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Abstract: The notions of the neutrosophic hesitant fuzzy subalgebra and neutrosophic hesitant fuzzy
filter in pseudo-BCI algebras are introduced, and some properties and equivalent conditions are
investigated. The relationships between neutrosophic hesitant fuzzy subalgebras (filters) and hesitant
fuzzy subalgebras (filters) is discussed. Five kinds of special sets are constructed by a neutrosophic
hesitant fuzzy set, and the conditions for the two kinds of sets to be filters are given. Moreover, the
conditions for two kinds of special neutrosophic hesitant fuzzy sets to be neutrosophic hesitant fuzzy
filters are proved.
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1. Introduction

G. Georgescu and A. Iogulescu presented pseudo-BCKalgebras, which was an extension of the
famous BCK algebra theory. In [1], the notion of the pseudo-BCI algebra was introduced by W.A. Dudek
and Y.B. Jun. They investigated some properties of pseudo-BCl algebras. In [2], Y.B. Jun et al. presented
the concept of the pseudo-BCl ideal in pseudo-BCI algebras and researched its characterizations. Then,
some classes of pseudo-BCI algebras and pseudo-ideals (filters) were studied; see [3-14].

In 1965, Zadeh introduced fuzzy set theory [15]. In the study of modern fuzzy logic theory,
algebraic systems played an important role, such as [16-22]. In 2010, Torra introduced hesitant fuzzy
set theory [23]. The hesitant fuzzy set was a useful tool to express peoples” hesitancy in real life,
and uncertainty problems were resolved. Furthermore, hesitant fuzzy sets have been applied to
decision making and algebraic systems [24-31]. As a generalization of fuzzy set theory, Smarandache
introduced neutrosophic set theory [32]; the neutrosophic set theory is a useful tool to deal with
indeterminate and inconsistent decision information [33,34]. The neutrosophic set includes the truth
membership, indeterminacy membership and falsity membership. Then, Wang et al. [35,36] introduced
the interval neutrosophic set and single-valued neutrosophic set. Ye [37] introduced the single-valued
neutrosophic hesitant fuzzy set as an extension of the single-valued neutrosophic set and hesitant
fuzzy set. Recently, the neutrosophic triplet structures were introduced and researched [38—40].

In this paper, some preliminary concepts in pseudo-BCI algebras, hesitant fuzzy set theory and
neutrosophic set theory are briefly reviewed in Section 2. In Section 3, the notion of neutrosophic
hesitant fuzzy subalgebras in pseudo-BCI algebras is introduced. The relationships between
neutrosophic hesitant fuzzy subalgebras and hesitant fuzzy subalgebras are investigated. Five kinds
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of special sets are constructed. Some properties are studied. Third, the two kinds of sets to be filters
are given. In Section 4, the concept of neutrosophic hesitant fuzzy filters in pseudo-BCI algebras is
proposed. The equivalent conditions of the neutrosophic hesitant fuzzy filters in the construction of
hesitant fuzzy filters are given. The conditions for two kinds of special neutrosophic hesitant fuzzy
sets to be neutrosophic hesitant fuzzy filters are given.

2. Preliminaries

Let us review some fundamental notions of pseudo-BCI algebra and interval-valued hesitant
fuzzy filter in this section.

Definition 1. ([13]) A pseudo-BCI algebra is a structure (X; —, —, 1), where “—" and “—" are binary
operations on X and “1” is an element of X, verifying the axioms: Vx,y,z € X,

Dy—z)=((z=x)=>(Y—=x)=1LFHy—=2)=>(z=x)=>(y—=x)=1
2Dx—=((x—=y)—=y)=1Lx=(x—y) -y =1

3)x —>x=1;

Dx—-y=y—2x=1=x=y;

B)x—=y=l<=x—=y=1

If (X; —, <, 1) is a pseudo-BCl algebra satisfying Vx,y € X, x = y = x < y, then (X; =, 1)isa
BClI algebra. If (X; —, <, 1) is a pseudo-BClI algebra satisfying Vx € X, x — 1 =1, then (X; —, —, 1)
is a pseudo-BCK algebra.

Remark 1. ([1]) In any pseudo-BCI algebra (X; —, ), we can define a binary relation ‘<’ by putting:

x < yifand only if x — y (or x — y).

Proposition 1. ([13]) Let (X; —, <) be a pseudo-BCI algebra, then X satisfies the following properties,
Vx,y,z € X,

MH1<x=x=1;
2Dx<y=y—z<x—=>zy—z<x—=z
Bx<yy<z=x<z

Dx—(y—z)=y— (x—2);

G)x<y—z=2y<x—=z
B)x—>y<(z—=x)=>(z—2y),x=>y<(z=x) = (z=Y);
Nx<y=z=x<zoyz=x<z=y
8)1—=>x=x1—=x=ux;
D((y—=x)=>x)2x=y—=x,(y—=x)2x)2>x=y=>x
(10) x »y<y—x)=>Lx—=>y<(y—x) =1

1) (x—=y)=l=x—-1)>sy—=1),x=y) =21=(x=1)— (y—1),
(12)x - 1=x—=1

Definition 2. ([13]) A subset F of a pseudo-BCI algebra X is called a filter of X if it satisfies:
(F1)1 € F;
(F2)xeF,x—wyeF=yeckF
(F3)xe F,x—~yeF=yecF.

Definition 3. ([1]) By a pseudo-BCI subalgebra of a pseudo-BCI algebra X, we mean a subset S of X that
satisfies Vx,y € S, x >y € S,x =y € S.
Definition 4. ([12]) A pseudo-BCK algebra is called a type-2 positive implicative if it satisfies:

x> y—z)=x—-y) — (x—=2z2),
x=y—z)=(x—=y) — (x—=2).
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If X is a type-2 positive implicative pseudo-BCK algebra, then x — y = x — y forall x € X.

Definition 5. ([23]) Let X be a reference set. A hesitant fuzzy set A on X is defined in terms of a function
ha(x) that returns a subset of [0, 1] when it is applied to X, i.e.,

A={(x,ha(x))|x € X}.
where h 4 (x) is a set of some different values in [0, 1], representing the possible membership degrees of the element

x € X. ha(x) is called a hesitant fuzzy element, a basis unit of the hesitant fuzzy set.

Example 1. Let X = {a,b,c} be a reference set, ha(a) = [0.1,0.2], ha(b) = [0.3,0.6], ha(c) = [0.7,0.8].
Then, A is considered as a hesitant fuzzy set,

A = {(a,[0.1,02]), (b,[0.3,0.6]), (¢, [0.7,0.8]) }.

Definition 6. ([13]) A fuzzy set yu : X — [0,1] is called a fuzzy pseudo-filter (fuzzy filter) of a pseudo-BCI
algebra X if it satisfies:

(FF1) u(1) > u(x), Vx € X;

(FF2) u(y) = u(x = y) Ap(x), Vx,y € X;

(FF3) u(y) > u(x = y) Au(x), Vx,y € X.

Definition 7. ([32]) Let X be a non-empty fixed set, a neutrosophic set A on X is defined as:
A={(x,Ta(x),Ia(x),Fa(x))|x € X},

where Ty (x), I4(x), Fa(x) € [0,1], denoting the truth, indeterminacy and falsity membership degree of the

element x € X, respecting, and satisfying the limit: 0 < T4 (x) + Ia(x) + Fa(x) < 3.

Definition 8. ([34]) Let X be a fixed set; a neutrosophic hesitant fuzzy set N on X is defined as

N = {(x,In(x), in(x), fn(x))|x € X},

in which F(x),in(x), fn(x) € P([0,1)]), denoting the possible truth membership hesitant degrees,
indeterminacy membership hesitant degrees and falsity membership hesitant degrees of x € X to the set
N, respectively, with the conditions 0 < 6,7, < land 0 < 6+ + T + 5+ < 3, where y € In(x), 6 € in(x),
7€ N, vt € Uyery o) max{v}, 6T € Usey(x) max{d}, n* € U, ey () max{n} for x € X.

Example 2. Let X = {a,b,c} be a reference set, ha(a) = ([0.4,0.5],[0.1,0.2],{0.2,0.4]), ha(b) =
([0.5,0.6],{0.2,0.3},[0.3,0.4]), h o(c) = ([0.5,0.8],[0.2,0.4],{0.3,0.5}). Then, A is considered as a neutrosophic
hesitant fuzzy set,

A = {(a,[04,05],]0.1,0.2],[0.2,0.4]), (b, [0.5,0.6], {0.2,0.3},[0.3,0.4]), (c, [0.5,0.8], [0.2,0.4], {0.3,0.5})}.

Conveniently, N(x) = {fy(x),in(x), fy(x)} is called a neutrosophic hesitant fuzzy element,
which is denoted by the simplified symbol N(x) = {Fy,in, fn }-

Definition 9. ([34]) Let Ny = {Iy,, le,le} and N, = {fn,, {NQ/JENQ} be two neutrosophic hesitant fuzzy
sets, then:

NiUN, = {fj U szrlel N ZNZ/ijl NI, b
NiNN, = {tNl n thriNl U iNz’le Usz}'
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3. Neutrosophic Hesitant Fuzzy Subalgebras of Pseudo-BCI Algebras

In the following, let X be a pseudo-BCI algebra, unless otherwise specified.

Definition 10. A hesitant fuzzy set A = {(x,ha(x))|x € X} is called a hesitant fuzzy pseudo-subalgebra
(hesitant fuzzy subalgebra) of X if it satisfies:

(HFS2) ha(x) Nha(y) Cha(x — y), Vx,y € X;

(HFS3) hp(x) Nha(y) Cha(x — y), Vx,y € X.

Definition 11. A neutrosophic hesitant fuzzy set N = {(x,En(x),in(x), fn(x))|x € X} is called
a neutrosophic hesitant fuzzy pseudo-subalgebra (neutrosophic hesitant fuzzy subalgebra) of X if it satisfies:
(1) In(x) NEN(y) CEn(x = y), In(x) NEN(y) CENn(x — y), Vx,y € X;
2)in(x)Uin(y) 2 in(x — y), in(x) Uin(y) 2 iN(x <= y), Vx,y € X;
B3 fn(x)Ufn(y) 2 fn(x = ), An(x) U fny) 2 fn(x = y), Yoy € X.

Example 3. Let X = {a,b,c,d, 1} with two binary operations in Tables 1 and 2.

Table 1. —.
—|lal|b|lc|d]|1l
a |1 |c|1|1]|1
b |d|1|1]1]1
c|d|lc|1]1]|1
d |clc|lc|1]|1
1 al|lblc|d]|1l

Table 2. <.
—~|la|b|lcl|ld|1l
a |[1]d]1]1]1
b |d|1]1]|1]1
c |djd|1]1]1
d clblc|1]|1
1 alb|lc|d]|1l

Then, (X; —, <, 1) is a pseudo-BCI algebra. Let:

N = {(1,10,1],{0, 5}, 0, §]). (a, [3., 310, 31, 10, 1), (&, [0, 51,10, 51, [0, 3]),
(e, [3,3), 10,6110, 5)), (4, 3,11, (0, 31, [0, 51)}
then, N is a neutrosophic hesitant fuzzy subalgebra of X.
Considering three hesitant fuzzy sets H;N, H;N, H i by:

Hy, = {(x,En(x))x € X}, Hy, = {(x, 1~ in(x))|x € X}, Hp = {(x,1 = f(x))]x € X}

Therefore, Hy,, is called a generated hesitant fuzzy set by function fy(x); H;  is called a generated
hesitant fuzzy set by function iy(x); H 7, is called a generated hesitant fuzzy set by function fy (x).
Theorem 1. Let N = {(x,In(x),in(y), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then, N
is a neutrosophic hesitant fuzzy subalgebra of X if and only if it satisfies the conditions: Vx € X, Hy, and H; ,
Hy are hesitant fuzzy subalgebras of X.

Proof. Necessity: (i) By Definition 10 and Definition 11, we can obtain that Hy, is a hesitant fuzzy
subalgebra of X.



Symmetry 2018, 10, 174 50f 19

(i) Vx,y € X, (1 N( )
(1—in(y)) =1— (in(x) Uin(y

Similarly, (1 — fx(x)) N (
Therefore, Vx € X, H; = {(x,
subalgebras of X.

Sufficiency: (i) Let x,y € Hy,. Obviously, ix(x) NEn(y) C In(x — y),In(x) NEn(y) C
In(x <= y). ) ) i

(i) Let x,y € H; . By Definition 10, we have (1 —iy(x)) N (1 —in(y)) € 1 —in(x = y), (1 -
iN(xX))N(1—in(y) C1—in(x —y), thus fN(x) U fN(y);_) in(x — y),fN(x)NU in(y) 2 in(x = y).

Similarly, Let x,y € Hy ; we have fn(x) U fn(y) 2 NG = y), INX) U fN(y) 2 f(x = y).

That is, N is a neutrosophic hesitant fuzzy subalgebra of X. [

)N(1—in(y) =1—(in(x) Uin(y)) € 1-in(x = y), (1 —in(x)) N
(1)) C1—in(x = y). ~ ~ )

fzy(y)) Cl-fnxr—=y) A= nE)N(A=fny) 1= fnlx = y)
—i(x))|x € X} and Hy, = {(x,1— fn(x))|x € X} are hesitant fuzzy

—_ |

Theorem 2. Let N = {(x,Fx(x),in(x), fz(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then,
the following conditions are equivalent:

(1) N = {(x,Fn(x),in(x), fv(x))|x € X} is a neutrosophic hesitant fuzzy subalgebra of X;

(2) VA1,A2,A3 € P([0,1]), the nonempty hesitant fuzzy level sets H;N(/\l),H;N(/\z),HfN (A3) are
subalgebras of X, where P([0,1]) is the power set of [0, 1],

Hp, (M) = {x € X|A Cin(x)},
H: (M) ={xe XA C1 *{N(x)}/

IN

Hp (A3) = {x € X|A3 €1~ fn(x)}.

Proof. (1)=(2) Suppose H;N()tl),H;N()\z),HfN (A3) are nonempty sets. If x,y € Hj (A1), then
A1 C En(x),A1 C fy(y). Since N is a neutrosophic hesitant fuzzy subalgebra of X, by Definition
11, we can obtain:

M € En(x) M) € Inx = ), A € En(x) N () S Inlx = )

then x — y,x < y € H;, (M), H, (A1) is a subalgebra of X.
If x,y € H; (A2), then A, € 1— in(x),A2 €1 —1in(y). Since N is a neutrosophic hesitant fuzzy
subalgebra of X, by Definition 11, we can obtain:

A€ (1—in(x)) N —in(y) =1-(n(x)Uin(y) S1—in(x = y),

A € (1—in(x)N(1—in(y) =1-(in(x) Vin(y) S 1—in(x = y);
Thus, x = y,x < y € H; (A2), H; (A2) is a subalgebra of X.

Similarly, we can obtain then that Hp, (A3) is a subalgebra of X.

(2)=(1) Suppose that H, (A1), Hy, (M), H IS (A3) are nonempty subalgebras of X, VA1, Ay, A3 €
P([0,1]). Let x,y € X with fx(x) = u1,in(y) = p2. Let yy Nz = Aq. Therefore, we have
X,y € Hg)()\l). Since Hg)(/\l) is a subalgebra, we can obtain x — y,x < y € Hj (A1). Hence,
we can obtain:

En(x) NEn(y) SEn(x = y), In(x) NiEn(y) SEIn(x = y);

Let x,y € X with i(x) = u3,i(y) = pg. Let (1 —pu3) N (1 —py) = Ap. Then, we have x,y €
H; (A2). Since H; (A2) is a subalgebra, we can obtain x — y,x < y € Hg, (A2). Hence, we can
obtain (1 — IN(Nx)) N (1~— iny) =1- (;N~(x) Uin(y)) = A C€1— fN(Nx — y): (1- zTNgx)) Nn(1-
zN(y)) =1-(in(x)Uin(y)) = A2 € 1—in(x <= y). Then, we have ix(x) Uin(y) D in(x — y),

WU 2inx oy, i S

Similarly, let x,y € X with fy(x) = us, fN(y) = pe; we can obtain fy(x) U fn(y) 2 fn(x — ),

N UfN(Y) 2 fu(x = y).

Thus, N is a neutrosophic hesitant fuzzy subalgebra of X. O
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Definition 12. Let N = {(x,Fn(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X.
XZ(\})(ak,b), Xl(é)(ak, b), XI(\“;’)(ak, b), Xﬁ)(ak, ), Xﬁ)( ) are called generated subsets by N: Va,b € X, k € N,

x\W(ak,b) = {x € X|En(a * (b*x)) = Ey(1),
in(a* x (bxx)) =
X (ak,b) = {x € X|Ey(ak — (b= x)) = (1)
in(@" = (b= x)) =In(1), fn(@" = (b= x)) = in(D)};
xg?(ak,b) = {x € X|in(a* = (b — x)) = Fn(1)
in(@@* = (b= x)) = Ix(1), fn(@* = (0 — x)) = in(D)};
)

xW(ak,b) = {x € X|Ey(a" = (b— x)) = Ex(1),
in(@* = (b= x)) = in(1), fn (@ = (b= x)) = fu (1),
(@ = (b= x)) = In(1), in (@ = (b= 2)) = in(1), fn (@ = (b= x)) = fn(D)};
X (@) = {x € Xlin(a) € I (x),
in(a) 2 in(x), fn(a) 2 fn(x)}-
where "a” appears "k” times, "x" represents any binary operation "—" or "—" on X,

s« (bxx)=ax(ax(---(ax(b*x))---)
(a—=(b=x))--));

= b—=x)=a— (a— (-

s b=x)=a=(@=(--(a=b-=x)--))
F - b—=x)=a=@—=(--(a—=0b->x)-));
s bosx)=a=(a= (- (a= (b=x))--)).

Theorem 3. Let N = {(x,Fn(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. If N
satisfies the following conditions:

(D En(x) S In(1), En(x = y) = En(x) UEN(y), Y,y € X;

(2) iN(x) DZN( ) iN(X‘—>y) .N( )ﬁi y),Vx,yeX;

(3) fNIEx 2 fn), fn(x = y) = fn(x) N fn(y), Yx,y € X;

i
) I
then Xg)(a ,b)=X, keN.

Proof. By Proposition 1, we can obtain Vx € X,

P (a « (b*x) =In(1 = (dF % (bxx)))

Thus, x € X(l)( k,b), X C X(l)( ,b).
Conversely, it is easy to check that X (ak b) C
Finally, we can obtain X = X%V)( ,b). O

Corollary 1. Let N = {(x,Fn(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. If N
satisfies the following conditions:

(1) En(x) C i), En(x = y) = In(x) UiN(y), Yo,y € X
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(Z)ITN(x)Z_DfN()fN(x%y) ()ﬂ ~()nyEX
(3) fn(x) 2 in(), fn(x = y) = In() N in(y), Vxy € X
then XZ(\})(ak,b) X, keN

Theorem 4. Let N = {(x,En(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. N satisfies
the following conditions:

(D En(1) 2 Fy(x), (1) € (), f(1) € fu(x), Vi € X;
2x—y=1=Iy(x )CEN(]/))/'N x) Qi(zxzf)(y () 2 fny), Vx,y € X

IfVa,b,c e X,k €N, b<cthenX(

Proof: Let x € XI(\? ) (ak, c). If b < ¢, by Proposition 1, we can obtain:

Similarly, we can obtain:

Thatis, x € X\2 (ak,b), X\? (ak,c) € X (¥, b).

Corollary 2. Let N = {(x,Fx(x),in(x), fn(x))|x € X} bea neutrosophic hesitant fuzzy set on X. N satisfies
the following conditions:

(1) En(1) 2 En(x), in(1) € in(x), fu(1) € fu(x), Vx € X;
2)x =y =1=In(x) Cin(y) in(x) 2 in(y), fn(x) 2 fn(y), Vx,y € X.
IfVa,b,c € X,k € N, b < c, then X\ (ak,c) € X (ak,b).

The following example shows that XI(\A]1 ) (a*,b) may not be a filter of X.

Example 4. Let X = {a,b,c,d, 1} with two binary operations in Tables 3 and 4.

Table 3. —.
—|lal|blc|d]|1
a |1 11|11
b |d|1|1]1]1
c|d|lc|1]1]|1
d |clc|lc|1]|1
1 |lal|bl|lc|d]|1

Table 4. —.

s |la|b|lc|d|1l
a |1]d]1]1]1
b |d|1]1]1]|1
c |djd|1]1]1
d c|b|lc|1]|1
1 a|b|lc|d]|l

Then, (X; —, <, 1) is a pseudo-BCI algebra. Let:
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, 31, (531,10, 3]),
1[40, 2D).

then Xz(é)(c, d) ={a,c,d,1} is not a filter of X. Sincec - b =rc € Xz(é)(c, d), butb ¢ XI(\}L) (c,d).

Theorem 5. Let N = {(x,En(x),in(x), fa(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Let X
be a type-2 positive implicative pseudo-BCK algebra. If functions iy (x),in(x) and fiy(x) are injective, then
XI(\?) (a¥,b) is a filter of X forall a,b € X,k € N,

Proof. (1) If X is a pseudo-BCK algebra, then by Definition 1 and Proposition 1, we can obtain
1€ xW(ak,b).

(2) Letx,y € X withx,x = y € Xﬁ)(ak,b). Thus, ¥ — (b= x) =1,a* = (b— (x = y)) = 1.
Since functions fy, iy and fN are injective, by Definition 5, we have:

= (b= (x—=y)))
N(@ = (0= x) = (b—=y)))

k

(ak% (b—=x))—= (@ = (b=y)))
1

Similarly, we can obtain iy (a* < ((b < y)) = ix(1), fn(@* <= ((b = y)) = fiv(1). Thus, we have
y € X (kD).
(3) Similarly, let x,y € X withx,x <y € X(4)( k,b); we have y € XI(\?) (a*,b). O

This means that XI(\?) (ak, b) is afilter of X foralla,b € X,k € N.

Theorem 6. Let N = {(x,Fn(x),in(x), fn(x))|x € X)} be a neutrosophic hesitant fuzzy set on X. Let X be
a type-2 positive implicative pseudo-BCK algebra. If functions Fn(x),1n(x) and fn(x) satisfy the following
identifies: Vx,y € X,
D (x) € W), () (
2)In(x = y) =In(x)N tN(y),z;N(x — y) i (x)
(3) EN(X — y) = EN(X) N EN(y),iN(x — y) ZN x)
then Xz(é)(ak, b) is a filter of X forall a,b € X,k € N.

in() fy(x = y) = in(x) U fn();
IN(W), fn(x = y) = fn(x) U fn(y);

Ut
U
Proof. (1) If X is a pseudo-BCK algebra, by Definition 1 and Proposition 1,1 € XI(\])( ,b).

(2) Letx,y € X withx,x -y € Xﬁ)(ak,b). We have Fy (a¥ < (b — x)) = Fy(1), In(ak — (b —
(x = y))) = Ex(1). By Definition 5, we have:

(@ = (b= (x—=y))

(@ = (b= x) = (b=y)))
(@ = (b= x)) = (@ = (b—=y))

N(@ = (b= x)) i = (b—y))
(
(

Similarly, we can obtain iy (a* < (b — y)) = ix(1), fy(a¥ — (b < y)) = fn(1). Thus, we have
X(4) kp

y € Xy’ (a5 b).
(3) Similarly, let x,y € X withx,x — vy € XI(\‘,L) (a¥,b); we have y € XI(\?) (ak,b).
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This means that Xz(\?) (ak, b)isafilterof X foralla,b € X,k e N. O

Theorem 7. Let N = {(x, Fn(x ) N(x), fin(x))|x € X)} be a neutrosophic hesitant fuzzy set on X and F be
a filter of X. If functions Tn(x), in(x) and fi(x) are injective, then | X;?) (a*,b) = F forall a,b € F,k € N.

Proof. (1) Let x € UXI(\A;) (a*,b). By Definition 12, we have fy(a — (51 — (b — x))) =
En(1),in(a — (@1 = (b — x))) = iny(1), fn(a — (851 — (b — x))) = fn(1). Since F is a filter of
X and fy, I, fn are injective, thus we can obtain a — (a*~1 — (b —> x)) = 1and ak ' ((b—x)eF.
Continuing, we can obtain b — x € F. Since b € F, thusx € F, x| )(ak )

(2) Let x € F. Whena = 1,b = x, we can obtain Iy (1¥ — (x — x)) = ( — (x = x)) = fx(1).

Similarly, we have iy (1¥ — (x — x)) = iy(1¥ — (x = x)) = in(1), v (1F = (x = x)) = fn(1F =
(x = x)) = fn(1). Thus, we have F C UX](;‘) (a*,b).
This means that UXI(\?)(ak,b) = Fforalla,be F,ke N. O

Theorem 8. Let N = {(x,Fn(x),in(x), fn(x))|x € X)} be a neutrosophic hesitant fuzzy set on X.
(1) IfX(S)( ) is a filter of X, then N satisfies: Vx,y € X,
(i) In(a) C
fn(a) € En(y),in(a
(a

In(x = y) Nin(x),in(a) 2 in(x = y) Uin(x), fn(a) 2 fu(x = y) U fn(x) =
a) 2 in(y), fn(a) 2 fn(y); i ) )

(ii) in(a) C In(x = y) Nin(x) in(a) 2 in(x = y) Uin(x), fn(a) 2 fy(x <= y) U fn(x) =
En(a) € En(y),in(a) 2 in(y). fn(a) 2 fn(y). i i

(2) If N satisfies Conditions (i), (i) and Fx(x) C En(1),in(x) 2 in(1), fn(x) 2 fn(1) forall x,y € X,
then XI(\?)(a) is a filter of X.

~

AH-/—\

(x = y) Uin(x), fn(a) 2

Proof. (1) (i) Let x,y € X with fy(a) C En(x — y) Nin(x), 1]
). is a filter, thus we can have

fn(x = y) U fn(x); we have x € x$ )( a),x -y € xC )(
y € X{) (@), n(a) C En(y),in(a) 2 in(y), fula) 2 fu(y).
(if) Similarly, we know that (ii) is correct.
(2) Since Fy(x) € Fn(1),in(x) 2 in(1), fu (%)

NOEE
X (a) i

Since X

D fy(1)forallx € X, thus1 € X{(a). Letx,y € X
with x,x — y € X(a); we can obtain fy(a) C Fx(x),En(a) € Eny(x = y),in(a) 2 iy (x),in(a) D
iNn(x = ), fn(a) 2 fn(x), fn(a) 2 fa(x — y). By Condition (i), we have fy(a) C Fx(y),in(a) 2
in(y), fn(a) 2 fn(y). Thus, we can obtain y € x© )( ). Similarly, let x,y € X withx,x — y € Xg\,)( ),
by Condition (1)(ii); we can obtain y € XI(\])( ).

This means that XI(\?) (a)isafilterof X. O

4. Neutrosophic Hesitant Fuzzy Filters of Pseudo-BCI Algebras

In the following, let X be a pseudo-BCI algebra, unless otherwise specified.

Definition 13. ([22]) A hesitant fuzzy set A = {(x,ha(x))|x € X} is called a hesitant fuzzy pseudo-filter
(briefly, hesitant fuzzy filter) of X if it satisfies:

(HFF1) hA(x) - hA(l), Vx € X;

(HFF2) hao(x) Nha(x = y) Cha(y), Vx,y € X;

(HFF3) ha(x) Nha(x = y) Cha(y), Vx,y € X.

Definition 14. A neutrosophic hesitant fuzzy set N = {(x,En(x),in(x), fn(x))|x € X} is called a
neutrosophic hesitant fuzzy pseudo-filter (neutrosophic hesitant fuzzy filter) of X if it satisfies:

(NHFF1) Ex(x) C Fn(1),in(x) 2 in(1), fn(x) 2 fn(1), Vx € X;

(NHFF2) by (x — y) Nin(x) € EIn(y) in(x = y) Uin(x) 2 in(), in(x = y) U fn(x) 2 fn(y),
Vx,y € X;
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Vx,y € X.

A neutrosophic hesitant fuzzy set N = {(x, Fx(x),in(x), fz(x))|x € X)} is called a neutrosophic
hesitant fuzzy closed filter of X if it is a neutrosophic hesitant fuzzy filter such that:

n(x = 1) 2 n(x),in(x = 1) Cin(x), in(x = 1) C fn(x).

Example 5. Let X = {a,b,c,d, 1} with two binary operations in Tables 5 and 6. Then, (X; —,—,1) is
a pseudo-BCl algebra. Let:

N = {(1,0,1],[0,2], [0, %

Table 5. —
—|lalb|lc|d]|1l
a |11 (111
b |c|1|1]|1]1
c lal|lb|1|d|1
d |b|blc|1]|1
1 |a|b|lc|d]|1l

Table 6. —.

S |la|b|lc|d|1l
a |1 ]1]1]1]1
b |dj1|1]1]1
c |b|b|1]|d|1l
d a|b|c|1]1
1 al|lb|cldl|l

Theorem 9. Let N = {(x,fn(x),in(y), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then, N
is a neutrosophic hesitant fuzzy filter of X if and only if it satisfies the following conditions: Vx € X, Hy, , H; ,
Hy, are hesitant fuzzy filters of X.

Proof. Necessity: If N is a neutrosophic hesitant fuzzy filter:

(1) Obviously, H; is a hesitant fuzzy filter of X.

(2) By Definition 14, we have (1 —iy(x)) C (1 —in(1)),1— (in(x) Uin(x = y)) = (1 —in(x)) N
(1—in(x = y)) € (1 —in(y)); similarly, by Definition 14, we have (1 — iy (x)) N (1 —in(x = y)) C
(1—in(y)). Thus, Hj  is hesitant fuzzy filter of X.

(3) Similarly, we have that H iy is a hesitant fuzzy filter of X.

Sufficiency: If H; , H; , Hf are hesitant fuzzy filters of X. It is easy to prove that Fn(x), in(x),

fn(x) satisfies Definition 14. Therefore, N = {(x,Fn(x),in(x), fy(x))|x € X} is a neutrosophic
hesitant fuzzy filter of X. O

Theorem 10. Let N = {(x, Fx(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then,
the following are equivalent:
(1) N = {(x,Fn(x),in(x), fv(x))|x € X} is a neutrosophic hesitant fuzzy filter of X;
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(2) VA1, A2, A3 € P([0,1]), the nonempty hesitant fuzzy level sets H, (A1), Hy (A2),
of X, where P([0,1]) is the power set of [0, 1],

Hg, (A3) are filters

Hy, (A1) ={x € X|A\ CEn(x)};
H; (M) ={x € X[A2 C1—in(x)};

IN

Hj (A3) ={x € X|As €1 fn(x)}.

Proof. (1)=-(2) (i) Suppose H;N()\l) #@. Letx € H;N()\l), then Ay C fiy(x). Since N is a neutrosophic
hesitant fuzzy filter of X, by Definition 14, we have A; C fx(x) C Ex(1). Thus, 1 € Hy, (A1).

Let x,y € X with x,x — y € H; (A1), then Ay C fy(x),A C En(x — y) Since N is
a neutrosophic hesitant fuzzy filter of X, by Definition 14, we have A; C fx(x — y) Nin(x) C In(y).
Thus y € Hy, (A1). Similarly, let x, y € X with x,x < y € H;, (A1). We have y € Hy (A1).

Thus, we can obtain that Hy (A1) is a filter of X.

(ii) Suppose H; (A2) # @. Let x € H; (A2), then Ay C 11— in(x). Since N is a neutrosophic
hesitant fuzzy filter of X, we have iy (1) C in(x). Thus, A C1—iy(x) C1—iyn(1),1€ H; (A2).

Let x,y € X with x,x — y € H; (A2), then A, € 1— iN(x),A2 € 1—iyn(x — y). Since N is
a neutrosophic hesitant fuzzy filter of X, we have iy(x — y) Uin(x) 2 in(y). Thus, 1 — (iy(x —
Y) Uin(x) = (L= in(x = 1)) N (1= i (2)) € (1= in(y), A2 C (1= n(y)),y € Hy, (A2). Similarly,
let x,y € X withx,x = y € H; (A2). Wehavey € H; (A,).

Thus, we can obtain that H; (Ap) is a filter of X.

(iii) We have that H y (A3) is a filter of X. The progress of proof is similar to (ii).

(2):>(1) Suppose HEN (/\1) 75 @, H{N(/\z) 75 @, HfN (/\3) 75 @ for all )\1, )\2, /\3 € P([O, 1})

(i") Let x € X with fy(x) = py. Let Ay = py. Since Hy, (A1) is a filter of X, we have 1 € Hy (A1)
Thus, )\1 =M= EN(X) - EN(l).

Let x,y € X with fy(x) = p1, En(x — y) = pa. Let py Ny = Aq. Since Hy (A1) is a filter of X for
all Ay € P([0,1]), we have y € Hy, (A1). Thus, Ay = En(x) NEn(x — ) € En(y)-

Similarly, let x,y € X with fy(x) = pp, In(x < y) = ). We can obtain Iy (x — y) Nix(x) C
N () y

(ii") Let x € X with iy (x) = po. Let A = 1 — pp. Since H; (A2) is a filter of X forall > € P([0,1]),
we have 1 € H{N(/\z),)\z C1-— 17]\](1). Thus, 1 — Ay = Ho = fN(x) D) {N(l)-

Let x,y € X with in(x) = po,in(x — y) = us. Let (1 — pp) N (1 — ps) = Ay. Since H; (A7) is
filter of X forall A, € P([0,1]), wehavey € H; (A2),A2 C1— in(y). Thus, Ay = (1 —pp) N (1 — y5)
(1= () N (1= T (x = 1) = 1= (i) Ui (x = 1) € (1= in()), in(x) Uin(x = 1) 2 ().

Similarly, let x,y € X with in(x) = pp, in(x — y) = ub; we have iy (x) Uin(x = y) 2 in(y).

(iii’) Similarly, we can obtain fy(x) 2 fn(1),fn(x) U fn(x — ) 2 Fn(y), fn(x) U
In(x—=y) 2 fn(y). i i

Therefore, N = {(x, f5(x),in(x), fn(x))|x € X} is a neutrosophic hesitant fuzzy filter of X. O

Definition 15. N = {(x, Ix(x), in(x), fn(x ))|x e X} is a neutrosophic hesitant fuzzy set on X. Define a
neutrosophic hesitant fuzzy set N* = {(x, B, (x), i3, (x), f;(x))|x € X} by:

Tk tN(x)r x € Hy (Al)
: X P(]0,1 N

ot X — P(0, ]>,xH{ ), e )

X € H{N(Az)

1—¢2, x ¢ H; (A2)

fu(x), x € Hy (As)
1-— q)3, X é HfN(/\g,)
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where A, Ay, A3, 91, 92,93 € P([0,1]), o1 € A1, 92 € Ay, 93 C Az. Then, N* is called a generated
neutrosophic hesitant fuzzy set by hesitant fuzzy level sets Hy, (A1), H; (A2) and H Iy (A3).

Theorem 11. Let N = {(x,Fx(x),in(x), fz(x))|x € X} be a neutrosophic hesitant fuzzy filter of X. Then,
N* is a neutrosophic hesitant fuzzy filter of X.

Proof. (1) If N is a neutrosophic hesitant fuzzy filter of X, by Theorem 10, we know that
H;N ()\1), H;N ()\2), HfN (/\3) are filters of X. Thus, 1 € H;N ()\1),1 c H{N(/\z),l S HJEN ()\3), E*N(l) =
(1) 2 By (), By (1) = I (1) € (), Fo(D) = Fun(1) € Fx), ¥x € X

(2) (i) Let x,y € X with x,x — y € Hy, (A1). By Theorem 9, Theorem 10 and Definition 15, we
know Ay C fy(x — y) NExy(x) = En(x = y) NiEn(x) Cin(y) = By ().

Let x,y € X withx,x = vy € H;N()tz). By Theorem 9, Theorem 10 and Definition 15, we know
22 € (1 Ty(x = )N -Ty(0) =0~ Inlx > )01 () =1 (e ) Uln(a) € 1
in(y) =1—14(y). Thus, wehave 1 — A, D i§(x = y) Uiy (x) = in(x = y) Uin(x) D in(y) = iy (y).

Similarly, let x,y € X with x,x —y € H (A3); wehavel—A3 2 fiy(x = y) U fy(x) = fN(x —
YU N 2 fuly) = fi).

(i) Let x,y € X with x ¢ H;, (A1) or x — y ¢ H; (A1). By Definition 15, we have fy,(x) = ¢; or
By (x = y) = ¢1. Thus, we can obtain I} (x) Ny (x = y) = ¢1 C Iy (y).

Letx,y € X withx ¢ H; (A2) orx — y ¢ H; (A2). By Definition 15, we have iy(x) =1—g¢por
iy(x = y) =1— ¢y. Since 1 — A, C 1 — g@y; thus, we can obtain 7} (x) Ui} (x = y) =1 — g2 D ().

Similarly, let x,y € X with x ¢ HfN(Ag) orx >y ¢ Hf”N(/\g,); we have f*(x) U f*(x — y) =
1—932 f*(y). i i

(3) We can obtain £*(x) N f*(x — y) C (y), i*(x) Ui*(x < y) 2
f*(y). The process of proof is similar to (2).

Thus N* is a neutrosophic hesitant fuzzy filter of X. [

F(y), fr(x)Ufr(x = y) 2D

Theorem 12. Let N = {(x, Fx(x),in(x), fn(x))|x € X} be a neutrosophic hesitant fuzzy filter of X. Then,
N satisfies the following properties, Vx,y,z € X,
() x <y=in(x) Cin(y),in(x) 2 in(y), fn(x) 2 fu(y)
2)In(x = z) Din(x = (y = 2)Nin(y), In(x — z) D En(x — (v = 2)) NN (Y);
in(x = z) C f]:](x — (y—z2))U ;]\I(y) in(x = z) Ciy(x = (y — 2)) Uin(y);
fu(x—=2) € fn(x = (y = 2) U fn), fn(x = 2) € fn(x = (y = 2) U fn (),
({32 9) = ) 2 W) Iullx =) 9) 2 o
N((x = y) = y) Cin(x), in( N (%),

(x
fN((x—>]/) = y) C fn(x), fn((x =
Cin(y) i
C

(3)

4z<x—=y=Inx)Nin(z)

(y) () U fn(z) 2 fn(y)
z<x<=y=Inx)Niy(z) )

in(y), in(x)U ()

Proof. (1) Let x,y € X with x < y. By Proposition 1, weknow x -y =1(orx — y =1). If Nis

a neutrosophic hesitant fuzzy filter of X, by Definition 14, we have fy(x) = Ix(1) Nfn(x) = fn(x —
y) Nin(x) € Ev(y) (En(x) = Ev(1) NEn(x) = By (x = y) NEn(x) € En(y)). Thus, Ey(x) € En(y)-
Similarly, we have iy (x) D in(y), fn(x) 2 fn(y).
(2) By Proposition 1, Definition 14, we know, Vx,y,z € X,
N(x = (y = 2)) Nin(y),

f
E

In(x = 2z) DIn(y — (x = 2)) NiN(y) =
f N(x = (y —2))NEn(y).

N(x = z) DNy = (x = 2))NiN(y) =
Similarly, we have, Vx,y,z € X:

in(x = z) Cin(x = (y = 2)) Uin(y), in(x = 2) Cin(x = (y = 2)) Uin(y);

Cin
fnx —=z) Cin(x = (Y= 2)U Ny, Inx = y) C fn(x = (v = 2)) U fu(y).
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(3) By Definition 1 and Definition 14, with regard to the function fy(x), we can obtain, Vx,y € X,

U
o

IN((x = y) = y) x = ((x = y) = y)Nninx)

[
z =z

~—~ ~ —~

I
ZH-:

Similarly, we have Iy ((x — y) = y) 2 fx(x).
With regard to the function iy/(x), we can obtain, Vx,y € X,

I ﬁ

(x = ((x = y) = y) Uin(x)
IN((x = y) = (x = y) U ~N(x)

(

(

in((x = y) = y) Cin

in(1) Uin(x)

U
x).

IN

Similarly, we have iy ((x < y) — y) C in(x).

Similarly, with regard to the function fy(x), we can obtain fy((x — y) < y) C fn(x), fn((x <
y) = y) € fn(x).

(4) Let x,y,z € X withz < x — y. By Remark 1 and Definition 14, we can obtain:

En(x) NEn(z) = En(x) N (En(1) NEN(2))
=IN(x) N (In(z = (x = ) NEN(2))
Cin(x)Nin(x = y),
Cin(y)-

in(x) Uin(z) = in(x) U (in(1) Uin(2))
=iN(x) U (in(z = (x = ) Uin(z))
2 in(x) Uin(x = y),
2 in(y).

Similarly, we can obtain fy(x) U fn(z) 2 fn ().
Let x,y,z € X with z < x < y. We can obtain fy(x) Ny (z) C Ex(y), in(x) Uin(z) 2 in(y),
fn(x) U fn(z) 2 fa(y)- The process of the proof is similar to the above. [

Theorem 13. A neutrosophic hesitant fuzzy set N = {(x,In(x),in(x), fn(x))|x € X)} is a
neutrosophic hesitant fuzzy filter of X if and only if hesitant fuzzy sets Hy,, H; , H y satisfy the following
conditions, respectively.

(1) fn(x) CEINQ1), En(x = (y = 2)) NiN(y) CEIn(x = 2), En(x = (y = 2)) NiN(Y) C In(x —
z),Yx,y,z € X;

2)in(x) 2 in(1),in(x = (y = 2)) Uin(y) 2 in(x = 2),in(x = (y = 2)) Uin(y) D in(x —
z),Vx,y,z € X;

) fn(x) 2 fin(), fin(x = (y = 2)Ufn(y) 2 fn(x = 2), fin(x = (y — 2))U fnly) 2
fn(x = z),Vx,y,z € X.

Proof. Necessity: By Theorem 9, Theorem 12 and Definition 14, (1)~(3) holds.

Sufficiency: (1) Vx,y,z € X, by Proposition 1, we can obtain f (y) = Ixy(1 = y) 2 In(1 = (x —
y)) Nin(x) = fn(x = y)N f{\](x) and fy(y) = In(1 = y) D In(1 <= (x = y)) Nin(x) = In(x —
y) Nin(x). We have iy (x) 2 in(1) for all x € X. Thus, Hy,, is a hesitant fuzzy filter of X.

(2) Vx,y,z € X, by Proposition 1, we can obtain iy (y) = in(1 = y) Cin(1 — (x = y)) Uin(x) =
iN(x <= y) Uin(x); thus, we have (1 —iy(x — y)) N (1 —in(x)) C (1 —in(y)).
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Similarly, we can have (1 —iy(x — y)) N (1 —in(x)) C (1 —in(y))-

It is easy to obtain (1 —iy(x)) C (1 —fn(1)) for all x € X. Thus, H; is a hesitant fuzzy filter
of X.

(3) We have that H I8 is a hesitant fuzzy filter of X. The process of the proof is similar (2).

Therefore, H;N,H;N, H 7, are hesitant fuzzy filters of X. By Theorem 9, we know that N is
a neutrosophic hesitant fuzzy filter of X. [

Theorem 14. Let N = {(x,Fn(x),in(x), fn(x))|x € X)} be a neutrosophic hesitant fuzzy filter of X. Then:

~ v n
En(xe), in(y) € U
1 i=k k=1

n ~
[Txx —y=1=1in(y) 2
k=1 k

D=

wheren € N,
n
klillxk—>y=xn—>(xn,1—>(~-.(xl_>y)...))_

Proof. If N is a neutrosophic hesitant fuzzy filter of X:

(i) By Theorem 12, we know that Fy (x1) € Fn(y),in(x1) 2 in(y), fn(x1) 2 fn(y) forn = 1.

(ii) By Theorem 12, we know that fy(x2) C fn(x; ' xp) 2
fn(x1 — y) for n = 2. By Definition 14, we have In(x1) NFx(x; — v) C En(y), in(x1) Uin(x1 —
y) 2 iINW), fnGa) U fn(Ga = y) 2 fn(y). Thus, Iv(x) Nin(e) © In(y),iv(a) Uin(re) 2
IN(), In(x1) U fu(x2) 2 fn(y)-

j
(iii) Suppose that the above formula is true for n = j; thus, [T x4 -y =1, ij, - ,x1,y € X,
k=1
i ~ i . i .
and we can obtain () fn(xx) C In(y), U in(xx) 2 in(y), U fn(xk) 2 fn(y). Therefore, suppose that
k=1 k=1 k=1
j+1 j+1 B j+1 B
I x¢ — y = 1, VX]'_H,‘ c, X1,y € X, then we have N tN(xk) - tN(Xl — y), U iN(xk) D iN(Xl —
k=1 k=2 k=2
A+ .
y), U fn(xx) 2 fn(x1 — y). By Definition 14, we can obtain:
k=2
~ _ ~ ~ j+1 j+1
En(y) 2 En(x1) NEn(xr — y) 2 En(x1) N (kljth(xk)) = kljl En (),
N ) i i 1 1
in(y) Cin(x1) Uin(xr = y) Cin(xg) U (kUZIN(xk)) = kUl in(xk),
. . . . i+ i+
fn(y) € fn(x) U fn(xa = y) € fu(x) U (kL_JZfN(xk)) = kL_JlfN(xk)r

which complete the proof. [

Corollary 3. Let N = {(x,Fx(x),in (%), fn(x)))|x € X)} be a neutrosophic hesitant fuzzy filter of X. Then:

n

~ n ~
[Txexy=1=In(y) 2 N In(xk),
k=1 k=1

in(y) € U
k=1

() ) € O )

where "x” represents any binary operation "—" or "—="on X, n € N,
n
IT Xy =xn % (xp_1% (- (xp%y)--+)).
k=1

Theorem 15. Let N = {(x,Fn(x),in(x), fn(x))|x € X)} be a neutrosophic hesitant fuzzy filter of X and X
be a pseudo-BCK algebra, then N is a neutrosophic hesitant fuzzy subalgebra of X.
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Proof. If N = {(x,Fx(x),in(x), fn(x))|x € X)} is a neutrosophic hesitant fuzzy filter of X, then we
can obtain Vx,y € X,

IN(x = y) DNy = (x = y) Nin(y)
=in(x = (y =) Nin(y)
=In(x = 1)Nin(y)

2 in(x) Nin(y)

iN(x = y) Cin(y = (x = y)) Uin(y)
=in(x = (y = y) Uin(y)
=iy(x = 1) Uin(y)

NG —=y) C vy = (x =) Uf(y)
= fn(x = (y = v)Ufny)
= fn(x = 1)U fn(y)

(

Similarly, we can obtain fy(x < y) 2 Fn(x) NEn(y),in(x — y) C in(x) Uin(y), in(x = y) C
fn(x) U fn(y). Thus, N is a neutrosophic hesitant fuzzy subalgebra of X. [

Theorem 16. Let N = {(x,Fx(x),in(x), fv(x))|x € X)} be a neutrosophic hesitant fuzzy closed filter of X.
Then, N is a neutrosophic hesitant fuzzy subalgebra of X.

Proof. The process of proof is similar to Theorem 15. [

If N = {(x,En(x),in(x), fn (%)) |x € X)} is a neutrosophic hesitant fuzzy subalgebra of X, then
N may not be a neutrosophic hesitant fuzzy filter of X.

Example 6. Let X = {a,b,c,d, 1} with two binary operations in Tables 1 and 2. Then, (X; —,—,1) is
a pseudo-BClI algebra. N is a neutrosophic hesitant fuzzy subalgebra of X. However, N is not a neutrosophic

hesitant fuzzy filter of X. Since F(b — a) NE(b) = [3, 3], F(a) = [3, 1], we cannot obtain F(b — a) NE(b) C

ta).

Definition 16. N = {(x, fn(x),1 ( ), fn(x ))|x X) } is a neutrosophic hesitant fuzzy set on X. Define a
= {(x A" (x

neutrosophic hesitant fuzzy set N(@ ~(a ?) (x ),fl(\?’b) (x))|x € X} byVa,b e X,

f%’b):X:P D)x o V1, —>(b.—>x):1,a<—>(b<—>x):1;
Yo, otherwise :

f(ﬁ’b):X:P ), x o V3, a%(b'%x)zl,a%(b%x)zl;
4, otherwise :

Y5, a—=>b—-x)=lLa—=(b—x)=1,

Fab) s x — p(] —
I ). e, otherwise :

where Py, P2, W3, P, Ps, s € P([0,1]), 1 D 2,3 C Py, 5 C . Then, N is called a generated
neutrosophic hesitant fuzzy set.

A generated neutrosophic hesitant fuzzy set N(**) may not be a neutrosophic hesitant fuzzy filter
of X.
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Example 7. Let X = {a,b,c,d, 1} with two binary operations in Tables 1 and 2. Then, (X; —,<,1) is
a pseudo-BCI algebra. N is a neutrosophic hesitant fuzzy set of X. However, N(*?) is not a neutrosophic
hesitant fuzzy filter of X. Since {19 (a — b) N 14 (a) = [0,1], FV)(b) = [, 2], we cannot obtain
F1L0) (g s b) A E9) (g) C F10)(b),

Theorem 17. Let X be a pseudo-BCK algebra. If X is a type-2 positive implicative pseudo-BCK algebra, then
N@b) is q neutrosophic hesitant fuzzy filter of X for all a,b € X.

Proof. If X is a pseudo-BCK algebra, (1) by Definition 1 and Proposition 1, we can obtain a— (b—
D=1 (b1 =1). 51 =y 2 (), 871 = g3 € 1070, 75 1) = ys C
~I£?’b)(x) forall x € X.

(2) (i) Letx,y € X witha - (b - x) #1lora— (b—x) #1lora— (b - (x > y)) # 1or
a<— (b= (x = y)) # 1. Thus, we can obtain:

fz(\?'l:(x)ﬁfz(@’z)(x%y) =9 C f({}’:)(y), t]\]:]’)(x)mfgV D(x s y) = ct”b W);
T () U (x = ) = g D 190 (1), 199 () UTEY (x 5 ) = gy D 7P z(; y);

Fe (o) U FP (x = ) = g Df(“b)( ), FO () UFSD (x ) = 9o D FOV (1),

(i) Let x,y € X witha - (b - x) =1,a = (b= x) =landa - (b - (x = y)) =1,
a— (b — (x = y)) = 1. Then, by Proposition 1 and Definition 4, we can obtain:

iy (a—= (b—=1y))
=i (1= (@ (b))

=B @ (b= (x =)
=" (1)
f%’b) (a—=(b—=y))
=1 < (a— (b—y)))
=B (@ = (b= x)) = (@ = (b =)
=10 (@ = (0= 2) = (b))
= (1 = (b (x > y)))
=i

Therefore, we can obtain,

KO (y) =y = B9 (x) nE0Y) (x = ), B (y) = g = ED () n D (x 5 ).

Similarly, we can obtain,

1) = ¢—z‘”<>u#§'b><x%y> el <> g3 =14 <> Ui (x = y);
A (y) = s = FOP () U A (x = ), B8P () = s = TP () U R (x s ).

This means that N(*?) is a neutrosophic hesitant fuzzy filter of X. [

Example 8. Let X = {a,b,c,d,1} with two binary operations in Tables 7 and 8. Then, (X; —,<,1) is
a type-2 positive implicative pseudo-BCI algebra. Let N be a neutrosophic hesitant fuzzy set. We take b, ¢ as
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an example; thus, we have {b,c,d, 1} satisfy d — (¢ — x) = 1,d < (c — x) = 1. Let ¥, = [0.1,04],
s = [0.2,03], 5 = [0.4,0.5], s = [0.3,0.6], ¥5 = [0.2,0.8], s = [0.1,0.9],

N = {(1, 91, ¢3,95), (a, 92, P4, 96), (b, Y1, P3,9s5), (¢, 1, 3, ¥5), (e, 1,93, P5)} =
{(1,[0.1,04],[0.4,0.5],[0.2,0.8]), (a, [0.2,0.3],[0.3,0.6], [0.1,0.9]), (b, [0.1,0.4], [0.4,0.5], [0.2,0.8]),
(c,[0.1,0.4],]0.4,0.5],0.2,0.8]), (4, [0.1,0.4], [0.4,0.5],[0.2,0.8]) }.

Then, we can obtain that N'%<) is a neutrosophic hesitant fuzzy filter of X.

Table 7. —.
= |lal|b|c|d]|1l
a |1|blc|d]|1l
b la|l1|11]1
c la|d|1|d]|1l
d la|b|lc|1]|1
1 ja|b|c|d]|l

Table 8. —.
< la|b|c|d|1l
a |1 |b|c|d|1
b |all1]|1]|1]|1
c |la|ld|1]|d]|1
d |la|blc|1]|1
1 |a|b|c|d]|1l

Theorem 18. Let N = {( Fn(x),i(x), f(x))|x € X} be a neutrosophic hesitant fuzzy filter of X. Then,

XI(\?)( a) = {x|fy(a) C Fn(x),in(a) 2 in(x), fn(a) 2 fn(x)} isafilter of X foralla € X.

Proof. (1) Let x,y € X withx,x — y € X3;(a). Then, we have fy(a) C Fy(x),En(a) C En(x — y).
Since N = {(x,En(x),in(x), fn(x))|x € X} is a neutrosophic hesitant fuzzy filter, thus we have
fn(a) C Env(x)Nin(x — y) C En(y) C Fy(1). Similarly, we can get iy(a) 2 iy(x) Ui(x — y) D
in(y) 2 in(1), fu(a) 2 fn(x) U fn(x = y) 2 fn(y) 2 fn(D).

(2) Similarly, letx,y € X withx,x — y € Xl(\?) (a);wehavefy(a) C fy(x)NEn(x — y) Cin(y) C
in(1),in(a) 2 in(x) Uin(x = y) 2 in(y) 2 in(1), fn(a) 2 fn(x) U fin(x = y) 2 fnly) 2 fn(D).

This means that XI(? ) (a) satisfies the conditions of Definition 2 (F1), (F2) and (F3); XI(? ) (a) is a filter
of X. O

Example 9. Let X = {a,b,c,d, 1} with two binary operations in Tables 5 and 6. Then, (X; —, <, 1) is
a pseudo-BCl algebra. Let:

’ 0 ’ [0’ %])’ (b %
(e [0, 31,10, 3], [0, 5]), (4, 0, §1). [0, 31, [0, 5]}

Then, N is a neutrosophic hesitant fuzzy filter of X. Let x$ >( ) = {c,d,1}. It is easy to get that x$ )( ) is
a filter.

~

5. Conclusions

In this paper, the neutrosophic hesitant fuzzy set theory was applied to pseudo-BCI algebra,
and the neutrosophic hesitant fuzzy subalgebras (filters) in pseudo-BCI algebras were developed.
The relationships between neutrosophic hesitant fuzzy subalgebras (filters) and hesitant fuzzy
subalgebras (filters) was discussed, and some properties were demonstrated. In future work, different
types of neutrosophic hesitant fuzzy filters will be defined and discussed.
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