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Abstract: The concept of statistically deferred-weighted summability was recently studied by
Srivastava et al. (Math. Methods Appl. Sci. 41 (2018), 671-683). The present work is concerned
with the deferred-weighted summability mean in various aspects defined over a modular space
associated with a generalized double sequence of functions. In fact, herein we introduce the idea of
relatively modular deferred-weighted statistical convergence and statistically as well as relatively
modular deferred-weighted summability for a double sequence of functions. With these concepts
and notions in view, we establish a theorem presenting a connection between them. Moreover, based
upon our methods, we prove an approximation theorem of the Korovkin type for a double sequence
of functions on a modular space and demonstrate that our theorem effectively extends and improves
most (if not all) of the previously existing results. Finally, an illustrative example is provided here by
the generalized bivariate Bernstein—Kantorovich operators of double sequences of functions in order
to demonstrate that our established theorem is stronger than its traditional and statistical versions.

Keywords: statistical convergence; P-convergent; statistically and relatively modular deferred-
weighted summability; relatively modular deferred-weighted statistical convergence; Korovkin-type
approximation theorem; modular space; convex space; N -quasi convex modular; N -quasi
semi-convex modular

MSC: 40A05; 41A36; 40G15

1. Introduction, Preliminaries, and Motivation

The gradual evolution on sequence spaces results in the development of statistical convergence.
It is more general than the ordinary convergence in the sense that the ordinary convergence of a
sequence requires that almost all elements are to satisfy the convergence condition, that is, every
element of the sequence needs to be in some neighborhood (arbitrarily small) of the limit. However,
such restriction is relaxed in statistical convergence, where set having a few elements that are not in the
neighborhood of the limit is discarded subject to the condition that the natural density of the set is zero,
and at the same time the condition of convergence is valid for the other majority of the elements. In the
year 1951, Fast [1] and Steinhaus [2] independently studied the term statistical convergence for single
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real sequences; it is a generalization of the concept of ordinary convergence. Actually, a root of the
notion of statistical convergence can be detected by Zygmund (see [3], p. 181), where he used the term
“almost convergence”, which turned out to be equivalent to the concept of statistical convergence. We
also find such concepts in random graph theory (see [4,5]) in the sense that almost convergence means
convergence with probability 1, whereas in statistical convergence the probability is not necessarily
1. Mathematically, a sequence of random variables {Xj} is statistically convergent (converges in
probability) to a random variable X if lim, o P(|Xn — X| 2 €) = 0, for all € > 0 (arbitrarily small);
and almost convergent to X if P(limy, e X = X) = 1.

For different results concerning statistical versions of convergence as well as of the summability
of single sequences, we refer to References [1,2,6].

Let N be the set of natural numbers and let H C N. Also let

n=1{k:k<n, and k € H}

and suppose that |, is the cardinality of #,. Then, the natural density of H is defined by

S(H) = lim [#a] = lim 1{k:k§n and k€ H},

n—oo n n—oo n

provided that the limit exists.
A sequence (xy) is statistically convergent to ¢ if for every € > 0,

He={k:keN and |xx—/(| =€}

has zero natural (asymptotic) density (see [1,2]). That is, for every e > 0,

o Hel 1 < > .
5(7—[6)—}113207—,}%E|{k.k:n and |xx— /(| =€} =0.
Here, we write
stat lim x, = /.
n—oo

As an extension of statistical versions of convergence, the idea of weighted statistical convergence
of single sequences was presented by Karakaya and Chishti [7], and it has been further generalized by
various authors (see [8-12]). Moreover, the concept of deferred weighted statistical convergence was
studied and introduced by Srivastava et al. [13] (see also [14-19]).

In the year 1900, Pringsheim [20] studied the convergence of double sequences. Recall that a
double sequence (X, ) is convergent (or P-convergent) to a number / if for given € > 0 there exists
ng € N such that |x,, — | < €, whenever m,n 2 ngy and is written as Plim x,, , = ¢. Likewise,
(Xm,n) is bounded if there exists a positive number K such that |x,,,| < K. In contrast to the case
of single sequences, here we note that a convergent double sequence is not necessarily bounded.
We further recall that, a double sequence (xy,,, ) is non-increasing in Pringsheim’s sense if X414 = Xpn
and Xy 41 = X

Let H C N x N be the set of integers and let H(i,j) = {(m,n) : m < i and n < j}. The double
natural density of H denoted by §(H) is given by

1 -
6(H) = P lim —|#(i, j)|,
i 1 ]
provided the limit exists. A double sequence (x,,) of real numbers is statistically convergent to ¢ in

the Pringsheim sense if, for each € > 0
5(He(if)) = 0,
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where 1
0(He(i,f)) = E{(m,n) cmSi,n<jand |xp, — £ =€}

Here, we write
stat® lim Xmp = L.
m,n

Note that every P-convergent double sequence is stat’-convergent to the same limit, but the
converse is not necessarily true.

Example 1. Suppose we consider a double sequence x = (Xy,,,) as

/nm (m:kz, n=12% Ykl eN),

Xmn =

1 .
o otherwise.

1t is trivially seen that, in the ordinary sense (X, ) is not P-convergent; however, 0 is its statistical limit.

Let Z = [0,00) C R, and let the Lebesgue measure v be defined over Z. Let Z?> = [0,0) x [0, o)
and suppose that X(Z?) is the space of all measurable real-valued functions defined over Z? equipped
with the equality almost everywhere. Also, let C(Z?) be the space of all continuous real-valued
functions and suppose that C*(Z?) is the space of all functions that are infinitely differentiable on
72. We recall here that a functional w : X(Z?) — [0, o) is a modular on X(Z?) such that it satisfies the
following conditions:

(i) w(f)=0ifand only if f = 0, almost everywhereinZ (V f € 7),

(i) w(af+Bg) S w(f)+w(g),Vf,g € X(Z?) and foranya,f = 0witha +B =1,
(iii) w(—f) = w(f), foreach f € X(Z?), and

(iv) w is continuous on [0, o).

Also, we further recall that a modular w is

e N-Quasi convex if there exists a constant A/ 2 1 satisfying
w(af +Bg) S Naw(Nf) + Npw(Ng)

for every f,g € X(IZ), a, B = 0 such that « + f = 1. Also, in particular, for N’ = 1, w is simply
called convex; and
e N -Quasi semi-convex if there exists a constant A/ = 1 such that

w(Af) = NAw(Nf)

holds for all f € X(Z?) and A € (0,1].

Also, itis trivial that every A/-Quasi semi-convex modular is N'-Quasi convex. The above concepts
were initially studied by Bardaro et al. [21,22].
We now appraise some suitable subspaces of vector space X(Z?) under the modular w as follows:

L9(T) = {f € X(T?): lim w(Af) =0}

and
E¥(T%) = {f € L(T?) : w(Af) < +o0, ¥ A > 0}.
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Here, L% (Z?) is known as the modular space generated by w and E%“(Z?) is known as the space
of the finite elements of L“(Z?). Also, it is trivial that whenever w is A'-Quasi semi-convex,

{f € X(T?) : w(Af) < 400, ¥ A >0}

coincides with L% (Z?). Moreover, for a convex modular w in X(Z?), the F-norm is given by the formula:

||f||w:inf{/\>0:w<£> §1}.

The notion of modular was introduced in [23] and also widely discussed in [22].

In the year 1910, Moore [24] introduced the idea of the relatively uniform convergence of a
sequence of functions. Later, along similar lines it was modified by Chittenden [25] for a sequence of
functions defined over a closed interval I = [a,b] C R.

We recall here the definition of uniform convergence relative to a scale function as follows.

A sequence of functions (f,,) defined over [a, b] is relatively uniformly convergent to a limit function
f if there exists a non-zero scale function ¢ defined over [, b], such that for each € > 0 there exists an
integer ne and for every n > ne,

fn(x) = f(x)

<e
o(x) -

holds uniformly for all x € [a,b] C R.
Now, to see the importance of relatively uniform convergence (ordinary and statistical) over
classical uniform convergence, we present the following example.

Example 2. Forall n € N, we define f, : [0,1] — R by
T (0<x=1),
fu(x) =
0 (x=0).

It is not difficult to see that the sequence (f,) of functions is neither classically nor statistically uniformly
convergent in [0, 1|; however, it is convergent uniformly to f = 0 relative to a scale function

1 (0<x<1)

on [0,1]. Here, we write
fn=2f=0 ([0,1];0).

In the middle of the twentieth century, H. Bohman [26] and P. P. Korovkin [27] established some
approximation results by using positive linear operators. Later, some Korovkin-type approximation
results with different settings were extended to several functional spaces, such as Banach space and
Musielak-Orlicz space etc. Bardaro, Musielak, and Vinti [22] studied generalized nonlinear integral
operators in connection with some approximation results over a modular space. Furthermore, Bardaro
and Mantellini [28] proved some approximation theorems defined over a modular space by positive
linear operators. They also established a conventional Korovkin-type theorem in a multivariate
modular function space (see [21]). In the year 2015, Orhan and Demirci [29] established a result on
statistical approximation by double sequences of positive linear operators on modular space. Demirci
and Burgak [30] introduced the idea of A-statistical relative modular convergence of positive linear
operators. Moreover, Demirci and Orhan [31] established some results on statistically relatively
approximation on modular spaces. Recently, Srivastava et al. [13] established some approximation
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results on Banach space by using deferred weighted statistical convergence. Subsequently, they also
introduced deferred weighted equi-statistical convergence to prove some approximation theorems
(see [17]). Very recently, Md. Nasiruzzaman et al. [32] proved Dunkl-type generalization of
Szdasz-Kantorovich operators via post-quantum calculus, and consequently, Srivastava et al. [33]
established the construction of Stancu-type Bernstein operators based on Bézier bases with shape
parameter A.

Motivated essentially by the above-mentioned results, in this paper we introduce the idea of
relatively modular deferred-weighted statistical convergence and statistically as well as relatively
modular deferred-weighted summability for double sequences of functions. We also establish
an inclusion relation between them. Moreover, based upon our proposed methods, we prove a
Korovkin-type approximation theorem for a double sequence of functions defined over a modular
space and demonstrate that our result is a non-trivial generalization of some well-established results.

2. Relatively Modular Deferred-Weighted Mean

Let (a,) and (b,) be sequences of non-negative integers satisfying the conditions: (i) a, < by
(n € N) and (ii) nlgr(}o b, = co. Note that (i) and (ii) are the regularity conditions for the proposed
deferred weighted mean (see Agnew [34]). Now, for the double sequence ( f;;,,) of functions, we define
the deferred weighted summability mean (Np (fim,n)) as

1 hnllbﬂ
ND(fm,n) = TS Z tusvfu,v(x)/ 1)
men gy o=a,+1

where (s,) and (t,) are the sequences of non-negative real numbers satisfying

b, b
Sy, = Z Sy and Ty, = Z ty
v=a,+1 u=a,+1

Definition 1. A double sequence (fumn) of functions belonging to L% (Z?) is relatively modular deferred
weighted (Np(fin,n))-summable to a function f on L« (Z?) if and only if there exists a non-negative scale
function o € X(ZI?) such that

P lim w </\ (W)) =0 for some Ag > 0.

m,n—o0

Here, we write

Np lim @ =0 for some Ay > 0.

w

Definition 2. A double sequence (fu n) of functions belonging to L« (Z?) is relatively F-norm (locally convex)
deferred weighted summable (or relatively strong deferred weighted summable) to f if and only if

P lim w (/\ (ND(fm")_f>) =0 for some A > 0.

™m,n—o0 o

Here, we write

=0 for some Ay > 0.

w

.FND lim fim,n _ f
mn o

It can be promptly seen that, Definitions 1 and 2 are identical if and only if the modular w fairly
holds the A,-condition, that is, there exists a constant M > 0 such that w(2f) < Mw(f) for every
f € X(Z?). Precisely, relatively strong summability of the double sequence (fy,,x) to f is identical to
the condition
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N _
P limw (2”)\ (D(fm”)f>> -0,
mn (o

V. n € N and some A > 0. Thus, if (f) is relatively modular deferred weighted
(Np(fm,n))-summable to f, then by Definition 1 there exists a A > 0 such that

P tim w (3 (ML 20))

m,n—o0 g

Clearly, under Aj-condition, we have

o (22 (MUl 1)) < g (3 (Mol =)

This implies that

P limw (2’% (ND(f’”'”) _f>) =0.
m,n o

Definition 3. A double sequence (fmn) of functions belonging to L“(I?) is relatively modular
deferred-weighted (Np (fm,n)) statistically convergent to a function f € L (Z?) if there exists a non-zero scale
function o € X(ZI?) such that, for every e > 0, the following set:

P Iim

mn mon

{(u,v):u§ Ty, v < Sy and w (/\0 <tusv|fuv_f|>> ze} for some Ag >0

(o4

has zero relatively deferred-weighted density, that is,

P lim

mmn TSy o

{(u,v):u STw,v<S, and w (/\0 (tusvm'v_f')) ze}’ =0 for some Ay > 0.

Here, we write
=0.

w

’ frn = f
o

staty, lim ’
mn

Moreover, (fmn) is relatively F-norm (locally convex) deferred-weighted (Np(fm,n)) statistically
convergent (or relatively strong deferred-weighted (Np (fm,n)) statistically convergent) to a function f € X(Z?)
if and only if

P Iim
m,n mon g

{(u,v):u§ Tw,0 < Sy, and w (/\0 <tusv|f”v_f|>) 26}’ =0 for some A > 0,

where ¢ € X(ZI?) is a non-zero scale function and € > 0.
Here, we write
fmn —f

o

=0.

F staty, lim ‘
m,n w

Definition 4. A double sequence (fu,n) of functions belonging to L (I?) is statistically and relatively modular
deferred-weighted (Np (fm,n))-summable to a function f € L¥(ZI?) if there exists a non-zero scale function
o € X(ZI?) such that, for every € > 0, the following set:

P lim ! {(u,v):u§m,v§m and w(Ao (ND(fmn)f>> ze} for some Ag > 0
mmn m,n o

has zero relatively deferred-weighted density, that is,

{(u,v) cus<muo<nand w ()&0 (ND(fm")_f>) 26}

o

P lim L
mmn mmn

=0 for some Ay > 0.
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Here, we write
fun — f

(o

=0.

Npstat lim
m
w

M

Furthermore, (fmn) is statistically and relatively F-norm (locally convex) deferred-weighted
(Np(fmn))-summable (or statistically and relatively strong deferred-weighted (Np(fm,n))-summable) to
a function f € X(I?) if and only if

{(u,v):u Smo<nand w (/\0 <ND<fm")_f)> Ze}‘ =0 for some A > 0,

o

P lim
mn m,n

where ¢ € X(ZI?) is a non-zero scale function and € > 0.
Here, we write
fmn — f

mmn
(o

=0.

w

F Npstat lim ’
m,n

Remark 1. If we put a, =0, by =n, by, = m,and t,, = s, = 1 in Definition 3, then it reduces to relatively
modular statistical convergence (see [31]).

Next, for our present study on a modular space we have the assumptions as follows:

o Ifw(f) < w(g)for |f] = |g|, then w is monotone;

e If x € L¥(Z?) with u(A) < oo, where A is a measurable subset of 72, then w is finite;

e If wis finite and for each € > 0, A > 0, there exists a § > 0 and w(Axp) < € for any measurable
subset B C Z?2 such that j(B) < 4, then w is absolutely finite;

e If x;2 € E¥(Z?), then w is strongly finite;

e Ifforeache > Othereexistsad > Osuchthatw(afxp) < € (« > 0), where B is a measurable subset
of Z? with u(B) < J and for each f € X(Z?) with w(f) < +oo, then w is absolutely continuous.

It is clearly observed from the above assumptions that if a modular w is finite and monotone, then
C(Z?) C L¥(Z?). Also, if w is strongly finite and monotone, then C(Z?) C E“(Z?). Furthermore, if w
is absolutely continuous, monotone, and absolutely finite, then C*(Z2) = L% (Z?), where the closure
C®(Z?) is compact over the modular space.

Now we establish the following theorem by demonstrating an inclusion relation between relatively
deferred-weighted statistical convergence and statistically as well as relatively deferred-weighted
summability over a modular space.

Theorem 1. Let w be a strongly finite, monotone, and N-Quasi convex modular on L (Z?). If a double
sequence (fn) of functions belonging to L¥(ZI?) is bounded and relatively modular deferred-weighted
statistically convergent to a function f € L¥(Z?), then it is statistically and relatively modular deferred
weighted summable to the function f, but not conversely.

Proof. Assume that (fy,) € L(Z?) N {e. Let us set

He = {(u,v):u <mv<n and w <)\0 (W)) 2> € for some Ag >0}

and

He = {(u,v):u <Smov<nand w (/\0 (W)) > ¢ for some Ag >0}.

From the regularity condition of our proposed mean, we have
by, by

Y tusy =0. )

men y o=a,+1

P lim
u,o
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Thus, we obtain

_ 1 by, by _
w (Ao (ND (M))) —wl A 3 s (M)
o TinSn u,o=a,+1 o
)\ b’"/b” bm/oo —
gw(T (; Z tuSo fuv f S Z t.S0 f“i’f‘
men g ov=a,+1, n 4=0,0=b,+1, o
(u,0)EHe (uv)eHe
A 00,by, 00,00 o
+ T (; Z fuSy fuv f 5 v fiu'v f‘
MmON Yy, 11,0=0, " y=by+1,0= b,,+l v
(u,0)€He (u0)EHe
)\O by, by by, _
+w(T S Lo s fw 2+ T s L v fue 1
men y v=n,+1, men gy —0,0=>b,+1, o
(u,0)eHE (u,0)eHE
)LO 00,by, 00,00 _
+ T.S Z tusy fuv f T 5 tuSy fiu,v f‘
men u*bm+l,v:0,‘ men = bnl+1,U:bn+1 v
(u,0)eHE (u,0)eHE
1 00,00
+K 2 fusy — 1 ),
TinSn u,o=a,+1
where
X,
K = sup | £ y)‘
X,y o

Further, w being N-Quasi convex modular, monotone, and strongly finite on L% (IZ),

it follows that
fm n— f 9)\0|'H€‘G by b
o (0 (w0 (P257))) a0 | PHGE B
4 TinSn u,0=a,+1,
(u,v)eHe
bmrbn b”’lfb”
+ew 79)]\?'?6' tuso | +w <9AOTGZmb" ) tusv>
men .y v=n,+1, men u,v=a,+1
(u,0)eHe

9 Gb,, b
“’( TS, D

00,00

00,byy

e 9AoGb 4
tuSv) + w ( TO S i Z tusv>
u=0,0=a,+1 men. y—g,4+1,0=0

00,00

9)\0 . 9)\0’C
+ ew tySy | +w tuso — 11,
(Tmsn u,vz ! U) (TmS” u,vz o

=ap+1

fup=f(xy) f( y)

where G = max ’

=an+1

,Vu,0 € Nand (x,y) € Z?. In the last inequality, considering P limit as

m,n — oo under the regularlty conditions of deferred weighted mean and by using (2), we obtain

i (51)) -

This implies that ( fi,» ) is relatively modular deferred weighted Np ( fn,»)-summable to a function

f. Hence,
{(u,v) u<muo<mand w <A0 (ND(fm”)_f>) > e}

P lim ! =0 for some Ay > 0.

mn m,n (o




Symmetry 2019, 11, 448 9 of 20

Next, to see that the converse part of the theorem is not necessarily true, we consider the
following example.

Example 3. Suppose that T = [0,1] and let ¢ : [0,00) — [0, 00) be a continuous function with ¢(0) = 0,
@(u) > 0 for u > 0and lim, e @(u) = 0. Let f € X(Z?) be a measurable real-valued function, and
consider the functional w? on X (I?) defined by

W) = [ [ ollfuney)indy (f € X(22).

@ being convex, w? is modular convex on X(Z?), which satisfies the above assumptions. Consider Ly (Z?) as
the Orlicz space produced by ¢ of the form:

L$(IZ) = {f € X(T?) : w?(A(f)) < +oo forsome A > 0}.
For all m,n € N, we consider a double sequence of functions fmn : [0,1] x [0,1] — R defined by

1, (m,n) € 4 x sand (x,y) € (0, 1] x (0,1],

fm,n(x/]/) = O, {(m,n) €0 x Y and (x/y) € (%/0] X (1 1]’

n’

(m,n) € U xYor (m,n) e Vxor(x,y) e (0,0)},

where the set of all odd and even numbers are U and 5, respectively.
We have

Ao b, bn
w/\(ND(fm,ﬂ>) =w ( Z tu5v> ’

SmTn u,u=a,+1

and this implies
fol/b"‘ fol/b” dxdy, (m,n) € s x stand (x,y) € (0, 1] x (0,1],

WA(ND(fmn)) = Ao 4 0, {(m,n) € Bx Vand (x,y) € (+,0] x (£,1];

(m,n) € U xYor (m,mn)cVxUor(x,y) e (0,0)}.

Clearly, (fi,n) is relatively modular deferred weighted summable to f = 0, with respect to a non-zero scale
function o (x,y) such that

L (x,y) = (0,0)
o(x,y) =
L ) e©1x 01
That is,
P 11111r£11w <A0 (W)) =0 for some Ag > 0.

Thus, we have

P lim ! ’{(u,v):u Smov<mand w (Ao <ND(fm">_f>> 26}‘ =0 for some Ay > 0.
mn m,n (%

On the other hand, it is not relatively modular deferred-weighted statistically convergent to the function
f =0, that is,
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P lim

mn mon

{(u,v):u STuv<S, and w ()&0 (quz;qu—f|>> ze}‘ # 0 for some Ay > 0.

o

3. A Korovkin-Type Theorem in Modular Space

In this section, we extend here the result of Demirci and Orhan [31] by using the idea of the
statistically and relatively modular deferred-weighted summability of a double sequence of positive
linear operators defined over a modular space.

Let w be a finite modular and monotone over X(Z?). Suppose E is a set such that C*(Z?) C E C
L¥(Z?). We can construct such a subset E when w is monotone and finite. We also assume L = {L,, ,}
as the sequence of positive linear operators from E in to X(Z?), and there exists a subset X; C E
containing C®(Z?). Let o € X(Z?) be an unbounded function with |¢(x,y)| # 0, and R is a positive
constant such that

Npstat lim sup w (/\ <Ym;(f))> < Rw(Af) 3)

m,n
holds for each f € X;,A > 0 and

bﬂ‘lrhn

1
Ym,n(f/' x,y) = TS, Z tusvn,n (f/ x,y).
men y o=a,+1

We denote here the value of L, ,(f) at a point (x,y) € Z? by Ly (f(x*,y*); x,y), or briefly by
L (f;x,y). We now prove the following theorem.

Theorem 2. Let (a,) and (by,) be the sequences of non-negative integers and let w be an N'-Quasi semi-convex
modular, absolutely continuous, strongly finite, and monotone on X (I?). Assume that L = { Ly, } is a double
sequence of positive linear operators from E in to X(I?) that satisfy the assumption (3) for every f € X
and suppose that 0;(x,y) is an unbounded function such that |o;(x,y)| =2 u; >0 (i = 0,1,2,3). Assume
further that

m,n(fi;x/y) _f(x/y)

o

L
Npstat lim H
m,n

=0 foreach A >0and i =0,1,2,3, (4)

w

where
folxy) =1, filcy) =2, falx,y) =yand f3(x,y) = x> + .
Then, for every f € L (Z?) and g € C®(ZI?) with f — g € X,

Npstat lim Lnn(f; x,](/T) —fey)| 0 for every Ag >0, (5)
¢ w
where o(x,y) = max{|o;(x,y)| :1=10,1,2,3}.
Proof. First we claim that,
Npstat lr}lrg H Lmn(8:%, (yr) —3(xy) =0 forevery Ag > 0. (6)
4 w

In order to justify our claim, we assume that ¢ € C(Z?) N E. Since g is continuous on Z2, for given
€ > 0, there exists a number § > 0 such that for every (x*,y*), (x,y) € Z? with |x* — x| < 6 and
ly* —y| < 6, we have

18(x*,y") —g(xy)| <e. 7)
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Also, for all (x*,y*), (x,y) € I? with |x* — x| > 6 and |x* — x| > J, we have

86y7) 8yl < 2 (o0 0P + [oaly”w)2) ®
where

p1(x",x) = (X" —x), ¢2(y",y) = (y* —y), and A= sup |g(x,y)|
x,y€I?

From Equations (7) and (8), we obtain
56 y) =g < e+ 25 ([ (v 0P + [ )P -
This implies that

- 2734 (lor (", 0P + [o2(y", 9)1?) < 2(x"y") —g(xy) < e+ 27,24 (lor " 0P + g2 0)) - ©)

—€

Now L, (g0; x,y) being linear and monotone, by applying the operator L, ,(go; x,y) to this
inequality (9), we fairly have

2A * * * ok
Lonn(80;%,Y) (—e — ([(m(x )P+ [g2(y ,y)]z)) < L (80;%,y)(8(x"y") — g(xy))
2./4 * *
< Ln(goixy) (e+ 2% (Ion 202 + [y 1) ). (10)
Note that x, y is fixed, and so also g(x, y) is a constant number. This implies that
2A * 2 * 2
—eLmn(80:%,y) = Z5 Lo ([o1 (0P + 920" )%, y) < Luna (853,y) = 82, 9) L (03,
2./4 * *
< €Lmn(80:%,Y) + S5 Lo (92 (", )1 + [g2(y" )% x,y). (11)
However,

L (& x,y) —8(x,y) = [Lnn(gx,y) — 8%, ¥) Linn(80; %, ¥)] + (X, ) [Lmn(g0; x,y) — go(x,y)].  (12)

Now, using (11) and (12), we have

2A " *
[Lonn(85,9) = 8| £ |eLonn(0:%,9) + 53 Lo ([o1(x", 01 + 20", 1)1 %,y \
+ AlLmn(80;: %, y) — 8o(x, y)]. (13)

Next,

44
|[Lonn(g5%,y) = g(x,y)| = €+ (€ + A) [Lun (80:%,y) = 80(x, )] = =781 (%, W) [Lmn (8170, y) = 81 (x,y)]
24 44
t52 [Lonn(g3;%,y) — 83(x,y)] — 5 82(x, W) [[Lmn(82:x,y) — 82(x,y)]
24
+ (Tzlg3(x,y)l [Lonn (805 %, y) — go(x,y)].

Since the choice of € is arbitrarily small, we can easily write
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2A
Lan(giny) gyl Se+ (e+ ca

A) | Conn(80:%,9) — g0(x,9)]
A 24
+ Tzlgl(x,y)l |Limn(g1:%,Y) — g1(x,¥)| + Tzlﬁm,n(gs; x,y) —83(x,y)| (14)
4A
- 5T|82(x/]/)||£m,n(82;x/y) - (x5 y)|

Now multiplying —— to both sides of (14), we have, for any A > 0
PIYINE 70 y

A Em,n(g;x,y)—g(x,y)‘ < 2 8 ‘Em,n(go;x,y)—go(x,y)’
o(x,y) o(x,y) o(x,y)

| Emn (810 Y) — 1Y) || | Lmn(8sixy) — 830 Y) | (45
o(x,y) o(x,y)

_ ’Em,n(gz} x,y) - gz(x/ y) ’
o(x,y) '

where B = max (e +2 14, %’24, 25—“;‘) and ¢1(x,y), g2(x,y) are constants for V (x,y).
Next, applying the modular w to the above inequality, also w being N-Quasi semi-convex,
strongly finite, monotone, and o (x,y) = max{|c;(x,y) (i =0,1,2,3)|}, we have

o ( (G ) s (g ) o (sre (5 2 ))
o (SAB (Emn(gux y) —&1(xy ))
a1 (x,y)

+w(5AB< (g3’xy g”y)) (16)

—w(SAB(E (gz,xy gzxy )

Now, replacing Ly, »(f; x,y) by

Z Sutv,ﬁt,v(g; X, y) = Ym,n (f/ x,y)

and then by ¥(f;x,y) in (16), for a given x > 0 there exists ¢ > 0, such that w (%) < k. Then,

by setting
e flmo s (7) 2

SEICE)

and fori=0,1,2,

1\

A

|

I
~—
(6] ]
sf2
N———
———

we obtain
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Clearly,

[Tl < & I¥illo
< . 17
mn _l.;) mn ( )

Now, by the assumption under (4) as well as by Definition 4, the right-hand side of (17) tends to
zero as m,n — oo. Clearly, we get

lim @:O(K>O),

mmn—oo  m

which justifies our claim (6). Hence, the implication (6) is fairly obvious for each ¢ € C®(Z?).

Now let f € L“(Z?) such that f — g € X| for every g € C*(Z?). Also, w is absolutely continuous,
monotone, strongly and absolutely finite on X(Z?). Thus, it is trivial that the space C*(Z?) is modularly
dense in L%(Z?). That is, there exists a sequence (g; ;) € C*(Z?) provided that w(3A}g) < +oo and

P limw(3A4(gi; — f)) = 0 for some Aj. (18)
L

This implies that for each € > 0 there exist two positive integers i and j such that
w(3A5(8ij — f)) < € whenever i 2 iandj 2 j.
Further, since the operators Yy, , are positive and linear, we have that

Ao Ymn(fi2,y) = FL )| = A mn (f — 8555 X Y) [ + Ao Ymn (877 %, y) — &77(x, y)
+ Aolgii(xy) = f(x, )]

holds true for each m,n € N and x,y € Z. Applying the monotonicity of modular w and further

multiplying U(%y) to both sides of the above inequality, we have

P X — f(x Youu(f — ij
w<A3 (Ym,n(f, ,Z) £ ,y))> §w<3Ag< (]; gﬂ))
+w (3)&5 (Ym,n (81(7]) _gi’j>> +w (3/\6 (gi’ja_f>> :

Thus, for |o(x,y)| 2 M >0 (M = max{M; :i =0,1,2,3}), we can write
_ Yo (f — &5
Yin 77) — g5 *
+w <3A6 ( (g;) g”)) +w (3&0 (8;,f—f)>- (19)

Then, it follows from (18) and (19) that

(0] e () s (25

Now, taking statistical limit superior as m,n — oo on both sides of (20) and also using (3),
we deduce that
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P limsup w ()\S <Ymn(f)_f>) <e+Rw <3A8(f_gi,f))

mn o
Y, (¢:s) — oo+
+ P limsup w (3)\8 (m’n (gw) glJ)) .

mn o
Thus, it implies that
_ Y ) oo
P limsup w (Ag (Y’”"(f)f>) S e+eR+P limsupw | 37§ Yonn(8ij) = 8ij Q@
mmn o mmn o
Next, by (4), for some Aj > 0, we obtain
Y R
P limsupw (3A’5 (’””(g”)g”>> —0. (22)
mmn %

Clearly from (21) and (22), we get

P limsup w <)\6 <Ym"(f)_f>) < e(1+R).

mn o

Since € > 0 is arbitrarily small, the right-hand side of the above inequality tends to zero. Hence,

P limsup w </\8 (Ymn(af)_f)> =0,

mmn
which completes the proof. [

Next, one can get the following theorem as an immediate consequence of Theorem 2 in which the
modular w satisfies the A,-condition.

Theorem 3. Let (L), (an), (bn), o and w be the same as in Theorem 2. If the modular w satisfies the
Ap-condition, then the following assertions are identical:

(a) Npstat lim,, ,

—E’”'”(ﬁ;x?,y)ff(x’y) H =0 foreach A >0and i =0,1,2,3;

w

(b) Npstat lim, , M H =0 foreach A > 0 such that any function f € L% (Z?) provided
w
that f — g € X[ for each g € C™®(Z?).

Next, by using the definitions of relatively modular deferred-weighted statistical convergence
given in Definition 3 and statistically as well as relatively modular deferred-weighted summability
given in Definition 4, we present the following corollaries in view of Theorem 2.

Leta, = 0and b, = n, by, = m, then Equation (3) reduces to

st tmsupr (3 (£220)) = R -

foreach f € Xy and A > 0, where R is a constant.
Moreover, if we replace staty limit by Nstat limit, then Equation (3) reduces to

Nstat limsup w ()\ (Qm;(f)>> < Rw(Af). (24)

m,n

Corollary 1. Let w be an N'-Quasi semi-convex modular, strongly finite, monotone, and absolutely continuous
on X(Z?). Also, let (£,) be a double sequence of positive linear operators from E in to X(I?) satisfying the
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assumption (23) for every Xy and o;(x,y) be an unbounded function such that |o;(x,y)| = u; > 0 (i =
0,1,2,3). Suppose that

Lmn(fis 2, y) — f(x,y)
(%

staty lim =0 foreach A >0and i =0,1,2,3,
mmn

w

where
folxy) =1, filcy) =2, falx,y) =yand f3(x,y) = x* + .
Then, for every f € L¥(Z?) and g € C*(I?) with f — g € Xy,

Lmn(f;,y) — f(x,y)
o

=0 foreach Ay >0,

staty lim H
m,n w

where
o(x,y) = max{|o;(x,y)| : i =0,1,2,3}. (25)

Corollary 2. Let w be an N-Quasi semi-convex modular, absolutely continuous, monotone, and strongly finite
on X(Z?). Also, let Oy, be a double sequence of positive linear operators from E in to X (I?) satisfying the
assumption (24) for every Xy and o;(x,y) be an unbounded function such that |o;(x,y)| = u; > 0 (i =
0,1,2,3). Suppose that

Qun(fisx,y) — f(x,y)
(o

Nstat lim

m,n

=0 foreach A >0and i =0,1,2,3,

where
folx,y) =1, filx,y) =x, folx,y) =yand f3(x,y) = x>+ y*.
Then, for every f € L¥(Z?) and g € C*(I?) with f — g € Xy,
Quau(f;x,y) — f(x,y)

o

=0 forevery Ay >0,

Nstat lim
mmn w

where o is given by (25).
Note that fora, =0, b, =n, by, = m,and s, = 1 = t,,, Equation (3) reduces to

stat limsup w (A (£5,,(f))) < Rw(Af) (26)

mmn

for each f € X; and A > 0, where R is a positive constant.
Also, if we replace statistically convergent limit by the statistically summability limit, then
Equation (3) reduces to

stat limsup w (A (Apmn(f))) < Rw(Af). (27)

mn

Now, we present the following corollaries in view of Theorem 2 as the generalization of the earlier
results of Demirci and Orhan [31].

Corollary 3. Let w be an N-Quasi semi-convex modular, absolutely continuous, monotone, and strongly finite
on X(Z?). Also, let (£, ) be a double sequence of positive linear operators from E in to X(I?) satisfying the
assumption (26) for every Xy and o;(x,y) be an unbounded function such that |o;(x,y)| = u; > 0 (i =
0,1,2,3). Suppose that
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Lunfirx,y) — f(xy)
o

stat lim =0 forevery A >0and i=0,1,2,3,
mmn

w

where
folx,y) =1, filx,y) =x, folx,y) =yand f3(x,y) = x>+ y*.

Then, for every f € L¥(Z?) and g € C*(I?) with f — g € Xy,
Lnfx,y) — f(x,y)

o

stat lim
m,n

=0 forevery Ay >0,

w

where o is given by (25).

Corollary 4. Let w be an N-Quasi semi-convex modular, monotone, absolutely continuous, and strongly finite
on X(Z?). Also, let (Am,y) be a double sequence of positive linear operators from E in to X(I?) satisfying
the assumption (27) for every X1 and o;(x,y) be an unbounded function such that |o;(x,y)| = u; > 0 (i =
0,1,2,3). Suppose that

Amn(fi;x,y) — f(x, )
1o

stat lim
m,n

=0 forevery A >0and i =0,1,2,3,

w

where
foluy) =1, filxy) =x, fa(x,y) =yand f3(x,y) = 2> + y*.

Then, for every f € L%(Z?) and g € C*(I?) with f — g € Xy,
A (f;x,y) — f(x,y)

o

stat lim =0 forevery Ay >0,
mmn

w

where o is given by (25).

4. Application of Korovkin-Type Theorem

In this section, by presenting a further example, we demonstrate that our proposed Korovkin-type
approximation results in modular space are stronger than most (if not all) of the previously existing
results in view of the corollaries provided in this paper.

Let 7 = [0,1] and ¢, w?, and Ly (Z?) be as given in Example 3. Also, recall the bivariate
Bernstein-Kantorovich operators (see [35]), B = {By,» } on the space L (Z?) given by

m,n i+1 Jj+1
Bun(fix,y) = Y pi () (m +1)(n +1) x / Y f(s tydsdt (28)
i,j=0 [T TR |

for x,y € 7 and
mn m n .o i .
P (xy) = (i)(].)xlyfa—x)m W=y,

AISO, we have
m,n ( n)
» pii (xy) =1 (29)

Clearly, we observe that
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mx 1
Bun(si%,y) = 77 2(m+ 1)
. _hy 1
B’”"’(t’x’y)_n+1 2(n+1)
and
—1)x? 2mx
By (£ + 52 _ (m
mn(EF55Y) = =T Y e

2ny 1

1
O E S AR CE

17 of 20

It is further observed that By, : Ly (7?) — Ly (Z?). Recall [28] (Lemma 5.1) and [29] (Example 1).
Now because of (29), we have from Jensen inequality, for each f € L‘(;,’ (Iz) and m, n € N, there exists a

constant M such that

o <Bm,n(£}x,y)) < Ma?(f).

We now present an illustrative example for the validity of the operators (L) for our Theorem 2.

Example 4. Let Ly, : LY (Z?) — L¥(Z?) be defined by

Ln(f;2,y) = (1+ fun)Bmn(fix,y),

where (fu,n) is a sequence defined as in Example 3. Then, we have

Em,n(l}xry) =1 +fm,n(x/]/)/

mx 1
Lnn(Lx,y) =14 fuun(x,y)- [erl + 2(m+1)} !

n 1
Linn(Lx,y) =1+ fun(x,y) - [n 31 T2t 1)}

and

»Cm,n(l/' x/]/) =1 +fm,n(x/]/)

(30)

m(m — 1)x? N 2mx 2+ 1 n(n—1)y? N 2ny 1
(m+1)2 (m+1)  3m+1)2 (n+1)2 (n+1)2  3(n+1)2|
We thus obtain
1; -1
Npstat lim ’E’””(’x’y) =0,
mn o w
Npstat Tim || £rn& 6 ¥) =s|l _ o
mn o w
t; —t
Npstat lim Lun(tixy) —t =0,
mmn o w
2, 2. 2.2
Npstat lim Lon(" +E52,y) = 5" +1 =0.
mn o w
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This means that the operators Ly, »(f; x,y) fulfil the conditions (4). Hence, by Theorem 2 we have

L (f;x,y) — f(x,y)

o

=0 forevery Ay > 0.

Npstat lim
m,n
w

However, since ( fy,,) is not relatively modular weighted statistically convergent, the result of
Demirci and Orhan ([31], p. 1173, Theorem 1) is not fairly true under the operators defined by us
in (30). Furthermore, since (f,,») is statistically and relatively modular deferred-weighted summable,
we therefore conclude that our Theorem 2 works for the operators which we have considered here.

5. Concluding Remarks and Observations

In the concluding section of our study, we put forth various supplementary remarks and
observations concerning several outcomes which we have established here.

Remark 2. Let (fiun)mnen be a sequence of functions given in Example 3. Then, since
Npstat lim fy,n =0 on [0,1] x [0,1],
we have
Npstat lim, || £a(fi,9) = fi(x )| =0 (i=0,1,2,3). @1
Thus, we can write (by Theorem 2)
Npstat "%grgo WLwm(f;x,y) — f(x,¥)]|lw=0, (i=0,1,2,3), (32)

where
folvy) =1, filx,y) =x, folx,y) =y and f3(x,y) = x> +y*.

Moreover, as (fm,m) is not classically convergent it therefore does not converge uniformly in modular
space. Thus, the traditional Korovkin-type approximation theorem will not work here under the operators defined
in (30). Therefore, this application evidently demonstrates that our Theorem 2 is a non-trivial extension of the
conventional Korovkin-type approximation theorem (see [27]).

Remark 3. Let (fu,n)mnen be a sequence as considered in Example 3. Then, since
Npstat r%g}r;ofmn =0 on [0,1] x [0,1],

(31) fairly holds true. Now under condition (31) and by applying Theorem 2, we have that the condition (32)
holds true. Moreover, since (fi,n) is not relatively modular statistically Cesaro summable, Theorem 1 of Demirci
and Orhan (see [31], p. 1173, Theorem 1) does not hold fairly true under the operators considered in (30). Hence,
our Theorem 2 is a non-trivial generalization of Theorem 1 of Demirci and Orhan (see [31], p. 1173, Theorem 1)
(see also [29]). Based on the above facts, we conclude here that our proposed method has effectively worked for
the operators considered in (30), and therefore it is stronger than the traditional and statistical versions of the
Korovkin-type approximation theorems established earlier in References [27,29,31].
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