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Abstract: We study asymptotic behavior of nonoscillatory solutions to second-order neutral difference
equation of the form: A(r,A(xy + pnXn—7)) = anf(n,x,) + by. The obtained results are based on the
discrete Bihari type lemma and a Stolz type lemma.

Keywords: second-order difference equation; asymptotic behavior; nonoscillatory solution;
quasi-difference

1. Introduction

We are concerned with the following nonlinear second-order difference equations

A(rnDN(xXp + puxn—z)) = anf(n,x,) + by, 1)

where
TENrrn/ﬂnlbn/PneR/ f:NXR%R/ ri’l>0/ Pn%AER

Here N, R denote the set of nonnegative integers and all real numbers, respectively. By a solution
of Equation (1), we mean a sequence x which satisfies Equation (1) for all large #n. A solution x is said
to be nonoscillatory if it is eventually positive or eventually negative; otherwise, it is called oscillatory.

In the sequel, we will use the following notation:

n—1

ngll

1
e -, 2
=L el

i

by convention ] = 0.

The second-order difference equations have been a subject of numerous studies. In particular,
investigation of neutral difference equations is important since such equations have applications in
various problems of physics, biology, and economics. Recently, there have been many papers devoted
to the oscillation of solutions to equations of the type defined by Equation (1) (see, for example, [1-8]
and the references cited therein). In comparison with oscillation, there are not as many results on the
nonoscillation of these equations.

The asymptotic behavior of solutions of Equation (1) in the case p, = 0 has been studied for
several decades by many authors ([5,9-14]), while some generalizations on time-scale variants of the
equation have been studied in [15-17]. However, there are relatively few works devoted to the study
of the asymptotic behavior of nonoscillatory solutions expressed by Equation (1) when p,, # 0. In 2003,
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using the Leray-Schauder theorem, Agarwal et al. [18] obtained sufficient conditions for the existence
of nonoscillatory solutions for the discrete equation

A(rnA(xy + pxy_x)) + F(n+1,x,41-¢) = 0.

Liu et al. in [19], proved the existence of uncountably many bounded nonoscillatory solutions to
the problem

A(rﬂA(x" + Pxnfk)) +f(n, Xn—dynr--- rxnfdkn) = Cn,

using Banach’s fixed point theorem, under the Lipschitz continuity condition. Galewski et al. [20]
studied the existence of a bounded solution to the more general equation

A(rn (A(xn + puxy_x))") + guxs +anf(n,x,41) =0,

using the techniques connected with the measure of noncompactness. Some sufficient conditions for
the existence of a nonoscillatory solution to the equation

A(rnA(xy + pxn—z)) +anf(x,_x) — bux,_; =0,

for p # —1 were obtained by Tian et al. in [21]. Moreover, for classification of nonoscillatory solutions
to equations of the type defined by Equation (1), see [22-26].
In [27], the following equation was considered:

Az(xn + pxﬂ7T> = ﬂnf(n/xn) + bn'

The results obtained in [27] were extended to higher-order equations in [28]. In this paper,
we present generalizations in a different direction, namely to difference equations with quasi-difference
of the type defined by Equation (1). In Theorem 1, using the discrete Bihari type lemma and discrete
L’Hospital’s type lemma, we obtain sufficient conditions, under which all nonoscillatory solutions of
Equation (1) have the property

Xy = cry, +o(ry).

Moreover, in Theorem 2, we show that, under some additional conditions, all nonoscillatory
solutions of Equation (1) have the property

Xy =cry+d+o(1).

The results are new even for linear equations of the type defined by Equation (1) and when p,, = 0.
We also present applications of the obtained results to some special cases of Equation (1).

2. Main Results

For the proof of the main results, we will need some auxiliary lemmas.
Lemma 1. Assume x, p, z are real sequences, x is bounded, T € N,
Zy = Xn + PnXn—1,
forn>7tT,pp > AER,|A| #1,and z, — a € R. Then x is convergent and
lim x, = —
P I

Proof. The assertion is a consequence of ([27], Lemma 1). O



Symmetry 2018, 10, 207 3of 14

Remark 1. Lemma 1 was essentially proved in Lemma 1 in [29], where the case of complex sequences was
studied in detail for the case of constant sequence py. For the case of sequences in Banach spaces, see Lemma 1
in [30].

The following lemma is a discrete version of Bihari type lemma.

Lemma 2. Assume a, w are real sequences, ny € N, g : [0,00) — [0,00), A € [0, 00),
© © g n—1
Yol <o, gA)>0, [T =oo, Jwnl A+ ¥ larlg(luyl),
n=1 A g(s) k:no

for n > ng, and g is nondecreasing. Then the sequence w is bounded.

Proof. The assertion is a consequence of ([28], Lemma 4.1). O

In the proof of Theorem 1, we will use the following Stolz-type lemma, which should be a folklore
one, but it is difficult to find a specific reference in the literature. Because of this, for the completeness
and benefit of the reader, we will provide a proof of the lemma.

Lemma 3. Assume x,y are real sequences, y is bounded and eventually strictly monotonic, and the sequence
(Ax, /Ayy) is convergent. Then the sequence x is convergent. Moreover, if h_r)n Yn # 0, then the sequence
n—oo

(xn/yn) is convergent.

Proof. First assume that the sequence y is eventually increasing. Let € > 0 and

Choose an index k such that

Axy,
Ayy

L—e< <L+4+e¢ and Ay, >0,

for n > k. Then
(L - E)A]/n < Axy < (L + E)Ayn/

for n > k. Summing from k to n — 1, we obtain
(L—=e)(yn —yi) < xn—xx < (L+)(Yn — Y1)

Since y is bounded, there exists a positive constant S such that |y, — ym| < S for any n,m.
Therefore, we have

Lyy —eS — Lyp + x < x4y < Lyn + €S — Lyg + xg, 3)
forany n > k. Let
u= Lnlglgo Yn- (4)

Choose an index g > ksuch that U —e < Ly, < U+ eforn > q. Let T = x; — Ly. Then, using
Equations (3) and (4), we have

U—e—eSH+T<x, <U+e+eS+T,

for any n > ¢q. Hence, |x, — x| < 2¢(S + 1) for any n,m > q. Therefore, the sequence x is convergent.
If y is eventually decreasing, then the proof of convergence of x is analogous. The last part of the
lemma is now obvious. O
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Remark 2. The following simple example shows that, in Lemma 3, the limit of x, /Y, can be different than the
limit of Axy, / Ayy. Let

1 1
=2-, =1--,
Xn n Yn n
then the sequence y is bounded, increasing and
A
lim = =2 # lim =" =1,
n—o0 yn

n—oo Ay
The next lemma will be used in the proof of Corollary 1. This lemma is probably known, but for
the convenience of the reader, we give a proof.

Lemma 4. Assume o € (0,00) and r, = n'=7. Then

i =0 1n" +o(n?).

®)
Proof. By Theorem 2.2 in [31], we have

An’ =on’ "t 4 o(n" ).

Since Ar; = ;! = n?~!, we have

Ary no-1 R S
An®  on®14o(n'-1)  o+o(1)

1
o
By the Stolz—Cesaro theorem,

-
q‘x*

*
rn

— =g 4+ 0(1),

=

=
S
S

and we obtain Equation (5). O

Theorem 1. Assume g : [0,00) — [0, 00) is nondecreasing, & € (0,00), g(a) > 0,

o0 o0
Z|“n|<°°/ Z|bn|<°° ,
n=1 n=1

(6)
Pi20, puAER, o pueR AF1#MN, @)
n+1
/mﬂ—oo |f(n,u)| < <|u> for (n,u) e NxR (8)
AFOR AN ' |
Then every nonoscillatory solution x of Equation (1) has the property

Xy = cry +o(r)),
where c is a real constant.

Proof. Let x be a nonoscillatory solution of Equation (1). Then there is an index ny, such that x, > 0
for any n > ng or x, < 0 for any n > ng. Set

Zn = Xn + PnXn—r-

)
Then

[xn| < |zul, (10)
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for n > nq = ny + 7, and Equation (1) takes the form
A(ruAzy) = anf(n,x,) + by

Let us denote z,,, = ¢ and ry; Az, = c;. Summing the above equation from 71 to 7 — 1, we obtain

n—1 —1
rldzy =c1+ Y aif (j,x) + Z bj. (11)
j=m j=m

Dividing both sides of Equation (11) by r, and summing again, we have
n—=11 i1
ZH—CO+C12 +Z Z”Jf]fxf Zfzbj‘
i=m Ti i= n1 bj=m =m rlj::nl
Hence, using Equation (2), we have
|zn| < leof + leary + Z Z il Grxi) |+ Z Z b
i= n] ] m i= ”1 ] n
Changing the order of summation, we obtain

n—1

1
|zn| < leol + |ex|ry + Z lai||f (i, xi) \Zr + Z IbIZ*
i=m ] i=m j=i Ti
n—1 n—1
< leo| + lexlry + 1 Y laill £ xi)| + 73y Y 1Byl
i:ﬂl i:nl
Hence, by Equation (8),
|2 | 0|
. S +|C\+Z|ﬂz||flxz|+2|b|
i= nq i= nq
z
<di+ Z laz|g<| ") <di+ Z lai| g (' 1')
i=n i=ny !

where d; is an appropriate constant. Therefore, by Lemma 2, there exists a constant K such that

Zn
|r*| <K, (12)

for any n > 1y + 7. On the other hand, we have

2|az||fle|<2|alg('xl') 2|az|g('l')<g 5 ol

1=n 1=n lVll Zl’ll

[e9)
Therefore, the series Y. a;f(i, x;) is absolutely convergent. Thus, by Equations (11) and (6),
i:Vll
we see that the sequence (r,Az,) is convergent. Note that Arj; = r;;1. Hence,

Az
Ars

n

=Tn AZn .
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If the sequence (r};) is unbounded, then by the Stolz—Cesaro Theorem we have

If the sequence (r;;) is bounded, then by Lemma 3 the sequence (z,,/r;;) is convergent. Now,

*
Zn Xn Pnty—1

Wn = —, Yn= n= .- (13)
Tn Tn Tn

Then, Equation (9) implies
Wy = Yn + UnYn—7.

Using Equations (10) and (12), we have

Y| = ] R ]

o Th
It is easy to see that the assumption
*
rn
T H
n+1
implies
*
T
n—t — I/IT'
h

Hence, by Equation (13), u, — Au"® # 1. By Lemma 1, we have

X, lijn Wy
. T _ n—o .
Py TR T e T
Therefore, N
r—f =c+o(l) = x, = cry, +0(r}).
n
O

Theorem 1 extends Theorem 1 in [27].

*
"n

Note that checking the assumption = - HE R of Theorem 1 may be difficult, so the following
n+
result can be useful.

Lemma 5. Assume at least one of the following conditions holds

(a) i, =0(1), (b) 1 =0(1), () 22 1.

Then

*

"n

Sl (14)
n+1
Proof. (a) Assume r;, = O(1). Since the sequence (r},) is positive and increasing, there exists a limit
nlgrc}O ri = w € (0,00). Then nlglgo 741 = w and we have Equation (14).
Now, assume that the sequence r* is unbounded. Then r;, — oo.
(b) If the sequence (r;, ') is bounded, then

r, r, 1 1
Tl 14 L 140
Tt Tht 5 I+ +

n Tnlpn
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(c) Note that

—_

Ar:z _ o Tnt
* -1 -
ArVH_l Tn+1 T

Hence, by the Stolz—Cesaro theorem, (c) implies Equation (14). O

Note that, if r is a potential sequence, i.e., r, = n“, where w is a fixed real number, then
tnt1/7n — 1. In this case, from Theorem 1, we have the following corollary.

Corollary 1. Assume o € (0,00), ry = n'=%, h:[0,00) — [0, 00) is nondecreasing, a € (0,00), h(a) > 0,
Pn >0, pn—AER, A#1, Z\an|<oo, Z|bn|<oo,
n=1 n=1

®© ds |u|

. @zoo, |f(7’l,1/l)|§h<ng) fOT(Yl,u)ENxR'

Then every nonoscillatory solution x of Equation (1) has the property
x, = cn’ +o(n”),
where c is a real constant.

Proof. By Lemma 5(c) we have
*

"n

— 1.

Tnt1
Leta = ¢~ 1. Then « > 0 and, by Lemma 4,
rn=an’+o(n’) =n’(a+0(1)) =n’0(1) = O(n?).
Choose a positive constant L such that for any n we have
ri < Ln°.
Define a function g : [0,00) — [0, 00) by g(s) = h(Ls). Then g is nondecreasing and

® ds
ki sw ==

L

Moreover, for any (1n,u) € N x R, we have

fn,u)] < h (') =0 (L"> :g<||)

Let x be a nonoscillatory solution of Equation (1). By Theorem 1, there exists a constant ¢’ such
that x, = ¢'r}; + o(r}). Hence,

xp = can” +0o(0O(n”)) = cn’ + o(n”).
O

Theorem 1, applied to the linear equation

A(rnA(xn + ann—r)) = qnXn, (15)
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leads to the following corollary.

Corollary 2. Assume that p, >0, p, =+ A €R, % —ueR, A#1#Au", and
n+

Y ralgn] < oo

n=1

Then every nonoscillatory solution (x,) of Equation (15) has the asymptotic property
X = cry +o(ry),
where c is a real constant.

Proof. We get the conclusion of Corollary 2 by applying Theorem 1 with

. u
an = thqn, f(n,u) = s and g(u) =u.
n
O
Applying Theorem 1 to nonlinear difference equation of the form

A(rnD(xy + puXn—1)) = quxy, 0<a <1, (16)

where (pn), (qn) are sequences of real numbers and T is a nonnegative integer, we have the
following corollary.

Corollary 3. Assume that p, >0, p, — A €ER, rr;; —ueR, A#1#Au", and

£3
n+1

Y. (1) 1gn| < co.
n=1
Then every nonoscillatory solution (x,) of Equation (16) has the property x,, = cr;, + o(r},), where c is
a real number.

u

Proof. The conclusion follows from Theorem 1 with a, = r5%q,, f(n,u) = :i—a and g(u) = u®.
0

Example 1. Consider the difference equation

A <n(n +1)A (xn + 2’7 1xn1>) - _(n&nz) . (17)

12
B CENI(EAE Hence,

Here,ry =n(n+1), py =2 v =1,and q, =

n

* 1 1’;'; - *
rm=1-=, o -1, Zrn|qn|<oo.
n+1 n=1

Therefore, all assumptions of Corollary 2 are satisfied. It is not difficult to check that the sequence
Xp=1— % is a solution of Equation (17) with the property
1

1
xnzl—E—E:rZ—i—o(ﬂj).
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Next, we give sufficient conditions under which all nonoscillatory solutions of Equation (1) have
the property x, = crj, +d +o(1).

Theorem 2. Assume g : [0,00) — [0, 00) is nondecreasing,

[e9) [e0]

Zn|aﬂ| <OO/ Z”|bn| <OO, (18)

n=1 n=1

1
pn>0, pnoAER, AATL pn_A:o<r*>, L peR,
n

*
r}'l

®© ds ( |u )
—— =00, nu)| < or (n,u) € N xR.
L ey =o fmwls<s for ()
Then every nonoscillatory solution x of Equation (1) has the property
xp =crp+d+o(1),
where ¢, d are real constants.

Proof. Note that all assumptions of Theorem 1 are satisfied. Let x be a nonoscillatory solution of
Equation (1) and let z be defined by Equation (9). As in the proof of Theorem 1, there exists a constant
K such that

ol ol < g,

rh T orh
for n > ny = ng + 7. Hence,
|xn]
el < (B20) < g,
n
for any n > ny. Therefore, by Equations (1) and (18), the series
Z n|A(rnAzy)|,
n=1

is convergent. Choose a constant L such that r;;! < L for any n. Then

Y Y IAAZ) LY. Y [A(Az)| = LY. nlA(radz,)| < o

j=n n=1j=n n=1

Define a sequence U by

Up =) — Y A(ridz).
j=n Tj i=j
Then
U, =o(1), (19)
and
A(rpAU,) = —A (rnrl ) A(r,Az,)) = —A ) A(ridzi) = MraDzy). (20)
mi=n i=n
Define a sequence W by
Wy =z, — Uy (21)

Using Equation (20), we have

A(raAW,) = A(ryAzy) — A(ry,AUY) = A(rpDzy) — A(rpAzy) = 0.
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Hence, there exists a constant P such that r,AW,, = P for any n. Summing the equality

P
AW?’! =
n
from 1 ton — 1, we obtain
n—1
1
Wa=Q+PY - =Pri+Q 22
k=1"k

where Q = Wj. Using Equations (21), (22), and (19), we obtain
zy =W, + U, = Pryy +Q+o(1). (23)

Let 2/ be a sequence defined by
Z;z =Xy +Axp_z,

forn > 7. Then

zn =2zn + (A — pu)Xn—r. (24)
By Theorem 1, we have

lim x*, lim x—: ceR

n—eo ¥ _ . n—oo 1}

1

Moreover, since the sequence r~* is convergent, the sequence

*
n

¥ = 1 =
rn+1 T’;‘FE 1+

*
r rw 1

1

Tty

is convergent, too. Hence, the sequence

n—t

is convergent. Therefore,

(A= pu)inr =0 (1) Koz = Or(l)xn_T e L SN

*
r?l

Thus, by Equations (22) and (24),

zh =zy +0(1) = Pri; + Q+o(1). (25)
Let P
Uy = Xy — mi’;. (26)
Then
P PA
Uy + AMipg_r = Xy — m?’fl + Axy—r — m”:z—r
P PA PA
=X = g T M — (e
=k A P<1+A+1+A>r”+1+)x(r” nr)

PA
=z, — Pri + m(r;; — 7).
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Hence, by Equation (25), we have

Uy + Ay = Q+ 0(1) + (T:; - r:—r)'

1+A

Note that 7}, —r;; = r, ! — p. Similarly, 7}, — 7, — p. Hence,
* * ok * * *

Tuao =Ty =Tyio — Vi1 + 141 — 1y — 20

Analogously, r;; — 1 _. — Tp. Hence, the sequence (u, + Auy,—z) is convergent and, by Lemma 1,
the sequence u is convergent, too. Therefore, by Equation (26),

Yy = o = ry  d o)
where
L
T T 4T
O

Remark 3. Observe that, if the sequence (r},) is bounded, then the conclusion of Theorem 2 follows directly
from Theorem 1. Indeed, in this case, we have r;; = a 4+ o(1). Hence, o(r;;) = o(1), and we have

Xy =cty+o(ry) =cry+o(l) =cr, + 0+ o(1).

Applying Theorem 2 to a linear equation expressed by (15), we have the following result.

T,

Corollary 4. Assume that p, > 0, pyn = A € R, ’*21 - ueR A#1#A", pp—A =
n+

0 (%) , limy eyt = p € R, and
= *
nry|gn| < oco.

n=1

Then every nonoscillatory solution (x,) of Equation (15) has the asymptotic property
xXp = cry+d+o(1)
where ¢, d are real constants.

Example 2. Consider the difference equation

1 6
A (nA(xn +2xn_1)) = o P Xy (27)

Here, r,, = %, pn=2,1=1andg, = W. Then

_ 1 * [ee]
rh= n(n ), :" =1, Y rhlgul <ee.
2 rnJrl n=1

Note that all assumptions of Corollary 2 are satisfied. One can see that the sequence x, = n> — 2n is
a solution of Equation (27) with the property

Xy =21y, +o(ry).
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Note also that the assumption ) o, nry|qn| < co of Corollary 4 is not satisfied, and the sequence x does
not have the property x, = criy +d + o(1).

Applying Theorem 2 to a nonlinear Equation (16), we have the corollary.

Corollary 5. Assume that p, > 0, py = A € R, rf’ﬁl - pueR, A#1#AT, pp—A =
n+
0 (l*) , limy eyt = p € R, and

n
o0

Z )*[gnl| < co.

n=

Then every nonoscillatory solution (x,) of Equation (16) has the property

Xp = cry+d+o(1)

where ¢, d are real constants.

Example 3. Letr, =2", p, = 2%, T=1a= %, and g, = . Then Equation (16) takes the form

2n+1 A /2+2 n'

1
n J—
A (2 A <Xn+2nxn 1)) W = V. (28)

For this equation, we have

1 n—1 *
rZ:1(2> , y:r:” - 1.

Then

an lgn| < Zan < o0

Therefore, since all assumptions of Corollary 5 are satisfied, every nonoscillatory solution (x,) of
Equation (28) has the property
Xn = cty +d+o(1)

where ¢, d are real constants. The sequence x, =1 — 2,},1 +1+ 2% =2+ zl" is one of such solutions.

Remark 4. This paper is devoted to nonoscillatory solutions. But, in the case p, = 0, our results are true for
all solutions. This follows from the proofs of Theorems 1 and 2, respectively.

3. Conclusions

In this paper, we have presented sufficient conditions, under which all nonoscillatory solutions of
Equation (1) have the property x,, = cr;, + o(r},) or the property x, = cr}; +d + o(1). The presented
results are new even for linear equations of the type defined by Equation (1), and in the case when
pn = 0. The first part of the proof of Theorem 1, based on the summation method and the use of
discrete Bihari type lemma, is in principle standard (see [27,28,32,33]). The second part of the proof
required a new approach with the use of Lemma 3. The difficulty was choosing appropriate conditions
for the sequences p and r. In Theorem 2, this problem was even greater. Our results can be generalized
in two directions. First, one can try to get a more accurate approximation of solutions, e.g., with an
accuracy of o(n®), where s is a nonpositive real number. Secondly, one can try to obtain similar results
for higher-order equations. This problem is not easy to solve. A comparison between [27] and [28]
illustrates the scale of this difficulty.
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