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Abstract: We consider the constrained ordered weighted averaging (OWA) aggregation problem
with a single constraint and lower bounded variables. For the three-dimensional constrained OWA
aggregation problem with lower bounded variables, we present four types of solution depending
on the number of zero elements. According to the computerized experiment we perform, the lower
bounds can affect the solution types, thereby affecting the optimal solution of the three-dimensional
constrained OWA aggregation problem with lower bounded variables.
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1. Introduction

An ordered weighted averaging (OWA) operator, proposed by Yager [1], is a general class
of parametric aggregation operators that appears in many applications such as control, decision
making, expert systems, fuzzy system, neural networks, regression analysis and risk analysis [2-6].
A citation-based survey of the literature in all types of optimization problems associated to OWA
operators can be found in [7]. In 1996, Yager [8] investigated the constrained OWA aggregation
problem [8-15] which is concerned with an optimization problem with an OWA operator. In particular,
for the constrained OWA aggregation problem with a single constraint on the sum of all variables,
Yager [8] presented the optimal solutions for the three-dimensional case. Furthermore, Carlsson,
Fullér and Majlender [9] proposed a simple algorithm for obtaining the optimal solutions for any
dimensions. Recently, Coroianu and Fullér [10] presented the optimal solution for the constrained
OWA aggregation problem with a single constraint and any coefficients. However, in most practical
problems the variables are usually bounded. This paper considers the three-dimensional constrained
OWA aggregation problem with lower bounded variables.

The organization of this paper is as follows. Section 2 briefly reviews the constrained OWA
aggregation problem. Section 3 discusses the constrained OWA aggregation problem with the same
lower bounds. Section 4 presents the solution behaviors of three-dimensional constrained OWA
aggregation problems with lower bounded variables. Section 5 outlines the design of the experiment
and evaluates the optimal solution behaviors of the three-dimensional constrained OWA aggregation
problems with the lower bounded variables. Finally, some concluding remarks are presented.
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2. Constrained Ordered Weighted Averaging (OWA) Aggregation Problem

An OWA operator of dimension 7 is a mapping F : R" — R that associates a weighting vector
W = (wy,wy, ..., w,) satisfying:

wtwy+...+w,=1,0<w;<1,i=1,2,...,n
and such that:
F(xl, x2/ ceey x}’l) == 2:1=1 wi]/ir (1)

with y; being the ith largest of {xq,x2,...,x}.

Consider the following constrained OWA aggregation problem:

Max WTY
stAX< b ()
X>0

where the column vectors X, ¥, W and b, and the m x n matrix A are:

X1 v wq by an a4 A1y

X2 ) wy by axy 4 Az
X= Y= W= b= A =

Xn Yn Wy by, A1 Apo 0 Amn

|
—_
—_
=)
o o

00 00 e =11

and the column binary vectors Z; € {0,1}",i =1,2,...,n, Yager [8] transformed the above non-linear
programing problem to the following mixed integer linear programming (MIP) problem:

Max WTy

stAX < b
GY <0
yI—-X-MZ;<0,i=1,2,...,n—1 3)
Yyl —X<0

IT7Z; <n—i, i=12,...,n—1
zi€{0,1}",i=12,...,.n—1
X>0

where M is a huge positive number and Z is the column vector with all elements equal 1.
For the MIP (3), the number of constraints is:

m+n71+n2+n71:m+n2+2n72,

and the number of variables is:
n+n+(n—1)n=n>+n
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In the literature, the constrained OWA aggregation problem with a single constraint on the sum
of all variables is as follows:

Max WTY

stZTX< 1
GY <O
yil—-X-MZ;<0,i=1,2,...,n—-1 @
ynl —X <0

7, <n—i,i=12,...,n—1
Z;€{0,1}",i=1,2,...,n—1

X>o0.
If:
Xy
*
x—| 2
Xn
is an optimal solution of (4), then,
Xp
*
Xo2
o

is also the optimal solution, for some o € S,, where S, is the set of all permutations of the set
{1,2,...,n}. To reduce the multiple solutions of the MIP (4), we introduce the following constraints:

Zi+1 SZZ', i:1, 2, ey n—2.
by inspecting the jth element of the constraint ;7 — X — MZ; <0,
yi—xj—MZ; <0,

if Z;; = 0, then:
Yi < x;j.

From the optimal solution:
I'Zi=n—iandZ7Z; 1 =n—i—1

it follows that:
Zit1;=0

50,
Yit1 < Xj.

If Z;; = 1, then no restriction is imposed on y;, it implies that:
j p y p
Yit1 < xjand yipq > X;

SO Zi+1,j =0orl.



Symmetry 2018, 10, 339 4 0f 15

Therefore, the more efficient MIP is as follows:

Max WTy
stZTx < 1
GY <0
yI—-X—-MZ;<0,i=1,2,...,n—1
ynZL—X <0 @)

ITZ; <n—i,i=12,...,n—1
Zi+1 SZi/ i=1,2,...,1/l—2
zi€{0,1}",i=12,...,.n—1
X>0.

3. Constrained OWA Aggregation Problem with the Same Lower Bounds

In most practical problems the variables are usually bounded. A typical variable x; is bounded
from below by /; and from above by u;, where l; < u;andi =1, 2,...,n. If we let u; = oo, we get the
following constrained OWA aggregation problem with lower bounded variables:

Max WTy
stZTX< 1
GY<O0
yiI—-X-MZ;<0,i=12,...,n—1
ynl —X <0 (6)

ITZ; <n—i,i=12,...,n—1
Zi+1 SZi/ i=1,2,...,7/l—2
zi€{0,1}",i=12,...,.n—1
X>L

where the column vector:

By using the change of variable:
X' =X-L

the lower bound vector can be transformed into the zero vector. The constrained OWA aggregation
problem with lower bounded variables is:

Max WTy
stZTX <1-7ITL
GY<O0
yZ—-X' -MZ; <L, i=12,...,n—1
ynI—X <0 7)

ITZ; <n—i,i=12,...,n—1
Ziy1<7Z;,i=12,...,n—-2
zZ;€{0,1}",i=12,...,n—1
X' >0
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If 1 —ZTL < 0, the constrained OWA aggregation problem has no feasible solution. If 1 — ZTL = 0,
the unique optimal solution is X'* = 0, so:
X* =L

It remains to discuss the case that 1 — ZTL > 0. More precisely, the three dimensional constrained
OWA aggregation problem with lower bounded variables is as follows:

Max F = w1y + waya + w3y3
s.t.x’1+x’2+xg <1-hLh-bL-1I3

y2—y1 <0
y3—y2<0
y3—x; <1
y3—xh <1l
y3—x5 <13

Yo — Xy —MZy <1

Yo—xy —MZpn <1

Yo — x5 —MZy <3 (8)
oy +Zyn+7Z3<1

vi—x]—MZy <

y1—xhb—MZip <1y

y1—x3—MZi3<1I3

Zin+Z1p+7Z13<2

Zn <Zn

Zyn < Z1p

Zy3 < Zy3

x1, x5, X5 >0, Zo1, Zp2, Z03, Z11, Z12, Z13 € {0,1}.

For the special case that the same lower bounds [; = [,i =1, 2,...,n, by the observing that the
ith largest (x4;) of {x1, X2, ..., X, } is the same variable of the ith largest (x/) of {x{,x},...,x},}, let:
p X}

RO

it follows that the optimal solution is the same as that of the constrained OWA aggregation problem [8].
We establish the main results described as follows:

Theorem 1. Consider the three-dimensional constrained OWA aggregation problem (8).

1 0 0 1-2]
(@) Ifwy = max wj, then the optimal solutions are X*=|0|,|1]or| 0] X= [ ,
i=1,2,3
0 0 1 l
l l 1-2I
1-21 | or l LY = ! and F = wy + 1 — 3wy l.
l 1-2] l
1/2 1/2 0
(b) If wp, = max w; then the optimal solutions are X" = 1/2 |, 0 or 1/2 |,
e 0 1/2 1/2
(1-1)/2 (1-1)/2 l (1-0/2
X* = 1-0n/2 |, l or | 1=-0)/2 |, Y = 1-0/2 | and F =

I 1-1)/2 (1-1)/2 !
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1/3 1/3 1/3 |
(1—w3—l+3W3l)/2forw1+w222w3,andX”*: 1/3 |, X*=1| 1/3 |,Y*=| 1/3 |,
1/3 1/3 1/3
and F = 1/3 for wy + wy < 2ws. i
1 0 0 1-21 ]
() Ifws = max wj, then the optimal solutions are X*=1o0o|,|1]or|0] Xx*= l ,
i=123
0 0 1 l
I I 1-21
1-21 | or l , Y = l and F = wy + 1 — 3wyl for wy + w3 < 2wy, and
l 1-21 l
1/3 1/3 1/3
X*=11/3 |, X*=|1/3 |,Y*=| 1/3 | and F = 1/3 for wp + w3 > 2w;.
1/3 1/3 1/3

Proof. For the three-dimensional constrained OWA aggregation problem, three cases are considered.
Firstly, if:
w1 = max w;

i=123
the optimal solutions are:
1 0 0
X*=10|,]1]or]| 0
0 0 1
So
1-21 l ! 1-2I
X* = 1 , | 1=21 | or I , Y = !

l l 1-2] l

and the most favorable value is:
F=wy+1—3unl.

Secondly, if:

Wy = max w;
i=1,2,3

two subcases are considered. If:
w1 + wy > 2ws,

then the optimal solutions are:

1/2 1/2 0
X*=11/21,] 0o |or| 1/2
0 1/2 1/2
(1-1)/2 (1-1)/2 ! (1-1)/2
X*=|@a-10/2|, ! or | (1-0/2 |, Y'=| 1-1)/2
! (1-1)/2 (1-1)/2 !

and the largest objective function value is:

F = (1—ZU3—Z+3ZU3Z)/2.
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If:
wy + wy < 2ws,

then the optimal solutions are:

1/3
X*=11/3
1/3
SO:
1/3 1/3
X*=11/3|,Y" =] 1/3 |and F=1/3
1/3 1/3

Finally, if:

w3 = max w;
i=1,2,3

two subcases are considered. If:
wy + w3 < 2wy,

then the optimal solutions are:

1 0 0
X*=1o0|,|1]or]oO0
0 0 1
SO:
1-21 I I 1-21
X* = I 1l 1=21 | or I Y = I ,
I ! 121 I
and:

F=w;+1—3uwl.

If:
wy + w3 > 2w,

then the optimal solutions are:

1/3
X" =11/3
1/3
SO:
1/3 1/3
X*=11/3|,Y=|1/3 |andF=1/3. C
1/3 1/3

4. Constrained OWA Aggregation Problem with Lower Bounded Variables

For simplicity, we consider the three-dimensional constrained OWA aggregation problem with
lower bounded variables. From the optimal solution of the first constraint of the model (8):

x’1+x§+x§:1—ll—lz—l3 )

there are four types (I, II, IIl and IV) of (x{,x},x}) depending on the number of zero elements.
The number of zero elements is two for type I, one for types Il and III, and zero for type III. The solutions
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of X' = (x{,x},x}) and Y = (y1,¥2,y3) for the three-dimensional constrained OWA aggregation
problem with lower bounded variables (8) are described as follows:

Theorem 2. Consider the three-dimensional constrained OWA aggregation problem with lower bounded
variables (8). For type I solution, there are three forms (1 —1 —Ip —13,0,0), (0,1 —1; — I, —13,0),
(0,0,1 - l] - 12 - 13) fO?‘ X' and six forms (1 - 12 - 13, lz, 13), (1 - 12 - 13, 13, 12), (1 — ll — 13, 11, 13),
(1-11—13,13,1h), (1=11—1Iy,1h,1n), (1 =11 —1y,15,11) for Y. For type 1I, there are three forms

1-2ly—1y 1-2l,—1 1-21;—1 1-1,—21 1-—2l, 1—1;-2I . 1-1; 1-1
—, —5—,0), +—2,0,—% 3),(0,712 2, —5=2 3)forX’andszxforms (—23,—23,13),

<l3, %,%), (%, %,lz), (lz, %,%), (%, %,ll), (11,%,%> for Y. For type
111, there are six forms (13 — 11,1 — lz — 213,0), (1 — ll — 2l3, 13 — lz, 0), (12 — ll, 0,1 — 212 — 13),
(1 — 11 — 212, 0, lz — 13), (O, ll — 12,1 — 2[1 — 13), (0,1 — 211 — 12, ll — 13) fOV X' and six forms
(I3, 13,1 =2l3), (1-23,13,13), (lo,l2,1=2b), (1-2p,15,5), (I1,l1,1=2ly), (1=2l,I1,I1) for Y.
For type IV, there are only one form (1/3 —1y,1/3 — 1,1/3 — I3) for X’ and one form (1/3,1/3,1/3) for Y.

Proof. For type I, the possible values of (x], x5, x}) are:
(1 — ll — lz — 13,0,0), (0,1 — 11 — lz — 13,0) and (0,0,1 — ll — lz — 13)
For the case of (x],x5,x4) = (1 —1; — I, —3,0,0), we have:

(x, x5, x3) = (1=l — 13,10, 13) (y1, y2,y3) = (1 =l — I3,15,13) or (1 — I — 13,13, 15).
For the case of (y1,y2,y3) = (1 —lp — 13,15, 13), if:
Lh+bh+53<1,l)>Ilzand2l, +13 <1,
then:

(x1,x2,x3) = (1 =l —I3,Ip,13) and (y1,y2,y3) = (1 —lp — 13,15, 13)

is solution of MIP (8) and the objective value is:
F=wi 4+ Lh(—wi +wy) + 3(—wy + ws3).

Since w1 4+ wy + w3 = 1, we can express the objective value F in only two weights. Then the other
three formats of F are:
F =wy +h(—w; +w2) +I3(1 — 2wy — wy),
F=wi+ (1 —-2w; —ws) + I3(—w1 +w3)
and:

F=1—w, —w3+ 12(—1 + 2wy + w3) + 13(—1 + w» +2ZU3)

Among these four formats, the explicit format adopted is F = wy + Ip(—w1 + wp) + I3(—w1 + w3)
which is the most compact one.
If:
h4+b+13<1, h<lzand +2l3<1,

then:
(‘xll X2, x3) = (1 - l2 - l3/ 12/ 13) and (yll yZI y3) = (1 - lZ - l3/ 13/ ZZ)

is the solution of MIP (8) and the objective value is:

F=wi 4+ Lh(—wi +w3)+ (—wy + ws).
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In Table 1, we display the possible solutions (x],x5,x%), (x1,%2,%3), (y1,¥2,y3), F and the
conditions for the different choices of the type L.
We now consider that the number of zero elements is one. The possible values of (xi, x5, x’3) are:

(x1,%3,0), (x1,0,x3) and (0, x5, x3)
For the case of (x],x},0), we have:
(x1,x2,x3) = (x] + 11, x5+ I, I3).
At optimal, the possible choices of (x}, x5, x}) are:
Xj+h=xb+h, i+l =hLorxy+1l =15

We choose x] + I = ), + I for type II, and x{ + 1 = I3 or x}, + I, = I3 for type III. For x| +I; =
xb + I, from (9), it follows that:

1-2h—1I3 1-2,—1I3
(xll’xé’xé) = ( 2 4 2 ’O)

SO:
WL@JQ:(1;a1;kJ9MMWLWﬂﬁ:(1;51;kJﬁmU&1;alzh)
More precisely, if:
I3<1/3,2h+l3<land2l +13<1,
then:
(x1,72,%3) = (* ;le’/%,ls) and (11, 2,y3) = (- > 13,15713,13)

is the solution of MIP (8) and the objective value is:

_ 1—ws3 — I3+ 3l3w;

F
2

If:
I3>1/3,2bLb+13<land2l+13<1,
then:
1-13 1—1I3
272
is the solution of MIP (8) and the objective value is:

115 1—13>
2 2

(xl/x2/ x3) = ( /13) and (]/1/]/2/]/3) = (13/

_ 1—wy — I3+ 33w,
= > .

F

For other cases of (x'l, 0, xé), (0,x%, x%), the solutions and conditions are displayed in Table 2.
For type III, we have two possible x| +I; = I3 or x5 + I = I3. For x] + I; = I3, from (9), it follows
that if:
I3>1,l3>1/3and [, +23 <1

then:
(x1, x5, x3) = (I3 — 11,1 — I, — 213,0), (x1, %2, x3) = (I3,1 —213,13), (y1,Y2,y3) = (I3,13,1 — 2I3) and

F = ws + I3 — 3l3ws.
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If:

then:

I3>1,13<1/3and [, +2l3 <1

10 of 15

(xlll xé/ x/3) - (Z?) - Z]/]- - 12 - 213/0)/ (xlleI x3) = (13/1 - 213/ l3>/ (]/1/]/2/]/3) - (1 - 213/ 13/ 13) and

F = wq + I3 — 3lzw;.

For different choices of type IlI, detailed results are presented in Table 3.
For type 1V, from (9), it follows that:

So, if:

(x7,x5,x3) = (1/3—11,1/3 —1,1/3 — I3).

ll §1/3, l2 §1/3andl3 §1/3

then the solution of MIP (8) is:

(x1,%2,x3) = (1/3,1/3,1/3) and (y1,y2,y3) = (1/3,1/3,1/3)and F = 1/3. O

Table 1. The values of (x},x},x%), (x1,x2,x3), (V1,¥2,y3), F and the conditions for type L.

Type

(¥1,%2,%3)

(x1,x2,x3)

(Y1, Y2, Y3)

F

Conditions

In

12

13

14

15

I6

(1-1 —1,—15,0,0)
(1-1 —1,—1,0,0)
(0,1—1 — I, — 15,0)
(0,1—1 — I —15,0)
0,0,1—1; — I —I3)

0,011 —lh—13)

(1-1—13,1p,13)
(1=l —1I3,1,13)
(h,1=1 —13,15)
(h,1=1 —13,15)
(1,1 =1 =)

(b, 1 =1 = Ip)

(1-1—13,1p,13)
(1=l —13,13,1)
(1—h—151,15)
1—h—13,13,1)
1—-0h =1, h)

(1—-h =1y, h)

wy + lz(—ZU1 + wz) +
I3(—wy 4+ w3)

wy + lz(—w1 + W3) +
I3(—wy +ws)

wy + I (—wy +wy) +
13(7w1 +w3)

wy +h(—w +ws) +
13(77/()1 +ZUZ)

w1 + ll(fwl + wz) -+
lz(—w1 +ZU3)

wy + I (—wy +w3) +
lz(—w1 -‘rZUz)

h+h+I13<1,
h>1I52L+13<1
h+h+13<1,
L <3 L+2l3<1
h+h+13<1,
Lh>05,2L+13<1
h+h+I13<1,
I <I3, L1 +23<1
h+h+h<1,
h>h,2+1, <1
Lh+hLh+I13<1,
Lh<hh+2,<1

Table 2. The values of (x},x5,x%), (x1,x2,x3), (V1,¥2,y3), F and the conditions for type II.

Type (x, x5, x%) (x1,%2,%3) (Y1, Y2, V3) F Conditions

Mo (b ihg) (bl (A by 1w chadhe hEPRZihst
Mmoo (e gy () (15 gy I ha S BRI RS
I (ko) (Gha k) (g Ghp)  Lotohadi RSIAZIEST
(kg oty (hpy lhy i agey lomhadhe B2/ARERST
5 (0,17 1ohahy g DL 1oh (5, 50 ) —17w37£1+311w3 llglzl/i'lzlzjéligl'
Mo (oM By ol Lyt 1y IT TS k200 F2 <t
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Table 3. The values of (x},x,x}), (x1,x2,x3), (y1,¥2,y3), F and the conditions for type III.

Type (%, %5, %3) (%1, %2,x3) (Y1, Y2, Y3) F Conditions

11 (13—11,1 —12—213 ) (l3 1—213 13) (l l3 1—213) w3+l3 —313W3 13 > l],l3 > 1/3, 12-‘1-213 < 1
M2 (5—h,1—5—205,0) (I51—2l,1) (1-213,13,13) w; +15—3w; l3>1h,l3<1/3,+2l3<1
1113 (l—l] —2I3,13— 1,0 ) (1—213,13,13) (13,13,1—213) w3 + I3 — 3lzws I3>10,13>1/3,11 +2I3<1
1114 (l*ll —2I3,13— 1,0 ) (17213,13,13) (17213,13,13) w1 + I3 — 33wy I3>10,13<1/3,1+23<1
1115 (12711,0 17212713) (12,12,17212) (12 12,17212) w3+127312w3 12 le,lz > 1/3,212+13 <1
1116 (lb—1h,0,1—-2I, —1I3) (Iz, 12,1 —21y) (1=2Ip,1p,1)  wy + I — 3bw, b >0h,b<1/32b+13<1
11V (1 — l] — 212 0 lz — 13) (1 — 212 lz lz) (12 12,1 - 212) w3 + lz - 312203 lz > l3,lz > 1/3, l1 + 212 < 1
1118 (1 — 11 — 2,01 — 13) (1 — 2D, lz,lz) (1 —2b, 1, lz) wy + I — 3bwy L >0, <1/3,1+2L<1
1119 (0 11—12,1—211—13) (11,11,1—211) (11,11,1—211) w3 + 1 —3lws L<h,lh>1/321 +13<1
1110 (0 11712,17211713) (11,11,17211) (17211,11,11) wy + 1 — 3wy L <hLh<1/32h1+I13<1
il (0,1—2h — bk —13)  (h,1—20,1) (L, 1—21) ws+h —3hws <l >1/32h+L <1
112 (0 172[1712,]1713) (l], 211,]1) (172[1,11,11) w1+l17311w1 l3§11,l1 §1/3,211+12§1

For the three-dimensional constrained OWA aggregation problem with lower bounded variables
(8), there are three forms for X’ and six forms for Y for Type I solution. For type II, there are three
forms for X’ and six forms for Y. For type III, there are six forms for X’ and six forms for Y. Type IV is
that the number of zero elements of solution is zero, there are only one form for X’ and one form for Y.
We illustrate some concrete examples with various (14, I, 13) and (w1, wy, w3).

Example 1. For the case of wy > m% w;, we perform an exhaustive search for I; € {—1,-0.9,—-0.38,...,1}

and w; € {0, 0.1, 0.2,...,1},i = 1,2,3. The first type Lis (I1,15,13) = (=1, -1, —1) and (wy, wp, w3) =
(0.9,0,0.1). The optimal solution is (y1,y2,y3) = (3,—1,—1), (x},x5,x%) = (4,0, 0), (x1,x2,%3) =
(3,—1,—1) and F = 2.6.

Example 2. Consider the case of wy, > max w;. Applying an exhaustive search for I; €
i=1,

{-1,-09,-08,...,1} and w; € {0, 0.1, 0.2,..., 1}, i = 1,2,3, the value of (I1,1,13) = (-1,-1,1)
and (wy, wp, w3) = (0,0.9,0.1) is the first one satisfies type I. The optimal solution is (y1,y2,y3) = (1,1, 1),
(x},x5,x5) = (0,2,0), (x1,x2,x3) = (=1,1,1) and F = 0.8. For (Iy,lp,13) = (—1,—1,—1) and
(w1, wp, w3) = (0, 0.9,0.1), the type II solution is (y1,y2,y3) = (1,1,-1), (x],x5,x5) = (0, 2, 2),
(x1,x2,x3) = (=1,1,1) and F = 0.8. For (I1,Ip,13) = (—1,—1,0.4) and (w1, w,, w3) = (0,0.6,0.4),
the type III solution is (y1,Y2,y3) = (0.4,0.4,0.2), (x},x%,x5) = (1.2,1.4, 0), (x1,x2,x3) = (0.2,0.4,0.4)

and F = 0.32. For (I1,1p,13) = (—1,—1,—1) and (w1, wy,w3) = (0, 0.6,0.4), the type IV solution is

(1, y2,y3) = (é 1, %,) (x), x5, x5) = (4/3, 4/3, 4/3), (x1,x2,%3) = (%, %%) and F =1/3.

Example 3. Consider the case of ws > m% w;. For l; € {-1,-09,-08,...,1} and w; €
i=2,

{0, 0.1, 0.2,...,1}, i = 1, 2, 3, the value of (I1,15,13) = (—1,—1,—1) and (wq,w,, w3) = (0.4,0,0.6)
is the first one satisfies type I. The optimal solution is (y1,y2,y3) = (3,—1,—1), (x],x5,x5) = (4, 0, 0),
(x1,%2,x3) = (3,—1,—1) and F = 0.6. For (I1,1,13) = (—1,—1,0.4) and (wy,wp, w3) = (0, 0.1, 0.9),
the type 11 solution is (y1,y2,y3) = (0.4,0.3,0.3), (x}, x5, x5) = (1.3, 1.3, 0), (x1,x2,x3) = (0.3,0.3,0.4)
and F = 0.3. For (I,1,13) = (—1,-0.9,—-0.8) and (w1, wy, w3) = (0.4, 0,0.6), the type III solution
s (y1,y2,y3) = (2.8,-0.9,-09), (x},x5,x5) = (0.1, 0,3.6), (x1,x2,x3) = (—0.9,—09,—2.8) and

= 0.58. For (4,Ip,13) = (—1,—1,—-1) and (wq,wr,w3) = (0, 0.1,0.9), the type IV solution is

1

)
(oys) = (3.3,3), (x,xh,2) = (473, 4/3, 4/3), (x1,%2,33) = (3, 4,4) and F = 1/3.
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Minimizing the objective function of the constrained OWA aggregation problem with bounded
variables is also important. One interesting model is the constrained OWA aggregation problem with
upper bounded variables described as follows:

Min WTY
stZTX < 1
GY <0
y,»I—X—MZi SO, 1'21,2,...,1’1*1
ynI —X<0 (10)

7, <n—i,i=12,...,n—1
Zi+1 Szi, i:1,2,...,n—2
Z;€{0,1}",i=12,...,n—1
X<u

where the column vector:
U
Up

Up

By using the change of variable:

X'=U-X, yi=—Yp4_jand Y =

minimizing the objective function of the constrained OWA aggregation problem with upper bounded
variables is:
Max WTy’
stZT >7Tu -1
GY <0
viZ-X'>-U
VI-X'+MZ;>-U i=23,...,n (11)
Iz, <n—i,i=12,...,n—1
Ziy1<7Z;,i=12,...,n-2
Zie{0,1}",i=12,...,n—1
X'>0

If ZTU -1 < 0, the constrained OWA aggregation problem has unbounded solution.
IfZTU — 1 = 0, the unique optimal solution is X"* = 0, so:

X" =U.
For the case of 1 — ZTL > 0, the similar results as Theorem 2 can be derived.

5. Numerical Results

To evaluate the optimal solution behaviors of the three-dimensional constrained OWA aggregation
problem with lower bounded variables, we present some numerical experiments.
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In Table 4, we display the number of solution type I, II, IIl and IV for different choices of the
weights and the lower bounds. To this end, we consider four types of solution forms I, II, IlIl and IV
and six types of weights:

w1 = max w;, wp = max w;, w3 = max w;, wp > max w;, wp > max w;, w3z > max w;.
i=1,2,3 i=1,2, i=1,2, i=2, i=1, i=2,3

Each cell is associated to a pair (W, S) and gives the number of different instances of
(I1,1p, I3, w1, wy, w3) satisfying weight (W) and solution (S) conditions. We restrict our attention
to:

W € {wy = max w;, wy) = max w;, w3 = max w;, Wy > max w;, wp > max w;, w3z > max w; ¢,
i=1,2,3 i=1,2,3 i=1,2,3 i=2,3 i=1,3 i=23

Se{lIL L1V}, e {-1,-09,-08,...,1}, w; € {0,0.1,02,...,1},i=1, 2, 3.

For each cell, the instances (11, I, I3, w1, wy, ws) of the test problem are 179,760 for wq = max w;,
i=12,
wy = max w;, w3 = max w; and 119,840 for wy, > m%( w;, wy > mzli>3< w;, w3 > max w;. The total
1=1,2, 1=1,2, 1=2, 1=1, 1=z,

instances of the test problem are 898,800. An examination of the table reveals that the type IV is not
optimal solution for w; = max wj;. In particular, for wy > max w;, the optimal solution type is always
i=2,

1=1,z,
type I solution. If the lower bounds (1,1, I3) = (0,0,0), then the optimal solution is types II, III
and IV for wy = max w; and wy > max wi, and types I and IV for w3 = max w; and w3 > max w.
1=1, 1=2,

1=1,2, =1,z
However, from Table 4, the possible optimal solutions are all the types I, II, Il and IV for w, = max w;,
i=12,
w3 = max wj, wy > max w; and w3 > max w;. Among a set of four optimal solution types, the largest
1=1,z, =1, 1=2,

number of instances of the test problem is the solution type II. Therefore, the optimal solution type

is I for wy = max w; and wy > max w;, and types I, II, IIl and IV for wy; = max w;, w3 = max w;,
i=1,2,3 i=23 =123 =123

wy > mzli>3< w; and w3 > mg)g w;.

=1, 1=2,

Table 4. The number of different instances satisfying weight (W) and solution type (S).

\4 I II III v

wy > Wy, w1 > w3 168,101 6826 4833 0
wy > Wy, Wy > Ws 47,133 114,240 7411 10,976
w3 > wy, w3 > Wy 51,302 56,618 16,960 54,880

w1 > Wy, Wy > W3, Wy F W3 119,840 0 0 0
Wy > Wy, Wy > W3, W # W3 28,856 80,164 5332 5488
w3 > Wy, W3 > Wy, W1 F Wy 30,720 40,656 10,048 38,416

For the three-dimensional constrained OWA aggregation problem with lower bounded variables,
from the numerical experiments the solution type I is the same as that of the constrained OWA
aggregation problem without lower bounded variables for w; > max wi. However, for w, > max w;

i=2, i=1,

and w3 > max w, there are all solution types. For the constrained OWA aggregation problem without

1=z,
lower bounded variables, the solution are types 1II, III, IV and types I, IV, for wp, > max w; and
1=

%

w3 > max w;, respectively. The four solution types may be too simple for the three-dimensional
i=2,

constrained OWA aggregation problem with lower bounded variables. From this result, we anticipate
more complication in the higher dimensions of the constrained OWA aggregation problem with lower
bounded variables.
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6. Conclusions

For the constrained OWA aggregation problem with one constraint on the sum of all variables, this
paper introduces some constraints to reduce the multiple solution problem. For the three-dimensional
constrained OWA aggregation problem with the same lower bounds, by using the change of variables,
the optimal solution is the same as that of the constrained OWA aggregation problem without lower
bounded variables. For the three-dimensional constrained OWA aggregation problem with lower
bounded variables, this paper presents four types (I, II, III and IV) of solutions depending on the
number of zero elements. When the number of zero elements of solution is two (type I), there are three
closed-form expressions of X’ and six closed-form expressions of Y. When the number of zero elements
of the solution is one (types Il and III), there are three closed-form expressions of X’ and six closed-form
expressions of Y for type II, and six closed-form expressions of X’ and six closed-form expressions of
Y for type III. When the number of zero elements of the solution is zero (type 1V), there is only one
closed-form expression of X’ and one closed-form expression of Y. According to the computerized
experiment we perform for the three-dimensional constrained OWA aggregation problem with lower
bounded variables, the optimal solution type is I for w; = max w; and w; > max w, and types L, II,

1=1,z,

III and IV for wp, = max w;, w3 = max wi, wy > max w; and w3 > max w;.
=2,

1=1,2, =1,z =1,

Worthy of future research is that the analysis is extended to the lower and upper bounded variables
for the constrained OWA aggregation problem, especially for the three-dimensional constrained OWA
aggregation problem with upper bounded variables. Thus, the analysis of the constrained OWA
aggregation problem with bounded variables is a subject of considerable ongoing research.
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