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Abstract: The objective of the present paper is to derive certain geometric properties of analytic
functions associated with the Dziok-Srivastava operator.
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1. Introduction

Throughout this paper, we assume that:
npeN, -1<B<A<I1 a>0and B<1. (1)

Let A, (p) denote the class of functions of the form:

fR =2+ ) w2t @)
k=n+p
which are analytic in the open unit disk U = {z : |z| < 1}. If f(z) = 2P + 12, aZk € Au(p)
and g(z) = 2P + Y5, +p bizk € Ay(p), then the Hadamard product (or convolution) of f and g is
defined by:
(f*8)z) =2+ ) abz"
k=n+p
For:
aj € C (Gj=12---,]) and f; € Cc\{0,-1,-2,---}(j=1,2,---,m)
the generalized hypergeometric function ;Fy, (a1, -, &;; B1,- -+, Bm; z) is defined by:

g gy ()i () 2
o1, mi B Pniz) ;;)(ﬁﬁk"'(ﬁm)kk!

(I1<m+11l,meNy=NU{0};ze U)

where (x) is the Pochhammer symbol given by (x);y = x(x +1)--- (x+k—1) fork € Nand (x)p = 1.
Corresponding to the function z? |F, (a1, -+ ,a;; 1, -+ , Bm; 2), the well-known Dziok-Srivastava
operator [1] H(a1,- - ,a;;B1,- -+, Bm) : Au(p) = An(p) is defined by:

H(ey, -+ a1, Bm) f(2) = (2P 1Fm(ar, - o B1, -+ Bms 2) * f(2)
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(I<m+1;1,meNy;zel)

If f € Ay(p) is given by (2), then we have:

(a)k ax _x

P z) =2z y (0‘1)k—
Hla e PfG) =24 B (55 g,

For convenience, we write:
Hy,(ay) = H(ay, - a; B+, ) (1< m+1;1,m € No)

It is noteworthy to mention that the Dziok-Srivastava operator is a generalization of certain linear
operators considered in earlier investigations.

Next, we consider the function h(A, B;z) = (1 + Az)/(1 + Bz) for z € U. It is known that the
function h(A, B; z) is the conformal map of U onto a disk, symmetrical with respect to the real axis,
which is centered at the point (1 — AB)/(1 — B?) (B # 41) and with its radius equal to (A — B)/
(1 — B?) (B # =£1). Furthermore, the boundary circle of this disk intersects the real axis at the points
(1—A)/(1—B)and (14 A)/(1+ B) with B # +1.

Let P[A, B] denote the class of functions of the form p(z) = 1+ p1z + - - -, which are analytic in U
and satisfy the subordination p(z) < h(A, B;z). Itis clear that p € P[A, B] if and only if:

1-AB A—B
_ _ <1
’p(z) . . (-1<B<A<1Lzel)
and: 1A
Rep(z)>_T (B=—-1;z€ U)

For two functions f and g analytic in U, f is said to be subordinate to g, written by f(z) <
g(z) (z € U), if there exists a Schwarz function w in U such that:

lw(z)| < |z| and f(z) =g(w(z)) (z€U)
Furthermore, if the function g is univalent in U, then:

f(z) <g(z) (zel) < f(0)=¢(0) and f(U)Cg(U)

Many properties of analytic functions have been investigated by several authors(see [1-11]). In this
paper, we derive certain geometric properties of analytic functions associated with the well-known
Dziok-Srivastava operator.

2. Main Results

Theorem 1. Let f belong to the class A, (p). Furthermore, let:

1
Hu(@)f(@) _ pra g ®
zP
Then:
; !
. { H. () f(2) +M(Hm(lxl)f(2))/}
zP zb
" _ ey r2n .
1+(A+B+(iz(+fllgrnl§%) +AB if My (A,B,a, 1) <0, @
<
12 402K, Kp if M (A, B,a, 1) >0, ©)

40(A—B)r"—1(1-r2)Kp
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where:
Kpq=1—A%2 4 nAr=1(1—1?),
Kg =1— B?r¥ +nBr"~1(1 —1?), ©)
Ly =2a(1 — ABr?") + na(A+B)r" 1(1—12) + (A— B)r" " 1(1 —r?),
M, (A,B,a,r) = 2aKp(1+ Ar") — L, (1 + Br™).
The result is sharp.

Proof. For z = 0, the equality in (4) holds true. Thus, we assume that 0 < |z| = r < 1. From (3), we
can write:

Hyu(21)f(z) _ 14 Az"¢(2)

zP 1+ Bz"¢(z)

(z e U), @)
where ¢(z) is analytic and |¢(z)| < 1in U. From (7), we have:

H,, (1) f(2)

zP

Hy, (1) (2) )

zP

_ Hy(a)f(2) | #(A = B)z"(ng(z) +2¢'(2))

zP (1+ Bz"¢(z))?

+ az(

®)

(o Z ne
- Hm(zlp)f( ) 4 A_B(A—BH,’n(al)f(z)/zm(H’lﬂ(“l)ﬂz)/zp_1>

a(A—B)z"" ¢/ (2)

T T A+ Brg()?

By using the Carathéodory inequality:

1-[o(z))?
l¢'(z)] < 12

we get:

g/ (2) P o))
Re{<1+Bzw<z>>2} S T A1+ Bzrg(2)]
2| A — BHL () f(2) /2P — |HY (a0)f(2) /27 — 1P

- (A—B)2r—1(1—r2) ©)

Set % =u+iv (1,0 € R). Then, (8) and (9) give:

Re { Hy(@)f(z)

zP

(H%(M)f(Z) ),}

zP

A+B neA neB , 5 5
< _ _ _
_<1—|—nocA_B)u . A—B(u v7)
r?"((A — Bu)? + (Bv)?) — ((u —1)? + 0v?)

(A—=B)rm=1(1—1r2)

_ A+B no 2
—<1+nch_B)u A_B(A+Bu)

r?"(A — Bu)? — (u—1)2 o (B 1 — BZp2n > )
B

(A-Byr—1(1-r) A )

+a

(10)

+ o
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Note that:

1 — B2y2n 1 —g2n

71(1+r2+r4+~~~

m=1(1—r2) =

= 2yn—1
>n>nB

Using (10) and (11), we obtain:

Re( Ha(e )f(Z)MZ(an(al)f(Z)),}S(H ALY,

= ¢n(u)

zP zP

It is known that for || < o (0 < 1),

=11 —r2)

[(1+72070)

(P + 202y 4

"ATB
r?"(A — Bu)? — (u—1)?

T AT B (1)

1— ABg? ( B)o

‘1+A§

1+BE

and:
1-Ac

1—-Bo
Furthermore, (7) and (14) show that:

1-— Ar"?
<
1— Br* —

Now, we calculate the maximum value of ¢, (1) on the segment [

A+ B

1/J£1(u):1+mxA_B

20

1+ A¢
Re{l+B§}<
Re{ -

ZmXBu
A—B

1 — B2¢2 1 B2(72

1+ Ao
— 14 Bo

1+Ar

- 1 + Br”

+2“a.—AB#w—w1—

1-Ar"
1—Br* 7 14Br"

1+A"

40f 8

(11)

(A+ Bu?)

(12)

(13)

(14)

} . Obviously,

B?r?")u

(A —B)r"—

1— BZ,.Zn

Y = —5

and ¢, (1) = 0if and only if:

20(1 — ABr?") + na(A+ B)r" 1 (1 —r?) +

—3 (nB—I—

rm=1(1—7r2

1=

)> <0 (see(11))

(15)

(A—B)r"1(1—1?)

U=1uUy; =

~ 2uKp
Since:
2aKg(1— Ar'*) — L, (1 — Br'")
= 2a[(1— Ar")(1 — B2 — (
—nar™ 11— ?)[(A+B)(1 -
= —2a(A—B)r'(1—
—(A=B)r" (172

we see that:

Br" )—noc(A—B)r T1-r2
)(1—Br'") <0

201 — B2r2" 4+ nBrn=1(1 — r2)]
e (see(©)

Br")(1— ABr*")]
1) —2B(1 — Ar")] —
)(1+ Br'")

1— Art
1— Br"

(A—B)r"1

(16)

rz)(l — Br'")

(17)
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. n . .
However, u;, is not always less than %i’g:n . The following two cases arise.

1+Ar"
Case (I). up > g,

thatis M, (A, B,a,r) < 0. In view of ¢}, (u,) = 0 and (15), the function 9, (1)
is increasing on the segment {1—1“?" L+Ar"

=B TrBm } Thus, we deduce from (12) that, if M, (A, B,«,7) <0,
then:
Hy, (21)f(2) H,, (21)f(2) 1+ A"
LS <
Re{ = + DCZ( 2P ) < Yy 11 Bm
A+B 14 Ar"
=(1
(s ()
no 1+ Ar\?
“A_B <A+B <1+Br”> )
_1—|—Ar"_ no 1_1—|—Ar” A_Bl+Ar”
~ 1+B" A-B 1+ Br" 1+ Br
1+ (A+B+na(A—B))r" + ABr*"
(1+ Brm)?
This gives (4).

Next, we consider the function f defined by:

Hl(a1)f(z) _ 1+ A"

zP 1+ Bz"
which satisfies the condition (3). It is easy to check that:
Hu(@)f (1) |y Hu(@0)f(r) )y _ 1+ (A+ B+ na(A—B))r" + ABr"
rP rP o

(1+ Br)2
which implies that the inequality (4) is sharp.

Case (II). u, < it4r

< 15w, thatis My (A,B,a,r) > 0. In this case, we easily have:

1 o z L % z
Re{wﬂawy} < ()

(18)
In view of (6), ¥, (1) in (12) can be written as:
_ —aKpu? + Lyu — aKy
Yul) = gy = 2 (19

Therefore, if M, (A, B,a,r) > 0, then it follows from (16), (18), and (19) that:

Re { Hin(o;))f(Z) 4z (@) (2) >,} .

—ocKBu% + Lyuy —aKy
(A= B)r=1(1—1r2)

zP

_ L2 — 4a’KKp
~ 4a(A - B)r1(1 —r2)Kp

To show the sharpness, we take:

Hy, (a)f(z) _ 1+ Az"¢(2)

_ z— Cn
zP 1+ Bz"¢(z) and () = 1—cpz
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where c;, € R is determined by:

Hy()f(r) _ 1+ Ar'e(r) _ (1= Ar" 1+ Ar”
rP 1+ Brio(r) " 1—Br*’" 1+ Br"

Clearly, -1 < ¢(r) < 1,-1 < ¢z < 1]¢(z)] < 1 (z € U), and so, f satisfies the
condition (3). Since:
oy l—c 1-le(n)?
9(r) = (1—cyr)2 1—12

from the above argument, we find that:

Hy, (1) f (1) (Hin(al)f(r)
z

ar
rP *

The proof of the theorem is now completed. [

Corollary 1. Let f € Aq(p), and satisfy Re{H',(a1)f(z)/2zF} > B (B < 1;z € U). Then, for |z| =r < 1,

Re{H%(ﬂ;)f(Z) W(an(anf(z)),} cpi_plrae=r

zP (1—r)2
The result is sharp.

Proof. By considering %‘W instead of H!,(x1)f(z)/zP, we only need to prove the corollary
for = 0. Puttingn = A = 1and B = —11in (6), we get:

Ky=2(1-7r%, K.1=0, L;=2x(1+7*)+2(1-1?)

and:
Mi(1,-1,a,7) = -21-r)[1+a—(1-a)?] <0

Consequently, an application of (4) in Theorem 2.1 yields:

Re { Hy(@)f(z)

zP zP

H (a1)f(2),, 1+ 2ar —r?
( : )}S(l—r)Z

The sharpness follows immediately from that of Theorem 1. O

Theorem 2. Let a; (j = 1,2,---,1) and Bs (s = 1,2,--- ,m) be positive real numbers. Furthermore, let
flz) =2\ + Z;;'o:n+p az" € Ay(p), and satisfy:

Hi”(";)f R (Hﬁn(";)f (Z)> € P[A, B| (20)
Ther k(A= B)(B)s- - (Bu)
(A - Dk (Bmk

< A p) e @)y =) @1

The result is sharp for each k > n + p.

Proof. It is well known that if:

g(2) = ébkzk <p(z) (zel)



Symmetry 2019, 11, 259 70f8

where ¢(z) is analytic in U and ¢(z) = z + - - - is convex univalent in U, then |by| <1 (k=1,2,3,--).
From (20), we have:

1 <H,’n(a1)f(2) e (le)f(z))’ ) 1)

A—B zP

_ 1 ¢ (Atalk—p)) (@) (w)e-ax k-
_A*Bk:;p KBk (Bm)k b

(zel)

= 1+ Bz

In view of the function {%5; being convex univalent in U, it follows from (22) that:

(1 +a(k—p))(a)e--- ()
kI(A—=B)(B1)k - (Bm)k

Yo <1 (k=n+p)

which gives (21).
Next, we consider the function f;_,(z) defined by:

gty =+ (a-m) 3 PO Bral 00 gy s

g=1 (1 +ch(k - p))(“l)qk T (D‘l)qk

Since:

Hiy () fip(2) | (Hmal)fk_p(z))’ _1bART 1vAz

2P 2P “ 11 BF7r 1+1Bz

and:

KI(A—B)(B)k " (Bm)k Jk
T+alk—p))(ar)k- - (a)x

for each k > n + p, the proof of Theorem 2 is completed. [

fip(a) =2 + ¢ oo
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