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Abstract: Finding spherically symmetric exact solutions in modified gravity is usually a difficult task.
In this paper, we use Noether symmetry approach for a modified teleparallel theory of gravity labeled
as f(T, B) gravity where T is the scalar torsion and B the boundary term. Using Noether theorem,
we were able to find exact spherically symmetric solutions for different forms of the function f(T, B)
coming from Noether symmetries.
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1. Introduction

General Relativity (GR) is a very successful theory but it has some shortcomings such as explaining
and describing dark energy and dark matter [1,2]. Both the cosmological constant problem [3]
and the growing tension between the measure of the Hubble constant Hy using direct and indirect
measurements [4-6], have increased the popularity of studying possible viable modifications of General
Relativity and also the ACDM model. The recent discovery of the gravitational waves [7] and also the
first image of the shadow of a supermassive black hole in the center of the galaxy M87 [8], have also
increased the possibility of studying how gravity behaves under a strong regime. This effect might be
also used to test GR and to see possible effects that might arise in modified gravity.

There are several modified theories of gravity, for some reviews, see [9-12]. The theory that we
are interested in this paper is related to the so-called teleparallel theories of gravity. In this framework,
the torsion tensor is related to the gravitational field strength while the curvature tensor is zero [13].
The teleparallel equivalent of General Relativity is a specific theory in this framework that has the same
equations as GR. One can then modify this theory and in recent years, different modified teleparallel
theories of gravity have been formulated and studied. One popular example is f(T) gravity where
T is the scalar torsion [14,15]. There are several works about this theory in different contexts such
as cosmology [16-19], gravitational waves and astrophysics [20-27]. There are few works in this
theory regarding vacuum spherically symmetric solutions. The first solutions were found using
perturbation theory [28,29]. In a recent paper, more general perturbed spherically symmetric solutions
were found [30]. Still, there are few exact spherically symmetric solutions in modified teleparallel
gravity. Different authors have studied stars and wormholes in different teleparallel theories [27,31-34].
In [20,35], the authors found some vacuum exact solutions in f(T) gravity; however, they imposed
T = constant, which is nothing but consider GR plus a cosmological constant. Still, there is a long
route for finding new interesting exact solutions in modified teleparallel theory.
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In this paper, we study a generalize version of f(T) gravity where now the boundary term B that
connects the scalar torsion T with the Ricci scalar R is considered. This theory is called f(T, B) gravity
and resembles certain similitude with f(R) gravity [36]. In [25,37] the authors found that there is one
extra gravitational polarization mode in this theory, as in f(R) gravity. It has been found that f(T, B)
cosmology can explain dark energy without evoking a cosmological constant and also that this theory
can describe a transition from a matter dominated era to two different accelerated eras, one of which
describes a de Sitter universe [38—40].

Our main aim is to find exact spherically symmetric solutions in f(T, B) gravity. One powerful
tool that is useful for this is the so-called Noether symmetry approach [41]. One can use this method to
obtain conserved quantities asking for the symmetries of the Lagrangian. The existence of some kinds of
symmetry for the Euler-Lagrange equations of motion possessing a Lagrangian would immediately be
connected with Noether symmetry. Noether symmetries are capable of selecting suitable gravity theory
and then to integrate dynamics by using the first integrals corresponding to Noether symmetries [42].
A consequent process regarding the first integrals due to Noether symmetries allows achieving exact
solutions to the dynamical equations for the gravity theory. This theorem has been widely used in
different contexts of modified gravity for obtaining exact solutions [32,35,43-53]. Our main aim is to
use Noether symmetry approach to select the form of f and then use the conserved charges to be able
to solve the field equations and then obtain exact spherically symmetric solutions.

In Section 2 we give a brief introduction to teleparallel gravity and more specifically to f(T, B)
gravity, and then, we find the corresponding spherically symmetric equations in this theory. Section 3
is devoted to finding the point-like Lagrangian for the minisuperspace of a spherically symmetric
spacetime. Section 4 is the most important section where we use Noether symmetry approach for
our study case and find new exact solutions. Finally, we conclude our main results in Section 5.
The notation of our paper is the following: Latin indices refer to the tangent space indices and Greek
indices to the spacetime indices. The metric signature used is (+ — ——).

2. f(T, B) Gravity and Spherical Symmetry

Teleparallel gravity is an alternative framework of gravity where the manifold is globally flat and
the torsion tensor is the responsible for the gravitational effects [13,54,55]. The fundamental variable
in this framework is the tetrad fields e?;, that are the linear basis on the spacetime manifold, and at
each point of the spacetime, gives us basis for vectors on the tangent space. The metric and its inverse
can be reconstructed using the following relationships,

Euv = ea}tebV’?ab , 8§ = anEbVUabr 1)

where 77,, = diag(1, —1, —1, —1) is the Minwkoski metric and E,* denotes the inverse of the tetrad.

Within this framework, there exists an equivalent version of General Relativity (GR) containing
the same Einstein’s field equations labeled as the Teleparallel equivalent of General Relativity (TEGR).
This theory is constructed from the action [36]

1
STEGR = 52 Jd4x@ T, )

where k2 = 871G, e = det(e” u) = +/—8 is the determinant of the tetrad and T is the scalar torsion which
is constructed from a contraction of the torsion tensor T, = 2 (8[#6”,,] + w”b[ﬂeb U]> (Where ', is

the spin connection), namely

1 1
T = :LT“bfTabc + ET“Z’CTM —T°T,, (3)
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with T, = E,"T",, being the torsion vector. The scalar torsion is directly connected to the curvature
scalar computed with the Levi—Civita as [36,56]

R = —T+§é‘y(eTV) =-T+B. 4)

Here, B is a boundary term, so that it is clear that the action (2) differs only by a boundary term to the
Einstein Hilbert action and then, TEGR give rise to the standard Einstein’s field equations.

Even though TEGR has the same equations as GR, there are other teleparallel theories that have
different field equations to GR and modified GR. One of the most promising theories in this framework
is the so-called f(T) theory where T is replaced by an arbitrary function in the action (2) [14,15].
A further generalization of this theory also incorporates the boundary term by considering the
action [36]

1
SHTB) = 52 Jd4xef(T/B)/ )

which contains both f(T) gravity and f(R) gravity. This theory is a 4th order theory for the tetrad
fields and since T and B are invariant under local Lorentz transformations, the above theory is also
invariant under local Lorentz transformations.

Let us now start with a spherically symmetric metric in spherical coordinates given by

ds* = a(r)?dt*> — b(r)*dr* — M(r)2dQ)?, (6)

where a(r),b(r) and M(r) are functions of the radial coordinate 7, and dQ? = df? + sin?8dg>.
One tetrad which reconstructs the metric via (6) is the following

a(r) 0 0 0
0 b(r)sinfcosp M(r)cosfcosp —M(r)sinfsin g
0 b(r)sinfsing M(r)cosfsing M(r)sin6 cos ¢
0 b(r) cos 6 —M(r)sin6 0

@)

The torsion tensor depends on both the tetrads and the spin connection, but the latter is a pure gauge
term that is only related to the inertial effects. It has been shown that the above tetrad is compatible
with a zero-spin connection [57,58]. The torsion scalar and boundary terms for the above tetrad are
given by

2 N[ (—M) 24

T_W(b_M)[M_a : ®)
B_fi éﬁ,%/ +£ iﬂfﬂ+%ﬂ+27]w ziu/,bil+M (9)
- wmM\a M 2| a ab M M\a b M/)|’

Here primes denote differentiation with respect to the radial coordinate. Clearly, this tetrad also gives
the correct Minkowski limit (2 = b = 1) for the above scalars T = B = 0. It is important to remark that
it is equivalent to consider the tetrad (7) with a zero-spin connection to consider a diagonal tetrad with
a non-zero-spin connection as in [59].

As expected, by subtracting the above equations, one recovers the standard scalar curvature
computed with the Levi—Civita connection,

2 2 [a" 2M" dV  24M  20'M M"?

Re-THb=—pte|at ™™ o " oM M M2

(10)
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By varying the f(T, B) action with respect to the tetrads, one gets the following field equations in
vacuum [36]

2e8)00fp — 26V Vo f5 + eBfpd;} +4e| (0ufa) + (0 fr) |5
+4¢%0,(eSa") fr — 4efrT  wSe™ —efd) =0, (11)
where fr = 0f /0T, fg = 0f/0B, [ = V¥V, and S%¢ = }(T%¢ — b2 — Teab) 4 1 (2eTh — 2T¢) is the

superpotential. By replacing the tetrad (7) into the above field equations, we fmd that the vacuum
spherically symmetric field equations in f(T, B) gravity are given by

4 M M? M [(d V b (d V 4 ,
resfgafr |+ e g (o 5) m (o +e) | st 0 M)

2b b 2
bsz( >+b2fg = 0,(12)

M?  24M  b? a  2M
fBfs - TfT_b2fT<M2+aM_MZ>+bzfé<a+M> = 0,03
BbZTMMzMabubMaMMZ

a’ M/ b 2 b v
bsz( M M>+172f’/3 (M_b>+b2fg = 0.(14)

Our aim is to use Noether symmetry approach to get some exact solutions for the above system of
partial differential equations. In the next section, we will find the point-like Lagrangian which is an
ingredient needed for this purpose.

3. The Point-Like Lagrangian

To find the point-like Lagrangian in terms of the configuration space variables 4,b, M, T and B,
we use the Lagrange multiplier method, and write the canonical action of f(T, B) gravity as follows

Sty = Jdrﬁf(T,B)(r,a,b,M, T,B,d,v',M',T',B"), (15)

Jdre{f(T,B)—/\l [T-T] - A [B- B}, (16)

where A1 and A, are the Lagrangian multipliers, T and B are, respectively, the torsion scalar and the
boundary term given in (8) and (9). The Lagrange multipliers A; and A, are obtained by varying the
action (16) with respect to T and B, respectively. By doing this, one gets A; = fr and A, = fp. Then the
f(T, B) gravity action for the tetrad (7) becomes

S¢rp) = Jdrasz{f(T,B) —fr [ b22M2 (b— M) (—2Ma" —aM’ +ab)]

4 (a’ M’> 2 (a” abd 2M"  4dM 20M 2M’2>]} 17)

_fB[B+bM M) TeE\T T ™M T o T M T e

Therefore, after discarding divergence terms by integrating by parts, the point-like Lagrangian can be
expressed as follows

2
Lorp) = —4M(fr+ fo)d —da(fr+ fe)M + 5 fr (ZMa’M' + aM’z)

—¥ f5 (Md’ +2aM’) — ab [MZ(T fr+Bfg—f)—2 fT] , (18)
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where f; = fprT' + fppB’. Because of the absence of the generalized velocity b’ in the point-like
Lagrangian (18), the Hessian determinant of this Lagrangian vanishes, as it should be. By varying the
point-like Lagrangian density (18) with respect to a,b and M, we find respectively

ofr B+ My - B BN S —b) w2f (5 - %) -2/ - P (F-Tfr-Bfs) =0,  (19)
(M (24 M b? a’ 2M’ 5
e |ar (5 +57) ~ e | -2 (5 + 50 ) ~FU-Th-Bfw -0, 0
and

(2" M dM UMV ,(d M b b
2|+ ) 7 () 28 (5w
~2f =" (f = Tfr = Bfs) = 0. (21)

Then, variations with respect to T and B yield

[T —T] frr + [B— B] fpr =0, (22)
[T —T] frg +[B~B] fps = 0, (23)

which shows a symmetry in the variables T and B. As is usually done in cosmology, one can also
rewrite the field equations in a different form by assuming that the new contributions coming from
modified f(T, B) are related to a fluid with a pressure and energy density. Assuming fr # 0, one can
rewrite Equations (19)—(21) as

(24)

b
2 (24M M2 P
o = g (r ) 29

2 (Zb’M’ 2M” M’2 b2)
7 7

and

ﬂ” M// M/2 ﬂ/M/ b/M/ a/b/ b2 a/ M/ b
(a MMM T M @b +M2>+fT<

p M+M)+ —fr=0, (26)

where p,., and p_, are defined as

e R e L Y (A -7 P
PTB:h[foTBfBbzfé<a+2MM)], (28)

which are the torsion and the boundary term contributions to energy density and pressure. Clearly, if
we neglect all contributions from f (T, B), i.e., prg = prg = 0, from Equations (24) and (25) we find
thata(r) = 4/1—2M/r = 1/b(r) which is the Schwarzschild solution in General Relativity. Based on
the field Equations (24)—(26), we can derive the conservation equation. Here we follow the well-known
derivation of the conservation equation in General Relativity. By differentiating (25), one gets

a/ M// HIM/ 2blM/
+ECM_EW_bM)} (29)

, P M a M MM M2
Po=g \mM\a "M aM M M M2

Then, the combination p.., + p,; can be obtained from the field Equations (24) and (25), namely

Prg + Prg = _172 (30)
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which yields from the Equation (29) that

! " 115/ 2 2
4 M (a att M b). 31)

, a M
pTB+ ;+M (pTB+pTB):b7M

Thus, the field Equation (26) allows us to write the latter equation as
/ ! ! / / / /
, a M 4 M|, a , (3d0 bV 3M 1.,
el - = i - 4L = . 2
pTB+(a+M)(pTB+pTB) beTM[Ta+fB(2a+2b+ M) 2 (2

Remembering here that the ordinary matter is not included in the field equations, i.e., p = p, = ps = 0.
Therefore, we are not expecting that the conservation Equation (31) or (32) due to the dark sector of
the universe has the usual form.

The energy function associated with the Lagrangian £, which is known as the Hamiltonian of the
system, is defined by

;0L
Ec=q'75 - L, (33)
where g = {a,b, M, T, B} are generalized coordinates for the Lagrangian density (18) of the f(T, B)
theory of gravity. Then, computations show that E; vanishes, because of Equation (20) due to the
variation with respect to b. The equation E; = 0 can be explicitly solved in terms of b as a function of

the remaining generalized coordinates, yielding

(2 ) -y (4 424)

MY(f —Tfr — Bfg) + fr

The next section will be devoted to using Noether symmetry approach to get exact solutions for
different forms of f(T, B).

b(r)

(34)

4. Noether Symmetry Approach and Exact Solutions

In this study, we consider Noether symmetry generator which has the form

0 ; 0
X — k _ 1 k —
C(r,q)ar+n(r,q)aql, (35)
where qi = {a,b,M,T,B},i € {1,2,3,4,5}, are the generalized coordinates in the 5-dimensional

configuration space Q = {q',i = 1,...,5} of the Lagrangian, whose tangent space is 7 Q = {q',¢"}.
The existence of a Noether symmetry implies the existence of a vector field X given in (35) if the
Lagrangian L(r, q',q"") satisfies the condition

XUz + £(D,¢) = DK, (36)
where X[ is the first prolongation of the generator (35) in such a form

0
aq/i :

X1 = x + <Dr17i - q’iDrg) (37)

Here, K(7, qi) is a gauge function, and D, is the total derivative operator with respect to r, defined by
D, = 0/0r + q"'9/0q'. The significance of a Noether symmetry comes from the first integral of motion.
If X is Noether symmetry generator corresponding to the Lagrangian £(r, ¢, 4"), then a conserved
quantity associated with the generator X is

I=—CE;+7 0L K, (38)

aq/i
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where [ is a constant of motion.

Noether symmetry condition (36) for the point-like Lagrangian (18) gives an over-determined
system of 34 partial differential equations. They are shown in the appendix for completeness (see
Appendix A). These differential equations will fix the form of the vector X as well as the form of f(T, B).
Depending on the function f(T, B), it is possible to study several different branches, such that

Case 1: f(T, B) = Fy(T) + F1(B) (frg = 0).
Case 2: f(T,B) = T hy(B) + ha(B) (fr1 = 0).
Case 3: f(T,B) = g1(T) + Bg2(T) (fgg = 0).
Case 4: frp # 0 (general case).

Then, a Noether symmetry exists if at least one of the coefficients &, ', 42,73, 1* and 7 is different
from zero. We summarize them in each of the mentioned cases such as the following. For any case,
we have Noether symmetry

Xo = a(r)d, — 2/ (r)dy, (39)

where a(r) is an arbitrary function of . Using (38), this Noether symmetry yields the energy
conservation relation E; = 0 if a(r) # 0. In the following, we will split the study for all the cases
mentioned above.

4.1. Case 1: f(T,B) = Fo(T) + Fi(B) (frg = 0)
In this case, we assume the condition frp = 0 giving
f(T,B) = RK(T) + Fi(B). (40)

By using this condition into Noether Equation (A1), we find that the only possible solutions for f
which satisfy Noether conditions are given by:

Fo(T) = foT", F(B) = A1B", (41)

where n and m are real numbers. Depending on the parameters, we can find different Noether vectors
and different solutions.

4.1.1. Subcase: f(T,B) = foT + fi B—General Relativity (n = m = 1)

For this subcase we find four Noether symmetries such as Xp, and

X; = —ads + by + My, (42)
1 b . 4

X2: m (aa—aab> +8M Wlth K:_E(f0+fl>’ (43)
1

Xa = g7 (—00a +b3y) + oy with K = —2(fo+ fi)a. (44)

Then, the corresponding Noether constants become

M - 2M (2“/ - M) : (45)

/
_ 2% — 4
h =4foM b’ b 4f0ab' I ab a M

and b? = M? (2’;,1&4/ + ﬁ—?) due to E; = 0. After solving the above first integrals, we obtain that

21 ( Y4 > M"?
2 3 2 2

M 4

b 1-x

where ¢ = I;/I5. This solution becomes the Schwarzschild solution for M(r) = r.
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4.1.2. Subcase: f(T,B) = foT"—Power-Law f(T) Gravity (n Arbitrary and m = 1)

In the case where 7 is arbitrary and m = 1, the boundary term does not affect the field equations
since B appears linearly in the action, i.e., f(T,B) = foT" + f1B. Thus, this subcase corresponds to a
power-law f(T) gravity. For these theories, the field Equations (24) and (25) have the same form, and
the field Equation (26) becomes

a// ﬂ/b/ M/Z b2 ﬂ, T/
7w vt TV =0 “7)
together with
T 4T (M b (1—n)
pTB*(n_l) [n+l12T (M_M)]/ Prg = n T, (48)
which yields
VMT
Vo 4 uiair—py ot Pr) =0, b E M (49)
Furthermore, Equation (32) for this case becomes
a M 41—n)ad M'T
p/TB + (a + M) (PTB + pTB) = b2 IMT (50)

Thus, by combining Equations (49) and (50), we obtain

4n—1)aM a /
[ 2 aM PTB] pr, + (a + M) Prs (005 + Prg) =0. (51)

If we assume a barotropic equation of state p,, = w,;0.5, then Equation (51) reduces to the Abel
differential equation of second kind for p,,.
Noether symmetries for this case are Xy and

Xy = (2n —3)ad, + by, + Moy — 2Ty with K = —8f(n —1)Ma. (52)

The corresponding Noether first integrals give

M2 (Za’M’ n M’Z)

’ /
b2 (aan) 2/12 , I = 4];001M2Tn—1 [“a +2(n—1) (Z]\\/I/I - ]\b/I)] ) (53)
1+ %5 ~M=T

There are two equations in (53), but there are four unknowns 4, b, M and T. Using the definition of T
(see Equation (8)) in the first equation of (53) yields in

2M M7 b (d M v?

Then, we can consider the latter equation to generate solutions by choosing the form of M, and this
choice reduces the number of unknowns to two, a and b. Without losing generality, we can choose
M(r) = r. Then Equation (54) becomes

. =0. (55)
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Also, the second equation in (53) has the form

a (1-b) LbT'"
i 2(n-1) r dfonr2a 0. (6)
and T becomes 26— 1) ,
- a

Then, we immediately found the following solution

k 1 4 [ 1-%
a(r) = 1—;, b(r) = , T(r)= 2 -1, pp =0, pp =0, 151 =2kfy, (58)

for n = 1, which is obviously the Schwarzschild solution with k = 2M and f(T, B) = fyT + f1B theory
(GR case). Forn # 1,3,5 % and M(r) = r, the following exact solution appears when I; = 0,

27674/
4n(n;1)(2n73) T
_ L 4ns —8n+5 _ _ _70
a(r) = . , b(r) =k, T(r) 2 (59)
P0 Po (2n —3)(4n —5)
Prp = 27 Prg = 2 T T en—5 (60)

where r( is an integration constant of dimension length, k is a dimensionless constant, Ty, pg and pg are
as follows

_ (2n—1)(4n—>5) _ 8n?(2n—3)? _ 8n(n—1)(2n—3)(6n—>5) _ 8n(n—1)(2n—3)2
k=t 10 = st P = — @57 0= sz 6D

The above solution is similar to the one found in [27], where the solution is given by the Equation (4.20)
of [27]. However, our solution is most general in the sense that T(r) # 0 here. Inspiring by some values
for the equation of state parameter w(= p/p) in the ordinary matter such as w = 1 for stiff fluid and
w = % for the radiation, one can make a connection between w,, and the dark sector of the universe. It
is interesting to note that the equation of state parameter w,, is a constant, and the power n of T has
real values for w.., > —% + % 10 and w,, < —19—3 — 5+/10, which means that w,, = —1, —% give rise
to imaginary values of n. Also, it is not possible to get w,, = 0 due to the restrictions on n. We point
out that w,, = 1 (the dark stiff fluid) if n = 3, and w,, = L (the dark radiation) if n = 3 + ﬁ
Furthermore, by assuming I; # 0, we can directly find the form of b(r) by solving Equation (55),

which gives us

b(r):_(n—l){gra’+a

1
) + E\/anma’ + (n—1)2r2a’2 4+ n2a2 . (62)

Then, the explicit form of b(r) depends on a(r) that in principle, one can find from Equation (56), giving
us the following differential equation,

2fo(n—1)nra <(n —V)ra’ +na — \/27121’1111’ + (n—1)%r2a’? + n2a2) + fonr?ad’

47 "nl
2n —1)(a(r — 2nr)2 (2ra’ + a))r?

+( (nm’ +na — \/anma’ + (n—1)%r2a’% + nzaz) x

[ —-n (a (\/anma’ + (n —1)%r2a’? + n2a2 + 2nra’)

—n
—ra’ (\/anma’ + (n —1)?r2a’? + n?a% + (n — 1)m’) + na2>] =0. (63)
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Now, we have one differential equation for one variable a(r). The problem of finding solutions, is that
this differential equation for a(r) cannot be solved easily.

4.1.3. Subcase: f(T, B) = fiB"—Power-Law f(B) Gravity (fr = 0)
For the subcase fr = 0, the field Equations (19)—(21) are reduced to

[(a" 2M'\ B ?
[ B” B? (b 20\ B P?
rB” B/Z 1 /b b B’ bZ

It is easy to see from the above equations that the boundary term B does not contribute to the
field equations for m = 1. Then, using (64) and taking m # 1, we can find from the field
Equations (65) and (66) that

/
(Z - iZ) B =0, (67)
B” B? (d 2M' b\ P

Thus, Equation (67) gives b(r) after choosing M for B’ # 0. For m # 0,1,1/2, we find the following five
Noether symmetries such that Xy and

b M
X = (2m73)%6af§6b770M+363, (69)
1 /1 b 1
X2 = TuMB (Mau + mab - EaM) , (70)
X3 = mB'=2" (220, — bdy — Moy + Bdg) with K = —4fym(2m —1)aMB™"™, (71)
S U P L L [r_ ¥ ith K= —2f ™ _pm—1y/
Xo= 00 [b M] o= ot e | " ap | M With K= =2fi e BR L (72)
which give rise to the following first integrals of motion
2mB’ (a' 2M'
=" (2 7
" (a + 2 ) , 73)
_ gt |2, (4 2M -
I = fim(m —1); M?B [M 2(u 50 ) tem-135], (74)
2fim(m —=1) oo
Ih=—-"2——__ ""B" B 7
2 M2 , (75)
a 2b 4 2M
=2 ~1)-M?B™" (=~ — 7
= 2fimm - gm0 -2 76)
14 _ _Zflm(m B 1)‘1’1(1’) Bmsz/ , (77)

abM?
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where p(r) is an integration function. First, it follows from (75) and (77) that u(r) = I/, is a constant
(I # 0). Then, we find from the above first integrals that

k3 [11 +(2m — 1)122a2M4] B— La®M?* =0, (78)
Bm
o 79
a k1 M ’ ( )
B/ k1 LLbM
B2 2fim(m—1)’ (80)
/ / _
Li n 2M _ _f](m 1)b ) (81)

i M ki LM

where kj is defined by ky = I3/(4fym(m — 1)) — f1(m —1)/(2L). Now, by considering the relation (81)
in the definition of the boundary term B given by (9), we find

2 [ A(m—=1) M fi(m—1)
= —_— - R -~ 7 2
B MZ[ Py | R (82)
for I3 # 0. Then, using the relations (79)—(81), we also find that
_2fi(m—1) [3M"  fi(m—1)
B==ove |0 " kn | ®3)

By comparing (82) and (83), it is explicitly seen that the boundary term B obtained from the definition
does not coincide with the one getting from Equations (79)—-(81). To show this contradiction between
the statements of B, let us give an example in isotropic coordinates, i.e., we take M(r) = rb(r) which
yields b(r) = (r/ro)® from (67), where r is an integration constant. Then, Equation (81) becomes

_8_f1(m—1)

kq T
= (5) " en
"
where rq is an integration constant. Furthermore, from Equation (80) we find that
_ 167§ fym(m — 1)
- kl 121’8

B(r) (85)

Putting those of the results into the field Equations (64)-(66), all of them are satisfied under the
condition f; = 2kiIp(4m — 3)/(m — 1), which gives that

—2-8m 6 _
a(r) = (L) . B(r) = M. (86)

However, the definition of the boundary term B given by (9) yields

B(r) = 16r§(2m 7781)(4;11 —-1) . 7)

Here we have explicitly exposed a contradiction between the statements of B. Therefore, we conclude
that there is only one consistent interpretation for this case that it should be m = 1, and there is no
solution for m # 1. Let us clarify this here. We cannot argue that there are no exact solutions for this
model but instead, we can say that using Noether symmetry approach, one cannot find solutions.

If m = 1/2, then Noether symmetry X3 is the only one which is different, with the form

1

M
X3 = > (21nB—3)a(3a—%(lnB—1)b(7b— %(lnB—l)(?M—f—BlnBaB with K= 2f1L

V1B

. (88)
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and the first integral related with X3 is

2M’ Zb] B’). (89)

aM? a
Li=fim—(InB|=+=2 - = | -
: f12b4ﬁ|3|< [a M M| 2B

The remaining Noether symmetries are the same as Xp, X1,Xy and X; together with the first
integrals (73), (74), (75) and (77), but with m = 1/2. After some algebra, we have also determined a
contradiction between the statements of B for m = 1/2, which means that there is no any consistent
solution using Noether integrals in this case.

4.1.4. Subcase: f(T,B) = foT" + f1B" (n = m)

For this case, there are again two Noether symmetries, Xy and
X1 = (2n —3)ad, + bdy + Moy — 2T 01 — 2B0p . (90)

The first integrals for Xy and X; give the following relations

e (244 3 - 050 ()" (54 %))

b = , 1)
O
LbT' " o M b
dfgnad @ T2 (M_M>
B\"! "M B 4b
+(n—1)2f;0 (T> [2 (‘;+ M>+(1—2n)B—M]. (92)

Considering the definition of T in Equation (91), we find
22M'  M"? b (d MY\ P
(-2 (205 + 3 ) +20 -0y (54 5 ) + 3
(L-mAT (BY'[ _ub (¢ 2M'\] _
+ 5 T AR =0. (93)
Now, we take M(r) = r, which simplifies the above first integrals to

21— 20+ (n—1)b] 4 L2200l o) (%)” P2 (24 2)] =0, (94

r 2fo B2 a r
’ _ _ n— n—1 / _ ’ 1—n
24 2e00h) | o)A (B)7 |2 4 200 1 -2n B | - W o, (95)

Here, the field Equations (24)—(26) have the following form

2 v
2h2 < b +b2_1) = Prp/ (96)
a

2
7252 (21’ e + 1) = Prg/ (97)

and

QY 1(d VN (P-1) @ b-1\T  h n=1pr
a_nﬂ)+r(a+b>+r2_(l_n){<“+r> (r) poe



Symmetry 2019, 11, 1462 13 of 24

where p; and p,, become

C(n=1) 4n-1)A-bT 2(n_1)f1(§>”*1 b’B (g’ gb)g’ B* B’
o= T+ = T " 2 \T w s 7)Ao

_(1-n).. (A-mfi (B\"'[V’B 2B (a0’ 2
o = ST R (7) {nﬂa(ﬂr)]' (100)

For this case, we can get a solution of the field equations when I; = 0, which is

a(r) = (r>q, b(r) =k, (101)

o

where 7 is an integration constant and k is a constant. This solution has the following extra relationship
between the parameters,

(k+2)(k—1+q)+C

T T ak—11g (102)
f - fo(k —1)[4n — 2n(q +3) +2q —k + 1] (q+1)(2k—q—2)]1_" (103)
YT D2 —2n(2k+ 1) + (g + D)(2k—g—2)] | (k—1)(2g —k+1) ’

C = \/4q* + 42— K)g> —3(k2 — 8k + )% — 2(k — 1)(k +2)(k —4)g — (k— 1)2(7k2 —16),  (104)
where k, q are constant parameters. Then, the quantities T(r), B(r), o, and p,, for the above solution are

_To _Bo ~ po ~ po

T)=-2, B=-2, -2, pn-f (105)
where Ty, By, po and pp have the following form
2k —1)(k—1-2 2q+1)(q+2—2k
T, = ( )(k2 ) , By = (q+ )(Z;r ) ) (106)
_2(k-1) [4712 —2n(qg+3)+29—k+1][(g +1)(g — 2k + 2) — 2n(q + 2)]
Po= "2 [(l_”)(k_z"_l)_ [4n2 —2n(2k+ 1)+ (7 + 1)(2k — g — 2)] ]'(107)
2(k% -1
Po = % . (108)
For this case, the equation of state w,, = po/po becomes
1 [4n*—2n(q+3)+29—k+1][(q+1) (g—2k+2)—2n(q+2)]
Wrg = 20+1) [(1 —n)(k=29-1) - [0 =20 (T 1)+ (3 +1) (k=9 —2)] ] - (109)

4.2. Case 2: f(T,B) = Thy(B) + ha(B) (frr = 0)

When one considers the condition frr = 0, there are several subcases with different Noether
symmetries. In the following, we will study them separately.

4.2.1. Subcase: f(T,B) = foTB™ (h1(B) = foB™ and hy(B) = f1B)

As it happened before, the case Iy (B) = f1B is a special case where the boundary term does not
affect the field equations since only appears linearly. Then, this subcase is identical as choosing f; = 0.
This theory admits Noether symmetries Xy and

Xy = (2m—1)ad, + boy + Moy —2Tor —2Bdg with K = —8f1maM, (110)
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and the corresponding first integrals are

1 2¢/ M mM2T (a' 2M'\ [T B’
2 A i el - = _ -
b_il—%MZT{M<a+M) B <a+M)[T+(m 1)8]}, (111)

__ m1 | 9,2 B, mM (a 2M M/T B
I, = —4foaMTB [Zm + (2m 1)T+ 2 Y +m(2m+1)2b T+(m 1)B , (112)

where T # 2/(mM?). For M(r) = r and after considering the definition of T, the above first
integrals become

2[1+m(1fb)]‘;/+(m+l)(lb)mﬂ<“,+2) [T/+(mf1)B/]:0, (113)

r B \a r T B
a  2(1+b) bB 2m+1) [T B IbB"1
— 2m—1 = 1) |+-—F=55—==0. 114
PE + (2m )m2rT T om T (m=1) B |  4fym?r?aT (114)

In this case, it is difficult to find solutions using Noether symmetry approach. Moreover, even for the
case when a(r) = (r/r9)7 and b(r) = k = const., there are no solutions.

4.2.2. Subcase: f(T,B) = foTBY?2 (h(B) = foB'/? and hy(B) = f1B = 0)

In this case, Noether symmetries are Xg and
X1 =boy + Moy — 2Tor — 2B with K= —4fjaM (115)

which can be used with the first integrals to get the following two equations,

M> [M (24 MY\ T (a 2M\ (T B

2_ M g Mfea M L fa r_ v
#= o G ow) s (o) (7oas)] - o

2foaM?T [ b 1 (d 2M T B
=2 o= ———. 117
! bVB [M 2 (a ™M )T 2B (117
By using the definition of T and inserting M(r) = r in (116) and (117), we obtain that
i (3-20—-b* T (d 2\ /(T B
2(3_b)g+f_F ;“r; T 5B =0, (118)
a 2(1+b) 21" B  LbVB

z nial e bl S 119
a "+ T B foar*T (119)

If I; = 0, Equations (118) and (119) take the following forms

a (3-20—-b*) rT (d 2\[d 21+b)]
Z(B_b)a+r+2B<a+r) [a+ ~2| o, (120)
d 21+b) 2T B
a B _, 121
p + + T B 0 (121)

Similarly as the previous case, it is also hard to get exact solutions for this case and there are no
solutions for the case a(r) = (r/rg)? and b(r) = k = const.

4.2.3. Subcase: f(T,B) = foT + fiB+ f,BInB (h1(B) = fo + f1B/T and hy(B) = f,BIn B)

For this case, Noether symmetries are Xg and

Xy = —ad; + by, + My —2Bdg  with K = 8faM, (122)
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which have the first integral

4aM2 ! 2M' 2b B
L [fo+f2<a Y _M_2B>]’ (123)
M2 20" M a  2M'\ B
- () R (S A0 T (129
fo— %MZB M ) B
Now, assuming M(r) = r in the above first integrals, we have
20 (1-1?) fzr a 2\ B
il B (T 4+Z) | = 12
Fese e (50 5] - =
a 4fp(1-b)] B hLb

7—(f0+f2);+ p f*—ﬁ=0- (126)

Here, the field Equations (24) and (25) have the same form as (96) and (97), respectively, in which p..,

o 1 (2 L2t | PR
el ()]

The third field equation (which is a combination of the other two) given in (26) has the following form

and p,, are given by

a’ dbv 1 /d b\ (*-1) fbB
2wty <u+b>+ 7 TR B (129)
For I = 0, we found the following solution
r\1
a(r) = () , b(r) =k, (130)
o
where rq is an integration constant, and the parameters must have the following form:
L LS +8ff+ ) £ (fo+ )k (131)
fo(f§ +2fof2+5f3)
~3fo) +
g — fo[(fo+ f2)(2f2 — 3fo) + 2K ] (132)

fo(fd+2fofa+5f3) '
where K2 = f3 +2f3 f, — 32 f3 + 14fof3 + f3. For the solution (130), T(r), B(r), p,, and p,, become

2(k—1)(k—1—2q) 2(q+1)(g— 2k +2)

T(r)= 122 , B(r) = 12,2 , (133)
_ 2f2[2k(qg+1)—(q—1)(g +2)] _ 2f2[q(q +3) —2k(g —1)]
Prg = szOrz s Prg = szOrz 4 (134)

in which the latter p.., and p,, require that the equation of state has the form

v - 2ka+1)—(g-1)(9+2)
e q(g +3) —2k(g —1)

(135)
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4.3. Case 3: f(T,B) = g1(T) + Bg2(T) (fgg = 0)

By imposing fpg = 0, the function f(T,B) found from Noether symmetry equations (see
Equation (A1)) takes the form

f(T,B) = g1(T) + Bg2(T), (136)

where we can have two non-trivial functions that will be study separately.

4.3.1. Subcase: f(T,B) = foT + faBInT (¢1(T) = foT and g»(T) = foInT)

In this subcase, it is found that Noether symmetries are Xy and
X1 = —ad, +boy, + Moy —2T0r —2Bdg  with K = 8f2ﬂM. (137)

Hence the first integrals due to Xp and X are, respectively,

e (s E G ) (3T o

T 2
4aM? [ (- B\ d @ 2M 20 T
L = b [(f0+f2T)a+f2(a+M_M_2T)]' (139)
Considering the M(r) = r case, the above first integrals reduce to
- B\ [2a (1-1%) b? a 2\ T
<f0+f2T> [a+ p :| +f27’ [ZB— (a +}"> T] =0, (140)
~ B\ a 21-b) T Lb
<ﬂ+ﬁT)a+ﬁ[a+ ; ‘m}‘y%—o (141)
When I} = 0, we obtained the following solution
r\1
a(r) = <) , b(r) =k, (142)
7o
where 7y is an integration constant, and there the parameters must be
7= 2f2 [(24% + 59 + 4)k* — k(g +8)(q + 1)* + (29 + 1)(q +2)?] 143)
0" (k=1)(k—2q - 1)(2 =29 — 1) ’
K3 +K — 1197 + 187 + 21
LK+ z(q+3)6K q-+18q + / (144)
2

K3 = (9 +3)(37¢% + 24q — 27) + \/ 7545 + 9645 + 684q* + 7029% — 7142 — 864 — 75. (145)
For the solution (142), T(r), B(r), p;; and p,, become

22—k +1)[2k(g+1) = (9 —1)(g +2)] 2(k* —2q —1)[2k(q — 1) — q(q + 3)]

P = T Rk D) - @+ D@ T RRkgr D) - @ Digrae

which gives the equation of state w,, = p,,/p,; as:

_ [2k(g+1) - (a—1)(q+2)]
©rs Kg-1)-qq+3) (147)
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4.3.2. Subcase: f(T,B) = fiBT" (31(T) = 0and $»(T) = A1T")
Here there exists two Noether symmetries, Xy and
X1 = (2n —1)ad, + boy, — Moy — 2T0r —2B0g, (148)

which have the first integrals

M? M (24 M T (d 2M
2 _ el st Sl IR N
b _%ZT[M<Q+M> B<Q+M>], (149)

_ pnaM? (o 2M' 2b  B[d M b i
L =4finT" = {H+M PR ACT T @1+ D)5 (150)

Using the definition of T in (149) yields

g i / / 1o ’
2a’'M Mf b (a M) T (11 2M>_0‘ (151)

M M T M\a M) 2\a M
Again, we restrict the analysis to the M(r) = r case. Then, the above Equations (150) and (151) take
the forms

a 2(1-b) B[d 2n(1-0b) T LbT™" _
;‘f’ » +T|:£l+i’ —(2n+1)ﬁ—m—0, (152)
a  (1-b) rT (d 2
2—b)— - \|—+-]=0 1
( b) a + r 2B \ a + r 0 (153)
When [; = 0, the solution for this case has the form
r\1
a(r) = <) b=k, (154)
0
where 7 is an integration constant, and k, n have the following form
- (1+8)(q+1)F4C (155)

224> +5q9+4) '

3 2 L2
. (g+1)(39° + 997+ 209 + 16) + q C, (156)
4(q+2) (29% +5q + 4)

where C2 = g* + 4¢° + 224 + 484 + 33. For this solution, p,, and p,, have the form

Prg = % ’ Prg = % ’ (157)

where pg and pg are given by

C2q9(* +6q+7F C)(74% + 149+ 9 £ C) [¢* — 49° — 229> — 31 — 16 £ g(q + 1)C] (158)
7o @+ D@ —q-32C)[(q+8)(q+1)2 7 qCP '
~ 2q(4* +6q+7F C) [99* — 124> — 101> — 1309 — 48 + (1542 + 30q + 16)C]|

(4> —q-3£C)[(9+8)(q+1)>F4qCJ?

P0 (159)

Here, the equation of state w,, = po/po becomes

W _ 79 +149+92C)[q* — 4> — 224> ~ 319 — 16 + q(q +1)C] (160)
" (g+1) [99* — 1243 — 10192 — 1309 — 48 + (1542 + 30q + 16)C] ’
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where g # —1.

4.4. Case 4: frg #0

For this case, we find that Noether symmetry equations gives us that the form of the function
f(T,B) = f1T"B™, and we can obtain different symmetries depending on the parameters n and m.

4.4.1. Subcase: f(T,B) = fiT"B'~" (n arbitrary, m = 1 — n)

In this case, there are again two Noether symmetries Xy and

X = —ad, + by, + Moy + n*(r,a,b, M, T, B)or + %7463, (161)
where 174 is an arbitrary function of v,a4,b, M, T and B. Then, Noether constants for these vector
fields are

v = M? [MI (zaa/‘l-]]\\/g)—i-(n—l); (6:+2AA//II,> (?—i)], (162)
L :2f1na—ZZI2 (g)n—l [25/—#(11—1); (7;—1;;)] ) (163)

Because of the arbitrariness of 7* which means that there are infinitely many Noether symmetries,
one can choose 7* = 0, without loss of generality. Now, by taking M(r) = r, Equations (162)
and (163) become

2¢"  (1-10?) T (a 2\ (T B
ot by <a+r) <TB) =9 (164
24 T(T B Lb [T\
i “””B(TB)W<B) =0 (165)

The metric coefficient b(r) can be directly solved If I; = 0. In this case, by replacing Equation (165)
into (164) we find

b(r) = %\/—21’211’2 —2ra(r)a’ + a2 (166)

which can be used in Equation (162) to get a third order differential equation for a(r) that is not easy to
find solutions. The easiest way to solve this in a non-trivial way is by assuming that a(r) is a power-law.

By doing this, one finds that the only non-trivial solution is when b(r) = 1/3 and a(r) = agr—%? and
n < 0. However, this solution gives B = 0, so that this solution is a trivial solution.
4.42. Subcase: f(T,B) = f1T"B™ (n + m # 3/2)
In this case, we have two Noether symmetries Xy and
X1 = (2n+2m —3)ad, + by + Moy —2Tor — 2B0g, (167)
which have the constants of motion
M? nM' (2a M T (a 2M T’ B’
2 _ bl T PP Nl (sl — — 1) =
b= n+(1—n—m)MT2T[ v (Gooan) e (5 5n) (e -0 )| (168)
_ 4 pr-ign M [‘L’ _ M’] _ L
L =4AT"'B" = {n — o 2ntm—1) 5 |+ 2n—m)(ntm = 1)

+’;—; [2(n+m71) (%/ + 2}{‘2’) —@n+2m—1) <n%+(m71)%l>] }.(169)
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For M(r) = r, using the definition of T, the above equations reduce to

N LR YIC)) B A AN L A - I
2[n+4(2 b)]a+ . me ot T + (m 1)B =0, (170)
a [n+ (m—m)b] mT a2\ nT’ B LbT! "
n- +2£77 +op {28 ( pa (2¢+1) -t (m—1) B } Lfyr2aBn 0, (171)

where{ =n+m—1.

5. Conclusions

In the recent literature [32,42], some examples where Noether symmetry approach has been used
as a geometric criterion to select theories of gravity in which Noether symmetry generator constraints
arbitrary functions in the action, and also allows the discovery of exact solutions for the field equations
of a given gravity theory due to the conserved quantities, i.e., the first integrals of motion. It is either
possible to study spherically symmetry in a gauge where M(r) = r without setting a(r) and b(r),
or study with a generic M(r) and setting the gauge a(r) = 1/b(r) [60]. Even though both approaches
should give rise to the same physics, the field equations are mathematically different. Since we were
interested in finding exact solutions with Noether approach, we chose to work in full generality and in
the end, see if it is convenient (for finding solutions) to work in one gauge or the other. In our study,
we have found that the gauge M = r was better than a(r) = 1/b(r) for this purpose since it is easier to
find exact solutions.

In this work, we have studied f(T, B) gravity which is a modified teleparallel theory of gravity
where the manifold is flat but contains torsion. In this theory, T is the torsion scalar and B is the
boundary term which is connected with the Ricci scalar as R = —T + B. We have found the admitting
Noether symmetries in the background of spherically symmetric spacetime. To write out Noether
symmetry equations, we derived the point-like Lagrangian (18), which gives rise to the dynamical
field equations varying with respect to the configuration space variables a,b and M. After solving
Noether symmetry equations (in vacuum) and using the first integrals for the appropriate Noether
symmetry, we have found some exact spherically symmetric solutions for several forms of the function
f(T, B) in different cases. The exact solutions found are displayed in Table 1. Unfortunately, due to
the difficulty of the field equations, we have only found solutions where the metric coefficient b(r)
is a constant. In the cases including power laws of the boundary term B, we also observe that there
is no solution in which the metric coefficient b(r) is a constant. For all the solutions that we found, if
one tries to go to the GR limit, for example in the fyT" case, if one sets n = 1, one only gets a trivial
metric, i.e., a(r) = 1or 0 or b(r) = 1 or 0. Thus, all these solutions are branching off the Schwarzschild
solution and they become different from trivial when the modification of GR is considered.

It is important to mention that we have not assumed the form of the function f(T, B) in any part
of the paper. Instead, we have used Noether symmetry Equation (A1) and we have solved these
equations for different branches (Case 1 to Case 4) appearing in those equations. These equations
depend on f(T, B) and Noether vector. To find out the form of f(T, B), we solved the system of 34
partial differential equations admitting a non-zero Noether vector. Thus, Noether symmetry equations
select the form of the function f(T, B) and the form of Noether vector. It is interesting to mention that
for example, a power-law f(T) = foT" directly appears from these equations, and several f(T) studies
have been carried out in this model finding different astrophysical and cosmological features such as
the possibility of alleviating the Hy tension in cosmology [61] or the possibility of explaining galaxy
rotation curves in astrophysics [62]. Furthermore, different f(T, B) power-law forms found in this
paper (by symmetries) have been also used (by hand) in other papers such as [38,63,64] for explaining
cosmological viable models.
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It is still unclear if the solutions found might be astrophysically interesting. One can follow a
similar approach as [30] and study possible effects such as the photon sphere and perihelion shift
of those solutions. Another study that can be done is to analyze the accretion process of these
solutions [26,65]. Still, there is a long route for understanding the possible astrophysical effects of
modified teleparallel theories of gravity. It might be interesting to follow a similar approach done in
this paper for other teleparallel theories, such as scalar-tensor theories [66-75], non-local theories [76]
or theories with non-minimally couplings between matter and gravity [77]. These works will be done
in forthcoming studies.

Table 1. Exact solutions in modified teleparallel gravity described by f(T, B) where the metric is ds? =
a(r)?dt? — b(r)?dr*> — r2dQ2. The extra constants appearing in the table are: K3 = f + 213 f> — 3f3 f3 +
14fof3 + f3, K3 = (q+3)(37q% +249 —27) + 64/75¢° + 964° + 684q* + 7024° — 71492 — 864q — 75, C* =
g* +4q° + 2297 +48q + 33, C? = 4¢* + 42 — k)g® — 3(k> — 8k + 4)g*> — 2(k — 1) (k + 2)(k — 4)g — (k —
1)2(7k* —16), and f1 and fy are displayed in Equations (103) and (143) respectively.

f(T,B) a(r) b(r)
4n(n—1)(2n—3)
f T" r 4n2 —8n+5 (27’1 — 1)(47’1 — 5)
0 70 4n2 —8n +5
(k+2) (k=1+q9) +C (k+2) (k—1+q)+C '\
foT *0TFD 4 1B 30T <7) k
0
_ H(3B+hh 2312 )
r fo(F+2hora+53) fh+8foffEKi(fotfo)+f3
T Blog B — 0 2 2
foT + f2Blog = ffi+2/0f2+5F)
. r\4 K2+Ky(g+3)—114%+18g+21
foT + foBlogT (%) 2tKa(g )6I<2 7 +259
(9+1) 3¢° +99% +20q+16) +42C
FBT GO (2’ (18)(g 41 F4C
0 o 20247 +5q+4)
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Appendix A. Noether Symmetry Equations

Noether symmetry condition (36) applied to the Lagrangian (18) for the metric (6) gives 34 partial
differential equations as follows
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ng,{l =0, ng/b =0, ng,M =0, ng,T =0, ng,B =0, fTBCr” =0, fnga =0,
frs6p =0, feeCp =0, fr36; =0, fpC5=0 fr;C) =0,
fos6m =0, fuslr + frs6s =0, (fT+fB)(M’7,1h+”’7i)+%(V’:errKrh) =0,

i+ ) (I + 4 ) o o+ G Fo+ 55 (Fart 4 ) + i (VB ) =0
(Fr+ o) (— R A ) o i+ g o r® = (M o)
+5 2 (oo + o) + 4171 (Ve +K,y) =0,
e+ fo) (M}, ) + 3 Fry (Mirh+2073) + (Ve +K,) =0,
(Fr+ fo) (Ml + i) + o fop (M} +2002) + 3 (VE, +K,) =
26} = Mfrytr® + Fupn3) =0, 2f1s = M (frynh + fu13) =0, (A1)

'Lz 7 I B S 4 s_ M 4 5 _ 4 5) _ o
fr b M+7’/ M’7,n+77,M S )+ frot™ + frpn (fTBU,M+fBB'I,M) alfrsf, + fas?,) =0,
n

2
frs (7?+% ’7 + 17314"»77,41'7[:”)+fTBT114+fTBBI757 fT’7 +fBB’7T7 4

2
fBB< %J’_%*"? +M7] '*"73_';T >+fTBB’74+fBBB'75 2 ¥ +fTBWB_ ’
fr(Mu)y +an) —aM(frpny + fopt) =0, fw(MﬂiHﬂﬂ?;):O, Fon (My} +2a13) =

1
fr (’7; ST 2M o c/r) + frett + Frat® = 2MFr, + fu,) = O,
Ly P M 1 1
fTB (% - % + WM + 57711\/1 +77,3M +77,4T _gﬂ) +fTBT774 +fTBB775 _fT (EU}T + MUB,T> +fBB’7,5T =Y
1 2 3 1 1
fBB (% - % + ﬂﬁ + *UM +WM +’75 > +fTBB'74+fBBB;75_fT (;77,13 + ﬁni) +fT87],43 =0,
fTB (MW}T + 2‘”7,?}) =0, fTB (MV,B + 2”’7,3) +fBB (MU,IT + 2“’7,31-) =0, fBB (M'],IB + 2“’73;) =
Vol + Vi + Vo + Vot + Vn® + 4fr + fo) (Myg, +any) + Ve, + K, =0

where V = ab [M*(Tf, + Bf, — f) — 2f,].
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