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Abstract: The classical Sierpinski Gasket defined on the equilateral triangle is a typical example of fractals.
Sierpinski-like triangles can also be constructed on isosceles or scalene triangles. An explicit formula
for the intrinsic metric on the classical Sierpinski Gasket via code representation of its points is given.
The aim of this paper is to generalize this formula to the Sierpinski-like triangles. We also investigate
geometrical properties of these triangles with respect to the intrinsic metric. Moreover, we describe
certain properties of the classical Sierpinski gasket which are not shared by all of its analogues.
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1. Introduction

Fractals are popular research subjects not only in mathematics but also in physics, chemistry,
biology, social science, computer science, engineering and economics. There have been many studies
on fractals in the last decade (for details see [1-4]). Most classic fractals have two basic features: the
first one is self-similarity, and the second one is that their Hausdorff dimensions are larger than their
topological dimensions. The Sierpinski Gasket, which is named after Waclaw Sierpinski, is one of the
leading examples of fractals. The basic characteristics of the Sierpinski Gasket, S, are given as follows:

This fractal is the attractor of an iterated function system (IFS). An IFS on a metric space X is
a finite family {fo, f1,..., fu} of contracting maps f; : X — X whose contracting factors are r; for
i=0,1,2,...,n Itis well-known that if {fy, f1,..., fu} is an IFS on a complete metric space X, then
there is unique non-empty compact subset K of X such that

K = fi(K).
i=0

The set K is called the attractor associated with the IFS (for the construction of S as the attractor of
an IFS see Equation (1)).

The area of the Sierpinski Gasket is zero and its fractal dimension is non-integer. The topological
dimension of this fractal is one. It satisfies the open set condition and thus its fractal dimension,
the unique real solution of the Moran equation

In3
In2°

That is, Hausdorff dimension of the Sierpinski Gasket is larger than its topological dimension.
Therefore, this set exhibits all of the classical properties of fractals.

is
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However, none of the above listed features depend on whether the Sierpinski Gasket is constructed
on the equilateral, isosceles, scalene triangles or not. The only difference that will occur is the
coefficients of the functions with respect to IFS. In other words, S, which is constructed with the
vertices P = (po, p1),Q = (90,91) and R = (ry,r1), is the attractor of the iterated function system

{Rz}fo,fl,fz} such that

e = (244,
i = (2
o = (+34+3)

It is obvious that if we choose pg = p1 = g1 = 0,90 = 1,79 = % and r| = ?, then we get the

classical Sierpinski Gasket as the attractor of the IFS. If these coefficients are taken as pg = p1 = g1 =
ro = 0,90 = 1 and r; = 1, then the right angled Sierpinski Gasket becomes the attractor of the IFS
(see Figure 1).

N

Figure 1. The Sierpinski Gaskets constructed on the equilateral, isosceles and scalene triangles respectively.

Besides these characteristics, different geometric properties can be examined by defining the
intrinsic metrics on the equilateral, isosceles and scalene Sierpinski triangles. It is well-known that
there are different ways to define the Sierpinski Gasket apart from the notion of IFS. By using these
alternative definitions, various different properties of this fractal can be obtained. As one of them,
the construction of the intrinsic metric on S can be given in several ways (for details see [5-10]).

The general definition of the intrinsic metric on S is expressed as follows:

d(x,y) = min{J | ¢ is the length of a rectifiable curve in S joining x and v}, ()

for x,y € S (for details see [11]). Throughout this paper, we will only deal with the intrinsic metric
obtained from the code representations of points on S. In [12], the intrinsic metric on the equilateral
Sierpinski Gasket is explicitly formulated as follows:

Definition 1. Let ayay ... a_1axaxs1 - .. and biby ... bx_1bxbyyq . .. be two representations respectively of
the points A and B on the equilateral Sierpinski Gasket such that a; = b; fori =1,2,...,k — 1 and a # by.
The distance d( A, B) between A and B is determined by the following formula:

d(A,B):min{ i “H_,ﬁi l—l— i %—Hsl}, 3)

i 7 nk i
i=k+1 2 2 i=k+1 2
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'{0, ai#akandai#bk 5’{0, bi;ébkandbi;éak
V= 1, otherwise ’ ") 1, otherwise

Note that, since there exists at least one shortest path between any two points, the metric 4 defined
in Equation (3) is a strictly intrinsic metric on the code set of S ([12]). Moreover, in [13], we classify
geodesics of the Sierpinski Gasket by using this metric.

In this paper, we give a general formula for the case of different edge lengths of the triangle.
That is, we obtain a formula for the intrinsic metric on the code set of the scalene Sierpinski Gasket in
Theorem 1. Afterwards, we show the relationship between the coefficients of formulas computed for
the equilateral, isosceles and scalene Sierpinski Gasket. Finally, in Propositions 3 and 4, we get some
important geometrical properties by using these formulas.

In the following section, we express some basic concepts that are needed to describe the metric
given in Equation (4).

2. Preliminaries

Let us fix wy,wy,..., w, where w; € {0,1,2} for i = 1,2,...,n. The bottom-left part,
the bottom-right part and the upper part of Sy, w,...w, are denoted by Sy, w,..w,0, Swwy..w,1 and
Swyw,...w,2 Tespectively. Thus, we have the sub-triangle

Swyown0 = {w1 ... w0ay42a543... |a; € {0,1,2} andi=n+2,n+3,...},
Swpwgl = w1 ... wplaypa,43... |a; € {0,1,2}andi=n+2,n+3,...},

Swpawn2 = {w1 ... wp2a,12a543... |a; € {0,1,2}andi=n+2,n+3,...}.

Hence, the code set of S is the union of the code sets Sp, S1 and S, (see Figure 2).

P

Figure 2. The equilateral Sierpinski Gasket and the sub-triangle S, where o = wyw; ... wy.

From now on, we will define the code representation of a point on S by using these code sets.
The construction above shows that

Sllll Salazr Sa1a2u3/ sy Salaz...anz e
is a nested sequence of sets such that

Say D Sayay O Sayagaz D -+ D Sayag.ay D -
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The Cantor intersection theorem states that the infinite intersection

(e}
ﬂ Salaz..‘an
n=1

is a point on S, which we denote by A. A code representation of A is the infinite word aya, ...4a, ...
where a, € {0,1,2},n € N. Note that, if A € S is the intersection point of any two sub-triangles of
Sa1ay...aps then A is called a junction point of S. In such a case, A has two different code representations
of forms ayay ... afanwn ... and ajay ... aga PP ... where o, p € {0,1,2} and a # B. (If a point is not
in this form, then it has a unique code representation. For example, the vertices P, Q and R have
the code representations 000... 111... and 222... respectively). Let SoN'S; = {K}, S NSy = {L}
and Sop NSy = {M}. 0111... and 1000.. . are different code representations of K, 1222... and 2111...
are different code representations of L, 0222... and 2000. .. are different code representations of M.
Moreover, the code set of all points on the line segment connecting the vertices P and Q is

PQ = {ayazaz... | a; € {0,1}},

the code set of all points on the line segment connecting the vertices P and R is
PR ={ayazas ... | a; € {0,2}},

and the code set of all points on the line segment connecting the vertices Q and R is
QR = {mazas ... | a; € {1,2}}.

For the general case, let us fix ¢ = ajapaz...a;_1 where a; € {0,1,2} fori = 1,2,...,k—1.
We now consider the sub-triangles S0, Sy and Syo. Let Sp0 N Sy1 = {Ko}, Se1 N Sz = {L¢} and
So0 N Sy2 = {My}. Similarly, 0111 ... and ¢1000. . . are different code representations of K, 01222. ..
and 02111... are different code representations of L,, 00222... and ¢2000... are different code
representations of M. Furthermore, the code set of all points on the line segment connecting the
vertices K, and L, is

KoLy = {olag1a5, 205 43... |a; € {0,2} fori =k+1,k+2,...},
the code set of all points on the line segment connecting the vertices K, and M, is

KoMy = {00ay 10500543 ... |a; € {1,2} fori=k+1,k+2,...},
and the code set of all points on the line segment connecting the vertices L, and M is

LoeMy = {02ap 1a5, 205453 ... |a; € {0,1} fori =k+1,k+2,... }.
Moreover, it can be easily seen that

|PR| _ deucl(P/R>

|K0Lr7’ =

2k 2k ’

_ |QR| _ deucl(Q/R)

‘KU'M(T| - 2k - 2k 7
PQ d 1 PIQ

|L0_MU| — | Zk | — euc ék ),

owing to the fact that PR || K,Lys, QR || KoMy, PQ || LeMgyand | 0 |=k — 1.
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3. The Intrinsic Metric on the Scalene Sierpinski Gasket

Consider a scalene Sierpinski Gasket with vertices P = (po, p1), Q = (40,41) and R = (rg,r1).
In the following proposition, we formulate the distance between two different points on a scalene
Sierpinski Gasket by using the code representations of these points. Then a special case of this formula
will be given on the isosceles Sierpinski Gasket and it will be associated with the formula given in
Definition 1 on the equilateral Sierpinski Gasket.

Theorem 1. Suppose that the points A and B on the scalene Sierpinski Gasket have two representations
a1ay ... Ag_1axAgy1 - .. and biby .. . by_1bxby,q . .. respectively such that a; = b; fori =1,2,...,k — 1 and
ay # by. Then the distance d(A, B) between A and B is determined by the following formula;

. X w4+ Bk d S+ 5
d(A’B):mm{.Z lziﬁl’?Jr,Z %211} 4
i=k+1 i=k+1
such that
0/ ai :bk
o — |PQ|, (a; =0,by =1)or (a; =1,b =0)
") IPR|, (a;=0,by =2)or(a;=2,by=0) '
IQR|, (a;=1b=2)or(a;=2b=1)
0, bl :ﬂk
g ) 1PQL (b =0 =1)or (b= 1,0, =0)
"] IPR|, (bi=0,ap=2)0r (b;=2,a,=0) ’
|QR|’ (blzllakzz) or (blzz,akzl)
Or a; = Ck
) 1PQL @=0,c=1)or (a=1,,=0)
Yi _ B ,
IPR|, (a;=0,c; =2)or (a; =2,¢c, =0)
IQR|, (a; =1,cx =2)or (a; =2, =1)
0, bl :Ck
s )Pl i=0c=1or(bi=1,6=0)
") PR, (=0, =2)or (b =2,6,=0) '
|QR|/ (bl - 1/Ck - 2) or (bl = 2/Ck = 1)
where

‘PQ‘, (ak:O,bkzl) or (ak=1,bk20)
k=4 |PR|, (ax=0,by=2)or(ax =2,bp =0) ,
|QR|, (akzl,kaZ) or (ak:Z,bkzl)

and ay # ¢ # by and ¢, € {0,1,2}.

Note that we only give a sketch proof since it is long and tedious to show all the cases. However,
different cases can be shown in a similar way.

Proof. Suppose that A and B, which are two different points of the scalene Sierpinski, have the code
representations a1a; ...4, ... and biby ... by, ... respectively. It is obvious that there exists at least one
natural number s such that a; # bs. Thus, we have A € Sy, and B € Sy, where k = min{s | a5 #
bs, s =1,2,3,...}. Letay = 0and by = 1 (or ax = 1 and by = 0). In this case, the shortest paths between
A and B must pass through either the point K,; or the line Ly M. If 4 = 0 and by =2 (or ay = 2 and
by = 0), then the shortest paths between a and b must pass through either the point M, or the line
KysLg. If ay = 1 and by = 2 (or a; = 2 and by = 1), then the shortest paths between a and b must pass
through either the point L, or the line K, M.
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Case 1. Firstly, we will deal with the shortest paths that pass through the point K. We thus have aj = 0 and
by = 1oray = 1and by = 0. Let us only investigate ay = 0 and by = 1 because the proof is the same for a = 1
and by = 0. The union of a path between A and K, and a path between K, and B gives a path between A and
B. If we compute the length of the shortest paths between A and K, then the paths between K, and B can be
obtained using a similar argument.

Given A € Sy and let S9N S,1; = {K,/ } where ¢ = ¢0. Then we must compute the length of
[PQ|

Pl + ¢ for

the line segment K,K,s. Thus, the length of the shortest paths between A and K, is y =

some ¢ > 0. (For the case a1 = 0 and by = 1, we actually get a1 = |PQ)).
If A € S0, then we must compute the length of the line KL, where S,; NS, = {Ly} to

obtain the length of the shortest path between A and K,;. Hence, this length equals to y = IQR| +e

k+1
for some € > 0 (that is, if ;1 = 2 and by = 1, then a1 = |QR|). 2
If A = M, where M, is the intersection point of the sub-triangles S,y and S/, then there are
two shortest paths between A and K. These paths are the union of the line segments MK, and
KKy or the union of the line segments L,» M, and L, K. So, the length of these paths are exactly
obtained as
_ 1QR] | [PQ|

2k+1 2k+1

(In this case, a has the code representations ¢00222. .. or ¢02000. ... Fori =2,3,4, ..., if a1 = 0 and
ax,; = 2, then we obtain a1 = |PQ| and ay,; = |QR| or similarly if a1 = 2 and a5, ; = 0, then we
get a1 = [QR| and ay; = [PQ]).

Let us now consider A € S,¢;. Notice that, the multiplier zkﬁ is not included in the computation of
the length of the shortest paths between A and K, since K, € Sy01. If A € Sy010 or A € Sy012, then we
must compute the length of the line segment K,»K,; or the length of the line segment L, K to get the
shortest distance such that K,» = S, N Syiy ,Lyn = Synq N Syiy where 0 = 001. In this case, we get

[PQ|
M= 2k+2 te
> QR
H= 2k+2 Te

respectively for some € > 0.

For the case A = M,~, where M, is the intersection point of the sub-triangles S, and S, there
are two paths to obtain the shortest distance between A and K, as before. These paths are the union of
the line segments M K,» and K, K, or the union of the line segments M,»L,» and L, K. The length
of these two paths is

_ 1Pl IQR]
2k+2 2k+2 "

This procedure also continues for smaller triangles. By splicing these shortest paths between “A
and K,” and “K, and B”, we can determine the length of the shortest paths between A and B passing
through the point K.

Case 2. Now, we will investigate the length of the shortest paths passing through the line segment Ly M. In this
case, we must figure out the shortest paths between “A and M,” and between “B and L,”. Note that we can
compute the lengths of these shortest paths in the same way as the Case 1. As we add % (the length of the path
LyMy) to these lengths, we obtain the length of the shortest path passing through Ly M.

We now consider the shortest paths passing through the line segment K, L. The shortest paths
(thus the corresponding length) between “A and K,;” and between “B and L,” can be obtained similarly.

We get the length of the shortest path passing through K, L, by adding the length of the path KL,
IPR|

which equals to =,

to these lengths.
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Also, we can compute the length of the shortest paths passing through the line segment K, M,
In this sense, this length is obtained by adding I%—f‘ to the length of the shortest paths between “A and
K,” and between “B and M,”.

As a result, the minimum of the lengths obtained from Case 1 and 2 gives us the length of the
shortest paths between A and B. [

Remark 1. The length of the shortest paths passing through one of the points K, Ly and M, is the first sum in

Equation (4), y = ), %,ﬁ’ And the second value in Equation (4), v = 3z + ¥ 2ito gives us the length

. . 20
i=k+1 i=k+1
of the shortest paths passing through one of the line segment KyLy, Lo Mg and Ky My where o is the length of

the line segment Ky My, Ly My and KoM, respectively.

The metric given in Theorem 1 is equivalent to the metric given in Equation (2) due to the fact that
the metric d is defined as the minimum of the lengths of the admissible paths connecting the points A
and B of the scalene Sierpinski Gasket.

The proof of the following proposition is similar to the proof in [12]. Thus the proof here will be omitted.

Proposition 1. The metric d defined in Theorem 1 does not depend on the choice of the code representations of
the points.

Suppose that the points A and B on the isosceles Sierpinski Gasket have the code representations
a1ay ... Ag_1x0k41 - .. and biby .. . bx_1bibyyq ... respectively where a; = b; fori = 1,2,...,k — 1 and
ay # by. In Theorem 1, if we choose Py = (0,0), P; = (1,0) and P, = (0, 1), then the distance formula on

isosceles Sierpinski Gasket will be as follows:

Corollary 1. The distance between A and B is defined by the following formula:

. — & +pi K o i+ 0
d(AIB):mm{ ) lziﬁl’?+ X 1211}

i=k+1 i=k+1
such that
0, a=b
a =< V2, (a=Lb=2)or(a;=2,b=1) ,
1, otherwise
0, bi=u
Bi=13 V2, i=la=2)or(bi=2,a4=1) ,
1, otherwise
0, ai=c¢
v = \/Z (aiZLCk:Z) or(aizz,ck:1> ’
1, otherwise
0, bi=c
=1 V2, (bi=lLg=2o0r(bi=2¢=1) ,
1, otherwise
where
K= V2, (ap = 1,b =2) or (ay = 2,b = 1)
o 1, otherwise '

N

and ay # ¢, # by and ¢, € {0,1,2}.
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Note that if we take Py = (0,0),P; = (1,0) and P, = (3, Q), then the distance formula on
equilateral Sierpinski Gasket is obtained as Definition 1. Hence, Theorem 1 is very useful since it gives
us the general case.

We now give an illustrative example which shows the computation of the distance between any
two points on an isosceles Sierpinski triangle.

Example 1. Consider an isosceles triangle with vertices P = (0,0),Q = (1,0) and R = (0,1). Let A and B be
the points of S whose code representations are 00201 = 0020111 - - - and 21012 = 2101222 - - - respectively.
We get k = 1 since the first terms of the code representations of A and B are different. By using Corollary 1,
we compute
a0 =103 =004 =1Ly = V2fori =56,7,...,

Br=1,B3=0,p; =1fori=4,56,...,

and
Y2=1,73 = ﬁ,’m =1,v=0fori=5,6,7...,

6, =0,03=1,8,=0,6; = V2fori=5,6,7....

It follows that

o+

§= Zl lBl _ 1+1+0+0 +Zf+1
_ 1 1 ﬂH
= 2t@ton
. 11+V2
= 2,

and

1 &7+ ®

:*+Z ito _ 1;50_,_\/%;1_’_1;04_1(250?6
_ 1 1 V241 1 V2
= atm Ty tat o
_ 15422

2%

which shows d(A, B) = 11*‘[ (see Figure 3).

%E’VV?V?’?’”

N
b

Figure 3. The shortest paths between the points A and B of the isosceles Sierpinski Gasket.

P 0
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4. Some Interesting Properties of the Equilateral, Isosceles and Scalene Sierpinski Gaskets

In this section, we give some important geometrical properties with the intrinsic metric on
the equilateral, scalene and isosceles Sierpinski Gaskets via the code representations of their points.
We first begin with a proposition related to the equilateral Sierpinski Gasket whose proof is given
in [12] as follows:

Proposition 2 ([12]). Let Sy be a sub-triangle of the equilateral Sierpinski Gasket with edge length 1 and let
Py, Qs and Ry be vertices of Sq. If Ay is an arbitrary point of Sy then

1
d(Ag, Poo) +d(Ag, Po1) + (A, Pr2) = 55

where 0 = ay1axa3 ... dg_q.

Proposition 2 does not hold for scalene and isosceles Sierpinski Gaskets. That is, there are points
A and B such that

d(A,P)+d(A,Q)+d(AR) #d(B,P)+d(B,Q)+d(B,R), 5)
as shown the following example:

Example 2. Let us consider the scalene Sierpinski Gasket with vertices P = (0,0),Q = (6,0) and R = (0, 8).
Let A and B be the points of S such that their code representations are 01 = 0111... and 12 = 1222...
respectively. It is clear that P, Q and R have the code representations 000..., 111..., 222. .. respectively.
For the computation of the shortest distance between A and P, we obtain k = 2, «; = 6, f; = 6, v; = 10
and 6; = 8 fori = 3,4,5... and thus d(A,P) = min{3,22} = 3. Sincek = 1,a; = 0, B; = 6, 7; = 10
and 6; = 10 for i = 2,3,4..., we compute d(A, Q) = min{3,13} = 3. Due to the fact that k = 1, ; = 0,
Bi =10,v; =0and 6; =10 fori = 2,3,4..., we get y = v = 9 and thus d(A,R) = 9. By using the formula
given in Theorem 1, we have
d(A,P) +d(A,Q)+d(AR) = 15.

Moreover, d(B,P) = 7 since we havek = 1, 0; = 8, ;i = 6, 7; = 0and 6; = 8 fori = 2,3,4....
Owing to the fact that k = 2, a; = 10, ; = 10, 4; = 10 and 6; = 10 for i = 3,4,5..., we compute
d(B,Q) = min{5,6} = 5. Givenk =1,a; =0, B; = 10, 7; = 8and §; = 8 fori = 2,3,4,..., we get
d(B,R) = min{5,13} = 5. This shows that

d(B,P) +d(B,Q) +d(B,R) = 17.

By the code representations of points, we will demonstrate another property that is obtained on
the equilateral Sierpinski Gasket but not on the isosceles and scalene Sierpinski Gaskets. We first recall
the definition of the distance of a point to a set:

Definition 2. Let (X, d) is a metric space and let B be a point of X and A C X. Then the distance of B to A is
determined by

d(B,A) = inf{d(B, A) | A € A}.

Obviously, if B € A, then we getd(B,A) = 0.

Remark 2. [t is well-known that the sum of the shortest distances of an arbitrary point on one edge of an
equilateral triangle to the other two edges is fixed, and this number is equal to the height of the triangle. In the
following proposition, we apply this property to the equilateral Sierpinski Gasket with the intrinsic metric and
obtain a remarkable result.
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Proposition 3. Let Sy be a sub-triangle of the equilateral Sierpinski Gasket with edge length 1 and let Py, Qy
and Ry be vertices of Sy If Ay with code representation oayay 1y o . . . is an arbitrary point on the edge Py Q
of Sy, then

1
d(Am PU'RO') + d(AO'/ QO’RO') = 2](7_1 = ‘P(TQ0'|' (6)
Proof. Firstly, assume that A, = P,. In such a case, the code representation of A, is ¢000....

Thus, d(As, PyRs) = 0 since A, € PyQ,. We will compute d(A,, Q-Rs). Let X be any point on
Qs Ry which is the closest points to A, . It is clear that X has the code representation oxjxy 1 Xk - ..
where x; € {1,2}. Because ay # xi, x; # arand a; # x fori =k+1,k+2,k+3,..., we have

(e} (e}
o+ [31' 1+ 1
=Y S = Y o = e
ok 2 -k 2 261

We now show v = 2,(%1 Let us consider cases x; = 1 and x; = 2 separately. If x;, = 1, then we
obtain ¢, = 2. Due to the fact that ; = 0, wehave y; = 1fori = k+1,k+2,k+3,.... In order to get
the closest distance, x; must be 2 and thus §; = 0 fori = k+1,k+2,k+ 3, .... Therefore, we get

1 i Yi + i 1 > 04+ 1
V= —+ Z - = — 4 Z — = .
2k i i 2k i i 2k—1

Similarly, v equals to zk%l for the case x; = 2. Following the similar way, the same result is
acquired if Ay, = Q.. Hence, the proof is completed for the special cases Ay = P, and Ay = Qp-

We now consider A, # Py and Ay # Q. There exist m € N and n € N such that a,, = 0 and
a, = 1. We choose m and n as the first index such that m > kand n > k. Let n > m (the other case
is done analogously). As A, is on the edge PyQy of Sy, we get a, = 0. Hence, we have a; = 0 for
i=k+1,k+2,...,n—1and a, = 1. Consider any point X with code representation oxxy1X¢s5 ...
on P;R, and any point Y with code representation oy yi11Yx4+2 - .. on QrRy which are the closest
points to A,. In that case, x; must be O fori = k,k +1,...,n — 1. There are only two options for x;
which are 0 or 2. In the case of x,, = 2, itis obtained a; = 1fori = n+1,n+2,.... So, x, must
be equal to O for the computation of the closest distance. In addition, we attain §; = 1 since x; # 1
fori =n+1,n+2,.... Moreover, we gety; # ay fori = k,k+1,k+2... because Y is on the edge
QuRy (thatis, y; € {1,2} fori =k,k+1,k+2...). We thus have g} = 1fori =k+1,k+2,k+3....
Furthermore, fori = k+1,k+2,...,n — 1, we obtain &} = 1 and &, = 0 since 2; = 0 and a, = 1. (Note
that, yx must beequal to 1). Foranyi=n+1,n+2,n+3...,ifa; = 0, then a; = 0 and ocg = 1and if
a; =1, then; = 1, &} = 0. It follows that

;v M4itBi v & tB
R S D M
i=k+1 i=k+1 , ,
_ i ait+pi i o+ B
2 =k 2
2 wi+1 2wl +1

= Y 5t L

i=n+1

i1 2 k1 2
1 1 = o+

= —++ ) 4+ Yy — @)
P Rt A

1 1 =1 ® 1
= —+=+ ) =+ )Y =
2" 2k i=k+1 2 i=n+1 2
1 1 =11 © 1
= —++ ) =+ Y =
2n1 2 sk 2 i ?

2k—1°
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A similar computation shows v + v/ > 2,}—,1 This concludes the proof. O

Remark 3. If B, and C, are on the sides QyR, and Py R, of the equilateral Sierpinski Gasket with edge length
1 respectively, then we have

1
d(BU/PO’QU) +d(B(7/PlTR(T) - F = |Q0er|/ (8)

and ,
d(cm PU'QU) + d(cm QU’R0'> = F = |P0'RU'|- (9)

However, Proposition 3 does not hold for every edges of scalene and isosceles Sierpinski Gaskets.

Example 3. Consider the scalene Sierpinski Gasket with vertices P = (0,0), Q = (0,8) and R = (6,0). Let A
with code representation 10 = 1000 . . . be a point on the edge PQ of the scalene Sierpinski Gasket. By using the
formula given in Theorem 1, we first compute the distance d(100. .., PR). The code representation of any point
on PR must be in the form x1xpx3 ... where x; € {0,2}. In order to obtain «; as 0, x1 must be 0 since the term
a; of A equals to zero for i = 2,3,4. ... Moreover, we have to take x; as O for i = 2,3,4 . .. owing to the fact that
a1 =1, |PQ| = 8and |QR| = 10. We thus obtain

]
24234244

d(100...,PR) = d(100...,000...)

We now compute the distance d(100. .., RQ). The code representation of any point on RQ must be in
the form yy1y2ys . .. where y; € {1,2}. To get the shortest distance, we must choose vy as aq (if we take y1=2,

then we obtain y1yoys ... = 2111... for computation of shortest distance). Furthermore, y; must be 2 for
i=2,3,4...because ay = 0, |PQ| = 8 and |PR| = 6. Thus we have y1y,ys ... = 1222 ... So, we have
|PR| + | PR|
d(100...,RQ) =d(100...,1222...) = =3,
( Q) ( ) 23+24+25+...

which shows
d(100...,PR) 4+4d(100...,PR) =7 # 8 = |PQ|.

By similar calculations, the following result can be given.

Corollary 2. Let S be a scalene or an isosceles Sierpinski Gasket. If A is a point on the shortest edge of S,
then the sum of the distances of point A to the other two edges is fixed and this distance equals to the length of
the shortest edge.

Proposition 4. Let S be an equilateral Sierpinski Gasket with vertices P, Q and R. Suppose that A is a point
on the edge PQ with the code representation aiaxas . .. where A # P. Then there are many points on PR that
determine the shortest distance of the point A to the line PR. Additionally, if n is the first index such that a; # 0,
then the set of points on PR which determines this shortest distance is

{mazasz...ay_1xpXp1%p40%p43... | %, €{0,2} fori=nn+1,n+2,...}.

Proof. Let A be a point on the edge PQ with the code representation a1aa3 ... where A % P and let n
be the first index such that a; # 0. Consider any point X on PR with the code representation x3xpx3.. ..
where x; € {0,2}.

Firstly, suppose that a; = 1 fori = n+1,n+2,n+3,.... In this case, x; must be 0 for i =
1,2,...,n — 1 to obtain the shortest distance between X and A. We can choose x;, as 0 or 2 since g; = 1
fori=n+1n+2,n+3,..,and thusa; =1fori =n+1,n+2,n43,.... Additionally, x; can be
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takenOor2fori=n+1,n+2,n+3,...becauseq; =1,andso ; =1fori=n+1,n+2,n+3,....
This shows that the set of points X is

{magaz...ay 1xnXy1Xn42Xn43-.. | % € {0,2} fori=n+1,n+2,n+3,...}.

We now assume that there exists at least one as = 0 fors € {n+1,n+2,n+3,...}. Obviously,

x; mustbe 0 fori =1,2,...,n — 1. Note that there are two options for x, such as 0 and 2. However,
in order to obtain the shortest distance between X and A, x, has to be 0 since at least one a5 is 0 for
se{n+1,n+2,n+3,...}. Hence, at least one a; must be 0. Moreover, x; can be taken 0 or 2 for
i=n+1,n+2n+3,...asa; =1,and thus g; = 1fori =n+1,n+2,n+3,.... Consequently, the set
of points X are

O

{magaz...a, 10x, 1 1Xp40%p43... | x; € {0,2} fori=n+1,n+2,n+3,...}.

5. Conclusions

In this paper, we define code metrics on the code sets of Sierpinski-like triangles and then we give

some interesting geometrical properties by using these metric formulas. These metric formulas can be
also used in different computational works associated with the Sierpinski triangle.
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