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Abstract: In this work, we study the completely integrable sixth-order nonlinear Ramani equation.
By applying the Lie symmetry analysis technique, the Lie point symmetries and the optimal system
of one-dimensional sub-algebras of the equation are derived. The optimal system is further used
to derive the symmetry reductions and exact solutions. In conjunction with the Riccati Bernoulli
sub-ODE (RBSO), we construct the travelling wave solutions of the equation by solving the ordinary
differential equations (ODEs) obtained from the symmetry reduction. We show that the equation is
nonlinearly self-adjoint and construct the conservation laws (CL) associated with the Lie symmetries
by invoking the conservation theorem due to Ibragimov. Some figures are shown to show the physical
interpretations of the acquired results.
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1. Introduction

It is well-known that the majority of real-world physical phenomena are modeled by mathematical
equations, especially partial differential equations (PDEs). These phenomena include the problems
from fluid mechanics, elasticity, plasma physics and optical fibers, general relativity, gas dynamics,
thermodynamics, and so on [1]. In order to understand the understanding of such physical phenomena,
it is vital to look for the exact solutions of the PDEs. In the last few decades, many scientists and
mathematicians have extensively studied the dynamic behaviors of several PDEs [2-24] using different
concepts. Symmetry analyses have been used to study the PDEs [2-6]. It has been found that some new
solutions to PDEs can be obtained from the old ones through symmetry transformations [2]. On the
other hand, conservation laws (CLs) are very important in the study of PDEs. CLs are important in
determining the integrability of PDEs [2].

As an important integrable nonlinear model, the integrable sixth-order nonlinear Ramani
equation [10-16]

- 51/«7tt + 451/«7x21pxx + 151l)xx¢xxx -5 (31leth + 31Pt1/7xx + wxxxt) + 151Px1,bxxxx + lpxxxxxx =0 (1)

has attracted much attention in soliton theory in recent years. The equation was first proposed in
reference [10]. The equation was obtained as a five-reduction of the bilinear Kadomtsev-Petviashvili
(BKP) equation [11]. It has been shown that the Ramani equation possesses bilinear Bicklund
transformation and CL [12]. In reference [13], the truncated singular expansion scheme was applied to
construct the Bicklund self-transformation and Lax pairs for Equation (1). In reference [14], the Lax
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pairs and Biicklund transformation were applied to study the equation. An extension of Equation (1),
called the coupled Ramani equation, was extensively studied in references [15-18].

To our knowledge, a Lie symmetry analysis of Equation (1) has not been completed. The main
aim of this work is to derive the Lie point symmetries [2,4], the optimal system of one-dimensional
sub-algebras, invariant solutions, and the CL of the equation by invoking the conservation theorem
due to Ibragimov [7,8]. The invariant solutions are derived by solving the ordinary differential
equations (ODEs) obtained from the symmetry reduction process using the Riccati Bernoulli sub-ODE
(RBSO) [19].

1.1. Lie Symmetry Analysis of Equation (1)

In this part, we construct the vector fields of Equation (1). The associated vector field of
Equation (1) is given by
X = E(x,t,9)0x +17(x, £, )3 + (x,, 1)y, @

where the coefficient functions &(x, t, ), 7(x, t,1), $(x, t, 1) are the infinitesimals. The one-parameter
Lie group is represented by
X = x+e¢(x,t, ) + O(e?),
F=t4en(x,tp)+0(e),
P =y +ep(xt,p) +0(e),

where € represents a group parameter. If the vector field in Equation (2) generates a point symmetry of
Equation (1), then X should satisfy the invariance condition given by

PeX(A) =0 3)

where P? is the sixth-order prolongation of I [2], and
A= *51,[71% + 451,Ux21/)xx + 151Pxxl,bxxx -5 (3¢xlpxt + 3¢’t¢xx + ¢’xxxt) + 151/)x¢xxxx + l/)xxxxxx =0. (4)

Putting Equation (4) into Equation (3) together with the sixth-order prolongation, we obtain a
set of determining equations of linear PDEs. From solving the system of linear PDEs, we obtain the
infinitesimals ¢, ¢, and 7, given by

¢ =C1+xCy,
§ = 3tCy + C,
¢=-9C+ G,

where Cy, Cp, C3 and Cy are constants. The symmetries of Equation (1) are spanned by the vector fields
given by

&:%, 5)
X, i, ©)
X =2 %
X4:3t;—lpaé;+xaax. (8)



Symmetry 2018, 10, 341 3of 14

1.2. Optimal System of Algebras

In this part, we derive the optimal system of sub-algebras [4] of the vector fields in
Equations (5)—(8). To do this, we begin by noting that each X;(i = 1,2,3,4) yields an adjoint
representation Ad(exp(eX;))X;, defined by [4]

1
Ad(exp(eX;))X; = X; — e[ X;, Xj] + Eez[Xi, [Xi, Xi]] — ..,

where [X;, X;] represents the commutator
X;Xj — X;X;.

There is a need to figure out the invariants of the adjoint, because they pose restrictions on
the element

4
= Z i Xi
i=1
A real valued function 7 : g — R given by #(X) = ¢(c1,...,ca) for ¢ is invariant VX # 0, X € g,

n(Ad(exp(eX;)X1) =n(X), i=1,...,4

The adjoint representation group is spanned by the Lie algebra g#, which is spanned by the
following expression

A—ce J i=1,...,4,

5ok’
where cﬁfj are constants obtained from Table 1. f)Fhus, one can obtain

Ay (X) = C481z)(c ) , ©)

A(X) =4 a’;ﬁ? =0, (10)

Ay (X) = ma@ggjf) o, (11)

Agy(X) = a’g(c ) ¢, a’g(j) 1 30 a’g(cf) —0. (12)

Table 1. Commutator of vector fields in Equations (5)—(8).

Cumm X; X X3 Xy

X, 0 0 0 X,
X, 0 0 0 -X
X3 0 o0 0  3X;
X, -X4 X -3X3 0

In addition, we can have

4
X =Y cX; = Ad(exp(aX;))oAd(exp(BX;))X, i=1,...,4
i=1
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From Equations (9)-(12) and Tables 1 and 2, we derive the following optimal system of
Lie algebras:
[Xll “X3 + Xlr X3/ X4] (13)

Table 2. Adjoint representation of the vector fields in Equations (5)—(8).

Adj Xi X2 X3 Xy

X1 Xq Xo X3 —eX1+ Xy
X2 X X5 X3 eXo + Xy
X3 Xl Xz X3 —3€X3 + X4
Xy X166 Xpe € X3€3e Xy

1.3. Similarity Reductions and Exact Solutions

In this part, we use the derived optimal system of Lie algebras in Equation (13) to investigate the
solutions of Equation (1). To achieve this, one needs to solve the characteristic equations denoted by

dx a dy

S ty)  nxby) e by)

1.3.1. Symmetry Reduction with the Vector Field X,

For the reduction by the vector field X; = aa—x, we acquire the similarity variables (x,t) = F(f)
with F(t) satisfying the ODE:
F'=o0. (14)

The solution of Equation (1) after solving Equation (14) is given by

P(x,t) = c1t + cp.
1.3.2. Symmetry Reduction with the Vector Field X;

For the reduction by the vector field a X3 + X; = IX% + E%, we acquire the similarity variables
P(x,t) = F({), where { = t — ax. The function F(() satisfies the following ODE:

5F" (1 4602 F — 9t F2 4 3“5]_-///) + 543 (_1 + 3“2]_-/) FM (6 FM _ . (15)

1.3.3. Symmetry Reduction with the Vector Field X3
For the reduction by the vector field X3 = 2 , we get the similarity variables (x,t) = F(x),
where F(x) satisfies the following ODE:

A5 F2F! _ 5 F _ 5 F! FM _ FI _ .

1.3.4. Symmetry Reduction with the Vector Field X4

For the reduction by the vector field X4 = 3t% - lp% + xaa—x, we get the similarity variables
P(x,t) = F1&) where { = %. F({) thus satisfies the following ODE:

x 7 x3*
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—720F 4 540F2% — 90F% — 600F' — 597600 F' + 90F F' + 183600 F F' —
13500 F2F' + 4500 F'? + 675000 F'? — 56700%F F'? — 72907° F'3 +
5F" — 19200 F" — 2725200 F" + 45 F F" + 302400> F F" —

40502 F2F" 4+ 27002 F' F" 4+ 12798073 F' F" — 243003 F F' F"' —
36450 F'2 F" +182250* F''? — 108072 F'"" — 29808073 F""' +
121503 F F"" + 413100* F' F""' + 36450° F"' F'"' — 13573 F"" —

1125907* F"""" 4121574 F F"" + 36457° F' F'" — 1603875 F(®) —

72970 F(®) = 0.

1.3.5. Invariant Solutions of Equation (15)

Equation (15) is a sixth-order nonlinear ODE. We apply the RBSO technique [19] to derive its
solutions. In what follows, we provide the description of the RBSO method.
Consider the PDE given by

P(w, Y1, Ox, Yrt, Prx, Yxt, . ..) =0, (16)
where ¢ = ¢(x, t).
Step 1: By introducing the transformation
Yo 1) = F(Z), T =k(xxat),
Equation (16) is transformed to the following ODE
P(F,F,F",...)=0, (17)
with F/(¢) = 4.
Step 2: Suppose the solution of Equation (17) is the solution of the RBE
F'=bF +aF> "+ cF", (18)
with a, b, ¢, and m being arbitrary constants. By integrating Equation (18), we acquire
F'= FU2 (aF2 4 <P bF ) (—a(=24m) F2 4 em P 4 bFU),
F = FRO) (bF 4 a2 o) (aP(=2 4 m)(=3+
2m) F* + Pm(—1+42m) F* + ab(—3+
m)(—2 4+ m)F3Tm 4 (b2 + 2ac) Frramy

bem (1 + m)f1+3m) .

Remark 1. When m = 0 and ac # 0, Equation (18) is called the Riccati equation. When m # 1, c = 0 and
a # 0, Equation (18) gives the Bernoulli equation. Equation (18) is called the Riccati—-Bernoulli equation to
avoid introducing new terminology.

Equation (18) has the following solutions:
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Case 1: If m = 1, then we have
F(7) = Celbrate)t, (19)

Case2: If m #1,b =0, and ¢ = 0, then we have
1
F(g) = (a(m—1)({+C))mT. (20)

Case 3: If b # 0, c = 0 and m # 1, then we have

_ bm-1)7) 4 T
f(g)_(Ce<< ) b) . (21)

Case 4: If m # 1,a # 0 and b? — 4ac < 0, then we have

2 [(1_ 2 1\

F() = <—2ba + 4a2Ca b tan ( m)\z/m(é—i-C) ) , (22)
and 1
2 (- —2 T\

F(O) = <2bu B 4a2ca b o (1—m) 24ac b (C+0) ) ‘ (23)

Case 5: If m # 1,a # 0 and b? — 4ac > 0, then we have

and _ |
0 (- L [V )
Case 6: If m # 1,4 # 0 and b? — 4ac = 0, then we have
1 a 1—1m
0= (sm=nereg b)) 26)

Here, C is a constant.

Step 3: By putting the derivatives of F into Equation (17), one can obtain algebraic expressions
involving F and other parameters. By choosing the value of m according to the steps described
above, comparing the coefficients of F7,i = (1,2,...,0, performing all the necessary algebraic
computations, and utilizing Equations (19)—(26), the solutions of Equation (16) may be derived.

To solve Equation (15) using the RBSO technique, we substitute Equation (18) along with the 2nd,
3rd, 4th and 6th derivatives into Equation (15) and set m = 0 in the resulting algebraic expression
to get
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~be (—5 + 5623 + b*ad + (45 — 15000 + 136a21x2) +2ca%(—15+

20ai — 156%° + 26ab%a) ) + (% + b* (50 + 60ca® — 114aca® ) +

2ac (5 +10ca?(3 — daa) + 2ot (—45 + 15000 — 136a2a2)) — 5B (—1+
2ca?(—6 4 11an) + 9c2a? (3 — ldan + 16a2o¢2))) F—b (616&13020(6—

350202 (2 —9ca® + 2b2¢x3) + 20204’ (50 — 285ca? + 196b21x3> +a(—5+

250%° + 135¢%* + 216%° — 10ca® (6 + 200%°) ) ) 72 + (—45bta
123204240 + daBca® (—50 +285¢a2 — 896b21x3) + 30ab242 (4 — 18ca+
13b20c3) — 2422 (—5 + 125670 + 135¢2a* + 301b%® — 60c (Dcz + 24b20c5) )) Fi-
75aba’(—1 + 2an) (—3b2a2 4 28a%ca® +a (2 —9ca? + 14b20¢3)> Fio

5a%a?(—1 + 2aa) (~270%2 + 56a%ca® +2a (2 — 9ca® + 560%° ) ) FO—

13154%ba* (1 — 6an + 8a2042> FO —90a*at (1 — 6an + 8a21x2) F7=o.

7 of 14

(27)

By collecting the terms of Fi(i = 0,1...,7) in Equation (27) and performing all the necessary

algebraic computations, we get

Constants :
—be(—5+5b%a® + b*a® + c?a* (45 — 150an+
136a%a?) + 2ca?(—15 4 20an — 156243 + 26ab*a*)) = 0,
Fl:
(—b%a® + b*(—5a> + 60ca® — 114aca®) + 2ac(5 + 10ca® (3 — 4an)+
c?a*(—45 + 150aa — 136a%a2)) — 56 (—1 4 2ca?(—6 + 11an)+
9c%at(3 — 14an + 16a%a2))),
F2
—3b(616a°c2a® — 5b%a%(2 — 9ca® + 2b%a) + 2a%ca® (50 — 285ca>+
196b%a%) + a(—5 + 25b%a® 4 135c%a* 4+ 21b*a® — 10ca’ (6 + 29b%4%)) = 0,
F3
(—45b*a* — 1232a*c?a® + 4a3ca®(—50 + 285ca? — 896b%a3) +
30ab?a®(4 — 18ca® + 13b%a®) — 2a%(—5 + 125b%a® 4 135¢%a* +
301b%a® — 60c(a® 4 24b%a°)) =0,
F4
—75aba’®(—1 4 2an) (—3b2a2 + 28a%ca® 4 a (2 —9ca’® + 14172043)) =0,
F5:

—150202(~1 + 2a) (—27b2a2 + 56a%ca® +2a (2 — 9ca® + 56b2a3)) =0,

(28)

(29)

(30)

(31)

(32)

(33)
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Fo:
—315a%ba* (1 — 6an + Sazaz) =0,
F7.

—90a*a* (1 — b6an + 8a20c2) =0.

From solving Equations (28)—(35), we acquire the following family of parameter values:

Family 1: When

1 1 |-5+3V5
c=0a=—,b=—-\———r,
20 o 2

we have cases and solutions given by

Case A: If « > 0, we acquire the kink-type solution given by

¢(x,t)——;,/—1()j':6\6{1+t h[a\/ 5;“3\[(C+t—xa)”,

and the singular solution

1p(x,t):_;1/_10—:6\/§{ thl aﬂ 5—213[((:—%-15—3(04)]}.

Case B: If « < 0, we acquire the following periodic traveling wave solutions

—-5+3v5 5-3v5 _l 5—-3v5 ]
tp(x,t):—\/ _;x\[—i-\/ Zaftan E” za\[(C—b—t—xuc) ,

and

—543v5 5—-3v5 5-3
lp(x,t):—\/ ;‘f—\/ ZD‘fcot 3 20‘[(C—|—t—xw)

8 of 14

(34)

(35)

(36)

(37)

(38)

Case C: From substituting the parameters in Equation (36) into Equation (21), we obtain the

following exact solution of Equation (1):

’5+3\[( t+xa) 1

-1
tp(x,t):{Cea T —a 10+6\/§} .

1 3[ )
afﬂ,c 4{ 2 2+2b }

we acquire the periodic traveling wave solutions represented by

P(x,t) = —ba +7 5+3\f lzla\/5+jf(C+t—xa)],

Family 2: When

(39)

(40)
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P(x,t) = —;a{2b+ %\/ %gcot [210(\/ 5+2iﬁ(C+t—x¢x)] } (41)

2. Conservation Laws

and

In this part, we derive the nonlinear self-adjointness of Equation (1) for the purpose of constructing
the CL. We begin by considering the following theorem from references [7,8]:

Theorem 1. The system of m differential equations ,
(X, ¢, ¢q),...,¢s) =0, a=1,...,m, (42)

with m dependent variables = (', ..., ¢™) has an adjoint equation

Y 5(vPFy)
Fﬁ(x,lp,lp(l),...,lps): P x=1,...,m, (43)
where
6 0 >0 s 0
5T~ g +S§O(—1) Dll...Dlsia =

The formal Lagrangian L for Equation (42) is given by

£=) UBFE(Y' Yoy Ps), (44)
B=1

where vP = vP (%, t) is a nonlocal dependent variable.

The formal Lagrangian Equation (44) for Equation (1) is written as

£ = 0(x,t) (591 — 459:>Pxx — 159axtpra +5 BPathut + 3rtprx + Paeat) — 15¢xPruxe — Puxrans ), 45)
where v = v(x, t) is a nonlocal variable. Subsequently, we derive the adjoint of Equation (1) as

F* = 5u4 + 300y Pyt + 15 Uxy — 45¢xzvxx — 45y x Vxxx — 60Uxx Prxx+

(46)
SUxxxt + 151,L’x (Uxt - 6Ux1,bxx — Uxxxx) - 3ovx¢xxxx — Uxxxxxx = 0.

Theorem 2. Equation (42) is nonlinear self-adjoint if it becomes equivalent to its adjoint Equation (43) upon
the substitution

v = ¢ (x, ),k =1,2,...,

3

7

such that

¢(x,9) # 0. (47)
Equation (47) means that not all components of ¢*(x, ) of ¢ vanish.

Theorem 3. Equation (1) is nonlinear self-adjoint if v in Equation (46) is given by

v = cq1 + tco. (48)
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Proof. Let
v=¢(x,t,1). (49)
By putting Equation (49) into the adjoint Equation (46), we acquire

—15¢yyp = 0, =10¢yyp = 0, =6¢yy = 0,5¢yy = 0,15¢yy =0,
—60¢yypy = 0, =15¢yyy = 0,15¢ypy = 0, —45¢yyyy = 0,
—20¢yypyy = 0,5¢ypyyp = 0, =15¢yypyyyp = 0, —Ppyyypyyp =0,
—6¢xp = 0,15¢xy = 0,15¢xyy = 0, =30 (¢y + Pxyy) =0,
30 (¢y + Pxyy) = 0,—15 (6¢y + 4pxyy) = 0, —180yy—
90Pxppy = 0, —120pyy — 60Pxpypy = 0,15 (2Ppy + Pxpyy) =0,
—15 (9yypy + 4Pxpyyy) = 0, =3 (5Pyppyy + 2Pxppyyy) =0,

— 30¢x — 15¢xxp = 0,30 + 15¢rxp = 0, —180dry — 60¢rryy = 0, (50)
— 45 (3¢xy + Prxyy) = 0,45¢xy + 15¢xxpy = 0, =45 (29 + 7ryy+
2¢xrpypy) = 0, —45@yp — 60¢rypypp — 15¢xxpppy = 0,5¢ry—
60¢xx — 20¢xxxp = 0,10¢ty + 15¢xx + SPxxxy = 0, 15¢tpy—
90 — 225¢xxp — 60¢xxxypyp = 0, 5Ptpyyp — 0Py — Oprxypyp —
920¢xxxypyy = 0, 15¢xtp — 45¢Pxxx — 15¢Pxxxxyp = 0, 15¢1yp+
15¢xtypyp — 45¢Pxx — 60¢Pxxxyp — 15Pxxxxypy = 0, 15¢xt + 15¢xxty—
15¢xxxx — 6@xxxxxy = 0,5¢t + SPrxxt — Prxxxxx = 0. [

Using the Mathematica package called SYM [24], we obtain the solution of Equation (50) as
¢ = c1 + teo.
O

Theorem 4. Any infinitesimal symmetry (Lie point, Biicklund, nonlocal)

0
oYx

o d _
X = ?(J@lp,lpuy...)E +771X<X,lp,lp(1),...)

of Equation (42) leads to a CL D;(T') = 0, constructed by the formula

ag_Dj<aﬁ) +D].Dk<a§) ]
o I IPiip

_Jor oL
+D; WA | 2= — D[ 2= ) +...
] Wi i

T =L+ W*

(51)

o | 0L
+ DD(WH) | = — .|,

where W* = 5% — & 1p]‘?7 and T' are the conserved vectors.

Equation (1) is nonlinear self-adjoint with the substitution Equation (48). We now use this fact to
construct the conserved vectors. As a special case, we choose ¢; = c; = 1 in Equation (48) to get

v(x, £) = (1+1). (52)
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By putting Equation (52) into Equation (45), we acquire

L= (1 + t) (51/Jtt - 45¢lepxx — 15¢xxPrxx + 5(3¢X¢’Xf + 3Pihax + lpxx’“>_
151/Jxl/]xxxx - 1Pxxxxxx)~

We now use each one of the symmetries Equations (9)-(12) and the conservation formula
Equation (51) to obtain the following conserved vectors:

e  The generator X; = dy determines the conserved vector:
T = 5 (401 + )y + 69x% + 12(1 + )P tprs + Prax + (1 + £)Praxt)
TS = —3 (49 (=14 3(1+ ) ar) + (1+ 1) (42t + Prrax)) -
e The generator X, = dy determines the conserved vector:
T3 =5 (¢ + (1 +H¢x),
TS = 5+ R (1+ ).
e  The generator X3 = 9; determines the conserved vector:
T3 = 5 (15%¢ (x — tpxe) + £ (=15¢u1x + 9092 Pt + 30¢uPrcx + 30Pxircext + 2awant)) ,
TS = 45t Prx + 39 (2+ 3tPar) + 5Prex — 15tParthary + S 1Px (Yt — 2xnr) — Hrvon-
e  The generator Xy = 3td; — dy + xdyx determines the conserved vector:

T = 1 (30 (9 + 3ty + xpx) (P + (1 £)¢xe) — 30(1 + 1) (441 + 3ty + xtpat) +
60(1+t) (2px + 3that + XiPrx) (=1 + 392 + Prxx) + 5 (BPxx + 3t +

Jflpxxx) - 15(1 + t) (6lljxxt + 3ty + XIPxxxt) + 60(1 + t)l/Jx (41I7xxx+

3t1/)xxxt + xq’xxxx) + 4(1 + t)x (51Ptt +5 (_9lpx2¢xx + 31/}xx (lpt - lpxxx) +

Yrxxt + 3Px (Pxr — Prxxx)) — Prxxxxx) + 4(1+41t) (6Yxxxxx+

Stuxxxxxt + xwxxxxxx)) ’

Tt = 1 (109 (2 = 3(1 + £)¢xx) + 1041 (—2(4 + 1) + 9H(1 + F)prx) +

10 (—6(1 + £)¢x® (1 + Httprx) + Pr (2% + 91+ £) s — 6(1 + ) xtPry) —
2(1+ ) (Xllet + (1 + 9t1/1xx) lPxxx)) + 45t(1 + t)qjxxxt—
5(1 + £) (x + 36t) Yrxx — 1261+ ) Prxrans) -

3. Conclusions

In this paper we obtained travelling wave solutions of the sixth-order nonlinear Ramani equation.
The symmetries were used to reduce the equation to ODEs. The RBSO scheme was used to derive the
traveling wave solutions of the equation by first solving the ODEs. These traveling wave solutions
included kink-type, singular, and exponential function solutions. Furthermore we derived the CL of
the equation using the conservation theorem due to Ibragimov. Some interesting figures showing the
physical meaning of the obtained results have been shown in Figures 1-3.
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¥t

Figure 1. (a) The 3D surface of the kink-type solution Equation (37) and (b) the singular solution to
Equation (38) by setting &« = 0.7, C = 1. These solutions have several physical applications in a Bloch
wall between two magnetic domains in a ferromagnetic. The solitary waves propagate without change
in the dynamics of the amplitude and width. It can be observed that the solitary waves move along the
3D axis with positive phase velocity and a constant period. The amplitude and phase of the solitary
waves do not change during the evolution.

Figure 2. The 3D surface of the exponential function solution to Equation (39) by setting « = 0.7,C = 1.

Fix,d) ¥t

(a) (b)

Figure 3. (a) The 3D surface of the periodic singular solutions to Equation (40) and (b) Equation (41) by
setting &« = 0.5,C = 0.2,b = 0.5. These solutions have a low frequency and with several applications in
surface waves.These solitary waves also propagate without change in the dynamics of the amplitude,
but the width varies due to the periodic oscillation. The phase of the solitary waves change during the
evolution process. It can be observed that the periodic solitary waves also move along the 3D axis with
phase velocity in a periodic pattern constant period.
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