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Abstract: In this paper, we present two kinds of Hermite-type collocation methods for linear Volterra
integral equations of the second kind with highly oscillatory Bessel kernels. One method is direct
Hermite collocation method, which used direct two-points Hermite interpolation in the whole
interval. The other one is piecewise Hermite collocation method, which used a two-points Hermite
interpolation in each subinterval. These two methods can calculate the approximate value of function
value and derivative value simultaneously. Both methods are constructed easily and implemented
well by the fast computation of highly oscillatory integrals involving Bessel functions. Under some
conditions, the asymptotic convergence order with respect to oscillatory factor of these two methods
are established, which are higher than the existing results. Some numerical experiments are included
to show efficiency of these two methods.

Keywords: Volterra integral equations; highly oscillatory Bessel kernel; Hermite interpolation;
direct Hermite collocation method; piecewise Hermite collocation method

1. Introduction

Volterra integral equations arise from many mathematical problems in engineering and
physics [1-3]. For example, the numerical solution of a scalar retarded potential integral equation
posted on an infinite flat surface,

/ u(xl,t o~ x‘)dx’ =a(x,t) on R®x(0,T),
R2 |x" — x|

where u and a satisfy the causality condition # = 0, a = 0 for all t < 0. The continuous Fourier
transform (CFT) of a function g € L*(R?) is § € L?(R?) defined by (@) = [g» g(x)e~*¥dx, When
a(-,t),u(-,t) € L2(R?) for t € (0, T), by taking CFT, Davies and Duncan [2] reformulated it as the
following Volterra integral equation of the first kind with highly oscillatory Bessel kernel,

27 /Ot i1(@,t — R)Jo(wR)dR = a(@,t), for & €RLte (0,T), 1)

where ], (x) is the first-kind Bessel function of order m, which is the solution of the Bessel equation
ZZTZ + %Z—z +(1- ’;1—22)]/ = 0. In 2005, for the study of the problem of the electromagnetic scattering
from a large cavity, G. Bao and W. W. Sun [1] reformulated (1) as a Volterra integral equation with

Cauchy singular and highly oscillatory Hankel kernel.
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The Bessel kernel of the above Equation (1) has a parameter w. Obviously, when w > 1, the Bessel
kernel function becomes highly oscillatory. When resort to numerical solutions of Equation (1),
the computation of integrals involved Bessel kernel functions is inevitable. However, the classical
quadrature rules, such as Newton-Cotes rule, Clenshaw-Curtis rule or Gauss rule, are failed to calculate
this kind of integral. Hence, adopting suitable quadrature rules for the corresponding highly oscillatory
integrals plays an important role in obtaining the numerical solution.

The function Jo(w(x — t)) satisfies the condition of Theorem 2.1.8 ([4], p. 64). Upon differentiation
with respect to x, the first-kind Volterra integral Equation (1) can be rewritten as the second-kind
Volterra integral equations. In this paper, we treat the following Volterra integral equation of the
second kind with highly oscillatory Bessel kernel

u(x) — /Ox Tu(@(x — ) u(t)dt = f(x), x€[0,1)¢€l:=0,x], @)

where u(x) is an unknown function, f(x) is a given smooth function, J,, is the Bessel function of the
first kind of order m > 0 and the frequency w is a parameter. When w > 1, the Bessel kernel function
is highly oscillatory, and this makes solving Equation (2) a challenging problem.

In recent years, there has been tremendous interest in developing methods for solving
highly oscillatory Volterra integral equation, such as discontinuous Galerkin method [5], Filon-type
method [6,7], collocation method [4,8,9], collocation boundary value method [10,11], collocation
method on uniform mesh [12], collocation method on graded mesh [13].

Xiang and Brunner [14] presented three methods: direct Filon method, piecewise constant
collocation method and piecewise linear collocation method for the equation,

u(x) — /Ox Jm(w(x —t)) (xuﬁtz)“dt = f(x), x€[0,1,tel:=[0,x],0<a<1,f(x)eCo,1].

Based on the asymptotic analysis of the solution, they gave corresponding convergence rates
in terms of the frequency for these methods. For the case of the « = 0, f € C2[0, 1], Fang et al. [15]
showed that the optimal convergence with respect to the w are O(w~2), O(w=3/2),0(w~?2) respectively.
These three methods, same as other existing methods, are constructed by original integral equation or
its equivalent equation. Since only the function value in start point is used, which leads to low error
precision. In this paper, we present two kinds of Hermite-type collocation methods by combining
original integral equation and its differential equation. The new methods will use the values of
function and derivative function in start point, which gets higher error precision than that of the above
three methods.

The rest of the paper is organized as follows. In Section 2, we present two efficient methods for
Equation (2): direct Hermite collocation method and piecewise Hermite collocation method. We show
the error bound with respect to the frequency w In Section 3. In Section 4, several numerical examples
are included to verify the results of theoretical analysis. It is observed from numerical experiments
that these methods have higher accuracy as compared with the Direct Filon method in [14].

2. Hermite-Type Collocation Methods

2.1. Direct Hermite Collocation Method (Algorithm 1)

Differentiate both sides of Equation (2),

' (x) = Ju(O)u(x) = [ (el = 1) u(t)dt = f'(x). )

x
0



Symmetry 2019, 11, 168 30f17

Since
(n(w(x— ) = { C(—Jmp1(w(x —t)) + J—1(w(x — 1)), m>0, @
—wfi(w(x—1)), m =0,
it follows that for the case m = 0,
W (x) = Jo(0)u(x) + w /Ox(h (w(x — D)u(t)dt = f(x), ®)
and form > 0,
W@ = T Ou) + 5 [ Gun(@x=0) = Jpa(@x - )udi = £ ©

Let us denote the Hermite interpolant polynomial between u(0) and u(x;) by
uy(x) = Hoju(0) 4+ Hyju(x;) 4+ Haju' (0) + Hzju'(x;),

where the polynomials

2 2
2x x—xj x—xj X
] ] ] ]
Y—x 2 2
— . x
sz =X < _xj]> , H3] = (X — .X]) <x]> ’

mean the fundamental polynomials with respect to the nodes 0 and x;. Then the collocation
systems follow

*j
u? - /0 Jm(w(xj — t))(Hojuo + Hlju}-i + Hyjug + H3ju;"l)dt = fi, (7)

w [
u}d — ]m(O)u;-i + > '/0 ](]m+1(w(x]- — 1)) = Jm—1(w(xj — t)) (Hojuto + Hlju;l + szu/o + H3]-u;d)dt = f;, (8)

where u? denotes an approximation of u(x;), u}d denotes an approximation of u'(x;). That is

(1= 1(1,j,m))uf —1(3,j,m)u" = f;+ 10, j,m)ug + 1(2,j, m)ug, 9)
w . , w . .
(<Jn(©) + S (11 jm+1) =1L jym = 1)) ) uf + (14 (13, j,m+1) =13, j,m = 1)) ) uf? w0)
= f} = SO, fym+1) = 1(0,j,m = 1))ug — 5 (1(2,j,m+1) = I(2,j,m — 1)),
Solving these systems, we get direct Hermite appromximate schemes for m = 0,

o U 100,000 +10,),00)(1+ @1(3,),1)) + (f ~ IO, uo — @I, D)IGi0) 1

Y= 1—1(1,7,0)(1+wI(3,j,1) +1(3,7,0) (-1 + wI(1L,],1)) '
ga_ Sit 107,000 + 1(2,],0)up) (1 — wl(1,j,1)) + (fj = wl(0,j, Duo — wI(2,j, ug) (1 = I1(1,],0)) (12)

I —1(3,j,0)(1 = wI(1,j,1)) + (1 +wlI(3,],0))(1 = I(1,],0)) '
form > 0,

. byaz; — brayn S — ay1by — anby (13)

[ — 7 — 7
I apaxn — axnanp I anax —axan
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where
an =1=1(Ljm), ap=—I3,jm), an=—Ju(0)+5I(Ljm+1)~ILjm=-1)),
=1+ %(I(B,j,m +1) =13, j,m—1)), by = f;+ 10, m)ug + I(2,j,m)u,
=fi— ( (0,j,m+1) = I(0,j,m — 1))u 0—5( (2,j,m+1) = 1(2,j,m —1))ug.
I(k, j,m) denotes the moment
I(k,j, m / Hilm(w(xj — £)dt &k =0,1,2,3.

The specific calculation formula follows

. 3 2
1(0,,m) :;L(Z, m,w,x;j) — EL(C%, m,w,x;), (14)
] ]
) 3 2
I(1,j,m) =L(0,m, w, xj) — —L(2,m,w,xj) + —L(3,m,w,x;), (15)
x? X
] ]
. 1 1
1(2,j,m) =—L(2,m w,xj) — —L(3,m,w,xj), (16)
Xj x].
) 2 1
I(3,j,m) = — L(1,m,w, x;) + x—jL(Z, m,w,x;) — ;L(C%, m,w, x;). (17)
)

a
The moments L{u, m, w,a] = / t" Iy (wt)dt can be efficiently calculated by
0

2HT (7m+§'+1> (m+u— 1)]m(wa)sl(42_)1’m_1(wa) — ]m,l(wa)s,(fm(wa)

eI (1) awk

Lip,m,w,a] = , (18)

where I'(x) = fooo e~ 't*~1dt denotes the Gamma function and sélzl), (z) denotes the Lommel function of

the second kind [16,17]. Once w is large, the Lommel function can be efficiently approximated
by truncating

5;2])/(2) — nyl[l _ (p1)2 02 +...4+ (-1 )p[(}‘ 122, [(u=2p+1)*— ]] +O(Zy72pf2) (19)

z2 z2pP

Algorithm 1: direct Hermite collocation method.
1. ComputeL[lmwx]1—0123by(18)
2. Compute I(k,j,m),k=0,1,2,3by (14)-(17) ;
3. Compute u}i and u}d by (13).

2.2. Piecewise Hermite Collocation Method

To obtain higher-order approximations, a direct improvement of the direct Hermite collocation
method is the composite Hermite collocation method, which is so-called piecewise Hermite collocation
method (Algorithm 2), that is split the interval into several bins and apply the formula over each bin
independently of the other.

Without loss of generality, suppose that In = {x;j = j*h : j = 0,1,---,N} is a uniform
nodal point and i (x) is an approximation of u(x) such that #(x)|[x;_1, x;]is the Hermite interpolant
polynomial between u(x;_1) and u(x;) forj=1,...,N.
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Let us define
(x) = Hoju(xj_1) + Hyju(x;) + By’ (xj_1) + Hajui' (x7),

where the polynomials

Ao = (o232 () - () (52
Hlj = <1+2xjxi;j)i1> (;j:%j) = <1+2x];x) <2$) ) 2 2
I:Izj = (x — X]'_1) (%) = (x — X]'_1) (x;x]) s H3j = (X —Xj) (;j_j;]:l) = (X — Xj) (x_)h{];l)

denote the fundamental polynomials with respect to the nodes x;_; and x;. Then the collocation
systems follow

j—1

u— Z/xxi ]m(w(xj—t))ai(t)dt—/:j I (x; — D) (H)dt = f;, 20)

i=17+4i-1 j=1
i1
= IO+ 5 X [ Ui (@(x = £)) = -1 ((xy = ) (1)
i=1"%i-1

+ % /xxj (]m+1(W(xj —t) — ]m—l(aJ(x]- — 1)) * ﬁj(t)dt — f]/ (1)

j—1

This leads to the piecewise Hermite collocation method
bi1 b2 uj n
= 22
|]Dl b uj r|’ 22

w

bu =1 = Ajjim, b1z = —Ajsm, b = ~Jm(0) + 5 (Aja(mrr) = Ajjrm—1)),

where

w
b =1+ 5 (Ajjaims1) = Ajja(m—1))s

-1
/! / !/
r =fi+ ) (Aijomtio1 + Agimiti + Agpmtti_y + Aijzmtt;) + Ajjomtj—1 + Ajjamti_1,
i=1
j-1

w
ra =fj - 5 Y (Aijogm+1) = Aijom-1))4i-1+ (Agja(mr1) = Aiji(m—1)) i

i=1

+ (Aippm+1) = Aipp(m-1))Wi—1 + (Aijaims1) — Aijam—1)) i
w
iy ((AJ'J'O(mH) = Ajjo(m-1))4j-1 + (Aja(m+1) — Afﬂ(m—l))”}—l) : (23)

Ajjkm denotes the moment
Xi A
Aijjkm :/ HyiJm(w(x; —t))dt  k=0,1,2,3.
Xi—1

The specific calculation formula is following that
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Ajjom = (L(0,m, w, (j —i+1)h) = L(0,m, w, (]—l)h)) (2j —2i+3)(j —i)?
—(L(,m,w,(j—i+1)h) —L(1,mw,(j—i)h)) (j—i+1)(j—i)6/h
+ (L(2,m,w,(j—i+1)h) — L(2,m,w, ( i)h))3(2f —2i+1)/h?
— (LB, m,w,(j—i+1)h) — L(3,m,w, (j —i)h)) 2/,
Z]1,11:(14(0,711 w,(j—i+1)h)—L(O,m,w,(j—i)h))(j— z+1) (=2j+2i+1)
+ (LA, mw,(j—i+1)h) = L(l,mw,(j—i)h))(j—i+1)(j—1i)6/h
—(L(2,m,w, (j —i+1)h) — L(2,m,w, (j — i)h)) 3(2j — 2i + 1) /K>
+ (L33, m,w,(j—i+1)h) — L(3,m,w,(j—i)h))2/H®,
Ajjom = (L(0,m, w, (j =i+ 1)h) = L(0,m,w, (j — i)h)) (j =i +1)(j — i)*h
—(L(L,mw,(j—i+1)h) — L(1,m,w, ( i)h)) (3j —3i+2)(j —1i)
+ (L(2,mw,(j—i+1)h) — L(2,m,w,(j—1i)h)) (3j —3i+1)/h
—(L(3,m,w,(j—i+1)h) — L(3,m,w, ( ih)) /h?,
Ajiam = (L(0,m, w, (j =i+ 1)h) = L(0,m,w, (j — i)h)) (j — i +1)*(j — i)h
—(L(,m,w,(j—i+1)h) —L(1,mw,(j—i)h)) (j—i+1)(3j —3i+1)
+ (L(2,mw,(j—i+1)h) — L(2,m,w,(j—i)h)) (3j —3i+2)/h
—(L(3,m,w, (j—i+1)h) — L(3,m,w, (j—i)h)) /K>. (24)

Algorithm 2: piecewise Hermite collocation method.
1. Compute L[i,m,w, xj],i =0,1,2,3 by (18);
2. Compute Az‘jkmzk =0,1,2,3by (24);
3. Compute u; and u; by (22).

3. Error Analyses

Firstly, we introduce some useful lemmas, which will be used to prove theorems for the
later analyses.

Lemma 1 ([15], Lemma 1). For any integers y,v > 0 and x € (0, 1], the following integral

X
@ [Tt ue(x = 1)t (25)
is uniformly bounded with respect to w > 0.

Lemma 2 ([15], Lemma 2). Suppose g.,(t) € C[0,1] and g.,(t) = O(1) as w — oo. Then for any v > 0 and
x € (0,1, it is true that the integral
"X
J0

is uniformly bounded with respect to w > 0.
Lemma 3 ([18], Lemma 2.1). For any w > 1,m > 0and hy,(t) satisfies

/ |, (s)|ds is integrable;

/ |, (s)|ds and he,(t) are bounded in w € (0, 0] for fixed t, respectively,
0
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it is true that
Kyw=7%, —

1
27
Kw™32, k>1, 7

/01 hw(t)tk]m(wt)dt‘ < {

where the constants Ky and K, are independent of w.
Let o7 : C(I) — C(I) denote the linear Volterra integral operator defined by
(Fu)(t) := /Ox Jm(w(x —t))u(t)dt, x €[0,1],t € I :=1[0,x],
and .# denote identity operator. Then Equation (2) can be reformulated more compactly as
(I —d)u=f. (28)

To get the expression of (1)—~(3) order derivatives of the solution of (2), we first discuss the relation
between the integral operator &/ and the differential operator D.

Theorem 1. Assume f € C3[0,1]. The Volterra operator o/ := C(I) — C(I) defined by (</"u)(x) :=
fox Ky (t, x)u(t)dt, n > 1, where K, (t, x) are the iterated kernels. Then the solution of (2) satisfies

3

(29)

=

I
1

R
!

j=0

-
=
I
12

(f(0)1r + DS ), (30)

-
i
=}

(f(o)r(o);aﬂ'*zr + £(0)/1 1Dy + £(0).1 17 + Msz) ) (31)

-
Il
=)

g
» N
= =
I I
e L0772

( £(0)r(0)(r(0)’3r + /172Dr) + £(0) (' (0).«/'*r + o/~ D?r)

-
i
o

_|_

£(0)(r(0) ' 2r + 7' Dr) + (f"(0) /' 'r + &/ D? f)) ) (32)

where, r(x) = Ju(wx) and o/ = 0 if j < 0. Moreover, we have both of || Dut||es, || D?u — £(0)Dr — D2f||
and |D3u — £(0)r(0)Dr — f(0)D?r — f'(0)Dr — D?f||co are uniformly bounded with respect to w.

Proof.

S/',l

A f = /Ox Jm(w(x —s1)) /051 Jm(w(s1 —s2)) .. ./0 Jm(w(sj—1 —s))f(s)dsds;_1...ds;. (33)

Lets) = x —s1,85 =51 —$p,... ,5}71 =8j_p —sj_1,8 = sj_1 — s, it follows that

. x x—s' x—Zj:1 s j—1
A f = /0 ]m(ws’l)/o (ws)) .. ./0 T I(ws) (x - ) si— s’) ds'ds;_y...dsy.  (34)
k=1

Then
i x ' =5y / x—Zf;zl Sk / = / / /
Detf :f(O)/O ]m(a)sl)/o ]m(a)sz).../o Jm(wsj_1)Im w(x—k;sk) dsj_q...dsy

B S LN Sy AN , 89
+/0 ]m(cusl)/o ]m(wsz).../o Jm(ws') f xfk;skfs ds'ds]_;...dsy

=£(0)«/)~r + /I Df.
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Since .
u=Yy df, (36)
j=0
this series is uniformly absolutely convergent, therefore we can differentiate it term by term
Du =Y (f(0)o/" lr+/IDf),
j=0

D?u = f (FO)r(©)/=2r + f(0)1~'Dr + £ (0) /s + /D),

D3u = i (f(o)r(o) (r(0)a/3r + &/ "2Dr) + £(0)(¥' (0)/’*r + &/ ' D?r)
+ 5/ O0)r1 2 ./ 1Dr) + (7 ©)af 1+ D)),

where o7/ = 0ifj < 0. O
If we define

. j x
||| = SuPM = max/ |K;(x,s)|ds
[Pl xel' Jo

and recall that ||&7/¢||ee < ||77]|||¢]|c0, we find

Remark 1. 4
||| < max{|Jm(w(x—s))|: (x,s) € Ix(0,x)}/j! <1/j!,

IDul < 32 (Ol -+ M),

D?u — £(0) iﬂHDr

(f(O)r(O)HM’ZHHrH + £/ ) [l il + | HDZfII) ,

IN
e 1

=0
1% — i(f(O)r(O)MZDr — F(0)&/ ' D?r — £(0)/11Dr) < i<|f<o>r2<o>||df3| I
]= =

HF)r )72 llrll + £ ©r©) 2 [[Irll + 1 £ )" [[[Ir| + [l [ID*£11,

then, we have ||Due, |[D*u — f(0)Dr — D?*f||, and ||D%u — £(0)r(0)Dr — f(0)D*r — f'(0)Dr —
D3f||« are uniform bounded with respect to w.

Theorem 2. Assuming f € C3[0, 1], the pointwise error of the direct Hermite collocation method for (2) satisfies

-3 _

lu(x;) — ud|_{8§22;:;§8;7§8 w00, i=1,23,...,N. (37)
w™2),f(0) = ,

! (x;) — :{géwlilﬁg;#g w00, i=1,23,...,N. (38)
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Proof. We only prove a situation m > 0. For the case m = 0, the proof method is similar.
By the definition of the direct Hermite collocation method, for any x; € Iy, it follows that

{ E(x)) *fdrjfm x]'*t)>E(t)‘“=°' (39)
B () = Jn(O)E() + § o Ua(@(xj = 1) = Jua(@(xj = D) E(D)dt =0,

where E(x) = u(x) — uj,(x) be the error function. Interpolating E(x) at x = 0 and x = x;, we have
E(x) = Hl]'E(X]') + H3]'E/(X]') + R(X), (40)

where R(x) denotes the remainder of the Hermite interpolation. As we know E(x) satisfies that
E(0) = E’'(0) = 0. Substituting (40) into (39), we are led to

E(x)) = fo Jm(w(x; — ) (HyE(x;) + HjE' (x}) + R(t))dt =0,
E'(xj) — Jm(0)E(t) (41)
+¢ Jo! Umr(@(xj — £)) = Jm—1(w(x; — 1)) (HyE(x}) + HaE' (x;) + R(t))dt = 0.

That is
(1= fy7 Jm(w(x; — £)) Hyjdt E(x}) — [y Jm(w(x; — ) HyjdtE' (x;) =[5 Jm(w(x; — H)R(£)dt
(~Jm(@) + % Jo ({f+l<w<x]- — 1) - fmq(w(xj — 1)) Hyjdt ) E(x)) W)
+ (1 + % fO’ (ms1(w(xj =) = Tm—1(w(xj — f)))Hsjdf> E'(x))
= % Jo Uns1(@(xj = 1) = Ju1(w(xj — £)))R(E)d.
Therefore, the error E(x;) can be computed by
Q1 T\ %
E(x]) st E (x]) - Q3, (43)
where
gzﬂ”mwu»>>mm*o+2/ (i1l = ) = o 0(; = 1)) it
f/ Jon(e(x; — 1)) Hydt 5 5. /(MH<< ) = Ju-1(w(x; = )R (Dt
Q= [ Il m*Qm 7; (s (@l = 1) = T2 (wly — )y )
(1—/ ﬂmd> 7 (@(; — 1) ~ (el ~ D)R(
Q3=< / Jm(w(xj —t)) Hl]df) Im+1 w(x ‘—f))—]m—l(w(xj—f)))H3]’df)

[ m<<-4»%ﬁu(m 2/ sa (w(xj — £)) M]((._mﬂ%ﬂ>

Defining R(x; —t)

= S(t), then §(0) = S§'(0) = S(x;) = S'(x;). From Lemma 1 to Lemma 3,
we can easily get Q3 = O(1)

with respect to w. What shall we do is prove that
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/ ]m(wS)S(S)dSZ{O(wz), 0 20

Using integration by parts twice, we get

sm+1]m+1 ((US)

/Oxj Jm(ws)S(s)ds = /OXj S(s)d wsm+1
_1 /Ox’ (S”(s) — (2m +3)S/£S) (4 1)(m+3)°8 )> Jim+2(ws)ds.

w?

Denote

I= /oxj (S”(S) —(@m+3) S,S) Tm+1)m+3) = )) Jm+2(ws)ds.

O(w™) f(0)=0
o)  f(0)#0

In the following, we show that the convergence degree of | with respect to w.
Letting

So, we only need to prove that | = {

Fs) = 8"(s) — @m+3) 7 m 1y +3) 2,

then we have

F(0) = $"(0) — (2m +3)S"(0) + (m + 1) (m + 3)@,

I= [ F) I (ws)is
= [(F©) ~ FO)wealws)ds + [ FO)salws)ds
% (],M ws) ) — F(0))]—y — /O (F'(s) — (m +3)F(S)_F(O))]m+3(ws)ds>
+F / ]m+2 ws
Observing that
P(s) =)~ @n+ 3T Ty ) (S0 - B,
Fe) = FO) _ SN(S)S; SO omy3) (5’5(5) - s“(o)) + (m+1)(m + 3) (S/S(;) - s”2(0)> .
Notice that

$""(s) = " (s) = 3! (5

"(s) +c1-up+cn- u;,

where c1 and ¢, are some constants independent of w. For u,(x) is cubic polynomial, we can easily show
that u}(s) = O(1) with respect to w. According to Theorem 1 it follows that ||D3u — £(0)r(0)Dr —
f(0)D?r — f(0)Dr — D?f|| 0. Together with Lemma 3 we can easily get
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That is

Then

Therefore, we can get

_ [0t f@) =0 o
lu(x;) —uf| = {O(w‘z),f(O) 40 w—o, i=1,2,3,...,N. (44)
! (x;) — ul?| = {O(wz),f(o) =0 w—oo, i=1,2,3,...,N. (45)
O(w™),£(0) #0

O

Theorem 3. Assuming f € C3(I), the error of the piecewise Hermite collocation method for (2) satisfies

u(x;) — ] = {O(w_Bh)’f(O) =0 o, i=1,23..N. (46)
O(w™2h), f(0) #0

lu (x;) — 1l] = {O(w_zh)’f(o) =0 e =123, N 47)
O(w™'h), f(0) #0

Proof. For the piecewise Hermite collocation method, u(x;) satisfies

j—1

u(x;) — Z /Xk Jm(w(xj —t))u(t)dt — /xj Jm(w(xj —t))u(t)dt = f(x;). (48)
k=1"%k-1 Xj-q
Combining the above equation with
j—1 Xk X;
wi= X [ Il = )t~ [ gl - 0)a(e)dt = fx;), (49)
k=1"%k-1 Yj-1

we get

B Yhoy e [of In(ew(xy— 0)dt+ Sy [ Ju(w(x; — £))re(t)dt -
A 1— [ Jm(wt)dt ’ (50)

where ¢; = u(x;) —uj,j=1,2,---,Nand ri(t) = (u(t) — dx(t))|t € [xx_1, %k]. An argument similar to
the one used in Theorem 2 shows that

Thor Juf, In(@(xj = D)r(t)dt {O(w3h), fo -0 o

1= fo" Jm(wt)dt O(w™2h), f(0) #0

the desired result is then found by employing the generalized discrete Gronwall inequality ([4], p. 95).
Similarly, one can derive the convergence order of |u'(x;) —u}|. O
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4. Numerical Examples

From Section 4, we can see that direct Hermite collocation method and piecewise Hermite
collocation method are very efficient for solving the second-kind Volterra integral equation with highly
oscillatory Bessel kernel. They possess the property that the higher oscillation, the higher accuracy.
In this section, based on the Formulas (11), (13) and (22), we present some preliminary numerical
experiments to verify the result of theoretical analysis. The experiments are performed on a 1.86 GHz
PC with 2 GB of RAM. We are using the R2016a version of the MATLAB system. The following Direct
Filon method (DF) is presented in paper [14].

Example 1. Consider the following equation

- /0 T (x — D))u()dt = f(x) withx € 1=[0,1], (52)

where f(x) = e* — [ Jm(w(x — t))e'dt. The analytic solution is u(x) = e*.

In Table 1, we compare the relative error of #(x) from the DF method, piecewise linear collocation
method, direct Hermite collocation, and piecewise Hermite collocation method. In Table 2, for fixed w,
we compare the relative error of u(x) from the piecewise linear collocation method and piecewise
Hermite collocation method when the steps are different. In Figures 1-3, we can see the convergence

rate with respect to w of these methods.

Table 1. Relative errors of u(x) in N—point approximations to the Example 1 by the DF method,
the piecewise linear method (PL), the direct Hermite method(DH) and the piecewise Hermite
collocation method(PH). The step is 0.1 for piecewise method and the test point is 0.8.

w\Method DF PL DH PH
10 685x107° 6.86x107° 880x10° 1.14x10°8
100 889x107° 1.06x107° 156x10~7 2.08x 1077
1000 938x 1077 131x1077 156x10710 3.08x 10712
10,000 936 x 1077 146x1077 157x1071 339x10°1
x=0.8,m=1,u(x)=exp(x) m=1,u(x)=exp(x)
10° § 10°
X *  DF scaled byw-2
2 2 *  DH scaled byu3
077 * DF scaled by «? 1075 PH scaled by w®| |

*  DH scaled by w?
PH scaled by W?

The relative error scaled by w?
=
o

[N

&

%

g?ﬁ** *
Yok
*W***ﬁs e ;@R&ﬂ

** Kotk

sfﬁ *Hwﬁ

bl e%))%

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

w

The maximum relative relative error at x

%@Sé‘ - %
P
TS o et e

. . . . . .
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

w

Figure 1. The relative errors of u(x) for DF method, direct Hermite collocation method (DH) and
piecewise Hermite collocation method (PH) at point x = 0.8 (left), the maximum relative errors at
collocation points x = 0.1:0.1:1 (right).
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x=0.8,m=3,u(x)=exp(x) x=0.8,m=3,u(x)=exp(x)

=
o
°
=
o
G

*  DF scaled by W
% DH scaled by w?
PH scaled by W?

[
T

=
o
[
i
o

*  DF scaled by W?
* DH scaled by w®| |

N

S
N
T

The relative error scaled by w?
The relative error scaled by w? or w®

1 1
0 0 PH scaled by W°
6L -6 L
1074 7L
10-8 L L L L L L L L L 10-8 L L L L L L L L L
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
w w

Figure 2. The relative errors of u(x) at point x = 0.8 for DF method, direct Hermite collocation
method (DH), piecewise Hermite collocation method (PH).

x=0.8,m=1,u(x)=exp(x)
10 T

* DH

—1?

*
* K K

[
S
A
Y
K

The relative error of u’ (x)
= =
Q o
o &
: ;
*
‘

,_\
S
o
o
:
.

10t 102 10° 10%
w

»—'
S)
o

- R

S)

o

Figure 3. The relative error of u’(x).

Table 2. Relative errors of #(x) in N—point approximations to the Example 1 by the PL method and the
piecewise Hermite collocation method(PH). where w = 1000 and the test point is 0.8.

Method\h 0.2 0.1 0.05 0.01
PL 271x1077 131x1077 569x10°% 1.10x 1078
PH 121 x 10711 308x10712 744x10°1B 1.03x10714

Example 2. Consider the following equation,
X
u(x) —/ Ja(w(x — ))u(t)dt = f(x) withx € 1=0,1], (53)
0
where f(x) = ﬁ — o J3(w(x - t))p%ﬂdt. The analytic solution is u(x) = ﬁ

We can see the numerical solutions from the Tables 3 and 4 and Figures 4 and 5.
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x=0.8,m=3,u(x)=l/(l+x2)

10°)"

=
15
[y

"

0.1:0.1:1

=
1S)

*  DF scaled by o
% DH scaled by w?
PH scaled by G

IS

The relative error scaled by w?
i
S

=

1S)
&

*or

The maximum relative relative error at x:
5
S

10—8 L

I I I I I I
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

10°

w

14 of 17

m=3,u(x)=ll(1+x2)

*  DF scaled by o?
* DH scaled by PE
PH scaled by o

I I I I I I I
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

w

Figure 4. The relative errors of u(x) for DF method, direct Hermite collocation method (DH) and

piecewise Hermite collocation method (PH) at point x = 0.8 (left), the maximum relative errors at

collocation points x = 0.1:0.1:1 (right).

The relative error of u’ (x)

x=0.8,m=3,u(x)=1/(1+x)

10

108§

10-10 L

* DH

— lw
PH 7

2

10-12 1 1
10 10* 10

w

2

10 10

Figure 5. The relative error of u’(x).

Table 3. Relative errors of u(x) in N-point approximations to the Example 2 by the DF method, the PL
method, the DH method, and the piecewise Hermite collocation method (PH). The step is 0.1 for
piecewise method and the test point is 0.8.

w\Method DF PL DH PH
10 113 x 1072 683x107° 434x10"%* 222x1077
100 510x107° 723x107°® 1.68x107°® 253x10°8
1000 512x1077 677x1078 175x107? 411x10°1

10,000 532x1077 9.68x 1010

1.75x 10712 421 x 10714

Table 4. Relative errors of u(x) in N—point approximations to the Example 2 by the PL method and the
piecewise Hermite collocation method (PH). where w = 10,000 and the test point is 0.8.

Method\h 0.2 0.1 0.05 0.01
PL 1.64x1077 9.68x10710 491 x10710 878 x 10~
PH 1.85x 10713 421x107* 1.00x 10714 0
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Example 3. Consider the following equation,

u(x) — /0 T (x — D))u(t)dt = f(x) withx € 1=[0,1], (54)

where f(x) = sin(x) — fox Jo(w(x —t)) sin(t)dt. The analytic solution is u(x) = sin(x).

Results of these calculations are given in Table 5 and Figures 6 and 7.

x=0.9,m=2,u(x)=sin(x) m=2,u(x)=sin(x)

=
o
)

100 L

=
S
.

.
S
IS

0.1:0.1:1

* DF scaled by o’ | | 102
% DH scaled by o
PH scaled by oA
104 * DF scaled by Pl
% DH scaled by °
PH scaled by &

The relative error scaled by w?

=
S
&

-8 I

The maximum relative relative error at x
*

L L -8 1 L

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

w

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

w

Figure 6. The relative errors of u(x) for DF method, direct Hermite collocation method (DH) and

piecewise Hermite collocation method (PH) at point x = 0.9 (left), the maximum relative errors at

collocation points x = 0.1:0.1:1 (right).

10°

1072

107

10

10®

The relative error of u’ (x)

10—10

10-12

x=0.8,m=3,u(x)=sin(x)

* DH
— )

F K 4
*F

* 4
*
*. e

Figure 7. The relative error of #/(x).

Table 5. Relative errors of u(x) in N-point approximations to the Example 3 by the DF method and the
PL method and the DH method, and the piecewise Hermite collocation method (PH). The step is 0.1
for piecewise method and the test point is 0.9.

w\Method

DF PL DH PH

10
100
1000
10,000

502%x1073 735x1075 7.88x107° 1.23x10°8
631x107° 683x107® 701x10% 1.03x107?
638x1077 892x1078 6.62x10"1 120x10°12
635x1077 988x10710 656x1074 128x10°15
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Example 4. Consider the following equation,
X
u(x) —/ Ja(w(x — ))u(D)dt = f(x) withx € 1=0,1], (55)
0
where f(x) = (x —0.5)31 — fox J3(w(x — 1)) (t — 0.5)>1dt. The analytic solution is u(x) = (x — 0.5)31,

We can see the numerical solutions from the Figure 8.

From above examples, as can be seen, there is a good agreement between the present result
and the exact solution. The Hermite-type collocation methods are better than DF method and PL
collocation method. For Hermite-type collocation methods, the higher oscillation, the higher accuracy.
For fixed frequency, the error is decrease with the increase of nodes.

¥=0.8,m=3,u(X)=(x-0.5)>* ¥=0.8,m=3,u(X)=(x-0.5)**

10 w 10 w
* DH * DH
— 3 R 2
20 Uw”| | U
10 oF PH , PH
* 102 "
D
8 10-4§ > * *
S 5 *
2
o * s »
5 6] ° 1w *
£ 10 6 ¥
o 6 ****
[}
% 10°® 2 \
© g 108 h
° [3 & *
c o %
[ 10710 L )E *
108} b
10712 }
|
\

10° 10t 102 10° 10* 10° 10t 102 10° 10*

Figure 8. The relative errors of u(x) and u’(x) for direct Hermite collocation method (DH) and
piecewise Hermite collocation method (PH) .

5. Conclusions

Collocation methods are efficient in solving Volterra integral equation with highly oscillatory
kernel. In this paper, we present two collocation methods: DH collocation method and piecewise
Hermite collocation method. The first conclusion to be drawn from the numerical evidence
presented earlier is that Hermite-type collocation methods are higher efficient than existent collocation
methods. Both methods can calculate the approximate value of function value and derivative value
simultaneously. Finally, while we have considered only the case of Bessel kernel in this paper, the
Hermite-type collocation methods can be extended to Fourier kernel.

In the future work, we will study better methods to solve the Volterra integral equations with
different kernel and Fredholm integral equations.
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