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Abstract: This study defines a new linear differential operator via the Hadamard product between
a g-hypergeometric function and Mittag-Leffler function. The application of the linear differential
operator generates a new subclass of meromorphic function. Additionally, the study explores various
properties and features, such as convex properties, distortion, growth, coefficient inequality and radii
of starlikeness. Finally, the work discusses closure theorems and extreme points.
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1. Introduction

Let X denote the class of functions of the form
0 .
flz)=z"1+Y a7, 1)
j=1

which are analytic in the punctured open unit disk U* = {z:z € C,0 < |z| < 1} = U/{0}.

Let *(p) and X (p) denote the subclasses of ¥ that are meromorphically starlike functions of
order p and meromorphically convex functions of order p respectively. Analytically, a function f of the
form (1) is in the class X*(p) if it satisfies

Re{—zfl(z)} >p (zeU),

f(2)

Re{— <1+ij,((zz))>} >p (zeUY.

The Hadamard product for two functions f € £, defined by (1) and

and f € Xy (p) if satisfies

g(z)=z1+ 21 bz,
]:

is given by

fl2)vg(z) =2+ Y aibyd. ®
j=1
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For the two functions f(z) and g(z) analytic in U, we say that f(z) is subordinate to g(z), written
f<gorf(z) < g(z) (z € U), if there exists a Schwarz function w(z) in U with w(0) = 0and |w(z)| < 1
(z € U), such that f(z) = g(w(z)), (z € U).

For complex parameters a;, by, q(i = 1,..,L,k = 1,..,r,by € C\{0,—1,-2,...}) the basic
hypergeometric function (or g-hypergeometric function) ;'¥,(z) is defined by:

> (a1, q)j--(a,9);
Y,(a1,...,a;;by,.....by;9,2) =
R DY e o P o

j)} 14+r—1

o [Coe] ©

with (é) =j(j—1)/2, whereq #0when! >r+1(l,r € No=NU{0},N={1,2,..}),and (a,9); is
the g-analogue of the Pochhammer symbol (a); defined by:

—a){l—a —ag?)...(1—agi1 =
(a,q)j:{gll )(1 —aq)(1 —ag?)...(1—ag/ "), ;:éfz,g, ,

The hypergeometric series defined by (3) was initially introduced by Heine in 1846 and referred
to as the Heines series. More details on g-theory are available in [1-3] for readers to refer to.
It is clear that

lim {I‘I’r(q‘”,...,q“’;qbl,.. Lq75q, (g —1)1H )} =, F(ay, ..., a; by, ..., by; 2),

qg—1-

where ;F(ay, ..., a;; by, ...., by; z) represents the generalised hypergeometric function (as shown in [4]).
Riemann, Gauss, Euler and others have conducted extensive studies of hypergeometric functions
some hundreds years ago. The focus on this area is based mostly on the structural beauty and
distinctive applications that this theory has, which include dynamic systems, mathematical physics,
numeric analysis and combinatorics. Based on this, hypergeometric functions are utilised in various
disciplines and this includes geometric function theory. One example that can be associated with
the hypergeometric functions is the well-known Dziok-Srivastava operator [5,6] defined via the
Hadamard product.
Now forz € U, |q| < 1, and I = r + 1, the g-hypergeometric function defined in (3) takes the
following form:
> (ay,9)j--(a;,q); )
= (4,9)j(b1,q)j---(br, 9)

which converges absolutely in the open unit disk U.

In reference to the function ;'¥,(ay, ..., a;; b1, ..., by; g, z) for meromorphic functions f € X that
consist of functions in the form of (1), (see Aldweby and Darus [7], Murugusundaramoorthy and
Janani [8]), as illustrated below, have recently introduced the g-analogue of the Liu-Srivastava operator

1Yr(ay, ..., a;b1, ..., 0r9,2) = (4)

1Yr(ay,..,ap by, ., bq,2)f(z) = (ay, .. al,bl, ,br;q,2) * f(z)

[e°]

z 1 ”erI)jJrl

= + iz

©)

For convenience, we write

1Yr(a, ..., ap by, ., br59,2) f(2) = Yo (a;, b 9, 2) f(2).
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Before going further, we state the well-known Mittag—Leffler function E,(z), put forward by
Mittag-Leffler [9,10], as well as Wiman'’s generalisation [11] E, g(z) given respectively as follows:

[=S) Zj
Ex(z) =Y ——, 6
" Eopla) = 3 )
IX/,B zZ) = ],:O r(&]+ﬁ),

where a, € C, Re(x) > 0.and Re(p) > 0.

There has been a growing focus on Mittag—Leffler-type functions in recent years based on the
growth of possibilities for their application for probability, applied problems, statistical and distribution
theory, among others. Further information about how the Mittag—Leffler functions are being utilised
can be found in [12-18]. In most of our work related to Mittag-Leffler functions, we study the geometric
properties, such as the convexity, close-to-convexity and starlikeness. Recent studies on the E, 4(z)
Mittag-Leffler function can be seen in [19]. Additionally, Ref. [20] presents findings related to partial
sums for E, g(z).

The function given by (7) is not within the class X. Based on this, the function is then normalised
as follows:

(2)

Qup(z) = z 'T(B)Eap
z—1+ir(mzf: (®)
2

a(j+1) +p)

Having use of the function Q, g (z) given by (8), a new operator @g’m [a;,b,, A] : £ — X is defined,
in terms of Hadamard product, as follows:

92’0 a1, br, A f(2) =1 Yr(a;, by;q,2) f(2) * Qu p(2),

!

Qg’l la, by, Al f(z) = (1 = A)(1Yr(a;, b; q,2) f(2) % Qu p(2)) + Az(1Yr (a5, by q,2) f(2) * Qup(2))

0%, by, Al (2) = D5 (D" ay, by, Alf (2)). ©)

If f € £, then from (9) we deduce that

()

D" a1, br, Al f(2) = 2 Y [+ (= DA YV y0p) (@, br)ai2, (10)
i
where l
[Tie1(ai, )11 ( T'(B) )
V 1 7 br - 7 . 11
(1) (01,0 = s T ) \T@G+ 1) 7 B an

Remark 1. It can be seen that, when specialising the parameters A,l,r,m,«a,B,q,a1,..,a; and by, ..., by, it is
observed that the defined operator @g’m [a;, by, A|f(2) leads to various operators. Examples are presented for
further illustration.

e ForA=11=1r=0=1a=0,a = qgand q — 1 we get the operator I" f(z) studied by
El-Ashwah and Aouf [21].

e Form=0a=0p8=1a =q%b, = qbk,ai >0,b,>0(i=1,.,Lk=1,.rl=r+1)and
q — 1 we get the operator H; ,[a;, bi] f (z) which was investigated by Liu and Srivastava [22].
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e Form=0,1=2r=1B=1a=0,ay =qand g — 1we get the operator N'[ay, by f(z) studied by
Liu and Srivastava [23].

e Form=0l=1r=0p=1a=0a =A+1andq — 1 we get the operator D f(z) =
(1/z(1 —2)M1Y) % f(z) (A > —1) was introduced by Ganigi and Uralegaddi [24], and then it was
generalised by Yang [25].

A range of meromorphic function subclasses have been explored by, for example,
Challab et al. [26], Elrifai et al. [27], Lashin [28], Liu and Srivastava [22] and others. These works have
inspired our introduction of the new subclass 7;’75(011, b, A; D, H,d) of ¥, which involves the operator

@g’m [a1,by, A|f(z), and is shown as follows:

Definition 1. For —1 < H < D < 1, the function f € ¥ is in the class ’7;";3((11,17,,/\; D, H, d) if it satisfies

the inequality
1 {Z@E’m[az,bn/\]f&))/ . 1} L 1+D: W
d @"ﬁ"m (a1, by, Al f(z) 1+ Hz’
or, equivalently, to:
(05"l b AFC)
D" ay, br, Al f(2) 1 3
2(D%" [ay, by, Al f ()

ey by AIF2) +[(D— H)d + H]

Let £* denote the subclass of X consisting of functions of the form:
=z'+y |a]-|zj. (14)
j=1

Now, we define the class 7;":3* (aj, by, A; D, H,d) by
7;;3 (a1, by,A;D,H,d) = 75 (a1, by, \;D, H,d) N "

2. Main Result

This section presents work to acquire sufficient conditions in which (14) gives the function f
within the class 7;"2* (a;,b,,A;D,H,d), as well as demonstrates that this condition is required for
functions which belong to this class. In addition, linear combinations, growth and distortion bounds,
closure theorems and extreme points are presented for the class 7;";3* (a;, by, A;D,H,d).

In our first theorem, we begin with the necessary and sufficient conditions for functions f in

ﬁ (al,br,)\ D H d)

Theorem 1. Let the function f(z) be of the form (14). Then the function f(z) €
only if

/5 *(a;, by, A; D, H,d) if and

Z (+1)Q=H) = [d[(D—-H)][1+ (= DA" V(11,0 (@, br)laj| < |d[(D-H).  (15)
=
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Proof. Suppose that the inequality (15) holds true, we obtain

2(D%" [, by, Af(2))

o o b AFE)
Z(ng (a1, br, Alf (2 ))/
H 5oy by, A7) +[(D - H)d + H]

2(0" a1, by, Af (2)) + 0" [y by, Af (2)
HZ(@E'm [111, br/ )\]f(z))/ + [d(D — H) + H]@g'm [111, br, /\]f(z)

L2+ D) 1+ G = DA Viiaap (@, br)lal2
d(D—H)+ Y2 [H(j+1) +d(D = H)] [1+ (j = DA™ V(j11,0,5) (a1, br) 2|27+
<1l (zeU»).

Then, by the maximum modulus theorem, we have f(z) € a";g* (a;,b,,A; D, H,d).
Conversely, assume that f(z) is in the class 7;%'*({11, b, A; D, H,d) with f(z) of the form (14),

then we find from (13) that

2(D" a1, by, Alf (2)) + D" [ay br, A f(2)
Hz(D" (a1, by, Alf (2))' + [d(D — H) + HIDE" a1, by, Al (2)

B B
- YR+ 1) [+ (=D)AL Viiigap (a, br) a2t (16)
d(D—H) + 12 [H(j+1) +d(D — H)|[1+ (j = DA™ V(41,05 (a1, br) |2+

<1,

since the above inequality is genuine for all z € U*, choose values of z on the real axis. After clearing
the denominator in (16) and letting z — 1~ through real values, we get

i[(ﬁl)(l—H)—ldl(D—H)] 1+ (= DA Vijs1,0 (@ br)laj| < |d|(D — H).
=

Thus, we obtain the desired inequality (15) of Theorem 1. [

Corollary 1. If the function f of the form (14) is in the class 7;”;;* (a1, by, A; D, H,d) then

‘d|(D_H) (->1),

\aj\g - — — — — T } ] =
[G+1) A —H)—d|(D—=H)|[1+ (j = 1A]" V41,4, @, br)

the result is sharp for the function

_ (D — 1) -
IO = DB WD+ G D Veamp@by” 00

Growth and distortion bounds for functions belonging to the class 7;"75* (a1, by, A; D, H,d) will be
given in the following result:
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Theorem 2. Ifa function f given by (14) is in the class alﬁ (a;,b,,A; D, H,d) then for |z| = r, we have:

1 |d|(D — H) , < 1 4|(D — H)
r [20-H) —d|(D )]Vzaﬁ(az,br) [2(1 —H) —|d|(D )]VZaﬁ(alrbr)

and

1 1d|(D — H) e d|(D — H)
2RI B) (D )V ang @b = OS2 G E (D BV g (@ b

Proof. By Theorem 1,

2(1 — H) — d|(D — H)]V (3.5 (a1,by) i aj
L

< L0+ 1)1~ H) ~ 41D~ H)] 1+ G = DAV oo bl < 141D ),
]:
which yields:
d|(D — H)
a| < .
L1 S B~ D — HI g (a1 57
Therefore,
1 0 1 (D — H)
z)| < —+ |z a| < =+ z,
FEI< G Ll < 2 =y =D = A1V gy (a1 6
e dl(D — 1)
1 ad 1 D—-—H
zZ)| 22— — |z a| > — — z|.
FEI=2 g = FLL 10l 2 B~ G iy = D — IV gy )

Now, by differentiating both sides of (14) with respect to z, we get:

e (D 1)
|f (z)| < |Z|2 +]; |a]| < |;z|2 + [2(1—-H) —|d|(D — H)]V(Z,a,ﬁ) (ﬂl/br)l

and
1 (o)
f'(z)] > 72 ; >

L 4|(D — H)
z|2 [2(1—=H) —[d[(D — H)]V 0, (a1, br)

O

Next, we determine the radii of meromorphic starlikeness and convexity of order p for functions
in the class 7;";3* (a;, by, A; D, H,d).

Theorem 3. Let the function f given by (14) be in the class 7;”;* (a1, by, A; D, H,d). Thus, we have:
(i) f is meromorphically starlike of order p in the disc |z| < ry, that is

Re{—zjfé‘j)}>p (Jzl <r,0<p<1),

where

(A=) G+ D~ H) — 4D~ H)] [+ (= DA V0 (.00 |
LT (D= H)(+) |

(18)
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(ii) fis meromorphically convex of order p in the disc |z| < ry, that is

Re{— <1+Z]j:,<g)>} >p (Jz] <r,0<p<l),

where

7o = inf

j>1 jldl(D = H)(j + p)

Proof. (i) From the definition (14), we can get:

2 (@) o »
(2) < Y (j+1)]ajl |z
(2 T 2(1—p) =X ( = 14 20)[agl 2T
—-1+2
f(2)
Then, we have:
@,
,L <1 (0<p<1),
2F2) 149
f(z)
if
[ee] ’_"_ i
L (F25) il <1
LN TP
Thus, by Theorem 1, the inequality (20) will be true if
(j —i—p) 2 < [+ —H) = [d|(D—H)][1+ (j = DA]" V(5110 (a, br)
1—p - |d|(D — H) '
then 1
2| < (1-p)[(+1)(A—H) = d|(D—H)][1+ (= DA]" V(i1 (abr) | 7
- |d|(D — H)(j + p) '
The last inequality leads us immediately to the disc |z| < r1, where rq is given by (18).
(ii) In order to prove the second affirmation of Theorem 3, we find from (14) that:
zf'(2)
2 o ,
@ | R j+ 1)layl 2+
2f (2 Lol 2A=P)-ERG -1+ 2p)]aj||zp*1
f(z)
Thus, we have the desired inequality:
) G
#(Z) <1 (0 < p < 1)/
zf (2)
o 20
f(z)
if
o j+P) j+1
— | |ai||z <1.
L (10 ) Inls

]

{ (1=p)[(j+1)(1 = H) = [d|(D = H)] [1+ (j = VA" V(j11,08) (a1, br) },il |

7of 11

(19)

(20)

(21)
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Thus, by Theorem 1, the inequality (21) will be true if

; . i+ 1)(1—H) — |d|(D—H)] 1+ (G — DA V{3105 (a, br
].<i+_2>|z|]+1§[(1+ )(1 = H) — [d|( |d|()113[_ﬂ;()1 M Viis1,ap (@ ),

then )

2] < (1=p) [+ 1A= H) = [d|(D = H)][1+ (j = DA" V(js1,0 (@, br) | 7T
- jld|(D = H)(j +p) '

The last inequality readily yields the disc |z| < 7, where r; is given by (19). O

The closure theorems and extreme points of the class Emé*(al,b,, A;D,H,d) will now
be determined.

Theorem 4. The class 7;":9* (a1, by, A; D, H,d) is closed under convex linear combinations.

Proof. Assume that the functions
0 .
fiz)=z"1+} lajilz) (i=1,2),
j=1

are in ’7;’73* (aj, by, A; D, H,d). It suffices to show that the function h defined by
hz) = (1-Ofile) +ehlz) (0<c<1),
is in the class 7;:;3’*(01,, b,,A; D, H,d), since
h(z) =z 1+ Yo [a- c)laj| +clajz|] Z (0<c<1).
i=1

In view of Theorem 1, we have:

hgk

L [(G+1)A=H) = [d[(D = H)][1+ (j = DA]" V(11,0 - {1 = )laja| +claja| }
]

=(1-9 i [+ 1)1 = H) = [d|(D = H)] [1+ (j = DA™ V(j11,05)a)1

j=1
+e 'Ool [(G+D(1—=H) = [d|(D—H)] [1+ (= DA™ V(1110512
j=
< (1-¢)|d[(D - H) +c|d|(D — H) = [d|(D — H),

which shows that h(z) € 7:/%*(611, b,,A\;D,H,d). O

Theorem 5. Let f,(z) = %and

1 d|(D — H) .
S8 = G DA ) D - B+ G- DA Ve Y

Then f € a’”ﬁ* (a1, by, A; D, H,d) if and only if it can be expressed in the form

e}

f(z) =Y vifi(2), (22)

j=0
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where
v; >0 and Z vi=1.

Proof. Let the function f(z) be expressed in the form given by (22), then

|d|(D — H)

G D=1 —[dD - B+ G- DA Vornp

f(z) = z7 1+ i‘/j
j=1

and for this function, we have:

[e9)

Z% [(G+1)A = H) = [d|[(D = H)][1+ (j = DA™ V(j11,05) (a1, br)
=

|4|(D — H)

UG+ 0)A=H) = [d(D—=H)] [+ G- DA Vi1ap)

— iv]'dI(D—H) = |d|(D - H)(1 - ) < |d|(D — H)
i

The condition (15) is satisfied. Thus, f € 7:7‘13'*(611,}77,/\,‘ D,H,d)
Conversely, we suppose that f € 7;1"&* (a;,b,,A; D, H,d), since

. |d|(D — H) .
= DA D - D A1 G- DA Vigaag U
we set
G+ H) — D~ H)] (14 G- DAY Vnag
i d[(D— H) P, (2 1),
and

)
Vo = 1-— Zl/j,
j=1

so it follows that
oo

fz) =} vifi(2).

j=0

This completes the assertion of Theorem 5. [

3. Conclusions

Studying the theory of analytical functions has been an area of concern for many researchers.
A more specific field is the study of inequalities in complex analysis. Literature review indicates lots of
studies based on the classes of analytical functions. The interplay of geometry and analysis represents
a very important aspect in complex function theory study. This rapid growth is directly linked to the
relation that exists between analytical structure and geometric behaviour. Motivated by this approach,
in the current study, we have introduced a new meromorphic function subclass which is related to
both the Mittag—Leffler function and g-hypergeometric function, and we have obtained sufficient and
necessary conditions in relation to this subclass. Linear combinations, distortion theory and other
properties are also explored. For further research we could study the certain classes related to functions
with respect to symmetric points associated with hypergeometric and Mittag—Leffler functions.
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