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1. Introduction

Let Abe a class of analytic functions f in the open unitdisk D := {z € C : |z| < 1} and normalized
by the conditions f(0) = 0 and f/(0) = 1. Suppose S is a subclass of A consisting of univalent
functions. An analytic function f is subordinate to g, written as f < g, if there exists an analytic
function w : D — D with |w(z)| < |z| such that f(z) = g(w(z)) (z € D). Moreover, if g is univalent in
D, then the equivalent conditions for subordination can be written as f(0) = g(0) and f(D) C g(D).
By imposing some geometric and analytic conditions over the functions in the class S, many authors
considered several subclasses of S. Various subclasses of starlike and convex functions were studied in
the literature, and they can be unified by considering an analytic univalent function ¢ with a positive
real part in D, symmetric about the real axis and starlike with respect to ¢(0) = 1, and ¢’(0) > 0.
Ma and Minda [1] studied the class

zf'(2)
S*():—{ cA: =< (z)}
P f ) "¢
The class S*(¢) for various choice of the domain ¢ (D) was considered in recent years. The class
S*[A,B] :==S8*((1+ Az)/(1+Bz))(—1 < B < A < 1) was introduced by Janowski [2]. For0 < a <1,
the class §*(a) := S*[1 — 2a, —1] is the class of starlike functions of order a. Uralegaddi et al. [3]
defined the class

M(B) = {feA:Re (Z}C(SU <p (ﬁ>1)} _ s (”(11_‘;[5)2)
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Several authors considered various special cases of the class of Janowski starlike functions
by considering some specific functions, namely ¢4(z) = z+ V1422, @o(z) = 1+
(z/k)((k+2z)/(k—2z)) (k = V2+1), ¢s(z) := 1 +sinz, and G(z) := 1 +2z/(1 — az?). Some of
those classes are: Sf 1= S*(V1+2z) [4], 7 := S*(¢4(2)) [5], & = S*(&*) [6], Sg = S*(¢o) [7],
S =8"(¢s) [8]), BS™ () := S*(Ga(2)),0 < a <1 [9,10]. For a brief survey on these classes, readers
may refer to [11,12].

It should be noted that the special cases of ¢, mentioned above, are univalent in the unit disk.
In 2011, Dziok et al. [13,14] considered ¢ to be a non-univalent function associated with the Fibonacci
numbers, defined by

1+ 1222
5(2) = 9(z) = 1_:274222 = (1-V5) /2
which maps the unit disk ID on to a shell-like domain in the right-half plane. Further, they defined the
class Sf := {f € A:zf'(z)/f(z) < p(z)}. The functions f € S} are starlike of order v/5/10.

Motivated by the above defined classes, we consider a function associated with the Bell Numbers.
For a fixed non-negative integer #, the Bell numbers B,, count the possible disjoint partitions of a set
with n elements into non-empty subsets or, equivalently, the number of equivalence relations on it.
The Bell numbers B, satisfy a recurrence relation involving binomial coefficients By, 11 = Y} (1) B-
Clearly By = By = 1,By = 2,B3 = 5,B4 = 15,B5 = 52, and B = 203. For more details, see [15-21].
Kumar et al. [22] considered the function

z_ > z" 5 5
Qz) ==t :ranm =1+z+zz+gz3+§z4+--- (z € D)
which is starlike with respect to 1 and it’s coefficients generate the Bell numbers. Kumar et al. [22]
defined the class S§ by Sj := §*(Q). From [1], note that the function f € Sj if and only if there exists
an analytic function ¢, satisfying q(z) < Q(z) (z € D), such that

£2) = 1(g(2) =zexp ([ L0,

The above representation shows that the functions in the class S; can be seen as an integral
transform I(g(z)) of the function g with f(0) = 0 and f/(0) = 1. The reader may refer to the paper [23]
and the references cited therein for integral transform related works. The authors in [22] determined
sharp coefficient bounds on the six initial coefficients, Hankel determinant, and on the first three
consecutive higher order Schwarzian derivatives for functions in the class Sj.

Let P be the class of analytic functions p : D — C with p(0) = landRe p(z) > 0 (z € D). In 1989,
Nunokawa et al. [24] showed that if 1 + zp/(z) < 1+ z, then p(z) < 1+ z. In 2007, Ali et al. [25]
computed the condition on f, in each case, for which

Bzp'(z) 1+ Dz
pi(z) 1+Ez

1+ Az
1+ Bz

1+ (j=0,1,2) implies p(z) < ,
A,B,C,D,E,F € [—1,1]. Further, Ali et al. [26] determined some sufficient conditions for normalized
analytic functions to lemniscate starlike functions. Recently, Kumar and Ravichandran [27] obtained
sufficient conditions for first order differential subordinations so that the corresponding analytic
function belongs to the class P. In 2016, Tuneski [28] gave a criteria for analytic functions to be
Janowski starlike. For more details, see [11,29-33].

Motivated by above works, in Section 2, using the theory of differential subordination developed
by Miller and Mocanu, a sharp bound on parameter 8 is determined in each case so that p(z) < Q(z),
whenever 1+ Bzp'(z)/p/(z)(j = 0, 1, 2) is subordinate to the function ¢g(z) or /1 +z or G,(z) or
(1+ Az)/(1+ Bz) or @s(z) or @,4(z). Further, various sufficient conditions are obtained for f € A to be
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in the class Sj as an application of these subordination results. In Section 3, Sz-radius for the class of
Janowski starlike functions and some other well-known classes of analytic functions are investigated.

2. Differential Subordinations

Theorem 1 provides estimate on f so that p(z) < Q(z) holds, whenever 1+ Bzp’(z) < ¢o(z) or
@s(z) or 1+ z or Gy(z) or (1+ Az)/(1+ Bz) or ¢s(z) or ¢4(z) or é*.

To prove our main results, we need the following lemma due to Miller and Mocanu:

Lemma 1. ([32] Theorem 3.4h, p. 132) Let q be analytic in D and let ¥ and v be analytic in a domain U
containing q(D) with y(w) # 0 when w € g(D). Set

Q(z) :=2q'(2)9(4(2)) and h(z) :=v(q(2)) + Q(2).
Suppose that

(i) either h /is convex, or Q is starlike univalent in D and

(ii) Re (‘Zg(;) > 0forz € D.

If p is analytic in D, with p(0) = q(0), p(D) C U and

v(p(2) + 21 (2)9(p(2)) < v(9(2)) + 24 (2)9(q(2)),
then p < g, and q is most dominant.

Theorem 1. Let I(e) = (1 —e(170/¢)~1 0 < w < 1,0 < B < A < 1, and p be an analytic function defined
in D with p(0) = 1.
Set
Yp(z, p(z)) =1+ Bzp'(2).
Then, the following are sufficient for p(z) < Q(z).

(@) Yg(z, p(z)) < @o(z) for p > 1(e)(1 — V2 +1log2) ~ 0.59533.

(b) Yﬁ(z p(2)) = V1+zfor p>1(e)(2(1 —log2)) ~ 1.30984.

(© Yp(z p(2)) < Ga(z) for p > I(e) 51 log 102

@ Yp(z p(z)) < B4 for p > 1(e) A5 log (1 B)

(e) Yp(z, p(z)) < @s(z) for B > 1(e) o #&Hl) ~ 2.01905.

) Yp(z, p(z)) < q(z) for p > 1(e )( \f log2 +log (1 ++/2)) ~ 1.65198.
@ Ylz p(=) < € for p = 1(e) Eg T ~ 0785166,

The lower bound on 3 in each case is sharp.

Proof. Let the functions v and ¢ be defined by v(w) = 1 and ¢(w) = B.
(a) Define the function g : D — Cby

qp(z) =1— [51k (Z+2klog (1 - %))

is a solution of the differential equation Bzq'(z) = ¢o(z) — 1 and is analytic in D. Now consider

the function k 2
/ tz-2
0(z) = =y (2)p(ap(z)) = go(z) ~1 =~ 2.

It can be easily seen that Q is starlike in D and the function & is defined by

h(z) :=v(q(z)) + Q(z) =1+ Q(2)
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satisfies the following inequality

Re (zé’((;))) = Re (g;g) >0 (z € D).

Therefore, from Lemma 1, we conclude that
1+ Bzp'(z) < 1+ Bzqp(z) implies p < gp. (1)

Now the subordination p < Q holds if subordination g5 < Q. Thus, the subordination g5 < Q
holds if the inequalities

Q(—=1) < qp(=1) < gp(1) <Q(1)

hold and these yield a necessary condition for subordination p < Q to hold. In view of the graph
of the respective function, the necessary condition is also sufficient condition. The inequalities

7s(—1) > Q(—1) and g5(1) < Q(1) yield B > By and B > B, where

_1-V2+log2
Pr= 1 — e(l—e)/e

1—+/2—2log(2 —?2)

e(efl)/e -1

and B, =

Now the subordination g5 < Q holds if 8 > max {1, p2} = p1-
(b) The function

_ BH+2(vV1+z—log(l+ v1+2z)+log2—1)
qp(z) = 3

is an analytic solution of the first order differential equation pzg'(z) = v/1+z — 1 in D. The function
Q defined by Q(z) = zq;g(z)lp(qﬁ(z)) = V/1+2z —1 is starlike in D and the function h(z) :=
v(g(z)) + Q(z) satisfies Re (zh'(z)/Q(z)) = Re (zQ/(z)/Q(z)) > 0,z € D. Therefore, in view of
the subordination relation 1, the required subordination p < Q holds if subordination g5 < Q holds.
Thus, the subordination g5 < Q holds if the inequalities

Q(=1) < qp(=1) < gp(1) <Q(1)

hold which in-turn yield a necessary condition for subordination p < Q. The inequalities g(—1) >
Q(—1) and (1) < Q(1) yield p > By = 2(1 —log2)/1—el=9/¢and p > B, = 2(vV2 -1+
log2 — log(1+ v/2))/(e(1=¢)/¢ — 1), respectively. Therefore, the subordination qp < Q holds if § >
max {1, 2} = p1-

(c) The analytic function
2P+ log Y2

is a solution of the differential equation ,qu%(z) = Gu(z) — 1in D. Now computation shows that

oz
1 — az?

Q(z) = zq5(2)y(qp(2))

is starlike in ID. Note that the function h(z) := v(gq(z)) + Q(z) = 1+ Q(z) satisfies Re (zh'(z)/ Q(z)) =
Re (zQ'(z)/Q(z)) > 0 in D. Therefore, in view of the subordination relation 1, the required
subordination p < Q holds if subordination g5 < Q. Similar to as in part (a), the desired subordination
p < Qholds if B > max{B1, B2} = B1, where B1 = I(e)g(a) and B, = —I(e)g(«) such that

g(a) = 2\1/&log 1 i_ ﬁ.
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(d) Consider the analytic function

15(2) = BB+ (A — Z?Blog(l + Bz)

which is a solution of differential equation

(A—B)z

P2(2) = g

Since the function (A — B)z/(1 + Bz) is starlike in D, it follows that Q(z) = zq%(z)tp(qﬁ(z)) is
starlike in D. The function i : D — C defined by h(z) := v(qp(z)) + Q(z) = 1+ Q(z) satisfies
Re(zh'(z)/Q(z)) > 0 (z € D). Thus, as in previous case, the subordination p < Q holds if
B > max{p, B2} = B1, where

(A—B)log(1—B)~! (A —B)log(1+ B)

181 - B(l — e(lfe)/e) and ‘Bz = B(e(1,e)/e — 1)
(e) The differential equation
dq _ sinz
dz Bz
has an analytic solution
( 1)n 2n+1

9p(2 )_1+/3 Z @+ 1)i2n +1)

in D. Now the function Q(z) = zqﬁ(z)t,b(q/g(z)) = sinz is starlike in D and the function h(z) :=
v(g(z)) + Q(z) = 1+ Q(z), satisfies Re (zh'(z) / Q(z)) = Re (zQ'(z) / Q(z)) > 0 holds. As in part (a),
the desired subordination p(z) < Q(z) holds if B > max{B1, B2} = B1, where

_ 1 - (—1)" N

and
- S i Gy ~ 0.206779
P2 = ("D —1) & 2n+1)12n+1) :

(f) The differential equation

dg _z+vV1+22-1
dz Bz

has an analytic solution

B+ (z+V1+z2—log(l+ V1+z?)—1+log2)
qp(z) = 5 :

Computation shows that the function

O(z) = 2q(2)p(ap(z) = 2+ V1T 22 1

is starlike in D. As before, the function h(z) := v(q(z)) + Q(z) satisfies Re (zh'(z)/Q(z)) > 0, z € D.
Therefore, the desired subordination p < Q holds if B > max{B1, B2} = B1, where

2 — ﬁ—log2+log(1+ﬁ)

T ~ 1.65198

P =
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and
V2 +1log2 —log(1+/2)
B2 = Sa—ale 1 ~ 0.267979.
(g) The differential equation
dg e -1
dz Bz

has an analytic solution
ZVl

1 o0
qﬁ(z) =1+ BnX::o e

Note that the function Q(z) = zqg(z)lp(q}g(z)) = ¢” is starlike in the unit disk I and the function
h(z) :=v(q(z)) + Q(z) = 1+ Q(z) satisfies Re (zh'(z)/Q(z)) = Re (zQ'(z)/Q(z)) > 0. Now the
subordination p < Q holds if > max{p1, B2} = B1, where

1 > (—1)rt ad
B1 = (1—e(1—e>/e)7;) o ~ 0785166 and fy=——- @ 2

n:O

1

0.288069.
nln

This ends the proof. O

Theorem 1 also provides the following various sufficient conditions for the normalized analytic
functions f to be in the class Sj.
Let function f € A and set

)\ 2@ () 2
Yp ( @) ) =P (1 @ ) )

If either of the following subordination holds

@ Yp (2 ) < go(z) (b > 059533),

® Ys(z f'?; < VI+z(B>130984),

(© Ygl(z ]}/(( ))) =< Gu(z) (B = Te/t)z\flog H%)’

@ Yp (= 53) < HE (B2 it A log (1= B) ),
© Ys(z Z}‘(Z? < 9s(2) (B > 2.01905),

O Y (z Z}%; < ¢4(z) (B> 1.65198),

® Yp(z L) < e (B> 0785166),

then f € Sg.

The next result gives sharp lower bound on § such that subordination p < Q holds, whenever

1+ Bzp'(z)/p(z) < @o(z) or ¢s(z) or /14 z or Gu(z) or (14 Az)/(1+ Bz) or @s(z) or ¢ (z) or €.

Theorem 2. Let0 < w < 1,0 < B < A <1, and p be an analytic function defined in D with p(0) = 1.

Set
'(2)

Q4(z, plz) = 1 +ﬁ%-

Then, the following conditions are sufficient for subordination p < Q.

2)) < @o(z) for p > M ~ 0.441266.

) (e—1)(1+V?2)

2)) < VI+zfor p > 20182 ~ 0.970868.
2)) < Ga(2) for b > g Wlogi%
)

2)) < Y2 for B = gy (A —B)log(1—B)~!

(@) Qp(z, p(
() Qp(z, p(
(C) Q,B(Z/ p(
d  Qp(z, p(
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(& Op(z p(2) < s(2) for B> 3% Lo primnsry = 149655,

N Op(z, p(z)) < @q4(z) for p > > < (2- f+1og(1+f) log2) ~ 1.22447.
) Qplz, p(z)) < e for p> A ¥ o o1 ~ 0.766987.

The lower bound on B in each case is sharp.

Proof. Let us define v(w) = 1and ¢(w) = B/w forallw € C.

(a) The function
qp(z) = exp ([;k <Z+2k10g (1 - i)))

satisfies the differential equation Bzq'(z)/q(z) = @o(z) — 1. Clearly, the function Q : D — defined
by Q(z) = zq:g(z)gb(qﬁ(z)) = (z — 2k*> + k) /(k — z) is starlike in D. Further, the function h(z) :=
v(qp(z)) + Q(z) satisfies Re(zh'(z)/ Q(z)) > 0 (z € D). Thus, using Lemma 1, it follows that

/

/ 2qp(z)
1+ ﬁzg(g) <148 qﬁﬁ(z) implies p < gp. )

Now using Theorem 1 (a), the subordination p < Q holds if 8 > max {B1, B2} = B1, where

(—1+2(1+v2)logVv2)e

b= )1 v2)
and
By — (14201 +Vv2)log (2 - v2))
2 (e—1)(1+v2) '
(b) The function

qp(z) = exp (2 (x/@— log(1+v1+2z) +1log2 — 1))

is a solution of the differential equation

g21C) _ iz

Moreover, the function Q(z) = zq% (z)¥(9p(z)) = V1+z — 1is starlike in D and a computation
shows that the function h(z) := v(gq(z)) + Q(z) satisfies Re (zh'(z)/Q(z)) > 0 (z € D). Now the
desired subordination p < Q holds if > max {B1, B2} = B1, where f; = 2¢(1 —1log2)/(e —1) and
By =2(—1++v2+1log2—1log(1++2))/(e—1).

(c) Consider the function g4 defined by

qp(z) = exp (2\/1E,B log 1 J_r ﬁi) .

It can be verified that the function g is a solution of the differential equation

zq'(z) 1
p q(z)  1—az?

Now the function Q(z) = zq (2)¢(qp(2)) = 1/(1 — az?) is starlike in D and the function h(z) :=
v(q(z)) + Q(z) satisfies Re (zh'(z ) Q(z)) > 0 (z € D). Now, as in previous cases, p < Q holds only if

B > max{B1, B2} = B1, where
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e 10g1+\/& 1++a

1
A TP VN S I 2e—1)va B1-ya

(d) Let the function gg(z) = exp ((A — B)log(1+ Bz)/BB) be an analytic solution of the
differential equation

and B =

zq'(z) 1+ Az
1+p q(z)  1+Bz’

Now the desired subordination p < Q holds if B > max{p1, B2} = P1, where p; = e(A —
B)log(1—B)~!/B(e—1)and B, = e(A — B)log(1+ B)/B(e —1).
(e) The differential equation Bzq’(z) /q(z) = sinz has an analytic solution given by

- 1 @ (71)n22n+1
9p(z) = exp <520 (2n +1)!(2n + 1)) ’

As in part Theorem 2 (a), the subordination p < Q holds if 8 > max {B1, B2} = B1 where

P (=1)" ~ 1.49655
"Te-1 &= nt1)2n+1)

™2

n

and - )
17‘[
e—1; 2n+1 (2n+1)

~ 0.55055.

(f) The solution of the differential equation

dg _z+V1i+z22-1
dz Bz

is given by

z+V1+22—log(l+ v1+2%2) —1+log2
qﬁ(z) = exp 5 .
As in proof of Theorem 2 (a), the desired result holds if § > max{B1, B2} = B1, where p; =

e(2— V2 +1log(1++v2) —log2)/(e — 1) and B2 = (V2 — log(1 + v/2) +1og2) /(e — 1).
(g) The differential equation pzq'(z)/q(z) = €* — 1 has a solution

qp(2) = exp <113 éi)

analytic in D. Thus, as previous, the subordination p < Q holds if B > max {1, B2} = B2, where

S i(_l)n_1~0581976 and By =
‘Bl_e—lnzo nln 2=

! ii~0766987
1 zon!nN ' ’

This ends the proof. O

Next, Theorem 2 also provides the following various sufficient conditions for the normalized
analytic functions f to be in the class Sj. Let the function f € A and set

(=) e (- i)

If either of the following subordination conditions are fulfilled:
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@ Qg (z ) < go(z) (B> 0.441266),

V4
b) Qp(z, {{Eg) < V1+z (B >0.970868),
© (2 ) <Gulz) (B> “)flog}*ﬁ)
@ (2, %? < (B> (A B)log(1-B) 7)),
© Oz ZJ{ES) < ¢s(2) (B > 1.49655),
2f'(2)

® (2 < 9q(2) (B >1.22447),
(® (2 F5) < e (B> 0766987),

then f € Sg.

In the following theorem, the sharp lower bound on f is obtained so that the subordination p < Q
holds, whenever 1+ Bzp’(z)/p*(z) < @o(z) or @s(z) or v/1+z or Gu(z) or (14 Az)/(1+ Bz) or ¢s(z)
or ¢4(z) or ¢*. These results can be proved by defining the functions v, 9 : D — defined by v(w) = 1
and ¢(w) = B/w? and proceeding in a similar fashion as in the proofs of Theorems 1 and 2.

Theorem 3. Let 0 < a < 1,0 < B < A < 1, and p be an analytic function defined in D with p(0) = 1.

Set @)
- B zp/(z
‘—‘ﬁ(zl P(Z)) =1 +AB pz(z) .

Then, the following conditions are sufficient for p < Q.

(@) Bp(z, p(z)) < go(z) for p > ”ﬁff)l()l"g(z )f) ~ 0.798642.

B Ep(z p(z)) < VIFzforp> A2 ﬂ"gj “log(14v2)) . 0 550768.

(@ Ep(z p(z) < Galz) for = S 7hz log 1YL

@ Bz p(a) < Ffi for > ; tu‘”:& R

(e) Ep(z, p(z)) < @s(z) for p > felll Y=o (2n+(1)‘()2n+1) ~ 1.15278.

) Ep(z p(2)) < @q(2) for p > eH—l (V2 —log(1 + v/2) +1og2) ~ 1.49397.
(§) Ep(z p(z)) < e forp> - 1_11 Yoo o ~ 1.60597

The lower bound on B in each case is sharp.

Let f € Aand set

(=) e (58) (755

If either of the following subordination holds

@ Z(z, ijféz) < @o(z) (B > 0.798642),

b) 2 (z %L <\/W(/5>0550768)

© (2 FE) < Gal2) (B> 52z log U1,

@ 3 (= 1) < e 8 2 gy, gl
© Zp(z L) < gulz) (B> 115278),

O Z(z Z}“Q;) < gq(z) (B > 1.49397),

© Zp(z ijfgzj) <& (B > 1.60597),

then f € Sg.
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3. Radius Estimates

Let 0; and 6, be two sub-families of .A. The 6; radius of 6, is the largest number p € (0,1) such
that 71 f(rz) € 0,0 < r < p forall f € 6,. Grunsky [34] obtained the radius of starlikeness for
functions in the class S. Sokét [35] computed the radius of a-convexity and a-starlikeness for a class
S;. In 2016, authors [7] determined the Sg-radius for various subclasses of starlike functions. For more
results on radius problems, see [36—41].

The main technique involved in tackling the S;-radius estimates for classes of functions f is the
determination of the disk that contains the values of zf’(z)/ f(z). The associated technical lemma is
achieved as:

Lemma 2. Let Q(z) := e® 1, z € D. Define the function r : [e*/¢1,¢*1] — R* by

7

r(a) :=

1/e 1 1/e | e
ea—e =—1 e tet,
{ g, eel <a<

e_ 1/e 4 pe —
eeeu’ 62:8 Sagee 1'

Then, the following holds:

{wEC:|w—a|<r(a)}CQBC{wEC:|w—1|<e e—e}'

Proof. To prove the assertion, we let z = e”, te (—m, 7r]. Therefore,

it

L= u(t) +iv(t)

Q(eit) _ eee
with
u(t) := cos (sin(sin #)e“") exp (¢°*" cos(sint) — 1)

and
o(t) := sin (sin(sint)e*") exp (ec"s(t) cos(sint) — 1) .

Now, consider the square of the distance of an arbitrary point (u(t),v(t)) on the boundary of
0Q(D) from (a,0) and is given by

h(t) = dz(t) — 22 — 0™ cos(sint)—1 o (sin(sin t)ecost) + 27 cos(sint)—2.

Now we need to prove |w — a| < r(a) is the largest disk contained in Q(D). For this, we need
to show that min_r <<, d(f) = r(a). Since h is an even function, i.e., h(t) = h(—t), we need to
only consider the case when t € [0, r]. Now /() = 0 has three roots viz. 0, 7w and ty(a) € (0, 7).
Among these roots, the root tp(a) depends on a and graphics reveals that / is increasing in the interval
[0, t9(a)] and decreasing in [ty(a), 7t], and therefore, h attains its minimum either at 0 or 7t. Further

. . _ 1/e 2 2 (e 2,2
computations give h(m) = (ea —e ) /e* and h(0) = (e —ea)” /e*. Hence, we have

1 1/e e
1 e/l
h(m), e " <a< &%

a
—nst<n h(0), €Lre < g <ol

min h(t) = min{h(0),h(n)} = {

Therefore, we can write

in d(t) =
_min 40)




Symmetry 2019, 11, 219 11 of 17

To find the circle of minimum radius with center at (1,0) containing the domain Q(ID), we need
to find the maximum distance from (1,0) to an arbitrary point on the boundary of the domain Q(D).
The square of this distance function is given by

o(t) = _0pt®! cos(sint)~1 cos (sin(sin t)ecost) + 26" cos(sin 1) 2 ey

The equation ¢'(t) = 0 has two roots in [0, 7], namely 0 and 7. It is easy to see that
2
$(0) = (e — 66)2 /e? and ¢(71/2) = (6 - 61/6) /e2. Therefore,

(e’
ez

max {¢(0),¢(m)} = ¢(0) =
Hence, the radius of the smallest disk containing Q(ID) is (e — ¢°) /e. This ends the proof. [

We now recall some classes and results related to them which are to be used for further
development of this section. For -1 < B < A <1, let

o B ad - 1+ Az
Pu[A, B] := {p(z)—1+k§lcnz : p(z)<71+BZ )

Let us denote Py () := Py[1 — 2a, —1] and P;1(0) =: P. For f € A, if we set p(z) = zf'(z)/ f(z)
and p(z) = 1+zf"(z)/f'(z), then the class P[A, B] is denoted by S*[A, B] and K[A, B, respectively.
These classes were introduced and studied by [2]. Further, let S*(«) := S*[1 — 2a, —1].

The following results will be needed:

Lemma 3. [42] If p € Py[A, B), then, for |z| =,

1— ABr?"

B (A—B)r"
‘P<Z> 1— BZTZ”

— 1— B2y2n"°

In particular, if p € Py (), then, for |z| =,

(1+ (1 —2a))r?"

%@%_ 12 21— a)r"

1—r2n

<

Lemma 4. [43]If p € Pu(a), then, for |z| =,
zp'(2)
pz)
The main objective of this section is to determine the Sz-radii constants for functions belonging to

certain well-known subclasses of A. Let G denote the class of functions f € S for which f(z)/z € P.
The following theorem gives the sharp Si-radius for the class G.

< 2(1 —a)nr"
“A=-rm)(141-=2a)rm)"

Theorem 4. Let f € G. Then, the sharp Sg-radius is

e — el/e
Rgg(g) : =~ (0.222654.

\/Zez —2elte fe2/e e

Proof. Since f € G, therefore, f(z)/z € P. Then, from Lemma 2, we must have

zf!(z) 2r
fo =i
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Therefore, f € S}, if 2r/(1 — %) < (e — e!/¢) /e, or equivalently if
(e—e)r? +2er+e/¢—e <0

which holds for all

e — el/e

<
\/262 ~2elti g e2/e g

For verification of sharpness, consider the function f(z) = z(1+z)/(1 — z). Then, f(z)/z € P
and at z = Rs; (G), we have

r

=: R; (G) ~ 0.222654.

Rs; (G)f'(Rs;(9)) Rs; (9)

fRs;@) | 1-Rs(0)

1

Hence the result is sharp. O
In the following theorem, we shall investigate sharp Sj-radius for the class S*[A, B].

Theorem 5. Let f € S*[A, B]. Then,

1. for0 < B < A <1, the sharp Sy-radius for the class S*[A, B] is

Ve—elle el/¢ —e
VeAB — ¢1/¢B2" el/¢B —eA |

2. for =1 < B <0< A <1, the sharp Si-radius for the class S*[A, B] is

_ et elle e el/e _ e
Rs:(S*[A,B]) = min{ 1; ; :
5 (8714 B]) mm{ \/ZeABJrel/eBZJreeBz el/°B—cA

Rgg (S*[A, BD = min {1;

Proof. Let f € S*[A, B]. Then using Lemma 4, we see that f maps the disk |z| < r onto the disk

zf'(z) 1— ABr?
f(z) 1-B%2

(A—B)r
1—B%r2°

<

The center of the above disk is at (¢,0) and the radius is R, where

1— ABr? (A—B)r
= — R:=——75.
1— B?r? and 1— B?r?

(1) We see that ¢ < (e/¢ +¢°)/(2¢) holds forall0 < B < A < 1and 0 < r < 1. Further, the
condition 1 — el/¢ < cis equivalent to

—eABr2 +e/¢B%2 — e/t 4 e > 0

< e—el/e
"=\ eap—el/egz T

Further computation shows that the condition R < (e‘a — e!/¢) /e is equivalent to e Ar — e'/¢Br +
el/¢ — ¢ < 0 which holds for all

which holds for all

1/e

el/e —e
r< —— =i,
— el/eB —¢eA 2

Now from Lemma 2, f € Sj forall [z| < Rs: (S*[A, B]) = min {1;r1;72}.
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(2) Let =1 < B < 0 < A < 1. Then we see that ¢!/¢=1 < ¢ holds for all 0 < r < 1. Further,
¢ < (e° +€1/¢) /2¢ is equivalent to

—2eABr? + eV/eB%2 4+ B2 — o1/ —ef £ 20 <0

which holds for

—2e+el/eee
r < =:713.
—2¢AB + el/¢B2 + ¢¢B2

Now, as in the previous case R < (ec — e!/¢) /e holds if r < r,. Therefore, Sj-radius for the class
S*[A, Bl is Rs; (S*[A, B]) = min {1;72;73} .
The equality holds in case of the function f; defined by

This ends the proof. [

Remark 1. Let f € S*. Then, since S* = S§*[0, —1], it follows from the above theorem, that the Sj-radius for
starlike functions is r4 == (e — e/¢) /(e + €/¢) ~ 0.30594. To see the sharpness, consider the Koebe function
k(z) = z/(1 —z)?. Then, at z = r4, we have

raf'(ra) _ 14ra _ 1o
flra)  1-n
Because the function k is univalent too, it follows that the Sg-radius for the class S and S* is r4. Therefore,
the radius ry can not be increased. Thus, we have the following:

o=

Corollary 1. The sharp Sj;-radius for the classes S and S* is (e — e'/¢) /(e + e/¢) = 0.30594.

Let the class F; be defined by

Flzz{feA:Ref;g;>0and Reg(zz)>0,g6v4}.

The following theorem gives the sharp Sg-radius for the class F7.
Theorem 6. Let f € F1. Then, the sharp Sg-radius is
e—el/e

Rsy(F1) = 1 ~ 0.11557.
\/5@2 —2¢lte 4 e2/e 4 e

Proof. Since f € F, there is ¢ € A such that Re(g(z)/z) > 0. Define the functions p,h : D — C by

p(z) = @ and h(z) = {;Ez;
Then, through some assumptions, we have p,h € P. Now using Lemma 4, we get
2f(2) | < [P [2e)
f(z) — | h(2) p(2)
4y - e —el/e

1—72 — e
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this holds if and only if (e — e!/¢)r? + der + €!/¢ — ¢ < 0, that is if
e — el/e

r <
\/562 — 2l 4 e2/e 4 2¢

=: Rg; (F1) ~ 0.11557.

Consider the functions f; and g, defined by

f2<z>=z(}f§)2 and 2(z) == (155

Further, we have Re(f2(z)/g2(z)) > 0 and Re(g2(z)/z) > 0, and therefore f € F;. Now a
computation shows that, for z = Rg: (1),

Rs;(F1)f3(Rsy (F1)) 4Rs:(F1) 1,

ARs; (A1) 1-Rs(FA)P

Hence the result is sharp. [

Let us define the class F, by

Fo = {fGA:Re;(Ez;>0and Reg(zz)>1/2,g€.A}.

The following theorem gives the sharp Sp-radius for the class /.

Theorem 7. Let f € F. Then, the sharp Sg-radius is

2 (e — el/e>
Si(F2) = ~ 0.145776.
V1762 126141 4 ae2/e 4 30

Proof. Since f € F; and g € A satisfies Re(g(z)/z) > 1/2. Now define the functions p,h: D — C
by p(z) = g(z)/zand h(z) = f(z)/g(z). Then, it is clear that p € P(1/2) and h € P. Further, since
f(z) = zp(z)h(z), it follows from Lemma 4, get

zf'(z) 3r412  e—elle
fo 1)< :

—1-r2 — e
provided —el/¢r% + 2er? + 3er + e!/¢ — e < 0. This holds for

2 (e — el/e)
r< —: S5(F») ~ 0.145776.
\/1762 —12e1H% 442/ 1 3e

Thus, f € Sf forr < SE(F2).
For the sharpness of the result, consider the functions

fla) = HE2 and @) = 75,

Then, we see that Re(f3(z)/g3(z)) > 0 and Re(g3(z)/z) > 1/2, and therefore, f € F,. Now from
the definition of fy, we see that at z = S5 (F2),
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Sp(F)fa(S5(F2) | _ 383(Fa) +Sp(F2)? _ | 1y
f3(S5(F2)) 1= S3(F2)? '

This confirms the sharpness of the result. [

Define the class 3 by

F3 = {fEA:‘j;gg—l‘<land Reg(ZZ)>0,g€.A}.

The next result gives the sharp Sp-radius for the class F3.

Theorem 8. Let f € F3. Then, the sharp Sy-radius is

2 (e — el/e)
Sy(Fs) = ~ 0.145776.
\/1762 — 121t 4+ de/e 4 3¢

Proof. Since f € F3, it follows that p € P and h € P(1/2), where the functions p,h : D — C are
defined by p(z) = g(z)/z and h(z) = g(z)/f(z). Now since f(z) = zp(z)/h(z) from Lemma 4,
we have

zf'(z) 3r+72<e—el/‘3
f(z) I e

which holds for all ¥ < S;(F3).
Consider the functions f4 and g4 defined by

zZ zZ 2 zZ zZ
fle) = S and () = 2

The results are sharp, since at z = S;(F3), we have

S5(F3)f1(Sp(F3))

— 9 _ e
fa(S5(F3)) 2

This completes the proof. [
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