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Abstract: Soft set theory is a mathematical tool for handling uncertainty. This paper investigates the
limits of the interval type of soft sets (it-soft sets). The notion of it-soft sets is first introduced. Then,
the limits of it-soft sets are proposed and their properties obtained. Next, point-wise continuity of
it-soft sets and continuous if-soft sets is discussed. Finally, an application for rough sets is given.
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1. Introduction

To manage complicated problems in engineering, economics and social science, classical
mathematical tools are not always successful as a result of various types of uncertainties existing in
these problems. Probability theory, fuzzy set theory [1], interval mathematics and rough set theory [2]
are mathematical tools for handling uncertainty. However, there are some difficulties in these theories.
For instance, probability theory may only handle stochastic phenomena. To overcome these difficulties,
Molodtsov [3] presented soft set theory for managing uncertainty.

Nowadays, works on soft set theory are progressing rapidly. Maji et al. [4,5] used this theory to
deal with decision making questions. Aktas et al. [6] proposed soft groups. Jiang et al. [7] depicted a
soft set by means of description logics. Feng et al. [8] studied relationships among fuzzy sets, rough
sets and soft sets. Ge et al. [9] investigated relationships between topological spaces and soft sets.
Li et al. [10] discussed relationships among topologies, soft sets and soft rough sets. Li et al. [11]
researched the roughness of fuzzy soft sets. Li et al. [12] considered parameter reduction in soft
coverings.

Rough set theory as an important tool for dealing with the fuzziness and uncertainty of knowledge
was proposed by Pawlak [2]. After thirty years of development, rough set theory has been applied to
knowledge discovery, intelligent systems, machine learning, pattern recognition, decision analysis,
inductive reasoning, image processing, meteorology, signal analysis and expert systems [2,13-15].
An approximation space is its base. Based on an approximation space, lower approximation and
upper approximation may be produced. By using these approximations, knowledge concealed in
an information system can be expressed in the form of decision rules [13-15]. The rough set model
is based on the completeness of available information and ignores the incompleteness of available
information and the possible existence of statistical information. This model for extracting rules in
uncoordinated decision information systems often seems incapable. These have motivated many
researchers to investigate probabilistic generalization of rough set theory and provide new rough set
models for the study of uncertain information systems.
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The probabilistic rough set model is the probabilistic generalization of rough set theory. In this
model, probabilistic rough approximations are dependent on parameters. Researching the infinite
change trend or the limit state of these approximations in accordance with parameters is helpful for
the study of probabilistic rough sets.

It is well known that calculus theory is the foundation of modern science. The limits of
functions are its basic concepts, which play a significant role in the process of development [16].
Since probabilistic rough approximations and level sets of a fuzzy set are both if-soft sets (i.e., interval
type of soft sets), we may attempt to study the infinite change trend or the limit state of if-soft sets.
It is worth mentioning that there is no systematic research and summary for the limits of it-soft sets,
although the limit of it-soft sets has been formed in [17,18].

In general, most of the uncertain mathematical theories can only deal with uncertainty problems
of discreteness. If the limit theory of it-soft sets is established, then these theories may be used to solve
uncertainty problems of continuity. The aim of this paper is to establish the preliminarily limit theory
of the interval type soft set so that some uncertain mathematical theories such as rough set theory may
be used to solve uncertainty problems of continuity.

The rest of this paper is arranged as follows. In Section 2, we review some notions about the limits
of set sequences and rough sets. In Section 3, we introduce it-soft sets and related notions. In Section 4,
we propose the concept of the limits of it-soft sets and obtain their properties. In Section 5, we discuss
the continuity of it-soft sets including the point-wise continuity of it-soft sets and continuous it-soft
sets. In Section 6, we give an application for rough sets. Section 7 summarizes this paper.

2. Preliminaries

In this section, we review some notions about the limits of a set sequence, rough sets and
it-soft sets.

Throughout this paper, U denotes the universe, which can be a finite set or an infinite set, 2"
means the collection of all subsets of U, E expresses the set of all possible parameters, R indicates the
set of all real numbers, N shows the set of all natural numbers and I means an interval in R.

2.1. Limits of Set Sequences

Definition 1. Given that U is the universe, if for eachn € N, E, € 2U then {E,} is said to be a set sequence
in U. Denote [19]:

@ E,={xeU:{ne N:xeE,}isinfinite},

n o)

lim E, ={xeU:{neN:x¢E,}is finite}.

n—oo

If lim E, = lim E, = E, then {E, : n € N} is said to have the limit E, which is denoted by lim E,,
n—00 n—00 n—r00
ie, lim E, = E; If lim E, # lim E,, then {E, : n € N} is said to have no limit.
n—sco n—oo n—sco

Obviously, lim E, C lim E,.

n—00 n—o0

Proposition 1. Let {E, : n € N} be a set sequence in U [19].
(1) Fm E= 0 U B

n=1k=n
[0 (0]

(2) im E, = U N Ex
n—o00 n=1k=n

Proposition 2. Suppose that {E,, : n € N} is a set sequence in U [19].
[e0]
(1) If{E,} 1, then lim E, = | E,.
n—o0 n=1
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(2) If {En} |, then lim E, = 1 Ey.

n=1
2.2. Rough Sets

Suppose that R is an equivalence relation on the universe U. Then, the pair (U, R) is said to be a
Pawlak approximation space. Based on (U, R), two rough approximations are defined as:

RX)={xeU:[x]g C X}, RX)={xeU: [x]gNnX # D}

Then, R(X) and R(X) are called Pawlak lower and upper approximations of X, respectively.
X is called rough if R(X) # R(X); X is called crisp if R(X) = R(X).

Definition 2. Suppose that U is a finite universe. Then, a function P : 24 — [0,1] is called a probability
measure over U, if P(U) = 1 and P(AUB) = P(A) + P(B) whenever ANB =@ [17,18].
I P is a probability measure over U, A, B € 24 and P(B) > 0, then P(A|B) = 2(ANE)

PB) is said to be the
conditional probability of the event A when the event B occurs.

Definition 3. Let U be a finite universe, R an equivalence relation over U and P a probability measure over U.
Then, the pair (U, R, P) is called a probabilistic approximate space. Based on (U, R, P), lower approximation
and upper approximations of X are defined, respectively, as [17,18]:

PL(X) = {x € U: P(X|[x]) > a}, PIs(X) = {x € U: P(X|[x]) > ),
where 0 < f <a < 1.

Theorem 1. Let (U, R, P) be a probabilistic approximate space. Then, the following properties hold [17,18].
(1) P (@) = PL,(®) = @, P1,(U) = PL,(U) = U.
(2) PI,(X ) C Pl (X).
(3) PL (U = X) = U — Pl _4(X), PIo(U — X) = U — PI;_4(X).
(4) If X C Y, then P1,(X) C PI,(Y), PI4(X) C PI,(Y).
(5)IfO<a <ap <1,0< By < By <1then
PL,(X) C PL, (X), PI, (X) C Pl (X),

Theorem 2. Suppose that (U, R, P) is a probabilistic approximate space. Then, for 0 < v < 1, X € 24
[17,18],

(1) EmPL(X)= 0 PL(X) = PL(X),
oty a€(0,7)
mPL(X) = U PL(X) = P1,(X)
aly a€(y1]
(2)limPI,(X) = N Pla(X) = PL (X),
oty a€f0,7)
limPI,(X)= U PlL(X)="PI,(X)
aly a€(y,1)

Although the limit of it-soft sets has been formed in Theorem 2, there is no systematic research
and summary for the limits of it-soft sets. Thus, the limit theory of the interval type soft set deserves
deep study so that rough set theory can be used to deal with uncertainty questions of continuity.

3. Soft Sets

Definition 4. Given A C E, a pair (f, A) is said to be a soft set over U, if f is a mapping given by f : A — 24,
We also denote (f, A) by fa [3].
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That is to say, a soft set f4 over U is a parametrized collection of subsets of U. Fore € A, f(e)
may be seen as the set of e-approximate elements of f4. Clearly, every soft set is not a set.

Definition 5. Let f4 and gp be two soft sets over U [4].
(1) fa is called a soft subset of gg, if A C B, and for each e € A, f(e) = g(e). We denote it by fao C gB.
(2) fa is said to be a soft super set of gp, if gp C fa. We denote it by fa O gp.

Definition 6. Let f4 and gp be two soft sets over U [4].
fa and gp are called soft equal, if A C B and for eache € A, f(e) = g(e). We denote it by f4 = gp.

Obviously, f4 = gpifandonlyif f4 C gg and f4 D g5.

Definition 7. Let f4 be a soft set over U [4].

(1) fa is called null, if for each e € A, f(e) = @. We denote it by D.

(2) fa is said to be absolute, if for each e € A, f(e) = U. We denote it by U.

(3) fa is referred to as constant, if there exists X € 24 such that f(e) = X for each e € A. We denote it
by X or X4.

Definition 8. Let f4 and gp be two soft sets over U [4].

(1) hc is called the intersection of fa and gp, if C = AN B and for each e € C, h(e) = f(e) N g(e).
We denote it by fa N gp = hc.

(2) hc is said to be the union of f4 and g, if C = AU B and:

f(e), ife€c A—B,
h(e) = < g(e), ifec B—A,
fle)Ug(e), if eec ANB.

We denote it by f4 U gg = hc.

(3) hc is referred to as the bi-intersection of f4 and gp, if C = A x B and for anya € Aand b € B,
h(a,b) = f(a) Ng(b). Wedenoteit by fa \ g = hc.

(4) hc is said to be the bi-union of fs and ¢p, if C = A X B and forany a € A and b € B,
h(a,b) = f(a) Ug(b). Wedenote it by fo\/ g = hc.

Definition 9. The relative complement of a soft set f, is defined as f¢ : A — 24 where f¢(e) = U — f(e) for
eache € A[20].

Definition 10. Suppose that f4 is a soft set over U [8].
(1) fa is called full, zf U fle) =
(2) fa is said to be a partztzon if {f(e) : e € A} is a partition of U.

Definition 11. Given that f, is a soft set over U [10],
(1) fa is called topological, if { f(e) : e € A} is a topology on U.
(2) fa is said to be keeping intersection, if for any a, b € A, there exists ¢ € A such that
f(@) N f(b) = f(e).
() fa is referred to as keeping union, if for any a, b € A, there exists c € A such that f(a) U f(b) = f(c).
(4) fa is said to be perfect, if f : A — 24,
(5) fa is called having no kernel, if N{f(e) :e € A} =@.

Definition 12. Let f4 be a soft set over U.
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(1) fa is called strong keeping intersection, if for each B C A, there exists b € A such that
N fla)=f).
a
(2) fa is said to be strong keeping union, if for each B C A, there exists b € A such that |J f(a) = f(b).
acA
Obviously, f4 is strong keeping intersection = f4 is keeping intersection, and f4 is strong keeping
union = f4 is keep union.

Proposition 3. Suppose that f, is a soft set over U. Then, the following properties hold [10].
(1) If fa is topological, then f 4 is full, keeping intersection and strong keeping union.
(2) fa is perfect if and only if {f(e) : e € A} is a discrete topology over U.
(3) If fa is perfect, then f4 is topological.
(4) fa has no kernel if and only if (f¢, A) is full.

Example 1. Let U = {x1,x2,x3,%4, x5}, A = [0,1). Define f, as follows:

{x1,x2,%5}, if w€[0,])

_19 if w€[},3),
TO N m), Facdd),
u, if e €[3,1).

Then, f4 is topological. However, f 4 is neither perfect nor a partition.

Example 2. Let U = {x1,x2,x3,%4,x5}, A = [0,1). Define f, as follows:

{x1,x2,%5}, if w€[0,])
_Jax), ifacly )
A P )
{x3,24}, if o € [%,1).

It should be noted that {x1,x,x5} N {x3} = @ # f(«) (V& € I). Then, f4 is not keeping intersection.

Example 3. Let U = {x1,x2,x3,%4, x5}, A = [0,1). Define f, as follows:

{x1}, if a€0,7),

B RECVETS VRN SN ¥ 3)
/e {x1,03,x4}, ifac(3?)
u, if e €[3,1).

Then, f4 is full, keeping intersection and strong keeping union. However, f 4 is not topological.

Example 4. Let U = {x1,x2,x3,%4,x5}, A = [0,1). Define f, as follows:

{x1,x2}, ifwe [0,411),

_ {X5}, lf LS [411’ %)’
MOy, raeild
{x4}, if o € [%,1).

Then, f4 is partition. However, f 4 is neither topological nor perfect.
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Example 5. Let U = {x1,x2,x3,x4,x5}, A = [0,1). Define f4 as follows:

{x1,x2,x5}, if a€[0,}),

e) = @’ lf LS [%/%)/
/e {x3}, if e[}, 2),
{x3, x4}, if a €[3,1).

Then, f4 is full and strong keeping intersection. However,
{x1,x2, x5} U{x3} = {x1, 20, %3, x5} # f(a) (Vo €1I).
Thus, f4 is not keeping union.

Example 6. Let U = {x1,x2,x3,x4,x5}, A = [0,1). Define f4 as follows:

{x},  fac(0y),

S ltm) recth
TO=Y teoma), Fachd),
u, if a €[3,1).

Then, f4 is full and strong keeping union. However,

{x1} N {22} = @ £ f() (Ve € ).
Thus, f is not keeping intersection.
From Examples 1, 2, 3, 4, 5 and 6, we have thefollowing relationships:

fis topological

1

f is full, keeping intersection and strong keeping union

d N

fis full an eeping intersection ) is full and strong keeping union
11 and keeping i t ) f is full and gk g

fa is perfect

fa is topological

=
RN

fa is partition
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4. Limit Theory of it-Soft Sets

4.1. The Concept of it-Soft Sets

Suppose that [ is an interval in R. Let f] be a soft set over U. Then, f; is said to be an interval type
of soft set (it-soft set) over U.
It is worth mentioning that the it-soft sets are different from interval soft sets in [21].

Definition 13. Let f; be an it-soft set over U.

(1) If for any e1,ex € 1,61 < ey implies f(e1) C f(ex)(resp., f(e1) D f(e2)), then f is called strictly
increasing (resp., strictly decreasing) on I.

(2) If for any e1,e; € 1,61 < ey implies f(e1) C f(ex)(resp., f(e1) 2 f(ep)), then fy is said to be
increasing (resp., decreasing) on I.

Definition 14. Suppose that fr is an it-soft set over U.
(1) Ifforany e € 1, f(e) C f(ep) (eg € 1), then f(ey) is called the maximum value of f.
(2) Ifforany e € 1, f(e) 2 f(ep) (eg € 1), then f(ep) is said to be the minimum value of fj.

4.2. Limits of it-Soft Sets

Letey € R, 6 > 0. Denote:
U(eo,8) = {e: |e —eg| < 6}, U%(ep,8) = {e:0< |e—eg| <6}

Then, U(ep, ) is called the 6 neighborhood of ey, U°(eg, 6) is said to be the § neighborhood of eg
having no heart, ¢y is the center of the neighborhood and 4 is the radius of the neighborhood.

U™ (eo, 8) = [eo, g + &) is referred to as the ¢ right neighborhood of ¢,

U~ (ep,0) = (eg — I, ep] is said to be the § left neighborhood of e.

Obviously, U(eg,6) = (eg — 6,e0 + ) = U™ (ep, 6) UU (e, ).

Given that f7 is an it-soft set over U, for eg € I, x € U, denote:

(x|, ={e€l—{e}:x€ fle)},
(x); ={e€l—{eo}:x¢ fle)}.

Remark 1. (1 )[x]flu( )fl_l—{eo} ¥ A(x), = @,
(2) [x]f, N[xlg, = [¥] g, (Xl U [x]g =[x ]fIUgI
(3) (x ) N (xX)g = (%) 04,/ (x)f U (x)g = (%) f,7g,-
(4) [x]f,” = (%) f,, (¥) e = [x] ;-

Definition 15. Let f1 be an it-soft set over U. For ey € 1, define:
(1) Terf(e) ={xeU:Vs>0, [x]s NU(e,9) is infinite}, which is called the over-right limit of
@H@O

fras e — eg (or the over limit of fj as e — e] );
(2) lim f(e) = {x € U:36 >0, (x)5, NU"(eo,0) is finite}, which is said to be the under-right

+
E*}CO

limit of f1 as e — eq(or the under limit of fi as e — eg ).

(3) lim f(e) ={x € U:V >0, [x], NU (eq,d) is infinite}, which is referred to as the over-left

34}@0
limit of f1 as e — eq(or the over limit of fyase — ey ).
(4) lim f(e) ={x€U:335>0, (x);, NU (eo,d) is finite}, which is said to be the under-left limit
e—ey
of f1as e — eqg(or the under limit of fyase — ey ).



Symmetry 2018, 10, 406 8 of 26

The following theorem shows that the limits can be characterized by ¢ and %

Theorem 3. Suppose that f1 is an it-soft set over U. Then, for ey € I,
(1) Tnhf(e) ={xeU:¥s>0, [x]pNU" (e, ) # D}
6—)60

={xelU:VneN, [x]yNU"(e, 1) # D}.
(2) lim f(e) ={xcU:36>0, (x);,NUT(eo,0) = D}

+
E—)EU

={xelU:3neN, (x);NU (e, 1) = 2}.

(3) e@f(e) ={xcU:vds>0, [x];NU (e,0) # D}
0 ={xeU:VneN, [x]yNU (e, 1) # D}.

(4) lim f(e) ={x € U:36>0, (x)f, NU"(eo,6) = D}

={xelU:3IneN, (x)flﬂll’(eo,%) = Q}.

Proof. (1) Put:
S=lim f(e), T={xe€U:Y45>0, [x],NU(e,é) # D},

e—eg
L={xeU:VYneN, [x]yNU"(e,3) # D}
Obviously, S € T C L. We only need to prove L C S. Suppose L gZ S. Then, L — S # @.
Pick x € L — S. We have x ¢ S. Therefore, 3 dy > 0, [x], N U™ (eo, o) is finite. Denote:

[x]fI N u+(€0,(50) = {61,62,. . .,en}.
Pute* = min{ey, ey, ..., e}, 0 < nio < e* —eg. Then:

1 1
0< o < bo, [x]f N u*(eo,;o) =Q.

Therefore, x ¢ L. However, x € L. This is a contradiction. Thus, L C S.
(2) Put:

P = lim f(e), Q={x€U:35>0, (x);, NU"(e,9) =D},

e—eg

K={xeU:3neN, (x);NU" (e, +) = D}.

Obviously, K € Q C P. We only need to prove P C K. Suppose P ¢ K. Then, P — K # @.
Pick x € P — K. Then, x ¢ K.

Claim V4, (x)f NU™ (e, 9) is infinite.
In fact, suppose that 36 > 0, (x)f, NU™ (e, ) is finite. Put:

1
(x)fl NU" (e, d) = {e1,ea,...,en}, e =min{ey,ep,...,e5}, 0< P <e* —ep.
0

Then, 0 < nlo <4, (x)fl NU™ (e, nio) = @. Therefore, x € K, but x ¢ K. This is a contradiction.

Since V& > 0, (x)5, N U™ (eg, §) is infinite, we have x ¢ P. However, x € P. This is a contradiction.
Thus, P C K.

(3) The proof is similar to (1).

(4) The proof is similar to (2). [
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Example 7. Consider Example 2, and pick eg = 5. We have:

il = [raly = 0,) Ul ), busly = [3,1), [y = (5,1, (sl = [0, ).

() = () = [3,1), () = [0, 1) Ul5 5), (xa)y = 10 UL ), (sl = (3,1).
By Theorem 3
Frrhf(e) ={xelU:V3>0, [x],NU(e,6) # D} = {x1,x2};
1'17m+f(e) ={xelU:35>0, (x)5N Ut (e, 8) =D} = {x1,x2};

lim f(e) ={x e U:V5>0, [x]NU (e,8) # D} = {x1,x2,x5};

e—ey
lim f(e) ={x€U:35>0, (x)s, NU (e0,6) = D} = {x1,%2, %5}

E%EO

Lemma 1. Given that fy is an it-soft set over U, then, for ep € 1,
[ee)

(1) Eﬂ fley=n N U ()

n=1ec (e, 0+ 1)NI PE(eose]

@lmfe)=U U N fB)
e—eg n=1ec (eg,e0+1)NI PE(eose]

(3) lim fl)=nN N U £
e—e, n=1ee (eg—1,e9)NI BE[eseo)

(4) im f(e) = U U N fB).
e—rey n=1ec(eg—1,e9)NI PEleseo)

Proof. (1) Denote:

[e9)

s=Tmfe, 7= N U fB:

+
7% =1 ee (eg,e0+1)N1 BE(eose]

To prove S = T, it suffices to show that:
1
xe€S & VneN,Vee (eg,eo—i-a)ﬂl, 3B € (eg, €], x € f(B).

“=".Letx€S,VYneEN,Vec (e,e0+1)NI.Puté=e—ey. Then 0 <5< 1

Since x € S, by Theorem 3(1), we have [x|;, N U™ (eo, 6) # @, pick B € [x]5, N U (e, d). Then,
B e [xlf, BeU (e,0).

This implies x € f(B), eo < p < ep+J = e. Thus, § € (ep, ].

“«”.¥neN,picke € (eg,e0+ )N L

By the condition, 3 B € (ep,e], x € f(B). Then, B € UT (e, 1), B € [x]f,- Thus, ¥ n € N,
(Xl MU (o, 1) £ ©.

By Theorem 3(1), x € S.

(2) By (1) and Theorem 3(2),

x ¢ lim f(e)

e—)eo
< VneN, (x),NU (e, 1) #0
—VneN{ecl—e:xelU—fle)}NU(e,3) #D
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—xenN N U (U-£(p)

n=1ee (eg,e0+1)NI PE(eose]

—xeu- U U n f(B)

n=1ec(eg,e0+1)NI PE(e0,e]

—x¢ U U N f(B).
n=1ee (eg,e0+1)NI BE(eose]

Hence, lim f(e) = U U n f(B)-
e—eg 1=1 ee (eg,e0+1)N1 BE(eo €]

(3) The proof is similar to (1).

(4) The proof is similar to (2). [

Lemma 2. Let fy be an it-soft set over U. Then, for eg € I,

1) N N U fB)= N U f(B)
n=1ee (eg,e0+1)NI BE(eose] ec(eg,e0+1)NI Be(ep e

2) U U n fe)= U N f(p):
n=1 ee(g0,30+%)ﬁ[ BE(eg,e] ec(eg,e0+1)NI BE(eg,e]

@) N N U fB)= N U f(p):
n=1 ee(gof%,go)ﬁ[ BEleeq) ec(ep—1,e9)NI BEeeq)

(4) U U n fBp= U n f(p)

n=1lee(eg—1,e0)NI PE[e.00) e€(eo—Leg)NI BElesen)

Proof. (1) PutE, = N U  f(B). Then, {E,} 1. Therefore, F% E, = E;. Thus,

e€ (eg,e0-+ 1)1 BE(eo.e]
oo

N N U fB= n U f(p).

n=1 Ee(gorgo_i,-%)ﬂl Be(eg,€] e€(eg,e0+1)NI BE(eg,e]

(2) PutF, = U N f(B). Then, {F,} |. Therefore, Ej

e€(eg,e0+ %)ﬂl BE(eose]
Thus,
(e}

U U n fe= U n fp).

n=1ec (e, 0+ 1)NI PE(eose] e€(eg,e0+1)NI BE(eg,e]
(3) It is similar to the proof of (1).
(4) It is similar to the proof of (2). O

Theorem 4. Suppose that fi is an it-soft set over U. Then, for ey € I,
(1) liinlf(e) = N U f(B); if f1 is increasing, then:

e—e e€(eg,e0+1)NI BE(ep,e]

imfe)= () f)

e=¢ e€(eg,e0+1)NI

(2) Lim f(e) = U N f(B), if f1 is decreasing, then:

e—eg e€(eg,e0+1)NI BE(eg e

lim fle)= J  fleo)

Eﬁfar e€(eg,e+1)NI

(3) lim f(e) = N U f(B); if f1 is decreasing, then:

e—rey e€(ep—Le0)NI BEe,e0)

im fle)= (]  f(e).

e—reg ec€(eg—1,e0)NI

10 of 26
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(4) im f(e) = U N f(B), if f1 is increasing, then:

e—ey ec(eg—1,eq)NI BE[e,e0)

lim fle)= J  fleo)

e—ey ec(eg—1,e0)NI
Proof. This holds by Lemmas 1 and 2. [J

Definition 16. Given that fi is an it-soft set over U, then, for ep € 1,
(1) If lim f(e) = hTr}r f(e) =S, then fy is said to have the limit S as e — e{ (or has the right-limit S
e*)ea’ e%eo
as e — eq), which is denoted by lim f(e), i.e., lim f(e) = S;
e—eg e—eg
if lim f(e) # th+ f(e), then fy is said to have no limit as e — ey (or has no right-limit as e — eg).
e—veg e—ey
(2) If lim f(e) = Lim f(e) = S, then fj is said to have the limit S as e — ey (or has the left-limit S as
e—ey e—reg
e — eg), which is denoted by lim f(e), i.e., im f(e) = S;
e—ey e—ey

if im f(e) # Tm+ f(e), then fy is said to have no limit as e — e (or has no left-limit as e — ep).
e—eg e—rey

(3) If lim f(e) = lim+ f(e) = S, then fy is said to have the limit S as e — eg, which is denoted by
0 e—eg

e%eo
elgrg})f(e), ie., elgxelof(e) =S;
if im f(e) # lim f(e)), then fi is said to have no limit as e — ey.
0 e—ey

8—)60

Definition 17. Let f1 be an it-soft set over U. Then, for ey € 1,
(1) If lim f(e) = Fnl f(e) =S, then f] is said to have the over-limit S as e — eq, which is denoted by
C*)ea eﬁeo

eh_)r%f(e), ie., eh_)ng})f(e) =S;

if im f(e) # Tm+ f(e), then fy is said to have no over-limit as e — e .
0 e—e

E*)EO
(2) If im f(e) = lim f(e) =S, then fj is said to have the under-limit S as e — eg, which is denoted
e—ey e%ear
by lim f(e), ie., lim f(e) = S;
e—ep e—eq
if im f(e) # Um f(e), then fj is said to have no under-limit as e — ey.
e—ey e—veg

(3) If im f(e) = lim f(e) = S, then f1 is said to have the limit as e — ey, which is denoted by lim f(e),
e—eq e—eq e—req
ie., eh_)rrg}] fle) =S;

if im f(e) # lim f(e), then f| is said to have no limit as e — ey.
e—ep e—eg

Remark 2. The limit in Definition 16(3) and the limit in Definition 17(3) are consistent.

Example 8. Let X; be a constant it-soft set over U where X € 2Y. Then, for ey € I, ILm X(e) = X.
e—eq

Obviously, [x]x, —{ (ID— {eo}, xxeéeXX  (9)x, _{ (ID— {eo}, xfoX '

By Theorem 3,

liian(e) ={xeU:¥s>0, [x]; U (e, 0) # D},

(3*)80
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lim X(¢) = {x € U:36 >0, (x) s NU (e, 8) = D}.

+
64)80

Then, hm X(e) =X, lim X(e) = X.

e—vey e—ef
Similarly, lim X(e) = X, lim X(e) = X.
e—ey e—rey
Thus, lim X(e) = X.
e—eq
Other types of limits of it-soft sets are proposed by the following definition, and these limits can
be discussed in a similar way.

Definition 18. Let (f, (—oco, 4+00)) be an it-soft set over U. Define:

(1) Hf()—hmf() lim f(e) = hmf( )

e—+00 e—0t e——00 e—0~

Tim f(e) = Tm /().

e—r0o e—0
(2) hﬂf()—hmf() lim f(e) = hmf( )
e—+oo e—0*t e—»—00 e—0~
lim f(e )—hmf( )-
e—00 e—0
@)l fe) = lm FQ), Hm fle) = lim fC),

lim f(e )—hmf( ).

e—>0o e—0

4.3. Properties of Limits of it-Soft Sets

Proposition 4. For the over-right limit, the following properties hold:
(1) If f(e) € g(e)(V e € (e0,e0+0)), then Tim f(e) € Tim g(e).
e—eg e—ef

(2) lim (f(e) Ug(e)) = lim f(e )Ufgg(ﬁ

€ >1:m e =u— b lm f(c).
(4 )Ifglir? fle)=A CB, t;:;joﬂé >0,Ve€ (e,e0+ ), f(e) CB.
(1) fim (70  (6)) € Tim fe) x Tim g(c)

>egg;0f< o) x im 5(0) = ee(e(),Qﬂmﬁ: U (8 xs0)

Proof. (1) Denote:

[x]f, ={e € I—{eo} : x € f(e)}, [x]g, = {e € I—{eo} : x € g(e)}.

Vx € lim 1 f(e), by Theorem 3(1), ¥ & > 0, [x]f, N U™ (eq,8) # @. Pick es € [x], N U (eg, ).

E—>€0
Then, x € f(es), e5 € U (e, 9).
1) If 6 < b, then ¢ € U'(eg,dp). By the condition, f(e;) C g(es). Then, x € g(es).
This implies es € (x) 7, N U™ (eo, ). Therefore, (X) s NU™ (e, d) # @.
2) If & > &g, then U™ (e, d9) € U™ (e, 8). Therefore, (x) s, NU™ (eo,0) S (X) s, NUT (eo,d). Since
S (X)fl Nu+ (6’0, 50), we have (x)fl nut (60, 5) + Q.

650
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By 1)and 2), ¥4 >0, (x)7, NU™ (e, d) # @. By Theorem 3(1), x € him+ g(e).

6%60

Thus,
fim f(e) € Tim gle).

C*)EO 84)60

(2) “ > ”. This holds by (1).
“ C”.Suppose lim (f(e)Ug(e)) € lim f(e) U lim g(e). Then:
e—egd e—ved e—ved
Tim (£(e) Ug(e)) — Tim £(e) U Tim g(e) £ ©.
e—eg e—eg e—eg
Pick x € lim (f(e) Ug(e)) — lim f(e) U lim g(e). We have:
e—eg e—eg e—eg
x € lim (f(e)ug(e)), x ¢ lim f(e)and x ¢ lim g(e).
e—ef e—eg e—ey
By Theorem 3, 36,0, > 0, [x]; NUT (ey,01) =D, [x]gNUT (ep,2) = D.
Pick d3=min{dy,d,}. Then, [x]f N U (e, d3) = @ and [x]g N U (e, 3) = . It follows that:

([x]f U [x]g;) NUT (e, 83) = ([x]f N U™ (eo,d3)) U ([x]g N UT (eq, 83)) = @.

By Remark 1, [x] sy N U™ (e, 03) = @.

Thus,
x ¢ lim (fUg)(e) = lim (f(e) Ug(e)). This is a contradiction.
e—eg e—eg

(3) Vx € lim (U — f(e)). Then, x € lim f¢(e). By Theorem 3,V § > 0, [x]r N U™ (e, 6) # .
E—)EO

€—>€O

By Remark 1, (x) ¢ N U™ (eg, §) # @. Thus,

x € U— lim f(e).

+
€—>80

Conversely, the proof is similar.
(4) Suppose thatV 8 > 0, Je € (e, e0 + 6), f(e) € Bor f(e) = B.
1) If f(e) € B, then f(e) — B # @. Pick x € f(e) — B.
We have:
x € f(e),x ¢ Be € [x]g.
Since e € (e, ep + ). Then, [x]¢ N (eo, €9 + ) # @. Therefore, x € @f(e)

E*)EO
Thus, x € B. This is a contradiction.

2)If f(e) = B, then A — B = @. Therefore, 3 x € B,x ¢ A.
Since x € f(e), we have x € [x], [x]f N (eo, €0 + ) # . Therefore,
x € lim f(e) = A.

+
E‘M’O

This is a contradiction.
(5) 1) Put:

By Theorem 4(1), o
im (f(e) xg(e))= [} Hyxgle)

e€(eg,e0+1)NI
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V (x,y) € lim (f(e) x g(e)), we have (x,y) € N Hy,(e). Since:

E%E(J)r 66(30,€0+1)ﬁ1

Hpyg(e) = |J (f(B) xg(B)),

Be(eoe]

wehaveVe € (eg,eg+1) N1, 3 Be € (en, ], (x,y) € f(Be) x g(Be)- It follows that x € f(Be), y € g(Be)-
Then, x € Hy(e) and y € Hg(e). Therefore,

xe () Hye)=Tmfle), ye ()  Hyle)= lim gle).

ec(eg,e0+1)NI e=reg e€(ep,e0+1)NI ere

Thus, (x,y) € lim f(e) x lim g(e).
e—ey e—veg

Thus,
fim (£(e) x g(e)) € Tim f(e) x Tim g(e).

6%80 E*)EO

2)V (x,y) € Tnlf(e) x lim g(e), we have:

+
e%eo 64)60

x € lim fe)= ) U fB),yelimgle)= () U ).

e=re ec(eg,e0+1)NI Be(ep e e e€(eg,e0+1)NI BE(eg,e]

Then, Ve € (eo,e0+1) N1, 3 Be, e € (eo, €], x € f(Be), y € §(7e)- Then, (x,y) € f(Be) X &(7e)-

Therefore,
(xy)e N U (F(B) xg(7).

ec(eg,e0+1)NI B,ye(eo el
Conversely, the proof is similar.
Thus,
lim f(e) x lim g(e) = [ U (f(B) xg). O

e e e€(eg,e0+1)NI B, vE(ep €]

Proposition 5. For the under-right limit, the following properties hold.
(1) IF£(e) € g(e) (Ve € (eo,e0+ ), then Lim f(e) C lim g(e).

() m (£(e) 15(e)) = lim f(e) 1 lim o "

(@) tim (11~ f(e) = U - ir%f(e) 0

(4)If lim f(e) = &5 A, then 30> 0, Ve € (eo,e0+0), f(e) > A,
(5) 15 (F(e) x g(6)) = lim £(e) x lim g(c),

Proof. (1) Itis similar to the proof of Proposition 4(1).
(2) “ C ”. This holds by (1).
"> 7. Suppose lim f(e) N lim g(¢) ¢ lim (f(¢) N g(e)). Then, lim f(¢) N lim g(e) —

e—ef e—ef e—ef e—eg e—eg
lim (f(e)Ng(e)) # @.Pickx € lim f(e) N lim g(e) — lim (f(e) Ng(e)). We have:
e—ey e—eg e—eg e—eg
x € lim f(¢),x € lim g(e) and x & lim (f() Ng(e)).
e—egl e—ef e—ef
By Theorem 3,

361,60 >0, (x)f n u+(€0,(51) =Q, (X)S N U+(€0,52) = Q.
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Pick 63=min{dy,d,}. Then, (x)r N U™ (e, d3) = @, (x)g NUT (e, 3) = @. Tt follows that:
((x)f U (x)g,) MU (e0,83) = ((x) N U™ (e0,83)) U ((x)g N U (e0,03)) = .

By Remark 1, (x)fng NU* (e, 63) = @.

Thus,
x € lim (fNg)(e) = lim (f(e) Ng(e)). This is a contradiction.
e—eg e—eg
(3) Vx € lim (U — f(e)). Then, x € lim f°(e). By Theorem 3,36 > 0, (x) s N U (e, 8) = @.
e—veg e—eg

By Remark 1, [x] N U™ (eg, §) = @.
Thus, x € U — lim f(e).
e—ved

Conversely, the proof is similar.
(4) By Proposition 4(3),

fim (U — f(e) = U — lim f(e).

e—veg e—ey
Since lim f(e) = A D A, wehave lim (U — f(e)) C U — A.

e—eg e—ey
By Proposition 4(4), 36 > 0,V e € (eg, e+ 5), U — f(e) C U — A.
Thus,
36>0,Vee€ (eg,e0+9), f(e) DA

(5)V (x,) € lim (f(e) x g(e)), by Theorem 4(2),

+
E*)EO

xye U N (f(B) xg(B)).

ec(eg,e0+1)NI BE(ep ]

Then, e € (eg,e0+1)NL VB € (e €], (x,y) € f(B) x g(B). It follows that x € f(B), y € g(B).

Then,
re (U N 78, ve U N sB)

e€(ep,e0+1)NI BE(eg,e] ec(eg,e0+1)NI BE(eg,e]
By Theorem 4(2), x € lim f(e),y € lim g(e). Thus, (x,y) € lim f(e) x lim g(e).
e—ef e—ey e—ey e—ef

V (x,y) € lim f(e) x lim g(e), By Theorem 4(2),

-+ +
C*}EO 84)60

x€ lim fle)= | N f(B), yelmgle)= | N gB)

e—vey e€(eg,e0+1)NI BE(ep,e] e—vey e€(eg,e0+1)NI BE(ep,e]

Then, 3,6y € (eg,e0+1)NL VB € (e, e1], Vv € (eo,e2], x € f(B), y € g().
Put ¢* = min{ey, ey }. Then, e* € (eg,e0+1) N1, (e, e*] C (eg,e1] N (eg, e2]. Then, V B € (eg, e*],

x € f(B),y € g(B). It follows that (x,y) € f(B) x g(B). Therefore,

xye U N (f(B) xg(B))-

ec(eg,e0+1)NI B, ye(eo el

By Theorem 4(2), (x,y) € Lim (f(e) x g(e)).

Thus,
lim (f(e) x g(e)) = lim f(e) x lim g(e).

+ +
6*}80 E%EO e%eo
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Proposition 6. For the over-left limit, the following properties hold:
(1) If f(e) C gle) (Ve (eg—0p,ep)), then lim f(e) C lim g(e).
e—ey

(2) Tim (f(e) Ug(e)) = Tim f(e) U Tim gle).

() Tim (U~ F(0) = U~ lim (o).
(4) ;;iiomf(e) =ACB, t;z;:OH(S >0,Ve€ (eg—7,e), f(e) CB.
(5)1) Tim (76)  (6)) € T f6) % T g

2) B [0 < Jmgl) = 0 U () xsn)

Proof. The proof is similar to Proposition 4. [J

Proposition 7. For the under-left limit, the following properties hold:
(1) If f(e) € g(e) (Ve € (e — bo,0), then lim f(e) € Lim g(e).

(ngU@ﬂﬂM-fgf@ﬂffﬂZ% o
(@ffabv@»—u—}%f@.o

(4) If lim f(e) = A D A then 38> 0,¥ ¢ € (g — 6,¢0), f(e) D A.
(@f?@@w%@»—gfﬂ@xg?aa

Proof. The proof is similar to Proposition 5. I

Corollary 1. Suppose that f is an it-soft set over U and A € 2Y. For ey € 1,
(1) Iff(e) CAorf(e) CA (Ve € (ey,e0+dp)), then:

fim f(e) € A, lim f(e) C Al

(2)Iff(e) CAorf(e) C A(Yee (eg—do en)), then:

fim f(e) € 4, lim f(e) C Al

e—ey e—ey
Proof. This holds by Propositions 4,5, 6and 7. O

Corollary 2. Given that f| is an it-soft set over U and A € 2Y, for ey € 1,
(1) Iff(e) D Aorf(e) DA (Ve € (ey,e0+dp)), then:

fim f(e) 2 A, lim f(e) 2 A

(2)Iff(e) 2 Aor f(e) D A(Yee (eg—do,en)), then:

fim f(e) 2 4, lim f(e) 2 A

e—ey e—ey
Proof. This follows from Propositions 4,5, 6 and 7. O

Theorem 5. For the over limit, the following properties hold:
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(1) If fe) < gle) (Ve € U(eo, ), then lim f(e) € lim g(e).
(2) Jim (/(e) Ug(e)) = i f(e) U Tim g(e).

() Jim (U~ (¢)) = U - Iim f(¢).

(4) fg;imq)f( e)=/A CB, thenoﬂé >0,V e e Uey,d), fle) C B.
(5) Jim (f(¢) x g(¢) < Jim f(e) % Jim g(e).

Proof. This is a direct result from Propositions 4 and 6. [

Theorem 6. For the under limit, the following properties hold:
(1) If f(e) C g(e) (Ve € U%eg,d)), then lim f(e) C lim g(e).
e—ep

e—eq

(2) 11m(f( )Ngle)) = li7mf(e) N Lrg]g(e)-

(3) elgrelo(u fle)) = U—elggof( e).

(4)If lim f(e) = A D A, then 35 > 0,V e € U%(eg,d), f(e) D A.
) tim (F(e) x 1e)) = lim F(e) x lim )

Proof. This holds by Propositions 5and 7. O

Lemma 3. Let f be an it-soft set over U. For ey € I, denote:
W={xel:vY3s>0, [x]f, NU(e,d) # D},
S={xeu:vé>0, [x]flﬂbﬁ(eo, ) #Q},

TZ{JCGU:V(5>0, [x]fl (60, 75@}

Then,

W=SUT.

Proof. Suppose W € SUT. Then, W —SUT # Q.
Pickx ¢ W—SUT. Then, x ¢ S, x ¢ T. Therefore, 41,6, > 0,

[x]f, NUT (e, 61) = @, [x]f, NU (e, 82) = @.

Put 6* = min{él,éz}. Then, 6* > 0, [x]fl N U+(80,5*) =0, [x]fl N U_(eo,é*) =

that [x]5, N U(ep,0*) = @. Then, x ¢ W. This is a contradiction.
Thus, W C SUT.
On the other hand, suppose SUT ¢ W; wehave SUT — W # @.
Pick x € SUT —W. Then, x ¢ W. Therefore, 3 5* > 0, [x]7, N U(ey,0*) =

17 of 26

@. It follows

@. This implies

[x]f, N U™ (e, 6%) = @, [x];, NU (e9,0*) = @. Then, x £ S, x ¢ T. Therefore, x ¢ SUT. This is a

contradiction.
Thus, SUT C W.
Hence, W =SUT ¢ W.
O

Theorem 7. Suppose that fi is an it-soft set over U. Then, for ey € I,

() {xeU:Y5>0, [x]NU(e,0) is infinite}
={xeU:vs>0, [x]sNU(e,d) # D}

= lim f( e) U lim f(e).

(

(

e—>30 e—ey
(2){xeU:36>0, (x)f, N U(eo,0) is finite}
x) N U+(€0, = @}

={xelu:356>0,
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= lim f(e) N Lim f(e).

+ —
8—730 E—?EO

Proof. (1) Similar to the proof of Theorem 3(1), we have:
{xeu:vs>0o, [x]fl NUT (e, d) # D}
={xeU:Ys>0, [x], NU"(eo,9) is infinite}.
By Lemma 3,
{xeU:¥d>0, [x]sNU(eo,6) # D}
= lim+ f(e)U lim f(e).

E—)EO 3—)80
(2) Similar to the proof of Theorem 3(2), we have:
{xeUu:36>0, (x),NU"(eo,6) =D}
={xeUu:35>0, (x)f,NU(eo,d) is finite}.
By Proposition 4(3), lim f(e) = U — lim (U — f(e)).
e—>ear 3%63

By Proposition 6(3), lim f(e) = U — lim (U — f(e)).

By (1), ° 0
lim f(¢) 1 lim ()
= U T (U~ )] [U -~ Fm (U~ £(0))
= U~ (i (U~ f(6) U Tim (U~ £(e))
— U {xeU:¥5>0, (x);NUle,d) # O}
={xelU:36>0, (x);NU(e,6) =D}
O

Theorem 8. Given that f is an it-soft set over U, then, for ey € I,
() {xeU:Yé>0, [x]NU(e,0d) is infinite}
={xeU:VY5s>0, [x],NU(e,0) # D}
~ e
(2){xeU:35>0, (x);, NU(eo,9) is finite}
={xeu:356>0, (x)fl NUT (e, 6) = D}
— lim f(e).

e—eq

Proof. This follows from Theorem 7. [

Theorem 9. For the right limit, the following properties hold:
(1) If f(e) C gle) (Ve € (e, e0+ dp)), then lim f(e) C lim g(e).
e—ey e—eg

(2)If lim+f(e) =N, ACACB,then3é>0,Vec (e,e0+5), AC f(e) CB.
8*)60

(3) lim (£(e) x 8(e)) € lim f(e) x lim g(e)

e—>eo
Proof. This holds by Propositions 4 and 5. [

Theorem 10. For the left limit, the following properties hold:
(1) Iff(e) C gle) (Ve € (eo —do,e0)), then lim f(e) C lim g(e).

EHCO 6%80

(2)If lim f(e)=A,AC /A CB,then36>0,Veec (eg—5,e0), AC f(e) CB.
e—ey

(3) lim (f(e) x g(e)) € lim £(e) x lim g(e).

E—)EO E—)EO 6—}60
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Proof. This holds by Propositions 6 and 7. [

Theorem 11. For the limit, the following properties hold:
(1) If f(e) C g(e) (Ve € U%(ep, &p)), then lim f(e) C lim g(e).
e—ep e—ep
(2) If lim f(e)=A,AC /A CB, then35>0,Ye € U%ep, &), A C f(e) CB.

() tim (7(e) x ) € lim F(6) x lim ).

Proof. This follows from Theorems 9 and 10. [
5. Continuity of it-Soft Sets

5.1. Point-Wise Continuity of it-Soft Sets

Definition 19. Suppose that f1 is an it-soft set over U. Then, for ey € I,
(1) f1 is called over-right continuous at ey, if hT]rEr fle) = fleo).
64)80

(2) f1 is said to be under-right continuous at ey, if lim f(e) = f(ep).

e—eg

(3) fi is referred to as over-left continuous at ey, if im f(e) = f(ep).
e—ey

(4) fr is called under-left continuous at ey, if Lim f(e) = f(ep).

E—)EO

Definition 20. Let f1 be an it-soft set over U. Then, for ey € 1,
(1) fi is called over-continuous at e, if f1 is both over-left and over-right continuous at ey.
(2) fr is said to be under-continuous at ey, if f is both under-left and under-right continuous at ey.
(3) f is referred to as continuous at e, if f is both over-continuous and under-continuous at ey.

Definition 21. Given that f1 is an it-soft set over U. Then, for ey € 1,
(1) fr is called right-continuous at ey, if f1 is both over-right and under-right continuous at ey.
(2) f1 is said to be left-continuous at eq, if f1 is both over-left and under-left continuous at ey.
(3) fr is referred to as continuous at e, if f1 is both left-continuous and right-continuous at ey.

Remark 3. The point-wise continuity in Definition 19(3) and the point-wise continuity in Definition 20(3)
is consistent.

Denote:
C(eo) = {f1 : f1 is over-right continuous at ¢y },

C"(eg) = {f1 : f1is under-right continuous at ey },
C%(eg) = {f : f1 is over-left continuous at ey},
C*(eg) = {f7 : f1 is under-left continuous at e };
C°(eg) = {f1 : f1is over-continuous atep}, C"(e9) = {f7 : f1 is under-continuous at ey };
Cl(eg) = {f1 : f1 is left-continuous at ey}, C'(eo) = {f; : fi is right-continuous at eo };
C(eo = {f1 : f1is continuous at e }.
Proposition 8. (1) C%(ey) = C%(ep) N C (ep).
(2) C*(eg) = C*(e0) N C"" (o).

(3) Cl(e) = C”l(eo NC(eg).
(4) C"(eg) = C(eg) N C* (e).
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(5) C(eo) = C°(eg) N C¥(eg) = Cl(eg) N C"(eg).
Proof. This is obvious. [

Proposition 9. Let f; and g be two it-soft sets over U. Then, for eg € I,
(1) If f1,81 € COV(EO), then fr J g1 € C‘”(eo).
(2) If f1 € C(eg), then ff € C* (ep).

Proof. This holds by Proposition 4. O

Proposition 10. Let f and gp be two it-soft sets over U. Then, for eg € I,
(1) If fr, g1 € C¥(eq), then f; 71 g1 € CV(eo).
(2) If fr € C"(eg), then ff € C(ep).
(3) Iff1,81 € CW(E()), then fi X g1 € CW(E()).

Proof. This holds by Proposition5. [

Proposition 11. Let f; and gp be two it-soft sets over U. Then, for eg € I,

(1) Iff1,81 € COZ(E()), then fi J g1 € COZ(Eo).
(2) If f1 € C°!(eg), then f¢ € C(ep).

Proof. This follows from Proposition 6. [

Proposition 12. Let f1 and gr be two it-soft sets over U. Then, for eg € I,
(1) If f1, 81 € C*(eo), then f1 1 g1 € C*(ep).
(2) I f1 € C"(ep), then f¢ € C%(ep).
(3) If f1,81 € C”l(eo), then fi % g1 € C”l(eo).

Proof. This is a direct result from Proposition7. O

Theorem 12. Let f1 and gy be two it-soft sets over U. Then, for ey € I,
(1) If f1,81 € C°(eo), then f1 U g1 € C°(eo).
(2) If f1 € C°(e), then ff € C"(ep).

Proof. This holds by Propositions 8 and 10. O

Theorem 13. Let f1 and g1 be two it-soft sets over U. Then, for eg € I,
(1) If f1,81 € C"(eg), then f1 N g1 € C"(eg)-
(2) If f1 € C*(eg), then ff € C°(ep).
(3) Iff1,81 € C"(eg), then f1 X g1 € C"(eg)-

Proof. This follows from Propositions 9 and 11. O

5.2. Continuous it-Soft Sets

Definition 22. Suppose that fr is an it-soft set over U.

(1) f1 is called over-continuous, if ¥ eg € I, f1 is over-continuous at e.
2) fy is said to be under-continuous, if V ey € I, f1 under-continuous at eg.
3) f1 is referred to as left-continuous, if V eg € I, fi is left-continuous at ey.
4) fyis called right-continuous, if ¥ eg € 1, f1 right-continuous at eg.
5) f1 is said to be continuous, if ¥ eg € I, f continuous at e.

(
(
(
(
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Denote:
C(eg) = {f1 : f1is over-right continuous},

C" (eg) = {f1 : f1 is under-right continuous},
C%(eg) = {f : f1 is over-left continuous},
C*(eg) = {f; : f1 is under-left continuous};
C°(I) = {fr : f1is over-continuous}, C"(I) = {f; : f1 is under-continuous};
Cl(I) = {f; : f;is left-continuous}, C"(I) = {f; : f; is right-continuous };
C(I) = {fr : f1 is continuous}.

Proposition 13. (1) C°(I) = C%(I) N C° (I).
(2) C¥(I) = C*(I) n C*"(I).

(3) CI(I) = C°l(I) n C(1).
(4) C"(I) = Co"(I) N CH*"(I).
(5) C(I) = Co(I)nC*(I) = CH(I)nC"(I).

Proof. This is obvious. [

Theorem 14. Let f; and g be two it-soft sets over U.

(1) If f1 € CO(I),g] € CO(]), then fr Og[ € CO(IU]).
(2) If f1 € CO(I), then £¢ € CU(1I).

Proof. This holds by Theorem 12. [

Theorem 15. Let f1 and g be two it-soft sets over U.
(1) If f1 € c*(I), g € c"()), then fi N gj € cH(Inj.
(2) If fr € C*(I), then ff € C°(I).

Proof. This holds by Theorem 13. O

Theorem 16. Let (f,[a,b]) be an it-soft set over U.
(1) If (f, [a, b)) is strong keeping union or increasing, then (f, [a, b]) has the maximum value.
(2) If (f, [a, b)) is strong keeping intersection or decreasing, then (f, [a, b]) has the minimum value.

Corollary 3. If (f, [a, b]) is a perfect it-soft set over U, then (f, [a, b]) has the maximum and minimum value.
Proof. This is obvious. [
Lemma 4. Let f; € C°(eo). If lim e, = eo, then ,@f(e”) C f(ep)-
Proof. Since T@f(en) = ﬁ fj fex),
we only need to prove that:
ifVneN,Ik>n, x € f(e), thenx € f(ep).

V6, 3n € Ny, 5 < 6. Itfollows U(eo, ;) C Uleo, ).

Since lim e, = eg, In € N, when n > n,, we have e, € U(ey, nil)
n—oo

Put n3 = ny + ny. Then, for n3, 3k > n3, x € f(ex). Therefore, ¢, € [x]f,.
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k > n3 > ny implies:
1
e € u(eO/I’T> C U(60,5).
1
Then, ¢, € [x]f, N U(eo, d). Therefore, V5, [x]5 NU(ep, ) # .
By Theorem 7, x € H f(e).

Since f € C°(ep), we have f(eo) = lgn%f( e).
Hence, x € f(ep). O

Theorem 17. Let (f,[a,b]) € C([a, b]).

(1) Suppose f(a) C f(b), then ¥ p : f(a) € u C f(b), Feo € [a,b], f(eo)

if f(a) C u C f(b), then T eg € (a,b), f(eo) = p.

(2) Suppose £(b) C f(a), then ¥ = f(b) C 3 € f(a), Feo € [a,b], f(e0)

if f(b) CuC f(a), then Jeg € (a,b), f(eg) = .

Proof. (1) It suffices to show that:

if f(a) C pC £(b), then 3eo € (a,b), Fleo) = .

Denote E = {e € [a,b] : f(e) D u}. Putey = infE. Then,

I{e,:ne N} CE—{e}, nli_{IOlo@n:EO-

22 of 26

u. Moreover,

u. Moreover,

SinceVn € N, f(en) D u, we have nli_)Tr;of(en) = F% fj f(ex) D . Since f € C°(ep), by Lemma 4,

n=1k=n
fleo) 2 Tm f(en) O .

It should be noted that f(a) C p. Then, ¢y # a.
We assert ey # b. Suppose ey = b. Since:

pCF(b) = lim f(e) = lim f(e),

e—b~

by Proposition 7(4), then
34, Vee (b—46,b),f(e) D p.

Pute; € (b—0,b). Then, f(e;) D u. We have e; € E. This implies e; > ¢y. However, e; < b = e.

This is a contradiction.
Thus, ¢y € (a,b).

We claim f(ep) A u. Suppose f(eg) D . Since f € C*(ep), we have:

B € fleo) = lim f(e) = lim £(e).

e—egp

By Theorem 6(4),
36, Vee Ue,d), fle) D u.

Pute; € (eg—J,ep). Then, f(e;) D p. Wehave ey € E. This implies e; > eg. This is a contradiction.

It should be noted that f(eg) D p. Thus, f(ep) = u.
(2) The proof is similar to (1).
O
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6. An Application for Rough Sets
Definition 23. Let (U, R, P) be a probabilistic approximate space. For e € [0,1], X € 2Y, denote:

fx(e) = PL(X), gx(e) = PL(X).

Then, (fx,[0,1]) and (gx, [0, 1]) are two it-soft sets over U, which are called the it-soft sets induced by
the lower and upper approximations of X, respectively.

Theorem 18. Suppose that (U, R, P) is a probabilistic approximate space. Then, for ey € (0,1), X € 24,
(1) 1) hm  fx(e)= N U fx(B)

e€(eg,1] BE(ep,e]
)g? fx(e) = [@ fx(e) = fx(eo);
3) hm fx(e) = E(U 1]fx(ff) gx(eo);
9im = U N O
e—ey ec[0,e0) BEe,e0)
2)1) lim gx(e)= N U gx(B);
e—rey e€(eg,1] BE(eo ]
)eli}nefggx(e)z [Q gx(e) = fx(eo);
3) m gx(e) = (U1 gx(e) = gx(eo);
Dimex©— U N ex(d)
e—ey 66[060)56[330)
(3)1) fu-x(e) =U—gx(1—e),
2) gu-x(e) =U— fx(1—e).

Proof. This holds by Theorems 1,2 and 4. O
Corollary 4. Given that (U, R, P) is a probabilistic approximate space. Then, for X € 24,

(fx,0,1]) € C((0,1)), (gx,[0,1]) € C"((0,1)).

Proof. This holds by Theorems 18. O

Example 9. Let U = {x;: 1 <i <20}, P(X) = % (X €2Y), U/R = {X1, X2, X3, X4, X5, X6} where

X1 = {x1,x2,x3,x4, x5}, Xo = {x6, %7, x8}, X3 = {x9, x10, X11, X12},
Xy = {x13, %14}, X5 = {x15, x16, X17, X138}, X6 = {X19, %20}
Put:

X* = {x¢, x7, X8, X13, X17 }

By Example 4.9 in [17] or Example 8.1 in [18],
fx* (05) = Xz U X4, Ix+ (05) = Xz.

By Theorem 2,
lim fx-(e) = gx-(0.5) # fx~(0.5).

e—0.51

By Theorem 2,
im gx-(e) = fx+(eo) # gx+(0.5).

e—0.5"



Symmetry 2018, 10, 406 24 of 26

Thus,
(fx-,[0,1]) & C"(0.5), (gx+,[0,1]) & C°(0.5).

This example illustrates that
(fx=,[0,1]) £ C*((0,1)), (gx+,[0,1]) & C*((0,1)).

Example 10. Let U = {x;: 1 <i <10}, P(X) = % (X €2"), U/R = {Xy, X2, X3, X4 } where

X1 = {x1,x3}, Xp = {x2,x4,%5,x7}, X3 = {x6,x8}, Xa = {x9,x10}.
(1) Put X* = {xq, x5, x¢, xg }. Then:

X UXpUXs, if e€(0,1],
fx-(e) = { X U Xs, if e € (33],
X3, if e € (3,1];
XUX,UXs, ifec[0),
gx-(e) = { X, U X, ifec [} 3)
X3, if e€ [%,1).

Therefore, H fx* (8) = ﬂ U fx* (‘B) = X3 7é Xl U X3 = fx* (05),
e—0.5% e€(0.5,1] Be(0.5,¢]

lim gx(e)= U N gx(B) =X1UX;3 # X3 = gx+(0.5).
e—0.5~ e€[0,0.5) B€[e,0.5)

Thus,
(fx,[0,1]) & C7(05), (gx-,[0,1]) & C*(0.5).

(2) Put Y* = {x3,x9,x10}. Then:

Xo U Xy, lf e c (O, %]/
Xy, if e € (1,1].

fy=(e) = {

Therefore, Lm fy«(e) = U N fr-(B) = XoUXy # Xy = fy+(0.5).

e—0.5~ e€[0,0.5) B€[e,0.5)
Thus,
(fy-[0,1]) & C*(05).
(3) Put
Zr=u-Y"
By Proposition 4(3) and Theorem 2,
lim gz = Iim (U-fy-(1-
szt = A U= fre(=e)
= U- lim fi-(1-¢)
e—0.5%
= U- lm fi-(1-e).
1-e—0.5~

It should be noted that lim fy«(e) # fy=(0.5). Then, by Theorem 2,

e—0.5"

im g7+ (e) # U~ fy+(0.5) = g7+ (0.5).

e—0.51

Thus,
(g2+,[0,1]) & C*(0.5).
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This example illustrates that
(fxe, [0,1) # C((0,1), (8x+,[0,1]) # C*'((0,1));
(fr,10,1]) £ C*((0,1)); (g2+,[0,1]) & C((0,1)).

7. Conclusions

In this paper, limits of it-soft sets have been proposed. Point-wise continuity of it-soft sets
and continuous it-soft sets have been investigated. An application for rough sets has been given.
These results will be helpful for the study of soft sets. In the future, we will further study applications
of these limits in information science.
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