT
CAF 57(E) = 0.885, CAF 5(E) = 0.905.
2 3

In OIMRIEFS, the comprehensive score and comprehensive accuracy of the granularity Az are both
higher than the granularity A;. So, we choose site 3 as the evaluation site.

In reality, we are more inclined to select the optimal granularity in the case of more stringent
requirements. According to (1) and (2), we can find that the granularity Aj is a better choice when
the requirements are stricter in four cases of OMRS. Therefore, we choose site 3 as the optimal
evaluation site.

(3) Optimal site selection based on IOMRIFS

Similar to (1), we can obtain the values of evaluation functions ﬁ (x), (1 —79%x))) -,

(1- Llo(xj)) - B, yTo(x]-), (1- W(x]-)) ~aand (1 — W(xj)) - B of IOMRIFS, as described in Table 6.

Table 6. The values of evaluation functions for IOMRIFS.

' (x)) (1-79x))a  (1-79%x))-B #O (%)) (1-79%x))«  (1-7"x))-B
X1 0.25 0.51 0.2244 0.51 0.5925 0.2607
X2 0.25 0.51 0.2244 0.51 0.5925 0.2607
X3 0.25 0.51 0.2244 0.54 0.6675 0.2937
X4 0.37 0.72 0.3168 0.37 0.72 0.3168
X5 0.25 0.51 0.2244 0.49 0.63 0.2772
X6 0.25 0.5325 0.2343 0.92 0.72 0.3168
X7 0.09 0.7125 0.3135 0.51 0.645 0.2838
xg 0.15 0.4575 0.2013 0.49 0.63 0.2772
X9 0.67 0.675 0.297 0.72 0.63 0.2772
X10 0.67 0.675 0.297 0.67 0.675 0.297

We can get decision results of the lower and upper approximations of IOMRIFS by three-way
decisions in the Section 5.3, as follows:

POS(X19) = ¢,

NEG(X'0) = {x7, x5},

BND(X!9) = {x1,x2,x3, X4, X5, X6, X9, X10};

POS(W) = {x6,X9},

NEG(XI0) = ¢,

BND(X0) = {x1, x5, x3, %4, X5, %7, Xg, X10}

Therefore, the granularities A, A4, A5 can be rewritten as follows:

U/ AP = {{x1,x2, x4}, {x3,x5}, {x6, %0}, {x10}},

U/AL = {{x1,x2,x3, x5}, {xa}, {x6}, {x0, 10} },

U/ AL = {{x1,x3, x4, %6}, {x2}, {x5}, {x0, x10} };

U/ng: {{x1, x2, x4}, {x3, x5, x7}, {x6, X8, %0}, {x10} },

U/AL = {{x1,x2,x3,x5}, {xa}, {x6, %7, %8}, {0, x10}},

U/ AL = {{x1,x3,x4, %6}, {x2, %7}, {x5, 8}, {x0, %10} }-

According to Definition 18, one can see that the results are captured as follows:

CSFAéo(E) = 0.0454, CSFAio(E) = —0.0567, CSFAéo(E) = —0.0294;

CSF—5(E) = 0.3058, CSF5(E) = 0.2227, CSF-15(E) = 0.2813.

10 10 10
AZ A4 AS
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In summary, the comprehensive score function of the granularity A; is higher than the granularity
Az in IOMRIFS, so we choose site 2 as the result of granularity selection.

(4) Optimal site selection based on IIMRIFS

In the same way as (1), we can get the values of evaluation functions LH (x), (1= lt (xj)) - a,
(1- nII(xj)) - B, ﬁ(xj), (1- ﬁ(xj)) ~awand (1 — ﬁ(xj)) - B of IIMRIFS, as shown in Table 7.

Table 7. The values of evaluation functions for IIMRIFS.

# (%)) (1—(x;)) -« (1-m'(x;))-B pull(x;) (1-rcll(x;))-a (1-rll(x;))-B
x 0.25 0.63 0.2772 0.92 0.72 0.3168
X  0.09 0.7125 0.3135 0.54 0.615 0.2706
x5 0.09 0.7125 0.3135 0.92 0.72 0.3168
xy 025 0.63 0.2772 0.92 0.72 0.3168
x5 0.9 0.7125 0.3135 0.54 0.615 0.2706
xe  0.09 0.7125 0.3135 0.92 0.72 0.3168
x;  0.09 0.7125 0.3135 0.92 0.72 0.3168
xg  0.09 0.7125 0.3135 0.92 0.72 0.3168
x9 015 0.4575 0.2013 0.92 0.72 0.3168
xio 067 0.675 0.297 0.72 0.63 0.2772

We can get decision results of the lower and upper approximations of IIMRIFS by three-way
decisions in the Section 5.4, as follows:

POS(x!1) = ¢,

NEG(X'") = {x1,x2, x3, x4, X5, X6, X7, X8, X9 },

BND(X') = {x10};

POS(XM) = {x1,x3,x4, X6, X7, X3, X9, X190},

NEG(XTT) = ¢,

BND(XT) = {x3,x5}.

Therefore, the granularity structures of Ay, A4, As can be rewritten as follows:

u/All=u/Al' =u/All = {x0};

U/ig = {{xll X2, X4}, {x?)r X5, X7}, {x6/ X8, Xg}, {xlo}}/
u/ig = {{xll X2,X3, XS}, {x4}/ {xél X7, x8}/ {x9/ xlO}},

U/AY = {{x1,x3,x4, %6}, {x2, %7}, {x5, x5}, {x0, x10} }.

According to Definition 18, one can see that the results are captured as follows:
CSFAéz(E) = CSFAiI(E) = CSFAé1<E) = 0.44;

CAFAél(E) = CAFAil(E) = CAFAél(E) =0.9;

CSF7(E) = 0.7067, CSF71(E) = 0.7675, CSF7(E) = 0.69;

Al All Al
CAFF(E) = 0.9067, CAFF(E) = 0.9275, CAFF(E) =0.91.
2 4 5

In IIMRIFS, the values of the comprehensive score and comprehensive accuracy of granularity Ay
are higher than A, and As, so site 4 is chosen as the evaluation site.

Considering (3) and (4) synthetically, we find that the results of granularity selection in IOMRIFS
and IIMRIFS are inconsistent, so we need to further compute the comprehensive accuracies of IIMRIFS.

CAFAéo(E) = 0.7896, CAFAio(E) = 0.8125, CAFAéo(E) = 0.7544;

CA%(E) — 0.8725, CATA%(E) = 0.886, CA A?o(E) = 0.8588.

Through the above calculation results, we can see that the comprehensive score and
comprehensive accuracy of granularity A; are higher than A, and As in the case of pessimistic
multi- granulation when the requirements are stricter. Therefore, the site 4 is eventually chosen as the

optimal evaluation site.
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7. Conclusions

In this paper, we propose two new granularity importance degree calculating methods among
multiple granularities, and a granularity reduction algorithm is further developed. Subsequently,
we design four novel MRIFS models based on reduction sets under optimistic and IMRS, i.e., OOMRIFS,
OIMRIFS, IOMRIFS, and IIMRIFS, and further demonstrate their relevant properties. In addition,
four three-way decisions models with novel MRIFS for the issue of internal redundant objects
in reduction sets are constructed. Finally, we designe the comprehensive score function and the
comprehensive precision function for the optimal granularity selection results. Meanwhile, the validity
of the proposed models is verified by algorithms and examples. The works of this paper expand the
application scopes of MRIFS and three-way decisions theory, which can solve issues such as spam
e-mail filtering, risk decision, investment decisions, and so on. A question worth considering is how to
extend the methods of this article to fit the big data environment. Moreover, how to combine the fuzzy
methods based on triangular or trapezoidal fuzzy numbers with the methods proposed in this paper is
also a research problem. These issues will be investigated in our future work.
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