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Abstract: It is well-known that the different products of graphs are some of the more symmetric
classes of graphs. Since we are interested in hyperbolicity, it is interesting to study this property in
products of graphs. Some previous works characterize the hyperbolicity of several types of product
graphs (Cartesian, strong, join, corona and lexicographic products). However, the problem with the
direct product is more complicated. The symmetry of this product allows us to prove that, if the
direct product G; x G; is hyperbolic, then one factor is bounded and the other one is hyperbolic.
Besides, we prove that this necessary condition is also sufficient in many cases. In other cases,
we find (not so simple) characterizations of hyperbolic direct products. Furthermore, we obtain good
bounds, and even formulas in many cases, for the hyperbolicity constant of the direct product of
some important graphs (as products of path, cycle and even general bipartite graphs).
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1. Introduction

An interesting topic in graph theory is the study of the different types of products of graphs [1].
In particular, given two graphs G1, Gy, the direct product G; X G, is defined as the graph with vertices
the (Cartesian) product of V(G) and V(Gy), and two vertices (u1,v1), (u2,v2) € V(G1 x Gp) are
connected by an edge if and only if [uq,up] € E(Gy) and [v1,v3] € E(Gy). The direct product is
associative and commutative. Direct product was introduced in Principia Mathematica by Russell
and Whitehead.

Weichsel observed that G; x Gy is connected if and only if the graphs G; and G, are connected
and G or G; is not a bipartite graph [2], i.e., there exists an odd cycle. The direct product is known
with different names: tensor product, conjunction, categorical product, Kronecker product and cardinal
product. There are many works studying several properties of direct products. These works include
structural results [3-8], hamiltonian properties [9,10], and above all the well-known Hedetniemi’s
conjecture (see [11,12]). Imrich has an algorithm in [13] which can recognize in polynomial time if a
graph is a direct product; furthermore, the algorithm provides a factorization if the graph is a direct
product. This fact facilitates the computational use of the direct product of graphs.

Hyperbolic spaces are an important tool in geometry and group theory [14-16].
Gromov hyperbolicity is a meeting point for different spaces: some of them continuous (hyperbolic
plane and many Riemannian manifolds with negative curvature) and some of them discrete (trees and
many graphs) [14-16].
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Gromov hyperbolicity was introduced in the context of finitely generated groups [16], and it was
applied, in the science of computation, to the study of automatic groups [17,18]. Gromov hyperbolicity
is useful in networking, algorithms and discrete mathematics [19-24]; also, many real networks are
hyperbolic [25-29]. Besides, there are several important applications of hyperbolic spaces to the
Internet [30-34] and to random graphs [35-37]. It has recently been pointed out that also some aspects
of biological systems require hyperbolicity for proper functioning [38]. In [39], it was proven that, for a
large class of Riemannian surfaces endowed with a metric of negative curvature, there is a very simple
graph related with the surface such that the surface is hyperbolic if and only if the graph is hyperbolic;
therefore, it is interesting to study hyperbolic graphs to understand hyperbolic surfaces.

All these facts show the increasing interest of hyperbolic graphs (see,
e.g., [19,24-27,32,33,35-37,39-47] and the references therein).

In this paper, let us denote by G = (V,E) = (V(G),E(G)) a connected graph with V(G) # @.
We consider that the length of each edge is 1. In addition, we assume that the graph does not have
either multiple edges or loops.

Trees are the graphs with hyperbolicity constant zero. Thus, we can view the hyperbolicity
constant as a measure of how “tree-like” the space is. This is an important subject (see, e.g., [48,49]).

From a computational viewpoint, we can obtain J(G) in time O(n>%%)
vertices [50]. In addition, there is an algorithm which decides if a Cayley graph is hyperbolic [51].
In [52], this algorithm is improved, allowing to obtain 6(G) in time O(n?), but only if the
graph is given in terms of its distance-matrix. However, it is usually very difficult to decide
if an infinite graph is hyperbolic. Therefore, it is useful to study hyperbolicity for particular
classes of graphs. There are many works dealing with the hyperbolicity of different types of
graphs: median graphs [53], line graphs [54-56], cubic graphs [57], complement graphs [58], regular
graphs [59], chordal graphs [25,42,45,60], planar graphs [61,62], bipartite and intersection graphs [63],
vertex-symmetric graphs [64], periodic graphs [65,66], expanders [34], bridged graphs [67], short
graphs [68], graph minors [69], graphs with small hyperbolicity constant [70], Mycielskian graphs [71],
geometric graphs [56,72], and some types of products of graphs: Cartesian product and sum [46,73],
strong product [74], lexicographic product [75], and corona and join product [76].

Some of these works give results about the hyperbolicity of some unary operations in graphs:

A line graph is hyperbolic if and only if the original graph does [54-56].

For a large class of minor graphs, the minor graph is hyperbolic if and only if the original graph
does [69].

Mycielskian graphs are always hyperbolic [71].

Now, we summarize the known results about the hyperbolicity of the main class of binary
operations in graphs: products of graphs.

The Cartesian product is hyperbolic if and only if one factor graph is bounded and the other one
is hyperbolic [46].

The same holds for the strong product [74].

The corona product G; ¢ Gy is hyperbolic if and only if the first factor G is hyperbolic, and the
join G1 W G is always hyperbolic [76].

The Cartesian sum G @ Gy is always hyperbolic, if the factors have at least two vertices [73].

The lexicographic product graph G; o G; is hyperbolic if and only if G; does, if the first factor has
at least two vertices [75].

The goal of this paper is the characterization in many cases of the direct product of graphs which
are hyperbolic. Here, the situation is more complicated than with other products of graphs. This is
partly because the direct product of two bipartite graphs (i.e., graphs without odd cycles) is already
disconnected and the formula for the distance in G; x G; is more complicated that in the case of other
products of graphs. The symmetry of this product allows us to show that, if G; x G, is hyperbolic,
then one factor is hyperbolic and the other one is bounded (see Theorem 10). Besides, we prove that
this necessary condition is also sufficient in many cases. If G; is a hyperbolic graph and G, is a bounded
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graph, then we prove that G; x G is hyperbolic when G; has some odd cycle (Theorem 3) or G; and
Gz do not have odd cycles (Theorem 4). One could think that otherwise (if G; has some odd cycle and
Gy does not have odd cycles) this necessary condition is also sufficient; however, Theorem 15 allows
constructing in an easy way examples Gy, G, (with G; hyperbolic and G, bounded) such that G; x G
is not hyperbolic. This shows that the characterization of hyperbolic direct products is a more difficult
task when G; has some odd cycle and G, does not have odd cycles. Theorems 11 and 12 provide
sufficient conditions for non-hyperbolicity and hyperbolicity, respectively. Besides, Theorems 15 and
Corollary 5 characterize the hyperbolicity of G; x G, under some additional conditions. Furthermore,
we obtain good bounds, and even formulas in many cases, for the hyperbolicity constant of the direct
product of some important graphs; in particular, Theorem 18 provides the hyperbolicity constant of
many direct products of bipartite graphs, and Theorems 17 and 19 give the hyperbolicity constant of
many direct products of path and cycle graphs.

We want to remark that, in a general context, the hypothesis on the existence (or non-existence) of
odd cycles is artificial in the context of Gromov hyperbolicity. However, it is an essential hypothesis in
the works on direct products (see Theorem 1). Throughout the development of this work, we have
verified that the existence of odd cycles is also essential in the study of hyperbolic product graphs.

2. Definitions and Background

Let (X, d) be a metric space, and denote by L the length associated to the distance d. A geodesic is
acurve g : [a,b] — X satisfying L(g|;s)) = d(g(t),g(s)) = [t —s| forevery s, t € [a, ] (here, g[}; ;) is the
restriction of g to [t,s]). We say that the metric space X is a geodesic metric space if for each p,q € X there
is a geodesic connecting them; we denote by [pg] any geodesic form p to q. Hence, a geodesic metric
space is a connected space. When X is a graph and p,q € V(X), [p, q] denotes the edge connecting p
and g if they are adjacent.

Along this paper, we consider the graphs as geodesic metric spaces. To do that, we identify any
edge [p,q] € E(G) with the real interval [0, 1]; therefore, the points in a graph are the vertices and
also the points in the interior of the edges. Hence, we can define a natural distance on the points of
a connected graph G by taking shortest paths in G, and so, we consider G as a metric graph. If p and g
are points in different connected components of the graph, we define d(p,q) = oc.

Some authors do not consider the internal points of edges in the study. Although this approach
has some advantages, we prefer to consider the internal points since these graphs are geodesic metric
spaces. We use this approach since to work with geodesic metric spaces provides an interesting
geometric viewpoint (for instance, Theorem 2 holds for geodesic metric spaces).

Given a geodesic metric space X and three points x1,xp,x3 € X, the geodesic triangle T =
{x1,x2,x3} is the union of three geodesics [x1x3], [x2x3] and [x3x1]. The points x1, xp, x3 are the
vertices of the triangle T. The geodesic triangle T is é-thin if any side of T is contained in the
d-neighborhood of the union of the two other sides. We define the thin constant of the triangle
T by 6(T) := inf{é > 0 : T isé-thin}, and the hyperbolicity constant of the space X as §(X) :=
sup{d(T) : T is a geodesic triangle in X }. The space X is hyperbolic if §(X) < oo, and it is J-hyperbolic
if X is hyperbolic and the constant § satisfies 6 > 6(X). We say that a triangle with two identical
vertices is a “bigon”. Of course, each bigon in a space (which is d-hyperbolic) is d-thin. If {X;};c; are
the connected components of X, then we can define §(X) := sup,.; 6(X;), and X is hyperbolic if and
only if (X) < oco.

We want to remark that in the classical references on hyperbolicity [14,15,77] appear many
different definitions of Gromov hyperbolicity. However, the definitions are equivalent: if X is
61-hyperbolic for a definition, then it is d,-hyperbolic for every definition, where the constant 4,
can be obtained from J;.

We refer to the classical book [1] for definitions and background about direct product graphs.

We need bounds for the distance between points in the direct product. We use the definition given
in [1].
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Definition 1. Let G; = (V(Gy),E(Gy)) and G, = (V(Gy), E(Gy)) be two graphs. The direct product
G1 X Gy of Gy and Gy has V(Gy) x V(Gy) as vertex set, so that two distinct vertices (11, v1) and (up, v3) of
G1 % Gy are adjacent if [uq, up] € E(Gy) and [v1,v2] € E(Gy).

If G; and G; are isomorphic, we write G; =~ G,. Itis clear that, if G; ~ Gy, then 6(G1) = §(Gy).

It is clear that the direct product of two graphs is commutative, ie.,, G; X G2 ~ Gy X Gj.
Therefore, the conclusion of every result in this paper with some “non-symmetric” hypothesis also
holds if we change the roles of G; and G (see, e.g., Theorems 3, 4, 11, 12 and 15 and Corollary 5).

Denote by 71; the projection map 77; : V(Gy x Gp) — V(G;) fori € {1,2}. In fact, this projection is
well defined as a map 71; : G; X G, — G; fori € {1,2}.

We need some previous results of [1]. If u, u’ € V(G), then by a u, u’-walk in G we mean a path
joining u and u” where repeating vertices is allowed.

Proposition 1. ([1], Proposition 5.7) Suppose (u,v) and (u',v") are vertices of the direct product Gy x G,
and n is an integer for which Gy has a u, u'-walk of length n and Gy has a v, v'-walk of length n. Then, G; x G,
has a walk of length n from (u,v) to (u',v"). The smallest such n (if it exists) equals dg, «c,((u,v), (u',v")).
If no such n exists, then dg, x, ((1,), (1',v")) = .
Proposition 2. ([1], Proposition 5.8) Suppose x and y are vertices of G1 x Gy. Then,

dG,xc,(x,y) = min {n € N| each factor G; has a 7;(x), 7t;(y)-walk of length n for i = 1,2},
where it is understood that dg, «c,(x,y) = oo if no such n exists.
Definition 2. If G is a connected graph, the diameter of its vertices is

diam V(G) := sup{dg(u,v) : u,v € V(G)},

and the diameter of G is
diam G := sup{dg(x,y) : x,y € G}.

Corollary 1. We have for every (u,v), (1',v') € V(G1 x Gy)

dg,xc,((u,0), (u',v")) > max {dg, (u,u"), dg,(v,v')}

and, consequently,
diam V(Gy x Gp) > max { diam V(G;), diam V(G,) }.

Furthermore, if dc, (u,u") and dg, (v, v") have the same parity, then

A, xc,((u,0), (u',0")) = max {dg, (u,u’), dg,(v,v") }

and, consequently,
diam V(G; x G) = max { diam V(Gy), diam V(G) }.

By trivial graph, we mean a graph which has only a vertex.
The following result characterizes when a direct product is connected. By cycle, we mean a simple
closed curve, i.e., a path with different vertices, unless the last one, which is equal to the first vertex.
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Theorem 1. ([1], Theorem 5.9) Suppose G and G, are connected non-trivial graphs. If at least one of Gy or
Gy has an odd cycle, then Gy x G is connected. If both Gy and Gy are bipartite, then G X Gy has exactly
two connected components.

Corollary 2. ([1], Corollary 5.10) A direct product of connected non-trivial graphs is connected if and only if at
most one of the factors is bipartite. In fact, the product has 2011 connected components, where k is the
number of bipartite factors.

Consider the metric spaces (X, dx) and (Y, dy). Given constantsa > 1, > 0,amap f: X — Y
is an («, B)-quasi-isometric embedding if

o« ldx(x,y) = B < dy(f(x), f(y)) < adx(x,y) + B,

for x,y € X. We say that f is e-full if for each y € Y there is x € X with dy(f(x),y) <e.

We say that f is a quasi-isometry if there exist constants «,f,¢, such that f is an e-full
(«, B)-quasi-isometric embedding.

Two metric spaces X and Y are quasi-isometric if there exists a quasi-isometry f : X — Y.
One can check that to be quasi-isometric is an equivalence relation. An («, B)-quasi-geodesic in X is
an (&, B)-quasi-isometric embedding between an interval of R and X.

We need the following result ([15], p. 88).

Theorem 2 (Invariance of hyperbolicity). Let f : X — Y be an («, B)-quasi-isometric embedding between
the geodesic metric spaces X and Y. If Y is dy-hyperbolic, then X is 6x-hyperbolic, where dx is a constant which
just depends on , B, dy.

Besides, if f is e-full for some e > 0 (a quasi-isometry) and X is dx-hyperbolic, then Y is dy-hyperbolic,
where &y is a constant which just depends on , B, dx, €.

There are several explicit expressions for 6x = dx(a, B, dy), some of them very complicated. In [78]
appears the best possible formula for dx:

Ox (&, B, 8y) = 8a(202(A1b + Ady) + 48y + B).
for some explicit constants A1, Ap.

3. Hyperbolic Direct Products

Let us start with a necessary condition for hyperbolicity.
Proposition 3. Let G1 and Gy be two unbounded connected graphs. Then, Gy x Gy is not hyperbolic.

Proof. Since G; and G; are unbounded graphs, for each positive integer n there exist two geodesic
paths Py := [wy, wp] U [wy, w3] U+ -+ U [w,—1,wy] in Gy and P, := [vq, 0] U [v2, 03] U+ -+ U [0,-1,0,] in
Gy. If n is odd, then we can consider the geodesic triangle T in G; X Gy (see Figure 1) defined by the
following geodesics:

71 = [(w1,02), (w2, v1)] U [(w2,v1), (w3, v2)] U [(w3,02), (wa, 01)] U -+ - U [(wy—1,01), (wn, 02)],
72 1= [(w1,02), (w2, v3)] U [(w2,v3), (w1, v4)] U [(w1,04), (w2, v5)] U+ - U [(w1,04-1), (w2, vn)],
¥3 = [(wa,vn), (w3, 04—1)] U [(w3, 0y—1), (W4, Vp—2)] U [(w4, vy—2), (w5, 04—3)] U - - - U [(wy—1,v3), (wn,v2)],

Corollary 1 gives that y1, 72, 73 are geodesics.

Let m := "1 and consider the vertex (wy, v41) in 3. For every vertex (w;, vj)in1,j € {1,2},

we have dg, «c, ((Wm, Vmi1), (Wi, 0})) > dg,(Omy1,07) >2m+1-2= 151 by Corollary 1. We have for
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every vertex (w;,vj) in 72, i € {1,2}, by Corollary 1, dg, xc, ((wm, Vm+1), (Wi, v}))
m—2 = ”T’B’ Hence, dg, xc, ((Wm, 0mi1), 11U 72) > ”T’B’ and §(Gy x Gp) > 8(T)
arbitrarily large, G; x G; is not hyperbolic. [J

dG] (wml wi) 2
=5 Since nis

(W ,vy)

VH

Vo1
Vs
vl ‘ (Wi Vimea)
(wy,v,) (Wy,V3)
V2
v, \
Y1
W, w, Wn1 Wy P,

Figure 1. If G; and G; are unbounded, for any odd #, there is a geodesic triangle T C G; x G, with
5(T) > 132,

Lemma 1. Consider two connected graphs Gy and Gy. If f : V(Gy) — V(Gy) is an («, B)-quasi-isometric
embedding, then there exists an («, x + B)-quasi-isometric embedding g : G| — Gy with g = f on V(Gy).
In addition, if f is e-full, then g is (¢ + )-full.

Proof. For each x € Gy, let us choose a closest point v, € V(Gy) from x, and define g(x) := f(vy).
Note that vy = xif x € V(Gy) and so ¢ = f on V(Gy). Given x,y € Gy, we have

d, (8(x),8(y)) = da, (f(vx), f(vy)) < adg, (0x,0y) + B < a(dg, (x,y) +1) + B,
dc,(8(x),8(y)) = dc, (f(vx), f(vy)) = Mg, (vx,vy) = B = a” ' (dg, (x,y) = 1) = B,

and g is an (&, & + B)-quasi-isometric embedding, since x > 1 > a L.
In addition, if f is e-full, then g is (e + 1)-full since g(G1) = f(V(Gy)). O

Given a graph G, let g;(G) denote the odd girth of G, that is, the length of the shortest odd cycle
in G.

Theorem 3. Let Gy be a connected graph and Gy be a non-trivial bounded connected graph with some odd cycle.
Then, Gy x Gy is hyperbolic if and only if Gy is hyperbolic.

Proof. Fix vy € V(G,) with vy contained in an odd cycle C with L(C) = g;(G). Consider the map
i:V(Gy) = V(G x Gp) such that i(w) := (w, vg) for every w € V(Gy).

By Corollary 1, for every wi, wy € V(G]), dcl (wl,wz) < dGleZ ((’wl,l)o), (ZUz, Uo)). In addition,
Proposition 2 gives the following.

If a geodesic joining w; and w; has even length, then

dG,xG, ((w1,v0), (w2,v0)) = dg, (wq, wy).
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If a geodesic joining wq and w; has odd length, then C defines a vy, vp-walk with odd length and

dg, xc, ((w1,0), (w2, vp)) < max{dg, (w1, w),81(G2)} < dg, (w1, wp) + g1(G2).

Thus, iisa (1,1(G,)) quasi-isometric embedding.
Consider any (w,v) € V(G; X Gy). Then, if the geodesic joining v and v( has even length,

dg,xc, ((w,v), (w,v0)) = dg, (v, v9).

If a geodesic joining v and vy has odd length, [vvy] U C defines a v,vp-walk with even
length. Therefore,
dg,xc, ((w,v), (w,v9)) < dg,(v,v0) + g1(G2).

Thus, i is (diam(V(Gy)) + g1(G2))-full.
Hence, by Lemma 1, there is a (diam(V(G,)) + g1(Gz) + )-full (1, g/(Gy) + 1)-quasi-isometry,
j: G1 = Gy X G, and G1 X Gj is hyperbolic if and only if Gy is hyperbolic by Theorem 2. O

Theorem 4. Let Gy be a connected graph without odd cycles and G, be a non-trivial bounded connected graph
without odd cycles. Then, G1 x Gy is hyperbolic if and only if Gy is hyperbolic.

Proof. Fix some vertex wy € V(G ) and some edge [v1,v2] € E(Gy).

By Theorem 1, there are exactly two components in G; X G;. Since there are no odd cycles, there is
no (wp, v1), (wp, v2)-walk in Gy x G,. Thus, let us denote by (G; x G,)! the component containing the
vertex (wp,v1) and by (Gy x G,)? the component containing the vertex (wy, v2).

Consider i : V(G1) — V(Gy x Gy)! defined as i(w) := (w,v;) for every w € V(G;) such that
every wy, w-walk has even length and i(w) := (w, vy) for every w € V(G;) such that every wy, w-walk
has odd length.

By Proposition 2, dg,xc, (i(w1),i(wy)) = dg, (w1, wy) for every wy,wp, € V(Gyp) and i is
a (1,0)-quasi-isometric embedding.

Let (w,v) € V(Gy x G2)!. Let vj with j € {1,2} such that every v, vj-walk has even length.
Then, by Proposition 2, dg, x¢, ((w,v), (w,v;)) = dg,(v,v;) < diam(Gy). Therefore, i is diam(G)-full.

Hence, by Lemma 1, there is a (diam(G,) + %)—full (1,1)-quasi-isometry, j : G; — (G1 x Gp)?,
and (G; x G,)! is hyperbolic if and only if G; is hyperbolic by Theorem 2.

The same argument proves that (G; x G)? is hyperbolic. [

Denote by P, the path graph with two vertices and an edge.

Lemma 2. Let Gy be a connected graph with some odd cycle and Gy a non-trivial bounded graph without odd
cycles. Then, Gy x Gy and Gy x P, are quasi-isometric and 6(Gy x Py) < 5(G1 x Gp).

Proof. By Theorem 1, we know that G; X G, and G; x P, are connected graphs.

Denote by v; and v, the vertices of P, and fix [wy, wp] € E(Gy). The map f : V(Gy X P) —
V(Gy x [wy, wy]) defined as f(u,v;) := (u,w;) for every u € V(Gp) and j = 1,2, is an isomorphism of
graphs; hence, it suffices to prove that G; x G, and G; X [wq, w,] are quasi-isometric.

Consider the inclusion map i : V(G x [wy,wp]) — V(Gy X Gp). Since Gy X [wy, wy] is
a subgraph of Gy x Gy, we have dg, xG, (%, ¥) < dg, x[w,w,) (X, y) for every x,y € V(Gy X [wy, wa)).

Since G; is a graph without odd cycles, every wy, wp-walk has odd length and every w;, w;-walk
has even length for j = 1,2. Thus, Proposition 2 gives, for every x = (u,wy),y = (v,w2) € V(Gy X
[w1, wa]),

G, x[wy,w9) (% Y) = G, %G, (X, y) = min {L(g) | ¢ is a u, v-walk of odd length }.
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Furthermore, for every x = (u, wj),y = (v, wj) € V(Gy X [wy,wp)) and j = 1,2,
G, x[to,w9) (¥ Y) = dG, %G, (x,y) = min {L(g) | ¢ is a u, v-walk of even length }.

Hence, d¢, u,,w,] (X, ¥) = dG,xG, (%, y) for every x,y € V(G x [wy, ws]), and the inclusion map i
is an (1,0)-quasi-isometric embedding. Therefore, §(G; x P,) = 6(Gy X [wy, wy]) < §(Gy1 X Gy).

Since G is a graph without odd cycles, given any w € V(G,), we have either that every w, w;-walk
has even length and every w, w,-walk has odd length or that every w, w,-walk has even length and
every w, wi-walk has odd length. In addition, since Gy is connected, for each u € V(Gy) there is some
u' € V(Gy) such that [u,u'] € E(Gy). Therefore, by Proposition 2, for every (u,w) € V(Gy x Gp),
if min {dg, (w, w1), dg,(w, wy)} is even, then

A, xc, ((u,w), V(Gy x [wy, wa])) = dg,xc, (1, ), V(u x [wy,w,])) = min {dg, (w,w1), dg, (w,w2)},

and if min {dc2 (w, wl), dGZ(ZU, ZUQ)} is odd, then

dG, %G, ((u,w), V(G x [wy,wa])) = dg, xc, ((u,w), V(' x [wy,w,])) = min {dc,(w,w1), d,(w,w2) }.

In both cases,
de,xc, ((n,w), V(G x [wy, wy])) < diam V(Gy),

and i is (diam V(G,))-full. By Lemma 1, there exists a (diam V(G,) + %)-full (1, 1)-quasi-isometry
g: G1 X [wl,ZU2] — G xGy. O

A subgraph T of G is said isometric if dr(x,y) = dg(x,y) for any x,y € I'. One can check that I' is
isometric if and only if dr (1, v) = dg(u,v) for any u,v € V(I).

Lemma 3. ([47], Lemma 5) If T is an isometric subgraph of G, then 6(T') < 6(G).

A u,v-walk g in G is a shortcut of a cycle Cif g N C = {u,v} and L(g) < dc(u,v) where dc denotes
the length metric on C.

A cycle C' is a reduction of the cycle C if both have odd length and C’ is the union of a subarc 7 of

C and a shortcut of C joining the endpoints of 1. Note that L(C") < L(C) — 2. We say that a cycle is
minimal if it has odd length and it does not have a reduction.

Lemma 4. If C is a minimal cycle of G, then L(C) < 46(G).

Proof. We prove first that C is an isometric subgraph of G. Assume that C is not an isometric subgraph.
Thus, there exists a shortcut g of C with endpoints u, v. There are two subarcs %1, 17, of C joining u
and v; since C has odd length, we can assume that #; has even length and 7, has odd length. If ¢ has
even length, then C’' := g U, is a reduction of C. If g has odd length, then C” := g U 1 is a reduction
of C. Hence, C is not minimal, a contradiction, and so C is an isometric subgraph of G.

It is easy to show that any isometric cycle C has length 46(C). This fact and Lemma 3 give
L(C) =44(C) <44(G). O

Given any wy, wy-walk ¢ = [wp, w1] U [wq, wa] U - - - U [wy_1, wi] in Gy and P, = [vq, 03], if L(g) is
either odd or even, then we define the (wg, v1), (wy, v;)-walk fori € 1,2,

18 = [(wo,v1), (w1, 02)] U [(w1,02), (w2, v1)] U [(w2,v1), (w3, 02)] U -+ U [(wy_1,01), (g, v2)],

18 == [(wo, 1), (w1, 02)] U [(w1,v2), (w2, 01)] U [(wa, v1), (w3, v2)] U+ - - U [(wg_1,v2), (wr, v1)],

respectively.



Symmetry 2018, 10, 279 9 of 25

Remark 1. By Proposition 2, if g is a geodesic path in Gy, then I'1g is a geodesic path in Gy X Ps.

Let us define the map R : V(G; x P») — V(Gy x P;) as R(w,v1) = (w,v2) and R(w, vp) = (w,vq)
for every w € V(Gy), and the path I',g as I',g = R(I'1g).

Let us define the map (T'1¢)’ : ¢ — I'1g which is an isometry on the edges and such that
(T18) (wj) = (wj, v1) if j is even and (T1g)"(wj) = (wj, v2) if j is odd. In addition, let (T2g)" : § — T2g
be the map defined by (I'2¢)" := Ro (T1g)’.

Given a graph G, denote by C the set of minimal cycles of G.

Lemma 5. Let Gy be a connected graph with some odd cycle and P, = [vy,vz]. Consider a geodesic
g = [wowy] = [wo,w1] U [wy, wy] U - -+ U [wy_1, wi] in Gy. Let us define wj := (T1g) (wo) = (wo,v1)
and w;, = (T2g)"(wy), ie., w), = (wy,v1) or wy, = (wy,v2) if k is odd or even, respectively. Then,

g, xp,(wp, wy) > \/dg, (wj,C(G1)) for every 0 < j < k.
Proof. Fix 0 < j < k. Define
P := {o| oisawy, w-walk such that L(c) has a parity different from that of k }.

Proposition 2 gives
dg,xp, (wy, wy) =min {L(0) | o € P}.

Choose 0y € P such that L(0y) = dg, xp, (), ;). Since L(g) 4 L(0p) is odd, we have L(g) +
L(cp) = 2t + 1 for some positive integer t. Thus, dg, « p, (wh, w,) = L(cp) > (2t +1).

If g U op is a cycle, then let us define Cy := g U 0p. Thus, L(Cp) = 2t + 1 and d, (wj, CO) = 0 for
every 0 < j < k. Otherwise, we may assume that g N oy = [wow;,] U [w;, wy] for some 0 < iy < ip < k.
If o = 0p\ g then let us define Cy := [w;,w;,] Uy (where [w;,w;,] C g). Hence, Cy is a cycle,
L(Co) <2t —land dg, (wj, Co) < (2t +1).

If Cp is not minimal, then consider a reduction C; of Cy. Let us repeat the process until we obtain
a minimal cycle Cs. Note that L(C;) < L(Cy) — 2 and for every point p; € Co, dg, (p1,C1) < 3L(Co).
Now, repeating the argument, for every 1 < i <, L(C;) < L(C;_1) — 2 and for every point p; € C;_1,
dg, (pi,Ci) < $L(Ci_1). Therefore,

1 1 1
dcl (w]',C(Gl)) < dcl (w]', Cs> < dcl (w]», Co) + iL(CO) + EL(Cl) +-- EL(CS)

1 1
<2+ +z(2t—1)+---+
2 2
Hence,
f 1

de, (0}, C(G)) < 3 L (2i+1) = £+ < (%(Zt—i— 1))2 < (dclxpz(wé,w,’()>2.
i=1

—_

O
Corollary 3. Let Gy be a hyperbolic connected graph with some odd cycle and P, = [v1,v;]. Consider a geodesic

g = [wowy] = [wo, w1] U [wy, wa] U- -+ U [wy_q, wg] in Gy. Let us define w) := (I1g) (wo) = (wo, v1) and
w), := (T28)  (wy). Then, we have for every 0 < j <k,

1
§(k+ \/ e, (wj,C(G1)) ) < dg,xp, (wy, wy) < k+2dg, (wj,C(G1)) +45(Gy).

Proof. Corollary 1 and Lemma 5 give dg, xp, (wy, w}) > k and dg, «p, (wy, w}) > /dg, (w;,C(G1)),

and these inequalities provide the lower bound of dg, » p, (w(, w},).
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Consider a geodesic 7 joining w;j and C € C(Gy) with L(vy) = dg, (w}, C) = dg, (w;,C(G1)) and
the wg, wy-walk
g’ = [wowj] Uy UCU 7y U [wjwy].

One can check that I'1¢’ is a wy(), wj-walk in G; x P,, and so Lemma 4 gives
de, xp, (Wh,wy) < L(T1g') = L(g') = k+ 2dg, (w;,C(G1)) + L(C) < k+2dg, (w;,C(G1)) +46(Gr).

O

If [v1,v;] is an edge of G, then the point x € [v1,v,] with dg(x,v1) = dg(x,v2) = 1/2 is the
midpoint of the edge [v1, v2]. Denote by J(G) the set of vertices and midpoints of edges in G. Consider
the set T1(G) of geodesic triangles T in G which are cycles and such that the vertices of T are in J(G).
We denote by 61 (G) the infimum of the constants u such that any triangle in Ty (G) is p-thin.

The following three results are used throughout the paper.

Theorem 5. ([40], Theorem 2.5) For every connected graph G, we have 61(G) = 6(G).
Theorem 6. ([40], Theorem 2.6) Let G be any connected graph. Then, 6(G) is always a multiple of 1/4.

Theorem 7. ([40], Theorem 2.7) For any hyperbolic connected graph G, there exists a geodesic triangle
T € T1(G) such that §(T) = 6(G).

Consider the set T, (G) of geodesic triangles T in G that are cycles and such that the three vertices
of the triangle T are also vertices of G. J,(G) denotes the infimum of the constants y such that every
triangle in Ty (G) is p-thin.

Theorem 8. For every connected graph G, we have 6,(G) < §(G) < 46,(G) + 1/2. Hence, G is hyperbolic if
and only if 6,(G) < co. Furthermore, if G is hyperbolic, then there are a geodesic triangle T = {a,b,c} € Ty(G)
and q € [ab] N J(G) such that d(p, [ac] U [cb]) = 6(T) = 6,(G). In addition, 6,(G) is an integer multiple
of 1/2.

Proof. The inequality §,(G) < 6(G) is direct.

Consider the set T, (G) of geodesic triangles T in G such that the three vertices of the triangle T
belong to V(G), and denote by 6,,(G) the infimum of the constants u such that every triangle in T, (G)
is p-thin. The argument in the proof of (ref. [79], Lemma 2.1) gives that 5, (G) = d,(G).

Let us prove now §(G) < 46,(G) +1/2. Let us assume that G is hyperbolic. If §,,(G) = oo, then the
inequality is trivial. Thus, it suffices to consider the case 4, (G) < co. By Theorem 7, there is a triangle
T = {a,b,c} thatis a cycle with a,b,c € J(G) and g € [ab] such that d(q, [ac] U [cb]) = 6(T) = 6(G).
Assume that a,b,c € J(G) \ V(G) (otherwise, the argument is simpler). Let aj,a,,bq,bp,¢1,¢c2 €
TNV(G) such thata € [ay,a3],b € [by,by],c € [c1,¢2] and ap, by € [ab],cp,d1 € [cd],dp, a1 € [ac].
Since H := {ay, by, by, c1,ca, a1} is a geodesic hexagon with vertices in V(G), it is 46,,(G)-thin and every
point w € [by, by] U [bacy] U [c1, c2] U [c2a1] U a1, ap] verifies d(w, [ac] U [cb]) < 1/2, we have

0(G) =d(q, [ac] U [cb]) < d(q,[b1,ba] U [bacq] U ey, c2] U lcaa1] U [ag,az]) +1/2
< 45,(G)+1/2 = 46,(G) +1/2.

Assume that G is not hyperbolic. Therefore, for each M > 0 there is a triangle T = {a, b, c} which
is a cycle with a,b,c € J(G) and g € [ab] with d(q, [ac] U [cb]) > M. The previous argument gives
M < 46,(G) +1/2 and, since M is arbitrary, we conclude J,(G) = oo = §(G).

Finally, consider any geodesic triangle T = {a, b, c} in T,(G). Since d(g, [ac] U [cb]) = d(q, ([ac] U
[cb]) NV(G)), d(q, [ac] U [cb]) attains its maximum value when g € J(G). Hence, §(T) is a multiple
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of 1/2 for any triangle T € T,(G). Since the set of non-negative numbers that are multiple of
1/2 is a discrete set, 6(G) is an integer multiple of 1/2 if G is hyperbolic, and there is a triangle
T = {a,b,c} € Ty(G) and g € [ab] N J(G) with d(g, [ac] U [cb]) = 6(T) = 6,(G). This finishes
the proof. O

Theorem 9. If Gy is a non-hyperbolic connected graph, then Gy x P, is not hyperbolic.

Proof. Since Gj is not hyperbolic, by Theorem 8, given any R > 0 there exists a triangle T = {x,y, z}
wich is a cycle, with x, y,z € V(G ) and such that T is not R-thin. Therefore, there exists some point
m € T, let us assume that m € [xy], such that dg, (m, [yz] U [zx]) > R.

Seeking for a contradiction let us assume that G; x P; is é-hyperbolic.

Suppose that for some R > 4, there is a geodesic triangle T = {x,y,z} that is an even cycle in G,
with x,y,z € V(G;) and such that T is not R-thin. Consider the (closed) path A = [xy] U [yz] U [zx].
Then, since T has even length, the path I'| A defines a cyclein G1 X P,. Let 71, 72, v3 be the paths inI'1 A
corresponding to [xy], [yz], [zx], respectively. By Corollary 1, the curves 71, 2 and -3 are geodesics,
and dg, xp, ((T1A) (m), 72 U y3) > 6, leading to contradiction.

Suppose that, for every R > 0, there is a geodesic triangle T = {x,y,z} which is an odd cycle,
with x,y,z € V(Gy) and such that T is not R-thin.

Let T} = {x,y,z} be a geodesic triangle as above and let us assume that diam(T;) = D > 84.

Let T, = {x/, 1/, 2’} be another triangle as above such that T, is not 3(D + 86)-thin, this is, there is
a point m in one of the sides, let us call it o, of T, such that d¢, (m, T,\c") > 3(D + 8).

Let ¢ = [wowy] with wy € Ty and wy € T, be a shortest geodesic in Gy joining Ty and T; (if T; and
T, intersect, just assume that g is a single vertex, wy = wy, in the intersection). See Figure 2.

Let us assume that wy € [xz] and wy € [x'Z']. Then, let us consider the closed path C in G; given
by the union of the geodesics in Tj, g, the geodesics in T, and the inverse of g from wy to wy, this is,

C := [wox] U [xy] U [yz] U [zwo] U [wowy] U [wex'] U [x'y'] U [y'2] U [2/wy] U [wywy).

Since Tj, T, are odd cycles, C is an even closed cycle. Therefore, I'|C defines a cycle in Gy X Ps.
Moreover, by Remark 1, I'1C is a geodesic decagon in Gy x P, with sides y; = (I'1C)/([wox]), 72 =
(O (), 73 = (M0 ([y2)), 74 = (N0 (o)), 95 = (T1C) ([wown]), 76 = (T1C) (fn]),
77 = ([1C) ([¥'y']), vs = (T1C) ([y'Z']), 7o = (T1C)' ([z'wi]) and 10 = (T1C)'([wgwy)).-

Since we are assuming that G; x P, is 6-hyperbolic, then for every 1 < i < 10 and every point
P € i, dc xp, (P, C\7i) < 8.

Let p := (I[1C)(m).

Case 1. Suppose that dg, (m, T; U g) > 8. See Figure 2.

By assumption, dg, (m, To\o) > 86. If ¢ = [x'y'] (resp. ¢ = [y'Z']), then p € 77 (resp. p € 73)
and, by Corollary 1, dg,«p,(p,C\v7) > 86 (resp. dg,«p,(p,C\v8) > 80) leading to contradiction.
If o = [x'Z'], since [x'Z'] = [x'wy]| U [wiZ'], let us assume m € [x'wy]. Then, since dg, (m, wy) > 85,
it follows that d¢, (m, [wyz']) > 86. Thus, p € 76 and, by Corollary 1, dg, «p,(p,C\v6) > 8J leading
to contradiction.

Case 2. Suppose that dg, (m,T; Ug) < 86 and L(g) < 8J. See the left side of Figure 3.
Then, for every point gin Ty Ug, dg, (m,q) < 85 + D + 84. In particular, dg, (m, wi) < 86 + D + 8.
Therefore, m € [x'z'] and let us assume that m € [x'wy]. Since dg, (m,x") > dg, (m, [x'y'] U [y'Z']) >
3(D + 80), there is a point m' € [x'm] C [x'wy] such that dg, (m,m') = 2(D + 85). Then,
dg,(m', Tyug) > 2(D+8) —D —8)—8) = D > 85. In addition, it is trivial to check that
de, (m', [x'y']U[y'z']) > 3(D+85) —2(D +85) > 85 and since [x'z’] is a geodesic, dg, (m’, [z'w]) > 84.
Thus, if p’ := (I41C)'(m’), then p’ € 94 and, by Corollary 1, dg,«p,(p',C\76) > 86 leading
to contradiction.

Case 3. Suppose that dg, (m, T1 Ug) < 86 and L(g) > 8J. See the right side of Figure 3. Since g is
a shortest geodesic in Gy joining T; and T, this implies that d¢, (T1, T>) > 86 and dg, (m, [wowy]) < 80.
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Moreover, dg, (m,wy) < 165. Otherwise, there is a point g € [wowy] such that dg, (m,q) < 86 and
dg, (9, wx) > 85 which means that dg, (9, wo) < dg, (wo, wx) —86 and dg, (m, wg) < dg, (wo, wy) leading
to contradiction.

Since dg, (m, wy) < 166, m € [x'z']. Let us assume that m € [x"wy]. Since dg, (m, [x'y'| U [y'Z']) >
3(D + 86), there is a point m' € [x'm] C [x'wy] such that dg, (m,m") = 2(D + 85). Let us see that
dg, (m', [wowy]) > 8. Suppose there is some g € [wowy| such that dg, (m’,q) < 8J. Since m' € T,
and g is a shortest geodesic joining Ty and Ty, dg, (9, wx) < 8J. However, 320 < 2(D + 85) =
deg,(m',m) < dg, (m',q) +dg,(q,w) + dg, (wr, m) < 86+ 86 4 166 which is a contradiction. Hence,
de, (m', [wowy]) > 85. In addition, it is trivial to check that dg, (m’, [x'y'] U [y'z']) > 3(D +85) —2(D +
84) > 80 and since [x'z'] is a geodesic, dg, (m’, [z'wy]) > 86. Thus, if p’ := (I1C)'(m’), then p’ € 6 and,
by Corollary 1, dg, «p,(p’, C\v6) > 80 leading to contradiction. [

Figure 2. Two geodesic triangles, T, T, which are odd cycles and a geodesic g joining them define
an even closed path.

Case 2 Case 3

Figure 3. If dg, (m, Ty Ug) < 85, then m € [x'z'] and there is a point m’ € [x'm] C [x'wy] such that
dg,(m,m") = 2(D + 86).

Proposition 3, Lemma 2 and Theorems 3, 4 and 9 have the following consequence.

Corollary 4. If G is a non-hyperbolic connected graph and G, is some non-trivial connected graph,
then G1 x Gy is not hyperbolic.

Proposition 3 and Corollary 4 provide a necessary condition for the hyperbolicity of G; x Go.
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Theorem 10. Let Gy, Gy be non-trivial connected graphs. If Gy x Gy is hyperbolic, then one factor graph is
hyperbolic and the other one is bounded.

Theorems 3 and 4 show that this necessary condition is also sufficient if either G, has some odd
cycle or Gy and Gy do not have odd cycles (wWhen G is a hyperbolic graph and G, is a bounded graph).
We deal now with the other case, when G; has some odd cycle and G, does not have odd cycles.

Theorem 11. Let Gy be a connected graph with some odd cycle and G, a non-trivial bounded connected graph
without odd cycles. Assume that Gy satisfies the following property: for each M > 0 there exist a geodesic g
joining two minimal cycles of Gy and a vertex u € gNV(Gy) with dg, (u,C(Gy)) > M. Then, Gy x Gy is
not hyperbolic.

Proof. If G; is not hyperbolic, then Corollary 4 gives that G; x G is not hyperbolic. Assume now that
Gy is hyperbolic. By Theorem 2 and Lemma 2, we can assume that G, = P, and V(P,) = {vy,v2}.
Fix M > 0 and choose a geodesic § = [wowg] = [wo, w1] U [wy, wa] U - - - U [wy_1, wg] joining two
minimal cycles in Gy and 0 < r < k with dg, (wy,C(Gy)) > M.
Define the paths g7 and g, in Gy X Py as g :=T'jg and g» :=TI'»g. Since L(g1) = L(g2) = L(g) =
dg, (wo, wi), we have

dg,xp, (§1(wo), g1(wk)) < L(g1) = dg,(wo, wr),  dg,xp,(g2(wo), g2(wk)) < L(g2) = dg, (wo, wy).

Corollary 1 gives that

de, <p, (81 (wo),81(wk)) > dg, (wo, wi),  dg,xp, (§2(wo), g2 (wi)) > dg, (wo, wy).

Hence, g1 and g, are geodesics in Gy x P,. Choose geodesics g3 = [91(wo)g2(wp)] and g4 =
[g1(wy)g2(wy)] in Gy x P,. Since dp, (v1,v;) = 1is odd, Proposition 2 gives

dg,xp, (§1(wo),g2(wp)) = min {L(0) | 0 is a wy, wo-walk }

= min {L(¢) | o cycle of odd length containing wy }.

Since w( belongs to a minimal cycle, L(g3) < 46(G;) by Lemma 4. In a similar way, we obtain
L(g:) < 43(Gy).

Consider the geodesic quadrilateral Q := {g1,$2,3,84} in G1 X P». Thus, dg, «p, (g1(wr), §2 U
93U gs) < 26(Gy x Py). Since max {L(g3),L(g4) } < 46(Gy), we deduce dg, «p, (81(wr),g2) < 26(Gy x
P) +46(Gy).

Let0 < j < kwith dg, «p, ($1(wr),82) = dg, xp, (81(w;), g2(w))). Let us define w;, := g1 (w,) and
w = g2(wj). Thus, Lemma 5 gives

\/M < \/dcl (w,,C(Gl)) < dclxpz(wﬁ,w}) = dclxpz(w;,gz) < 25(G1 X Pz) +45(G1),

and since M is arbitrarily large, we deduce that G; x P, is not hyperbolic. [

Lemma 6. Let Gy be a hyperbolic connected graph and suppose there is some constant K > 0 such that for
every vertex w € Gy, dg, (w,C(Gy)) < K. Then, Gy x P, is hyperbolic.

Proof. Denote by v; and v; the vertices of P;. Leti: V(Gy) — V(G; x P,) defined as i(w) := (w,v1)
for every w € Gy.
For every x,y € V(Gy), by Corollary 1, dg, (x,y) < dg, xp,(i(x),i(y)). By Corollary 3,

dGlsz(i(x),i(]/)) < dcl (x,y) +2dG1 (X,C(Gl)) +4(5(G1) < dG1 (x,y) —|—2K—|—4(S(G1)
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Therefore, i : V(Gy) — V(Gy x P») isa (1,2K + 46(G1 ) )-quasi-isometric embedding.

Notice that for every (w,v1) € V(G x P), (w,v1) = i(w). In addition, for any (w,v;) €
V(Gy x P,), since Gy is connected, there is some edge [w, w'] € E(G;) and we have [(w, v;), (w',v1)] €
E(Gy X Py). Therefore,i: V(Gy) — V(Gy x P;) is 1-full.

Thus, by Lemma 1, G; and G; x P, are quasi-isometric and, by Theorem 2, Gy x P
is hyperbolic. [

Theorem 3 and Lemmas 2 and 6 give the following result.

Theorem 12. Let Gy be a hyperbolic connected graph and G, some non-trivial bounded connected graph. If there
is some constant K > 0 such that for every vertex w € Gy, dg, (w,C(G1)) < K, then Gy x Gy is hyperbolic.

We finish this section with a characterization of the hyperbolicity of G; x Gy, under an additional
hypothesis. We present first some lemmas.

Let ] be a finite or infinite index set. Now, given a graph G, we define some graphs related to
Gy which will be useful in the following results. Let B; := Bg, (wj, K;) with w; € V(Gy) and K; € Z7,
forany j € J, such that sup; Kj = K < oo, Bj, NBj, = @ if j1 # jo, and every odd cycle Cin Gy satlsfles
CNB;j # @ for some j € J. Denote by G} the subgraph of G; induced by V(Gy) \ (U;B;). Let N :
0B; = {w € V(Gy) : dg, (w,wj) = K;}. Denote by G the graph with V(G}) = V(G’) (U]-{w]’f}),
where w7 are additional Vertlces, and E(G}) = E(G}) U (U {{w,wi] : w € N;}). Wehave G =G NG;.

Lemma 7. Let Gy be a connected graph as above. Then, there is a quasi-isometry g : G1 — G such that
g(wj) = wj for every j € J.

Proof. Let f : V(Gy) — V(Gy) defined as f(u) = u for every u € V(G}), and f(u) = w; for every
u € V(B;). Itis clear that f : V(G1) — V(Gy) is O-full.

Now, we focus on proving that f : V(Gy) — V(Gj) is a (K, 2K)-quasi-isometric embedding.
For every u,v € V(Gy), itis clear that dg: (f (u), f(v)) < dg, (1, 0).

Let us prove the other inequality. Fix u#,v € V(G;) and consider an oriented geodesic y in G}
from f(u) to f(v).

Assume that u,v € V(G}). If L(y) = dg,(u,v), then dg, (u,v) = de: (f(u), f(v)). If L(7) <
dg, (1,v), then 7y meets some w]* Since vy is a compact set, it intersects only a finite number of w]*’s,
which we denote by w7, ... wj . Since 1y is an oriented curve from f (u) to f(v), we can assume that v
meets w’-‘l, ... w*y in this order.

Let us define the following vertices in y

w = [fWw] NN, wf = [wjf(0)] NN,

for every 1 <i <r. Note that [wzwl 1) C G forevery1 <i<r(itis possible to have w? = wilH).
Since dc*(w w?) = 2 and dGl(wll,w ) < 2K, we have dc*(wl,w ) > £dg, (w},w?) for every
1<i<r. Thus,

r r—1
de; (f(u), f(v)) = dg; (f (u),wy) + ) de; (w],wf) + Z dey (w}, wiyq) +de; (w], f(v))
i=1 j
> dg, (1, w%) + % i dg, (w )+ Z dg, (w z+1 +dg, (w7, )
i=1

) .
(e, (wwh) + Y do, (w}, w}) + Y do, (w2, wl1) + de, (w?,0))

i=1 i=1
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Assume that f(u) = f(v). Therefore, there exists j with u,v € B; and

de: (f(u), f(v)) =0>dg, (u,0) —2K.

Assume now that u and/or v does not belong to V(G}) and f(u) # f(v). Let ug, vy be the
closest vertices in V(G]) Ny to f(u), f(v), respectively (it is possible to have uy = f(u) or vg = f(v)).
Since ug, vy € V(GY), ug = f(up),v0 = f(vo), we have dg, (u,up) < 2K and dg, (v,v9) < 2K. Hence,

dg: (f(u), f(v)) = dg; (f(u),u0) + dg: (1o, v0) + dg; (0o, f(0))

> dg; (f(uo), f(0))
> % dGl (Mo, UO)
> % (dcl(u,v) —dg, (u,ug) —dg, (v, Uo))

1
> % dg,(u,v) — 4.

If K > 2, then dcf (f(u), f(v)) > %dGl(u, v) —2K. If K = 1, then dg, (4, up) < 1,dg, (v,v0) <1,
and dg; (f(u), f(2)) > dg, (1,0) — 2.

Finally, we conclude that f : V(G;) — V(Gj) is a (K,2K)-quasi-isometric embedding.
Thus, Lemma 1 provides a quasi-isometry ¢ : G; — G with the required property. [

Definition 3. Given a connected graph Gy and some index set ], let By = {B;} e} be a family of balls where

B]' = B(31 (w],K]) with w;j S V(Gl), K] S Z+f07’ anyj €], sup]- K] = K < oo and E]l N B]'2 =Q lf]1 75 j2.
Suppose that every odd cycle C in Gy satisfies that C N B; # O for some j € ]. If there is some constant M > 0
such that for every j € ], there is an odd cycle C; such that C; N\ B; # @ with L(C;) < M, then we say that B}

is M-regular.
Remark 2. If ] is finite, then there exists M > 0 such that {B;} e is M-regular.

Denote by G* the graph with V(G*) = V(G] x P,) U (U]-{w]’f }), where Gj is a graph as above and
w; are additional vertices, and E(G*) = E(G] x P2) U (Ui{[w, wi] : m(w) € Nj}).
Lemma 8. Let Gy be a connected graph as above and P with V(P,) = {vy1,v2}. If Gy is hyperbolic and BB} as
above is M-regular, then there exists a quasi-isometry f : G1 X P, — G* with f(wj,v;) = w;* foreveryje ]
and i € {1,2}.

Proof. Let F : V(Gy x P,) — V(G*) defined as F(v,v;) = (v,v;) for every v € V(G}), and F(v,v;) =
w; for every v € V(Bj). Tt is clear that F : V(Gy x P,) — V(G*) is O-full. Recall that we denote by
1 : G1 X P, = Gy the projection map. Define 77* : G* — G; as 1" = 113 on G| x P, and 71" (x) = wj
for every x with dg- (x, w;) < 1for somej € J.

Now, we focus on proving that F : V(G; x P,) — V(G*) is a quasi-isometric embedding.
For every (w,v;), (w',vy) € V(G X ), one can check

de+ (F(w,v;), F(w',vy)) < dg,xp,((w,0;), (@, v7)).

To prove the other inequality, let us fix (w, v;), (w',vy) € V(G] X P») (the inequalities in other
cases can be obtained from the one in this case, as in the proof of Lemma 7). Consider a geodesic
v = [F(w,v;)F(w',vy)] in G*. If L(7y) = dg,«p,((w,v;), (W', vy)), then

d+(F(w,v;), F(w',v)) = dg, «p,((w,v;), (W', 0y)).
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If L(y) < dg,xp,((w,v;), (@', v;)), then 7% () meets some B;. Since 7 is a compact set, 77*(7y)
intersects just a finite number of B s, which we denote by Bh, . B . We consider v as an oriented
curve from F(w, v;) to F(w',v;r); thus we can assume that 77 () meets B;

Let us define the following set of vertices in y

i, .-, Bj in this order.

{w], w?} ==y N (N x P),

for every 1 < i <r, such that dg, «p, ((w,v;),w}) < dg,xp,((w,v;),w?). Note that [w?w] ;] C G} x P
forevery 1 <i < rand dclxpz(wlz,wilﬂ) > 1since B;, N Bj,,, = @.

If dg, (m(w}), m(w?)) = dg, xp, (w}, w?) for some 1 < z < r, thendg, «p, (w}, w?) < 2K. Since
d(;lxpz(w2 H_1) >1forl <i<r,we have that dGlxpz( wlz) <2Kdg, xp, (wlz, wilﬂ) in this case.

If dGl(T(]( 11) 7'(1( 12)) < dG1><P2( ll l) for some 1 < i < r, then dcl(ﬂl(wil),ﬂfl(wiz)) +
dG1><P2 (wll,wlz) is odd.

Since Bj is M-regular, consider an odd cycle C with CN B, # @ and L(C) < M, and let
bi € CNBj and [7 (wl)b] [bit1 (w?)] geodesics in Gy.  Thus, [y (w})b;] U [bimy(w?)] and
[t (w})b;] U C U [bjm1 (w?)] have dlfferent parity which means that one of them has different
parlty from [y (w 1)711( 2)] Then, dg,«p, (w}, w?) < L([m(w})b;] U CU [bimy(w?)]) < 4K+ M.

Since dg, «p, (w?,w}, ;) > 1for 1 <i < r, we have that dg, «p, (w}, w?) < <4K + M) dg, xp, (W} w}, )

z+1
in this case.

Thus, we have that dg, «p, (w}, w?) < 4K+ M for every 1 < i < rand dg, xp, (w}, w?) < (41( +

M) dg,xp, (W}, w l+1) for every 1 <i < r. Therefore,

r r—1
dg,xp, ((w,07), (W', 0)) < dg,xp, (w,v;),w}) + Y dg, xp, (w}, w?) + Y dg, «p, (w?, w}, 1)
i1 i

+ dcl XDy (w$r (w// Ojr ))
r—1
< dG1><P2((wl vi)/w%) + dG] XDy (wzf (wl, Ui’)) + (4K +M+ 1> Z dG] X Py (w12’ w}-&-l)
i=1

+dG1><P2(w}’w$)
r—1
= dg- (F(w,0:), F(w})) + dg- (F(w?), F(w/,01)) + (4K + M +1) ¥ do- (F(w}), F(w} 1))
i=1

+ dG1 X Py ('CU},ZU%)

< (4K + M+ 1) (dg: (F(w,0:), F(w})) +dg- (F(w}), F(w',07) +ch* ), F(why))) +4K+M
< (41< +M+ 1) dg- (F(w,v;), F(w',01)) + 4K + M.

We conclude that F : V(G; x P») — V(G*) is a quasi-isometric embedding. Thus, Lemma 1
provides a quasi-isometry f : G; x P, — G* with the required property. [

Definition 4. Given a geodesic metric space X and closed connected pairwise disjoint subsets {1;};ey of X,
we consider another copy X' of X. The double DX of X is the union of X and X' obtained by identifying the
corresponding points in each 17; and 17]{.

Definition 5. Let us consider H > 0, a metric space X, and subsets Y,Z C X. The set Vy(Y) :={x € X :
d(x,Y) < H} is called the H-neighborhood of Y in X. The Hausdorff distance of Y to Z is defined by
H(Y,Z):=inf{fH >0: Y C Vy(Z2), Z < Vy(Y)}.

The following results in [15,80] will be useful.
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Theorem 13. ([80], Theorem 3.2) Let us consider a geodesic metric space X and closed connected pairwise
disjoint subsets {1;} jcy of X, such that the double DX is a geodesic metric space. Then, the following conditions
are equivalent:

(1) DX is hyperbolic.

(2) X is hyperbolic and there exists a constant c1 such that for every k,1 € J and a € ny, b € 1, we have
dx(x,Ujepn;) < c1 for every x € [ab] C X.

(3) X is hyperbolic and there exist constants ¢y, a, B such that for every k,1 € J and a € ny, b € n; we have
dx(x,Ujepn;) < ca for every x in some («, B)-quasi-geodesic joining a with b in X.

Theorem 14. ([15], p. 87) Foreach § > 0, a > 1 and b > 0, there exists a constant H = H(J,a, b) with the
following property:

Let us consider a 6-hyperbolic geodesic metric space X and an (a,b)-quasigeodesic g starting in x and
finishing in y. If vy is a geodesic joining x and y, then H(g,v) < H.

This property is called geodesic stability. It is well-known that hyperbolicity is, in fact,
equivalent to geodesic stability [81].

Theorem 15. Let Gy be a connected graph and B; := Bg, (wj, K;) with w; € V(Gy) and K; € Z*, for any
J € ], such that sup; Kj = K < oo, Bj N Bj, = @ if j1 # ja, and every odd cycle C in Gy satisfies C N Bj # @
for some j € . Suppose {B;}jcy is M-regular for some M > 0. Let G, be a non-trivial bounded connected
graph without odd cycles. Then, the following statements are equivalent:

(1) Gy x Gy is hyperbolic.

(2) Gy is hyperbolic and there exists a constant cy, such that for every k,1 € | and wy € By, w; € B there
exists a geodesic [wywy] in Gy with dg, (x, Ujcjw;) < c1 for every x € [wywy].

(38)  Gu is hyperbolic and there exist constants cy, &, B, such that for every k,1 € J we have dg, (x, U ie ]wj) <
for every x in some (w, B)-quasi-geodesic joining wy with wy in Gy.

Proof. Items (2) and (3) are equivalent by geodesic stability in G; (see Theorem 14).

Assume that (2) holds. By Lemma 7, there exists an (&, )-quasi-isometry f : G; — Gj with
f(wj) = w; forevery j € J. Givenk,l € ], f ([wxw]) is an (&, B)-quasi-geodesic with endpoints w;
and wj in Gj. Given x € f([wyw)]), we have x = f(xo) with xo € [wiw,] and dg: (x, U]-elw]’-‘) <
adg, (%o, Ujejwj) + B < acy + B. Taking X = G}, DX = G* and 1; = w]* for every j € J, Theorem 13
gives that G* is hyperbolic. Now, Lemma 8 gives that G; x P, is hyperbolic and we conclude that
G1 X Gy is hyperbolic by Lemma 2.

Now, suppose (1) holds. By Lemma 2, G; x P, is hyperbolic and, by Theorem 9, G; is hyperbolic.
Then, Lemma 8 gives that G* is hyperbolic and taking X = G, DX = G* and 1j; = w;* foreveryj € J,
by Theorem 13, (2) holds. O

Theorem 15 and Remark 2 have the following consequence.

Corollary 5. Let Gy be a connected graph and suppose that there are a positive integer K and a vertex w € Gy,
such that every odd cycle in Gy intersects the open ball B := Bg, (w,K). Let Gy be a non-trivial bounded
connected graph without odd cycles. Then, G1 x Gy is hyperbolic if and only if Gy is hyperbolic.

4. Bounds for the Hyperbolicity Constant of Some Direct Products

The following well-known result will be useful (see a proof, e.g., in ([47], Theorem 8)).
Theorem 16. In any connected graph G the inequality §(G) < (diam G) /2 holds.

Remark 3. Note that, if Gy is a bipartite connected graph, then diam Gy = diam V(Gy ). Furthermore, if G, is
a bipartite connected graph, then the product Gy X Gy has exactly two connected components, which are denoted
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by (Gy x Gp)! and (Gy x Gy)?, where each one is a bipartite graph and, consequently, diam(G; x G,)' =
diam V((Gy x Gy)?) fori € {1,2}.

Remark 4. Let Py, P, be two path graphs with m > n > 2. The product Py x Py has exactly two
connected components, which will be denoted by (P, x Py)' and (Py x Py)?. Ifu,v € V((Py x Py)") for
i € {1,2}, thendp ,p,i(u,0) = max{dp, (71 (u), 71 (0)),dp, (72 (u), 72 (v)) } and diam(Py x P, =
diam V((Py, x Py)') =m — 1.

Furthermore, if my < mand ny < n, then §(Py, X Py) > 6(Ppy X Py ).

Lemma 9. Let Py, P, be two path graphs with m > n > 3, and let -y be a geodesic in Py, x Py, such that there
are two different vertices u, v in vy, with 1y (u) = 71y (v). Then, L(7y) < n —1.

Remark 5. Note that the conclusion of Lemma 9 does not hold for n = 2, since we always have L(7y) > 2.

Proof. Let v := [xy], and let V(Py) = {v1,...,vm}, V(Py) = {wy,...,w,} be the sets of vertices in
Py, Py, respectively, such that [v;,0;1] € E(Py) and [w;, wiy1] € E(Py) for1 < j <m,1 <i < n.
Seeking for a contradiction, assume that L(y) > n — 1. Notice that if [uv] denotes the geodesic
contained in vy joining u and v, then 71 restricted to [uv] is injective. Consider two vertices u’,v' € 7y
such that [uv] C [u'v'] C vy, my is injective in [u'0'] and 1o (u') = w;,, 12 (v") = w;, with iy — i; maximal
under these conditions. See Figure 4.

Since L(y) > n—1 > iy — iy, either there is an edge [¢v/,w] in G; X G, such that [/, w] N (7 \
[/V']) # @ or there is an edge 1/, w'] in Gy x G, such that [/, w'] N (7 \ [W'V']) # @. In addition,
since L(7y) > n — 1, notice that 71, is not injective in y. Moreover, since iy — i1 is maximal, if 7 (w) =
Wi, 41, thenw ¢ ,andsince L(7y) > n—1,u" ¢ {x,y} and mp(w') = wj, +1. Thus, either 7 (w) = w;,_4
or M (w') = wj, 1.

Hence, let us assume that there is an edge [¢v/, w] in G; X G such that [/, w] N (7 \ [u'0]) # @ with
m(w) = wj,_1 (otherwise, if there is an edge [u/, w'] in G; X Gy such that [u’, w'] N (7 \ [u'?']) # @
with 75 (w") = wj, 11, the proof is similar).

Suppose 71 (') = v;. Letv" be the vertex in [u'v'] such that 7r2(v") = w;, 1. Then, by construction
of Gy x Gy, since v" # w, it follows that {7r1(v"), r1(w)} = {vj_1,vj11}. Therefore, in particular,
1<j<m.

Assume that v = (vj-1,wj,—1) (f V' "= (0j41, Wi, 1), then the argument is similar). Therefore,
w = (vj41, Wip—1).

Consider the geodesic

o = [(vjr1, Wi, 1), (v, Wi, 2)] U [(v], Wi, 2), (01, Wi, —3)] U [(0j-1, Wi, 3), (vj—2, Wi, 4)] U ..

Since 711 (1) = 7111 (v), there is a vertex ¢ of V(Py, x P,) in [u'v'] No. Lets € [v/,w] Ny withs # v'.
Let 0y be the geodesic contained in ¢ joining ¢ and w. Let 7y be the geodesic contained in 7y joining ¢
and s. Hence, L(0p U [ws]) < L(0p) +1 < L(79) leading to contradiction. [J
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A m(u)=my(v) oy, Vim P

Figure 4. For any geodesic 7y in Py, x P, with 711 (u) = m1(v) for some different vertices u, v in 7,
then L(y) <n-—1.

Theorem 17. Let Py, P, be two path graphs withm > n > 2. If n = 2, then §(Py, x P») = 0. If n > 3, then

min{%,n—l}—lgé(mePn)§min{%,n}—%.

Furthermore, if m < 2n — 3 and m is odd, then 6(Py, x P,) = (m —1)/2.

Proof. If m > 2, then P,, x P, has two connected components isomorphic to Py, and 6(Py, x P,) = 0.

Assume that n > 3. By symmetry, it suffices to prove the inequalities for §((P,, x P,)!). Hence,
Theorem 16 and Remark 4 give 6((P,; x P,)!) < 71, By Theorem 7, there exists a geodesic triangle
T = {x,y,z} € T1(Py x P,) with p € 71 := [xy], 72 := [xz], 73 := [yz], and 6((Py x Py)!) = 6(T) =
d(p,xp)1 (P, 12U 73). Letu € V(1) such thatdp . p i (p,u) <1/2.

To prove 8((Py x Py)') < n —1/2, we consider two cases.

Assume first that there is at least a vertex v € V((Py, x P,)') N T\ {u} such that 7ty (1) = 711 ().
Ifv & 1, thenv € 7, Uz and

8(T) =d(p,xpy (P, 12U 73) <1/24d(p, . p(1,0) <n—1/2.
If v € 71, then L(y1) < n—1by Lemma 9, and
o(T) =dp,xp, (P 12U73) <dip,xpy(p{xy}) < (n—-1)/2<n-1/2.

Assume now that there is nota vertexv € V((Py; x P,)') N T\ {u} such that 7t (1) = 711 (v). Then,
there exist two different vertices v, v, in T \ {u} such that dp . pyi(1,v1) = dp, p(1,02) =1,
and 711 (v1) = 711 (v2). If v1 or vy belongs to v, U y3, then 6(T) = d(mePn)l (p,12U73) <3/2<n—1/2.
Otherwise, v1,vp € 1 \ {u}. Lemma 9 gives L(y1) < n — 1, and we have that

8(T) = d(p,,xpy1 (P 12U13) <dip,xpi(pA{xy}) < (n-1)/2<n-1/2.
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To prove the lower bound, denote the vertices of Py, and P, by V(Py,) = {wq, wp, w3,..., Wy}
and V(P,) = {v1,v2,03,...,0,}, with [w;, w; 1] € E(Py) for 1 < i < m and [v;,v;41] € E(P,) for
1<i<n.

Let (Py x P;)! be the connected component of P, x P, containing (wy,v,_1).

Assume first that m > 2n — 3. Consider the following curves in (P, x Pn)lz

71 2= [(w1,04-1), (W2, vn)] U [(w2, vn), (w3, 0, 1) U [(w3,0,-1), (w4, 00)] U - - U [(W2n—4, V), (w2n-3,00-1)],
Y2 = [(W1,04—1), (w2, 0, 2)] U [(w2, 05 —2), (W3, 04 —3)] U+ - U [(wy—2,02), (Wp—1,01)] U [(wn—1,01), (Wn,02)]
U.--u [(w2n74r vn—2)/ (w2n—3/ Unfl)]'

Corollary 1 gives that 1, 7, are geodesics. If B is the geodesic bigon B = {71, 72}, then Remark 4
gives that

6(Pn x Pu) = 6(B) = dp, ,p,n ((Wn-1,01),71) =n—2.
If m is odd with m < 2n — 3, thenn — (m +1)/2 > 1 and we can consider the curves in (P, x Py)%:
71 = [(w1,04-1), (w2, vy)] U [(w2,04), (w3, 0,—1)] U [(w3,04-1), (ws, 00)]U - - - U [(Wpn—1,0u), (W, 04—1)],

Y2 := [(w1, 0p-1), (W2, Vn—2)] U [(w2, 0n—2), (w3, 01—3)] U+ - U [(W(ns1) /210 Ve (1) /241)r (W (mt1) /20 One (1) 12)]

U [(w(erl)/Z/ 7]n—(m+1)/2)/ (w(m+])/2+1rUnf(n1+1)/2+1)] U---u [(wmflr UVHZ)/ (wm,ZJnfl)].

Corollary 1 gives that 71, v, are geodesics. If B = {1, 72}, then Remark 4 gives that

6(Pm X Py) 2 6(B) = d(p, «p,yt (Wini1)/2: On—(mr1)/2), 1) = (m —1)/2.
By Remark 4, if m is even with m — 1 < 2n — 3, then we have that
(P X Py) > 8(Pyq1 X Py) > (m—2)/2.

Hence,

n—2 if m>2n-3 m—2 m
> 4 peiy _ . _ - _ . - _ _ .
O(Pm % Pp) _{ (m—2)/2, if m<on_2 }—mm{n 2, 5 }—mm{z,n 1} 1

Furthermore, if m < 2n — 3 and m is odd, then we have proven (m —1)/2 < §(Py x Py) <
(m—1)/2. O

Theorem 18. If Gy and G, are bipartite connected graphs with ki := diam V(Gy) and ky := diam V(G,)
such that ki > ko > 1, then

. (k1—1 k
max { min {1T,k2 - 1},5(@1),5((;2)} < (G x Gy) < -
Furthermore, if k1 < 2k — 2 and ky is even, then 6(Gy X Gp) = k1 /2.

Proof. Corollary 1, Theorem 16 and Remark 3 give us the upper bound.

To prove the lower bound, we can see that there exist two path graphs Py, 1, P,+1 which are
isometric subgraphs of G; and G, respectively. It is easy to check that Py, ;1 X P, is an isometric
subgraph of G; x Gy. By Lemma 3 and Theorem 17, we have

ki —1

min{ ,kz — 1} < 5(Pk1+1 X Pk2+1) < 5(G1 X Gz).

Using a similar argument as above, we have 6(P, x Gp) < §(Gy X Gp) and 6(Gy x Py) < 8(Gy X Gy).
Thus, since (G; x P,)' ~ Gy and (P, x G,)! ~ G, for i € {1,2}, we obtain the first statement.
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Furthermore, if ky +1 < 2(k2 +1) —3 and k; + 1is odd, then Theorem 17 gives 6(Py, 11 X Py, 41) =
k1/2, and we conclude 6(Gy x Gp) =k1/2. O

The following result deals just with odd cycles since otherwise we can apply Theorem 18.
Theorem 19. For every odd number m > 3 and every n > 2,

m/2, ifn—1<m,
3(Cpy x Py) = (n—1)/2, ifm<n—1<2m,
m—1/2, if n—12>2m.

Proof. Let V(Cy) = {w1,...,wn} and V(P,) = {v1,...,v,} be the sets of vertices in Cy, and Py,
respectively, such that [wy, wy], [wj, w;11] € E(Cw) and [v;,0;1] € E(Py) forj € {1,...,m -1},
i€{l,...,n—1}. Note that for 1 < j,r < mand1 < i,s < n, we have dc, «p, ((wj, v;), (wr,vs)) =
max{|i —sl, |j — |}, if |i — s| = |j — r|[(mod 2), or dc,,xp, ((w}, v;), (wr, vs)) = max{|i —s|,m —|j—r},
if i —s| # |j — r|(mod 2). Besides, we have diam(C,, x P;) = diam (V(Cp x P,)), i.e., diam(Cy, x
Py) =mifn—1<m,and diam(Cy, x P,) = n —1if n —1 > m. Thus, by Theorem 16, we have

m/2 fn—-1<m
o(C P, < ! -7
(G P) = { (n—1)/2, ifn-1>m
Assume first that n — 1 < m. Note that C;; X P» =~ Cyy, and Cp, X P,y is an isometric subgraph of
Cm X Py, if n’ < n. By Lemma 3, we have §(Cy, X Py) > 6(Cap) = m/2, and we obtain the result in
this case.

Assume now thatn —1 > m. Consider the geodesic triangle T in C;, X P, defined by the following
geodesics

=[(w1,0n), (w2, v4—1)] U [(w02,05-1), (w3,02)] U [(w3, 0n), (W4, vp—1)] V... U (W1, 0n-1), (W, 0n)],
(

= Wint1) 72, 01), (Wen—1) 72, 92)] U [(@W(—1) /2, 02), (@ (m—3) /2, 03)] U - .. U [(w2, 0 (—1) /2), (W1, V(41 12)]U

(

(

(W1, 941y 2)s (Wi O(mr3) 72)1 U (@, 0nt3) 72)r (W1, 05y 12)] U (@01, O(t5) 72) (W, D7) 2)1 U - -
=[(Wm41)/2,01)s (Wmt3) /2, 92)] U [ W0ng3) /2, 02), (W(ng5) 72, 03) ] U e oo U (W1, O -1y /2), (Wm, O (1) 72) ]V
(

(@i, D41y 12), (W1, g3y 72)] U L@ O3y 72) s (Wi O sy y2) 1 U (@i, 05y 72), (01, 0ug7) 12)1 U -

where (wy,v,,) (respectively, (wy, v,)) is an endpoint of either 7y, or 73, depending of the parity of 7.
Since T is a geodesic triangle in C,,;, x Py, we have 6(Cy, x P,) > §(T). If n —1 < 2m and M is the
midpoint of the geodesic y3, then 6(Cyy x Py) > 6(T) =dc, «xp,(M, 71U v2) = L(73)/2=(n—1)/2.
Therefore, the result for m < n — 1 < 2m follows.

Finally, assume that n — 1 > 2m. Let us consider N € 3 such that dc,,«p, (N, (W(y41)/2,01)) =
m —1/2. Thus, §(Cy X Py) > 6(T) > dc,,xp, (N, 71U 72) = dc,xp, (N, (W(ni1)/2,01)) = m—1/2.
To finish the proof, it suffices to prove that 6(C,;, X P,) < m — 1/2. Seeking for a contradiction, assume
that 6(Cy, X P,) > m —1/2. By Theorems 6 and 7, there is a geodesic triangle A = {x,y,z} €
T1(Cm x Py) and p € [xy] with dc, «p, (p, [yz] U [zx]) = 6(C X Py) > m —1/4. Then, L([xy]) =
dc,, xp, (%, p) +dc, xp, (p,y) > 2m—1/2. Let Vy (respectively, V;) be the closest vertex to x (respectively,
v) in [xy], and consider a vertex V}, in [xy] such thatdc,, «p, (p, V(Cw X Py)) = dc,,xp, (P, V). Note that
de,xp, (P, [yz] U [zx]) > m —1/4implies that dc,, .. p, (p, Vp) < 1/2. Since x,y,z € J(C X Py), we have
dc,, xp,(Vx, Vy) > 2m —1 > m and, consequently, 71> ([xy]) is a geodesic in P,. Since 72 ([yz]| U [zx]) is
a path in P, joining 715(x) and 715(y), there exists a vertex (u,v) € [xz] U [zy| such that 15(V,) = v
and u # (V). Therefore, dc, «p, (Vp, (1,v)) < m —1 and, consequently, dc,, «p, (p, [xz] U [zy]) <
de,xp, (P, Vp) +dc,xp, (Vp, [¥z] U [zy]) < 1/2 + m — 1, leading to contradiction. []
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5. Conclusions

In this paper, we characterize in many cases the hyperbolic direct product of graphs. Here,
the situation is more complex than with other graph products, partly because the direct product of
two bipartite graphs is already disconnected and the formula for the distance in G; x G; is more
complicated than in the case of other products of graphs. Although in the study of hyperbolicity in
a general context the hypothesis on the existence (or non-existence) of odd cycles is artificial, in the
study of hyperbolic direct products, it is an essential hypothesis. We have proven that, if G; x G; is
hyperbolic, then one factor is hyperbolic and the other one is bounded. Besides, we prove that this
necessary condition is also sufficient in many cases. If Gy is a hyperbolic graph and G, is a bounded
graph, then we prove that G; x G; is hyperbolic when G, has some odd cycle or G; and G, do not
have odd cycles. Otherwise, the characterization of hyperbolic direct products is a more difficult
task. If G; has some odd cycle and G, does not have odd cycles, we provide sufficient conditions
for non-hyperbolicity and hyperbolicity, respectively. Besides, we characterize the hyperbolicity of
G1 X Gp under some additional conditions.

A natural open problem is the complete characterization of hyperbolic direct products.

A second open problem is to compute the precise value of the hyperbolicity constant of the graphs
appearing in Theorems 17 and 18 with unknown hyperbolicity constant.

Direct product of graphs is a subject closely related to lift of graphs, which have been intensively
studied (see, e.g., [82] and the references therein). Another interesting problem is to study the
hyperbolicity of lift of graphs. We think that it is possible to obtain some similar results in this
context, although the odd cycles may not play an important role in the study of hyperbolic lifts
of graphs.
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