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Abstract: The g-rung orthopair fuzzy graph is an extension of intuitionistic fuzzy graph and
Pythagorean fuzzy graph. In this paper, the degree and total degree of a vertex in g-rung orthopair
fuzzy graphs are firstly defined. Then, some product operations on g-rung orthopair fuzzy graphs,
including direct product, Cartesian product, semi-strong product, strong product, and lexicographic
product, are defined. Furthermore, some theorems about the degree and total degree under
these product operations are put forward and elaborated with several examples. In particular,
these theorems improve the similar results in single-valued neutrosophic graphs and Pythagorean
fuzzy graphs.
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1. Introduction

In 2017, Yager proposed the concept of g-rung orthopair fuzzy sets (g-ROFSs) [1], which
is a generalization of intuitionistic fuzzy sets (IFSs) [2] and Pythagorean fuzzy sets (PESs) [3,4].
The g-ROFSs are fuzzy sets in which the membership grades of an element x are pairs of values in
the unit interval, < p4(x),v4(x) >, one of which indicates membership degree in the fuzzy set and
the other nonmembership degree [1]. For the g-ROFSs, the membership grades need to satisfy the
following conditions: (ps(x))7+ (va(x))? <1, pua(x) € [0,1], va(x) € [0,1] and g > 1, where the
parameter g determines the range of information expression. As g increases, the range of information
expression increases. As we all known, IFSs require the condition p4(x) +v4(x) < 1 and PFSs
require the condition (4 (x))% + (va(x))? < 1. It is obvious to observe that g-ROFSs further diminish
the restriction of IFSs and PFSs on membership grades. Therefore, compared with IFSs and PFSs,
g-ROFSs provide decision-makers more elasticity to voice opinions with respect to membership grades
of an element. Recently, the -ROFSs have become a hotspot research topic and attracted broad
attention [5-17].

Graph is a convenient tool to describe the decision-making problems diagrammatically [18].
By using this tool, the decision-making objects and their relationships are represented by vertex
and edge. With different representations of decision-making information, many different types
of graphs have been proposed, such as fuzzy graph [19], intuitionistic fuzzy graph (IFG) [20],
single-valued neutrosophic graph (SVNG) [21], intuitionistic fuzzy soft graph [22], rough fuzzy
graph [23], Pythagorean fuzzy graph (PFG) [24]. In consideration of the superiority of 4-ROFSs,
Habib et al. [25] proposed the concept of g-rung orthopair fuzzy graph (3-ROFG) based on the g-ROFSs
in 2019. The g-ROFG is an extension of IFG [20] and PFG [24]. Compared with IFG and PFG, g-ROFG
has a more powerful ability to model uncertainty in decision-making problems.

Product operations on graphs are highly important part in graph theory [26]. Many scholars
have discussed product operations on different graphs. Mordeson and Peng [27-30] defined some
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product operations on fuzzy graphs. Later, using these operations, the degree of the vertices is obtained
from two fuzzy graphs in [31,32]. Gong and Wang [33] defined some product operations on fuzzy
hypergraphs. Sahoo and Pal [34] presented some product operations on IFGs and calculated the
degree of a vertex in IFGs. Rashmanlou et al. [35] proposed product operations on interval-valued
fuzzy graphs and study about the degree of a vertex in interval-valued fuzzy graphs. Naz et al. [21]
discussed some product operations of SVNGs and applied SVNGs to multi-criteria decision-making.
More recently, Akram et al. [24] investigated some product operations of PFGs and the degree and total
degree of a vertex in PFGs. However, the product operations on -ROFGs have not been researched
yet, so we will pay our attention to this subject in this paper. Moreover, we have found that in SVNGs
and PFGs, the results about the degree and total degree under some product operations fail to work in
some cases. To improve these results, we introduced the number of adjacent vertices and obtained
some more general theorems.

The reminder of this paper is organized as follows. Some notions of g-ROFSs and g-ROFGs are
reviewed in Section 2. The degree and total degree of a vertex in a g-ROFG are defined in Section 3.
Some product operations on -ROFGs, such as direct product, Cartesian product, semi-strong product,
strong product and lexicographic product, are defined, and the theorems about the degree and total
degree under the defined product operations are obtained in Section 4. Some conclusions are given in
Section 5.

2. Preliminaries

In this section, we review some definitions that are necessary.

2.1. Graph Theory

Definition 1 ([19]). A graph is a pair of sets G = (V, E), satisfying E(G) C V x V. The elements of V(G)
and E(G) are the vertices and edges of the graph G, respectively. The standard products of graphs: direct
product, Cartesian product, semi-strong product, strong product and lexicographic product of two graphs
G = (Vl,El) and Gy = (Vz, Ez) will be denoted by G1 X Gy, GIOG,, G1 @ Gy, G1 X G, and Gl[Gz},
respectively. Let (x1,x2), (y1,y2) € Vi X V. Then

E(G1 x Gp) = {(x1,%2), (y1,¥2) | 191 € Eq and 2y € Ea},

E(G1OGy) = {(x1,x2), (y1,y2) | x1 = y1 and xpy2 € Ep, or x1y1 € Ey and x, = o},
E(G1eGy) = {(x1,x2), (y1,y2) | x1 = y1 and xoy2 € Ey, or x1y1 € Eq and xpyp € Ep},

(G X Gz) (G1|:|G2) U E(Gl X Gz),

(G1[Ga]) = {(x1,x2), (1, ¥2) [ x1y1 € Eq, or xq = y1 and x2y5 € Ep}.

Definition 2 ([19]). A fuzzy subset ¢ of a set V is a function { : V — [0,1]. A fuzzy relation on a set V
is a mapping 17 : V. x V. — [0,1] such that n(x,y) < &(x) A¢(y) forall x,y € V. A fuzzy graph is a pair
G = (&, n), where ¢ is a fuzzy subset of a set V and 1 is a fuzzy relation on ¢.

2.2. g-Rung Othopair Fuzzy Set

Definition 3 ([1]). Let X be a universe of discourse, a g-ROFS A defined on X is given by

A= {(x pa(x),va(x)) [x € X}

where p 4(x) € [0,1] and v 4(x) € [0, 1] respectively represent the membership and nonmembership degrees of
the element x to the set A satisfying yil(x) + vi(x) <1, (g > 1). The indeterminacy degree of the element x
to the set A is 71 4(x)7 = (4 (x)7 +v4(x)7 — pa(x)Tv4(x)7)/9. For convenience, the pair (i 4(x), v 4(x))
is called a q-rung orthopair fuzzy number (g-ROFN) [8].
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2.3. g-Rung Orthopair Fuzzy Graph

Definition 4 ([25]). A g-ROFS Q on X x X is said to be a g-rung orthopair fuzzy relation (-ROFR) on X,
denoted by

Q = {{xy, uo(xy),vo(xy))|xy € X x X},

where g : X X X — [0,1] and vg : X x X — [0, 1] represent the membership and nonmembership function of
Q, respectively, such that 0 < ug7(xy) +vol(xy) <1 forall xy € X x X and q > 1. The proposed concept
of -ROFG is a generalization of IFG [20] and PFG [24].

Definition 5 ([25]). A g-ROFG on a non-empty set X is a pair G = (P, Q), where P is a ¢-ROFS on X and
Qisa g-ROFR on X such that

no(xy) < min{pp(x), up(y)} vo(xy) > max{vp(x),vp(y)}

and 0 < pug(xy) +vgl(xy) < 1forall x,y € X and q > 1. We call P and Q the q-rung orthopair fuzzy
vertex set and the g-rung orthopair fuzzy edge set of G, respectively.

3. The Degree and Total Degree

In this section, the degree and total degree of a vertex in a -ROFG are defined.

Definition 6. The degree and total degree of a vertex x € V in a ¢-ROFG G are defined as dg(x) =
(du(x),dy(x)) and tdg(x) = (td,(x), tdy,(x)), respectively, where

du(x) =}, polry) d(x) =}, volxy),

xy#xeV xy#xeV
tdy(x) = ), polxy)+up(x), tdy(x)= ) volxy)+vp(x).
X y#xeV X y#xeV

Example 1. Considering a road network problem, there are four locations 1,m,n,0, assume that locations
are performed by vertices, roads by edges, and the traffic congestion between adjacent locations is subjectively
evaluated by decision-maker. The road network can be performed as a -ROFG G = (P, Q), where P and Q
respectively represent a q-ROFS of locations (vertices) and a g-ROFS of roads (edges). The traffic congestion of
locations and roads are respectively denoted as (up(x),vp(x)) and (ug(x),vo(x)), see Figure 1. For example,

m means that the congestion degree of location | is 0.6 and the non-congestion degree of location [ is 0.5.

% means that the congestion degree of road Im is 0.5 and the non-congestion degree of road Im is 0.9.

l m n 0
P= ((0.6, 0.5)’ (0.7,0.9)’ (0.3,0.2)" (0.5, 0.1))’

0- Im mn no
N < (0.5,0.9)" (0.1,0.9)" (0.2,0.5) ) '

To obtain more traffic congestion information of the road network, the degree and total
degree of each location are calculated. By Definition 6, dg(m) = (d,(m),d,(m)). Since dy,(x) =

Y polxy)anddy(x) = ¥ vo(xy), we can get dg(m) = (ug(lm) + po(mn),vg(lm) +
X y#xeV xy#xeV
vg(mn)) = (0.5+0.1,0.9 +0.9) = (0.6,1.8). The degree of the location m represents the sum of
congestion grades between m and other neighbor locations. By Definition 6, tdg (m) = (td, (m), td,(m)).
Sincetd,(x) = Y po(xy)+up(x)andtd,(x) = Y vo(xy)+vp(x) sowecangettdg(m) =

xy#xeV xy#xeV

(no(lm) + po(mn) + up(m),vo(lm) + vg(mn) + vp(m)) = (054 0.1+ 0.7,09 +09 +09) =
(1.3,2.7). The total degree of the location m represents the sum of total congestion grades of the
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location m in road network. Similarly, we can obtain dg () = (0.5, 0.9), tdg () = (1.1, 1.4), dg(n) = (0.3,
1.4), tdg(n) = (0.6, 1.6), dg(0) = (0.2, 0.5) and tdg (0) = (0.7, 0.6).

(0.7, 0.9) (0.5, 0.1)

(0.6, 0.5) (0.3,0.2)

Figure 1. A road network using g-rung orthopair fuzzy graph (4-ROFG) with g = 4.
4. Some Product Operations on g-Rung Orthopair Fuzzy Graphs

In this section, product operations on g-ROFGs, including direct product, Cartesian product,
semi-strong product, strong product and lexicographic product, are analyzed.

Definition 7. Let G; = (P, Q1) and Gy = (P2, Q2) be two q-ROFGs of the graphs Gy = (V4,E;) and
Gy = (Va, Ep), respectively. The direct product of Gy and G, is denoted by G1 x Go = (P X Pa, Q1 X Qp)
and defined as:

) (mpy X pp,y ) (x1,%2) = ppy (x1) A pp, (x2)
vp, X vp,)(x1,X2) = vp, (x1) Vup,(x2) forall (x1,x2) € Vi x V3,

(
(ii) (FQ1 X sz)(x1/x2)(]/1/y2) = Ko, (xlyl) A sz(nyZ)
(vo, X vg,)(x1,X2)(y1,¥2) = vo, (x1y1) V vo,(x2y2) for all x1y1 € Ey, for all xpy, € Ej.

Remark 1. The direct product of G1 and G can be understood that the edges of G combine with the each edge
of Gy to form a new graph G1 x Go.

Proposition 1. Let G1 and G, be the g-ROFGs of the graphs Gy and Gy respectively. The direct product G1 X Ga
of Gy and G, is a g-ROFG.

Definition 8. Let G1 = (Py, Q1) and Gy = (Pa, Q) be two q-ROFGs. Then, for any vertex, (x1,x3) €
V1 X Vz,

(du)gyxg, (x1,%2) = ) (o, X 1a,)((x1,%2)(y1,¥2))
(x1,%2)(y1,y2) €EE1 X E2

= Z Ho, (xlyl) /\VQZ(XZ}H),

X1Y1 GE],X2y2€E2

(dv)g, xg, (x1,x2) = ) (v, X vg,)((x1,%2)(y1,y2))
(x1,%2)(y1,y2)EE1 X Ep

= Z vo, (x1y1) V vg, (x2y2).

x1¥1€E1,022€Ep

Theorem 1. Let Gy = (P, Q1) and Gy = (P2, Q2) be two q-ROFGs. If no, > ug,,vg, < vo,, then

dg, xg,(x1,Xx2) = |c(x2)| dg, (x1), where [c(xp)| = ¥ 1, represents the number of points adjacent to x;
X2y2€E>

inGyand if o, > 1o, v, <V, thendg, «g,(x1,x2) = |c(x1)|dg,(x2) for all (x1,x2) € Vi x V, where

lc(x1)| = ¥ 1represents the number of points adjacent to x1 in Gy.

x1y1€E;
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Proof. By definition of degree of a vertex in G; x Gy, we have

(d}l>g1><gz(x1'x2) = 2 (AMQ1 X VQz)((xlrx2)<ylfy2)>
(x1,%2)(y1,y2) EE1 X Ea

= ). ro, (x1y1) Ao, (x2y2)

x1¥1€E1,%02€Ep

= Y. wo, (xayr) (since pg, > po,)

x1¥1€E1,202€E2

2 I x Z Ho, (x1y1)

XzyzeEz x1y1€E1

=le(x)l Y, no (xim1)

x1y1€E;

= le(x2)| (), (11),

(dv)gy g, (x1,%2) = Y. (vo, X vg,)((x1,x2)(¥1,¥2))
(x1,%2) (y1,y2) €EE1 X E2

- Y. vg, (x1y1) V vg, (x2y2)

X1Y1 €Eq ,XzyzEEz

= Y, vo (xun) (sincevg, <vo,)
x1y1€E1,x02€Ey

2 1x Z Vo, (xlyl)

x2Y2€E x1Y1€E1
=le(x)l Y, vo (xim1)
x1y1€E;

= le(x2)| (dv)g, (x1)-

Hence, dg, g, (x1,x2) = [c(x2)| dg, (x1). Likewise, it is easy to show that if g, > pg,,vo, <vg,,
then dg, g, (x1,x2) = |c(x1)]dg, (x2). O

Remark 2. In the SVNGs [21] and PFGs [24], If ug, > po,,vo, < vo,, then dg, «g,(x1,x2) = dg, (x1).
Ifug, > pg, vo, < vo, thendg «g,(x1,x2) = dg,(x2) (cf. Theorem 3.4 in [21] and Theorem 1 in [24]).
It is obvious that they do not consider the effect of |c(x2)| or |c(x1)| on the degree under direct product.

Definition 9. Let Gy = (P, Q1) and Gy = (P,, Q2) be two g-ROFGs. For any vertex (x1,x2) € Vi x V3,

(tdy) g, xg, (x1,X2) = ). (Ho, x 1o,)((x1,%2)(y1,¥2)) + (up, X pp,)(x1, X2)
(x1,%2)(y1,42) €E1 X Ep

= Y. 1o, (x1y1) A pg, (xay2) + pp, (x1) A pp, (x2),

x1¥1€E1,%2€E>

(tdy)g, xg, (x1,x2) = Y (vo, X vg,)((x1,%2)(y1,¥2)) + (vp, X vp,)(x1,%2)
(x1,%2) (Y1,42) EE1 X Ep

= Y v, (x11) V vg, (xay2) + vp (x1) V vp, (x2).
x1y1€E1,%02€E7

Theorem 2. Let Gy = (P1, Q1) and Gy = (P2, Q2) be two g-ROFGs. For any (x1,x3) € Vi x Vy, if

(1) po, = po,, then (tdy)g, xg,(x1,x2) = [c(x2)| (dyp)g (x1) + pp, (x1) A pip, (x2);
(2)  vg, Svg,, then (tdy)g, xg,(x1,x2) = [c(x2)| (dv)g, (x1) +vp, (x1) V vp, (x2);
(3) Mo, = 1o, then (tdy)g, xg, (x1,%2) = [c(x1)[ (dy)g, (x2) + pp, (x1) A pp, (x2);
(4) g, <vg,, then (tdy)g, «g,(x1,%2) = |c(x1)] (dv)g g, xz) +vp, (x1) V vp, (x2).
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In the above equalities, |c(xy)| represents the number of points adjacent to x, in Gy and |c(x1)| represents
the number of points adjacent to x1 in G1.

Proof. The proof can be obtained by Definition 9 and Theorem 1. [
Remark 3. In the PFGs [24], if

(D) po, = pa,, then (tdy)g, xg,(x1,x2) = (du)g, (x1) + Hp, (x1) A i, (x2);

(2)  vg, Svg,, then (tdy)g,xg,(x1,%2) = (dv)g, (x1) + vp, (x1) Vvp, (x2);

(3)  po, = pg,, then (tdy)g, «g,(x1,%2) = (dy)g, (x2) + pp, (x1) A pp, (x2);

(4)  vo, Svg,, then (tdy)g, «g,(x1,x2) = (dv)g,(x2) +vp, (x1) V vp,(x2) (cf. Theorem 2 in [24]).

It is obvious that they do not consider the effect of |c(x2)| or |c(x1)| on the total degree under direct product.

Example 2. Consider two g-ROFGs G1 = (P1, Q1) and G, = (Pa, Qz) on Vi = {l,m} and V, = {n, p,s},
respectively, as shown in Figure 2. Their direct product G1 x G, is shown in Figure 3.
Since pg, > po,, Vg, < vo,, by Theorem 1, we have
(du)gix6, (L p) = le(p)| (du)g, (1) = [{n,s}[ (du)g, (1) =2x 0.1 =02,
(dv)gix6, (L p) = [e(p)| (dv)g, (1) = [{n,s}[ (dv)g, (I) =2 x 0.8 = 16.

Therefore, (d)g, g, (1, p)=(0.2, 1.6). In addition, by Theorem 2, we have
(b)), <6, (L p) = [e(p)] (dp)g, (1) + pp, (D) A ppy (p) = {83 (d)g (D) + wpy (1) A pp, (p)

=2x014+09A09 =11,

(tdy)g, <, (L p) = le(p)[ (dv)g, (1) + vp (D) V vp, (p) = [{n,s}] (dv)g, (I) +vp, (1) V vp,(p)
=2x08+06V05=22.

Therefore, (td)g, xg, (L, p)=(1.1, 2.2). Likewise, we can get the degree and total degree of each vertex in Gy x G.

(09,0.6) (0.7,0.4)
| m

o o
(0.1,0.8)
(0.7,0.6) (0.2,0.7)
. ® ®
n p s
(0.8,0.4) (0.9, 0.5) (0.3,0.6)

Figure 2. Two g-ROFGs with g = 3.
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(1, n) (m, n)
(0.8, 0.6) (0.7, 0.4)
(I, p) (m, p)
(0.9, 0.6) (0.7,0.5)
(1, s) (m, s)
(0.3,0.6) (0.3,0.6)

Figure 3. Direct product of two g-ROFGs.

Remark 4. Klement and Mesiar [36] show that results concerning various fuzzy structures actually follow from
results of ordinary fuzzy structures. These results include those from PFSs, IFSs, and many others. Although
PFSs and q-rung orthopair fuzzy sets are isomorphism, Theorem 1 and Theorem 2 in this paper cannot be
obtained from the results of PFGs. In the PFGs [24], they do not consider the effect of |c(x2)| = Y, 1and

x2y2€Ey
their results fail to work in Example 2. For example, when using theorem 1 in PFGs [24], we can get

(@) g xg,(Lp) = (du)g (1) = 0.1
(dv)gxq,(Lp) = (dV)Ql(l) =08.
However, (dy)g, xg,(l,p) = 0.2 # (d")gl(l) = 0.1and (dy)g, xg, (L, p) = 1.6 # (dv)g, (I) = 0.8.
When using theorem 2 in PFGs [24], we can get
(td) g, %6, (I p) = (du)g, (1) + ppy (1) Ay (p) = (du)g, (1) + ppy (1) A iy (p)
=01+09A09=1.0,
(tdv) G, <6, (I p) = (dv)g, (1) +vp (1) V vp, (p) = (dv)g, (1) +vp, (1) V vp, (p)
=08+4+06V05=14.
However, (tdy,)g, xg,(I,p) = 1.1 # 1.0 and (tdy)g,«g,(L, p) = 2.2 # 1.4.

Definition 10. Let G; = ('Pl, Ql) and Gy = (Pz, Qz) be two g-ROFGs of Gy = (Vl, El) and G, = (Vz, Ez),
respectively. The Cartesian product of Gy and G, is denoted by G1I0G, = (P10P,, ©100Q,) and defined as:

i) (pp Upp, ) (x1,x2) = pp, (1) A pip, (x2)
(vp,Ovp, ) (x1,x2) = vp, (x1) Vvp,(x2) forall (x1,x2) € Vi x V3,

an (Do, ) (%, x2)(x,y2) = ppy (¥) Mg, (x22)
(vo,0vg, ) (x, x2)(x,y2) = vp, (x) Vvg,(x2y2) forall x € Vi, forall xpy, € Eo,

iy 4 (HaBro,)(x,2)(y1,2) = pp, (x1y1) Ay (2)
(vo,0vg,)(x1,2)(y1,2) = vp, (x1X2) Vv, (2) forall z € V,, forall x1y; € E;.

Remark 5. The Cartesian product of Gy and Gy can be understood that the vertices of G1 combine with the each
edge of Gy and the vertices of G, combine with the each edge of Gy to form a new graph G101G,.
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Proposition 2. Let Gy and Gy be the -ROFGs of the graphs Gy and G,, respectively. The Cartesian product
G106, of G1 and Gy is a g-ROFG.

Definition 11. Let Gy = (Py, Q1) and Gy = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(du)g,og, (x1,%2) = Y. (1o, Do, ) ((x1,x2) (v1,y2))
(x1,%2)(y1,y2) €E10E,

= )Y pp(x)Apo,(xy2)+ Y, pp,(x2) Mg, (xiy1),

X1=Yy1,%2Y2€E> x=Yy2,x1y1€E1

(dv)g,0g, (x1,x2) = Y. (vg,Ovg, ) ((x1,x2)(y1,¥2))
(x1,%2) (y1,42) EE10E,

= ) vp, (x1) Vv, (x212) + ) vp, (x2) Vg, (x11).

x1=Y1,%2Y2€E> X2=Y2,%1y1€E1

Theorem 3. Let G; = (Py, Q1) and Go = (P2, Q2) be two q-ROFGs. If up, > pg,, p, > po, and
vp, <vg,,vp, < vg,. Then dg g, (x1,x2) = dg, (x1) +dg,(x2) for any (x1,x2) € V4 x V,.

Proof. By definition of degree of a vertex in G101G,, we have

(dﬂ)glmgz(xllxz) = Z (FQIDHQZ)((XL xZ)(yl’yZ))
(x1,%2) (y1,y2) €E1 OE,

Yo pp (1) Apo,(x2y2) + Y. pp,(x2) Apo, (x11)

X1=Y1,%2Y2€E> x2=Y2,x1Y1€E1
= ), Ho(my)+ ). po(xiyn)
x1=Y1,%2Y2€E> x2=Y2,x1y1€E1

(By using up, > po, and pup, < pg,)
=Y 1x Y po,(ay2)+ Y, 1x Y pg (x1y1)

xX1=Y1 X2Y2€E> X2=Y2 x1¥1€E;

Y. Mo, (xay2)+ ). po (xiy1)

x2Y2€Ey x1y1€E;
= (d)g, (1) + (dy)g (x2),

(dv)g,og, (x1,x2) = ), (vg,Ovg,) ((x1,%2) (y1,y2))
(x1,2%2) (y1,42) €E10E,

Z vp, (x1) Vvo,(xay2) + Z vp,(x2) Vg, (x111)

x1=Y1,%2Y2€E> x=Y2,x1y1€E1
= ), vo(ap)+ Y wvo(uiy)
x1=Y1,%2y2€E> x2=Y2,x1Y1€E1

(By using vp, < vo, and vp, < vg,)

= ), 1x Y v (xay2)+ Y, 1x ), vo (xiy1)

X1=n Xy€Ey X2=Y2 x1y1€Eq
= ), vo,(nay)+ ), vo (xiy1)
XzyzGEZ xlyleEl

= (dv)g, (x1) + (dv)g, (x2)-

Hence, dglmgz (X1, XZ) = dgl (xl) + dg2 (XQ). L]



Symmetry 2019, 11, 588 9 of 23

Definition 12. Let G; = (P, Q1) and G = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(tdﬂ)g1Dgz<x1/x2) = Z (VQ1DVQ2)(('X1'x2><y11y2>> + (ﬂp1|:|#732><x11x2)
(x1,%2) (y1,y2) EE10E,

= 2 Hp, (X]) Npg, (XZyZ) + Z VPQ(xZ) Npo, (xlyl)

xX1=Y1,%2Y2€E> X2=Y2,41y1€E1
+ pp (x1) A pp,(x2),
(tdv)g,0g, (x1,x2) = Y (vo,Bvg,) ((x1,%2)(y1,¥2)) + (vp,Ovp, ) (x1, x2)

(x1,%2) (y1,y2) EE10E,
= Z Vpy (x1) Nvg, (x2]/2) + Z Vp, (x2) AVQ](xlyl)

xX1=Y1,%2Y2€E> x2=Yy2,X1Yy1€E1

+ vp, (x1) Vup, (x2).

Theorem 4. Let Gy = (P1, Q1) and Gy = (P2, Q2) be two g-ROFGs. For any (x1,x3) € Vq x V3,
(D Ifpp, 2 po, and pp, > pg,, then
(tdyp)g,0g, (x1,%2) = (tdn)g, (x1) + (tdn)g, (x2) — pp, (x1) V i, (x2);

(2)  Ifvp, <vg, and vp, <vg,, then
(tdv)g,0g, (x1,%2) = (tdy)g, (x1) + (tdv)g, (x2) — vp, (x1) Avp,(x2).

Proof. By definition of total degree of a vertex in G11G,,

(1) (tdy)gog, (x1,%2) = Y. pp (x1) Apo,(x2y2) + Y. pp,(x2) Apo, (x1y1)

x1=y1,%2Y2€E> x2=Y2,x1y1€E1
+ pp, (x1) A pp,(x2)
= ), 1x Y po(xay2)+ Y, 1x Y po (xiy1) + pp, (x1)

X1=Y1 X212€E> X2=Y2 x1y1€E;
+ up,(x2) — pp, (¥1) V pp,(x2) (since up, > po,, pp, > to,)
= 2 VQz(x2]/2) =+ ;47’2<x2> + 2 VQ1<x1y1) +up (xl)

xoy2€Ep x1y1€E;
— pp, (x1) V pp, (x2)
= (tdy)g (x1) + (tdy)g, (x2) — pp, (x1) V pip, (x2),

(2) (tdv)g,og, (x1,x2) = Yo vp(x1) Vg, (xay2) + Y. vp(x2) Vg (vivr)

x1=Yy1,%2Y2€E> x2=Y2,x1y1€E1
+vp, (x1) Vvp,(x2)

=), 1x ) vo(xy)+ ), 1x ) vg (xiy1)+vp (x1)

X1=Y1 XoY2€Ey X2=Y2 x1y1€E1
+vp,(x2) —vp, (x1) Avp,(x2) (sincevp, <vg,, vp, <vg,)

= (tdy)g, (x1) + (tdv)g, (x2) — vp, (x1) A vp,(x2).
O

Example 3. Consider two q-ROFGs Gy and G in Example 2, where up, > po,, yp, > po, and vp, <
1o,  vp, < vg,. Their Cartesian product GG, is shown in Figure 4.
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By Theorem 3, we have

(dPl)nggz (l/ p) =

(dy)g, (

10 of 23

)+ (dy)g,(p) =014+0.7+02 =10,

(dv)gl\:‘gz (l, P) = (dl/)gl (l) + (dv)gz(p) =08+06+07=21.

Therefore, dg, g, (1, p) = (1.0,2.1). In addition, by Theorem 4, we can get

(tdy)g,06, (L p) = (tdy)g, (1) + (tdy) g, (p) — wp, (1) V ppy (p)
=09+01+07+02+09-09Vv09=19,

(tdv)g,og, (I p) = (tdy)g, (1) + (tdy)g,(p) — vp, (1) Avp,(p)
—08406+06+07+05—06A05=27.

Therefore, tdg g, (1, p) = (1.9,2.7). Likewise, we can get the degree and total degree of each vertex

in G10G,.
(0.1,0.8)

(Ln @ ® (m,n)
(0.8, 0.6) (0.7, 0.4)
: :
(0.1,0.8)

Lp) @ ® (m,p)
(0.9, 0.6) (0.7, 0.5)
5 g
J 9
(I, 5) ° (0.1, 0.8) ® (m, 5)
(0.3, 0.6) (0.3, 0.6)

Figure 4. Cartesian product of two g-ROFGs.

Definition 13. Let Gy = (P1, Q1) and G, = (P, Q2) be two q-ROFGs of the graphs Gy = (V4,Eq) and
Gy = (W, Ey), respectively. The semi-strong product of G| and Gy, denoted by Gy # Gy = (P e Py, Q1 0 Q)),
is defined as:

) (p, @ pp,)(x1,X2) = pp, (x1) A pip, (x2)
(vp, o vp,)(x1,%2) = vp, (x1) Vvp,(x2) forall (x1,x2) € Vi x V3,

iy J (oo ro) (0 x2)(x,y2) = pp, (¥) Ao, (x2y2),
(vo, ®vg,)(x,x2)(x,y2) = vp,(x) Vvg,(xay2) forall x € Vi, forall xay, € E,

iy J (oo o) (¥, x2) (y1,y2) = ppy (1191) A g, (x212),
(1/91 ° vgz)(xl,xz)(yl,yz) = Vp, (xlyl) \/VQZ(XZ]/Z) fO?’ all X1Yy1 € Eq, fO?’ all XolYo € Es.

Remark 6. The semi-strong product of Gy and G, can be understood that the vertices of G combine with the
each edge of Gy and the edges of Gy combine with the each edge of Gy to form a new graph G e Gy.
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Proposition 3. Let G; = (P, Q1) and Gy = (P2, Q2) be two g-ROFGs of the graphs Gy and G, respectively.
The semi-strong product G1 ® Gy of G1 and G, is a ¢-ROFG.

Definition 14. Let G; = (P1, Q1) and Gy = (P2, Qz) be two g-ROFGs. For any vertex (x1,x3) € Vi X Va,

(du)greg, (¥1,%2) = ) (ho, ® 1o, ((x1,%2)(y1,y2))
(x1,%2)(y1,y2) EE10En

= Y. up(x1) Aug,(xay2) + Y. o, (x1y1) A g, (x2y2),

xX1=Y1,%2Y2€E> x1¥1€E1,202€E>

(dv)g g, (x1,x2) = Y (vo, ®vg,)((x1,x2)(y1,¥2))
(x1,%2) (y1,y2) EE10E

= Yo vp(x1) Vg, (xay2) + Y. vg, (x1y1) V vg, (x2y2).

X1 :yl,xzyzeEz leleEl,XQyzeEz

Theorem 5. Let Gy = (P, Q1) and Gy = (P, Q2) be two q-ROFGs. If up, > po, #o, < Mo, and
vp, < Vg, Vg, > Vg, Then (d)geg,(x1,%2) = |c(x2)|dg, (x1) + dg,(x2) for any (x1,x2) € Vi x V3,
where |c(xy)| represents the number of points adjacent to x5 in Gy.

Proof. By definition of degree of a vertex in G; ® G, we have

(du)Greg, (x1,%2) = Y (1o, ®1a,)((x1,x2)(V1,y2))
(x1,%2)(Y1,y2) EE10En

= Yoo wp(x1) Apg,(xay2) + Y 1o, (x2y2) A pg, (x1y1)

Y1=Y1,X242€E> x1y1€E1,%02€E,
= ), Ho(xay)+ )y o, (x1y1)
xX1=Yy1,%2Y2€E> x1¥1€E1,%02€E>

(Since pp, > po, and pg, < po,)

= Y 1x Y wuo(may)+ Y, 1x Y po,(x1y1)

X1=Y1 X2]/2€E2 nyzeEz x1y16E1
= ), pno(xay2) +lc(x2) ) o, (xiy1)
x2y2€Ep x1y1€E;

= (du)g, (x2) + le(x2)| (d)g, (x1)-

Analogously, it is easy to show that (dy)g,eg,(X1,%2) = |c(x2)|dvGi(x1) + dvGa(x2). Hence,
dg eg,(x1,%2) = [e(x2)|dg, (¥1) +dg, (x2). D

Remark 7. In the SVNGs [21] and PFGs [24], if up, > po, tho, < o, and vp, < vg,, Vg, > Vg,, then
(d)G,e6,(x1,X2) = dg, (x1) +dg,(x2) (cf. Theorem 3.14 in [21] and Theorem 5 in [24]). It is obvious that they
do not consider the effect of |c(x2)| on the degree under semi-strong product.
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Definition 15. Let G; = (P, Q1) and G = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(tdy)greg, (X1, X2) = ). (ho, ®1,)((x1,x2)(y1,¥2)) + (up, ® pp,) (X1, X2)
(x1,%2) (Y1,y2) EE19E2

= Yo up (x1) Apo, (xay2) + ) 1o, (x1y1) A pg, (x2y2)

x1=Yy1,%2Y2€E> x1y1€E1,x22€E>
+ pp (x1) A pp,(x2),
(tdy)geg, (x1,X2) = ) (vo, ®vg,)((x1,%2)(y1,y2)) + (vp, @ vp,)(x1, x2)

(x1,%2) (Y1,y2) EE10E>
= ), vp () Vg, (xay2) + ) vo, (x1y1) V v, (x2y2)

x1=Y1,%2Y2€E> x1y1€E1,%212€E>

+ vp, (x1) Vup, (x2).

Theorem 6. Let G1 = (Py, Q1) and Gy = (P2, Q2) be two qg-ROFGs. For all (x1,x2) € Vi X V3,
(D) Ifpp, = P, 1o, < po,, then

(tdp) g eg, (x1,%2) = (le(x2)]) (tdy)g (x1) + (tdy)g, (x2) + (1 = [c(x2) D pp, (1) — pp, (x1) V pip, (x2);
(2) Ifvp, <vg,,vg, > Vg, then
(tdv)greg, (x1,%2) = ([c(x2)[)(tdv)g, (x1) + (tdv)g, (x2) + (1 — |c(x2) v, (x1) — vp, (x1) Avp,(x2).
In the above equalities, |c(xy)| represents the number of points adjacent to x; in Gy.
Proof. By definition 6 of total degree of a vertex in G; @ G,
(D(tdp)gieg, (x1,%2) = ) wp () Apgy(xay2) + Y. po (xyn) Apoy(xay2)
x1=y1,%2y2€Ep x1y1€E1,22y2€Ey

+ up, (x1) A pp, (x2)
= Y. 1x Y po,(xay2)+ Y, 1x Y o (xiy1)+ pp, (x1)

1=y X212€Ep x2y2€E; x1y1€E;
+ pp, (x2) = ppy (x1) V i, (x2)
(Since pup, > 1o, po, < Ho,)
= Y o, (xay) +lc(x2)| Y po, (xayr) + pp, (x1)

x2y2€Es xy1€E
+ 1py (x2) = ppy (x1) V pp, (x2)
= (le(x2))(tdy)g, (x1) + (tdy)g, (x2) + (1 = |e(x2) Dpp, (x1) — pp, (x1) V i, (x2)

Analogously, we can prove (2). [

Remark 8. In the PFGs [24], if up, > po,, Ho, < hq,, then

(tdy) gag, (x1,%2) = (tdy)g (x1) + (tdy)g, (x2) — pp, (x1) V pp, (x2);

Ifvp, <vg,,vg, > vg,, then

(tdv)gieg, (x1,%2) = (tdy)g, (x1) + (tdv)g, (x2) — vp, (x1) A vp,(x2) (cf. Theorem 6 in [24]).

It is obvious that they do not consider the effect of [c(x2)|, (1 — |c(x2)|) pp, (x1) and (1 — |c(x2)|)vp, (x1) on
the total degree under semi-strong product.
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Example 4. Consider two q-ROFGs Gy and G, in Example 2, where yp, > pg,, o,
vQ,, Vg, = Vg,. Their semi-strong product Gy e G, is shown in Figure 5.
By Theorem 5, we can get

(@) 106, (L p) = [e(p)] (i) g, (1) + (du)g, (p) = [{n,s}[ (dy)g, () + (du)g, (P)
=2x01407+02=11,

(dv)gye0, (L p) = lc(p)] (dv)g, (1) + (dv)g, (p) = [{n,s}| (dv)g, (I) + (dv)g, (p)
=2x08+064+0.7=29.

Therefore, dg,«g, (1, p) = (1.1,2.9). In addition, by Theorem 6, we have

(tdu)geg, (L p) = (le(p))(tdy)g (1) + (tdy)g, (p) +
= Hn, st (tdy)g (1) + (tdy)g, (p) + (
=2x(014+09)4+074+02+09+(1—-2)x09—-09Vv0.9 =20,

(tdy)gieg, (I, p) = (lc(p)|)(tdy)g (1) + (fdv)gz( ) (
= [{n,s}| (tdv)g (1) + (tdv)g,(p) + (

=2x (O.8+O.6)+O.6+0.7+O.5+(1 2

1-—
1-—

x 0.6 —0.6 AN0.5 =3.5.

13 of 23

< o, Vp S

(1= [e(p)Dup, (1) — pp, (1) V up,(p)
L—le(p)Dpp, (1) = pp, (1) V pp, (p)
(1

)

c(p)Dvp, (1) —vp, (1) Avp, (p)

lc(p)])vp, (1) —vp, (1) Avp,(p)
)

Therefore, tdg, eg, (m, p) = (2.0,3.5). Likewise, we can get the degree and total degree of each vertex in Gy ® Gy.

(1, n) (m, n)
(0.8, 0.6) (0.7,0.4)
g g
(Il p) (m, p)
(0.9, 0.6) (0.7, 0.5)
= S
J S
(1, s) (m, s)
(0.3, 0.6) (0.3, 0.6)

Figure 5. Semi-strong product of two g-ROFGs.



Symmetry 2019, 11, 588 14 of 23

Remark 9. In the PFGs [24], they do not consider the effect of |c(x2)| = Y. 1 and their results fail to work

X2y2€Ep
in Example 4. For example, when using theorem 5 in PFGs [24], we can get

(@) G100, (L p) = (du)g, (1) + (dy)g, (p) = (dy)g, (1) + (du)g, (p)
=01+07402=1.0,

(dv)gl.gz(l, P) = (dV)g1 (l) + (dv)gz(P) = (dv)gl (l) + (dv)gz (p)
=08+06+0.7=21.

However, (dy)g,eg,(l,p) = 1.1 #1.0and (dy)g,eg, (I, p) =29 # 2.1.
When using Theorem 6 in PFGs [24], we can get

(td)Gre6, (L p) = (tdu)g (1) + (tdy)g, (p) — wp (1) V i, ()
(01+09)+07+02+09 0.9V 0.9 = 19,
(
=

(td )Q1OG2 l p) tdy ( ) (th) (P) —Vp (l) /\sz(p)

O8+O6)—|—06+O7+05 0.6 N05=27.

However, (tdy)g,eg,(1,p) = 2.0 # 1.9 and (tdy)g,eg, (L, p) = 3.5 # 2.7.

Definition 16. Let G; = (Py, Q1) and Gy = (P,, Q) be two q-ROFGs of the G; = (V1,Eq) and Gy =
(Va, Ez), respectively. The strong product of these two q-ROFGs is denoted by G1 K Gy = (P K P,, Q1 X Q5)

and defined as:
(i) Hp, X #732) x11x2) = Wp, (xl) A Hp, (xZ)
vp, Mup,)(x1,x2) = vp, (x1) V vp,(x2) forall (x1,x2) € Vi x Vp,

(
(

(ZZ) (:qu lZl]"Qz)(x XZ)(X yZ) - F’lpl( ) A HQZ (nyz)/
(vo, Wvg,)(x,x2)(x,y2) = vp, (x) Vvo,(x2y2) forall x € Vi, forall xoy; € E,
(hoy ®po,)(x1,2)(y1,2) = po, (x1y1) A pip, (2)
(vo, Rvg,)(x1,2)(y1,2) = vo,(x1x2) V vp,(2) forall z € V5, forall x1y1 € Ey,
(
(

no, Mug,)(x1,x2)(y1,y2) = po, (x1y1) A po, (x2y2)
vo, Mvg,)(x1,%2) (y1,¥2) = vo, (x1y1) V v, (x2y2) for all x1y1 € Eq, for all xoy5 € Es.

Remark 10. The strong product of G1 and G, can be understood that the vertices of G1 combine with the each

edge of Gy, the vertices of Gy combine with the each edge of G1 and the edges of G combine with the each edge of
Gy to form a new graph G1 X G,.

Proposition 4. Let Gy and Gy be the g-ROFGs of the graphs Gy and Gy, respectively. The strong product
G1X G, of Gy and Gy is a g-ROFG.

Definition 17. Let G; = (P, Q1) and Gy = (P2, Qz) be two g-ROFGs. For any vertex (x1,x3) € Vi X Va,

(dy)g,mg, (x1,%2) = ). (no, Wuo,)((x1,%2)(y1,¥2))
(x1,%2) (y1,y2) EE1RE,

= Yo pp (1) Apo,(x2y2) + Y. pp,(x2) Apo, (x11)

x1=Y1,%Y2€E> x2=Y2,x1Y1€E1

+ Z VQl(xl]/l) /\VQz(nyZ)f

x1¥1€E1,%02€Ep
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(dv)gimg, (x1,%2) = Y. (vo, Mvg,)((x1,x2)(y1,¥2))
(x1,%2) (Y1,42) EE1XEn

= ), vp()Vgluyp)+ ), vp(x2) Vg (xiy1)

X1=Y1,%2Y2€E> X2=Y2,X1y1€E1

+ Y v, (x1y1) V vg, (x2y2).
x1¥1€E1,%02€E>
Theorem 7. Let G; = (P1, Q1) and Go = (P2, Q2) be two g-ROFGs. If up, > po,, p, > Ko,

Ho, < Mg, vp, < Vg, vp, < Vo, Vg, = Vo,. Then, for all (x1,x3) € Vi RV, dg, «g,(x1,%2) =
(1+ |e(x2)|) dg, (x1) + dg, (x2), where |c(x7)| represents the number of points adjacent to x; in Gs.

Proof. By definition of degree of a vertex in G; X G, we have

(du)g,mg, (x1,%2) = Y (o, Mug,)((x1,x2)(y1,y2))
(x1,%2) (y1,y2) EE1XE,

= )Y wp(x)Apo,(aya)+ Y. pp,(x2) Apo, (x131)

x1=Y1,%2Y2€E> X2=Y2,%1Yy1€E1

+ Y. o, (x1y1) A pg, (x2y2)

x1y1€E1,%02€E

= )Y, po(my)+ Y, po(vy)+ Y. o, (x1y1)

xX1=Y1,%2Y2€E x2=Y2,X1y1€E1 x1y1€E1,222€E;
(Since pp, 2 Ho,, pp, 2 Ho, and po, < po,)

= Y. 1x Y uo(xay)+ Y, 1x Y. po,(x1y1)

xX1=Y1 xoy2€E X2=Y2 x1y1€E
+ ), 1x ) po(xay)
x2y2€Ey x1y1€E;
= 2 1o, (x2y2) + Z Ho, (x1y1) + le(x2)] E no, (x1y1)
x2Yy2€E x1y1€E x1y1€E;

= (dﬂ)gz (x2) + (d}l)gl (x1) + [e(x2)] (dﬂ)gl (x1)
= (dy)g, (x2) + (1 + [c(x2)]) (d}l)gl (x1)-

Analogously, it is easy to show that (d,)g,xg, (x1,X2) = (1 + [c(x2)]) (dv)g, (x1) + (dy)g, (x2). Hence,
dg g, (¥1,%2) = (14 |e(x2)]) dg, (¥1) +dg, (x2). D

Remark 11. In the SVNGs [21] and PFGs [24], If yp, > 4o, ¥p, = M0y, H0o, < HQ, VP, < VO,
vp, < Vg, Vg, = Vg,, then dg kg, (x1,x2) = |Valdg, (x1) + dg, (x2), where | V3| represents the number of
vertices in Gy (cf. Theorem 3.19 in [21] and Theorem 7 in [24]). It is obvious that they do not consider the effect
of |c(x2)| on the degree under strong product.
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Definition 18. Let G; = (P, Q1) and Gy = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(tdy) &g, (x1,%2) = Y. (ho, Wuo,)((x1,%2)(y1,y2)) + (up, M pup,)(x1,x2)
(x1,%2) (y1,y2) EE1XE,

= Y mp(x1) Apg,(xay2) + Y. mp,(x2) Apo, (x11)

x1=Y1,%2Y2€E> x2=Y2,X1y1€E1
+ ). 1o, (x1y1) A g, (xay2) + pp, (x1) A pp, (x2),
x1y1€E1,x02€Ey
(tdy) gmg, (x1,%2) = Y. (vo, Mvo,)((x1,x2)(y1,¥2)) + (vp, Bvp,)(x1, X2)

(x1,22) (y1,y2) EE1XE,
= ), vp(x)Vgxy)+ ), vp(x2) Vg (xim)

x1=Y1,%2Y2€E x2=Y2,x1Yy1€E1

+ Y. vg, (x1y1) Vv, (xay2) +vp, (x1) V vp,(x2).
x1y1€E1,x02€Ey

Theorem 8. Let G = (P1, Q1) and Gy = (P2, Q2) be two q-ROFGs. For any (x1,x2) € Vi x V,

D) Ifppy 2 1oy Py 2 KOy 0y < HQy then

(b)) Gig, (%1, %2) = (tdy)g, (x2) + (1 + |e(x2)[) (tdy)g, (x1) — |e(x2) [, (x1) — oy (x1) V i, (x2);
(2) Ifvp S v, Vp, SVQy, fo = P, then

(tdy)gmg, (x1,%2) = (tdy)g, (x2) + (1 + |e(x2)]) (tdv)g, (x1) — |e(x2) [ vp, (x1) — vp, (x1) Avp,(x2).
In the above equalities, |c(xy)| represents the number of points adjacent to x, in G,.

Proof. For any vertex (x1,x;) € V1 x V3,

(1) (tdu)gwg,(x1,x2) = r wp, (x1) A pg, (x2y2) + r pp, (x2) A pg, (x1y1)
x1=Yy1,%2Y2€E> X2=Y2,X1¥1€E1
+ r o, (x1y1) A o, (xay2) + pp, (x1) A pip, (x2),

X1Y1 EEl,XzyzeEz

= L 1x ¥ poxyp)+ ¥ I1x Y pg(xiy)

X1=Y1 xy2€Ey X2=Y2 x1y1€E;
+ L Ix ¥ pg(xin)
x2y2€Ep x1y1€E

+ pp, (x1) 4 pp, (x2) — pp, (x1) V up, (x2) (since pp, > po,, pp, > po,, Ho, < Ho,)

= L pg,(xay2) tup,(x2) + (1 +c(x2)]) X po (xayr) + (1 + [e(x2)]) pp, (x1)

Xoy2€E x1y1€E
= (1 +e(x2)]) = Dpp, (x1) = pp, (x1) V pipy (x2)

= (td)g, (x2) + (1 +[e(x2)|) (tdu)g, (x1)
= ((T+[e(x2)]) = Dpp, (x1) = ppy (x1) V pp, (x2)

= (tdy)g, (x2) + (1 + [c(x2)]) (tdy)g (x1) = le(x2)| ppy (x1) — p, (x1) V pip, (x2).

1

) (
(tdy)g, (x1
) (
( (

Analogously, we can prove (2). O

Remark 12. In the PFGs [24], if pp, > po,, fip, = 10y, HQ, < 1o, then
(tdu)g,mg, (x1,%2) = (tdy)g, (x2) + V2| (tdy)g, (x1) = (IVa| = 1) pp, (x1) — pp, (1) V pip, (x2);

IfVPI < VQ,, VP, < Vo, Ho, > HQ,/ then
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(tdy)gmg, (x1,%2) = (tdy)g,(x2) + |Va| (tdy)g, (x1) — (|Va| =1)vp (x1) — vp,(x1) A vp,(x2)
(cf. Theorem 8 in [24]).
It is obvious that they do not consider the effect of |c(x,)| on the total degree under strong product.

Example 5. Consider two q-ROFGs Gy and Gy in Example 2, where yp, > pg,, vp, < Vo, Hp, >
1oy, vp, <VQ,, Ho, < HQ,, Vo, = Vo, and their strong product Gy X G, is shown in Figure 6.
By Theorem 7, we have

(@)uz6,(1,p) = (d)g, (p)+ (L + c(P)]) (dy) g, (1)
= (dﬂ)gz (p) + 1+ {n,s}]) (dﬂ)gl 0]
=07+02+(1+2) x0.1 =12,

(dv)gimg, (L p) = (dv)g, (p) + (1 +[c(p)]) (dv)g, (1)
= (dv)g, (p) + (1 +[{n,s}]) (dv)g, (1)
—0.6+0.7+(1+2) x08=37.

Therefore, dg,xg, (1, p) = (1.2,3.7). In addition, by Theorem 8, we have

(tdy)gymg, (L p) = (tdu)g,(p) + (1 + |c(p)]) (tdy)g () — le(p) | up, (1) = up, (1) V pp, (p)
= (tdu)g,(p) + (1 +[{n,s}]) (tdy)g (1) = [{n, s} pp, (1) — pp, (D) V i, (p)
=07402409+ (1+2) x (0.140.9) —2x09—09Vv09 =21,
(tdv)gymg, (I p) = (tdv)g, (p) + (1 + |e(p)|) (tdy)g, (1) — lc(p)|vp, (1) — vp, (I) Avp, (p)
= (tdy)g,(p) + (1+ [{n,s}]) (tdv)g, (I) — {n,s} vp, (I) —vp, (1) Avp,(p)
= 06407405+ (1+2) x (0.8+0.6) —2x 0.6 —0.6A0.5=43.

Therefore, tdg =g, (I, p) = (2.1,4.3). Likewise, we can find the degree and total degree of each vertex in Gy X Gy.

(I, n) (0.1, 0.8) (m, n)
(0.8, 0.6) (0.7, 0.4)
[} S
=] ~N
N o
S o
(I, p) (m, p)
(0.9, 0.6) (0.7, 0.5)
5 S
5 o
S N
(l' S) (0.1’ 0.8) (m’ S)
(0.3,0.6) (0.3, 0.6)

Figure 6. Strong product of two g-ROFGs.
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Remark 13. In the PFGs [24], they do not consider the effect of |c(x2)| = Y. 1. For example, when using
X2Y2€Ep

theorem 7 in PFGs [24], we can get

(dy)glggz(l, p) = (dﬂ)gz (p) + pz(dﬂ)gl (l) =07402+3x01=1.2,
(dv)gmg, (I p) = (dv)g, (p) + p2(dv)g, (1) =0.6+0.7+3 x 0.8 =3.7.

When using theorem 8 in PFGs [24], we can get

(tdu)gymg, (L p) = (tdu)g,(p) + (p2) (tdy)g (1) = (p2 = 1) pp, (1) — e, (1) V i, (p)
= 0740240943 x (0.14+0.9) — (3—1) x09—-09V09 =2.1,

(tdv)gymg, (L p) = (tdv)g, (p) + (p2) (tdv)g, (1) = (p2 — 1) vp, (1) —vp, (1) Avp, (p)
=0.6+07+05+3x (0.8+0.6) — (3—1)x0.6—0.6A05=43.

Although they get the same values as the Example 5, but the variable means different things. p, is represented by
number of points in Gy. Actually, p, should be replaced by 1 + |c(x7)| in Example 5.

Definition 19. Let Gy = (P1, Q1) and Gy = (P2, Q2) be two g-ROFGs of the Gy = (Vy,Eq) and
Gy = (Va, Eyp), respectively. The lexicographic product of these two q-ROFGs is denoted by G1(Ga] =
(P1[P2], ©1[Q2]) and defined as follows:

o i

([ #Pz (x1,x2) = pp, (x1) A pp, (x2)

(
i {EV M*Qz xxz><x,yz>:up1<x>Augz<xzyz>

(

(v

(

(

vp, [vp,])(x1,x2) = vp, (x1) V vp,(x2) forall (x1,x2) € Vi x V3,

Q

<

o, (x,x2)(x,y2) = vp, (x) Vvg,(x2y2) forall x € Vq, forall xoy; € E,
(ii) {

(iv) {

Remark 14. The lexicographic product of Gy and Gy can be understood that the vertices of G combine with the
each edge of G, the vertices of G combine with the each edge of G1 and the edges of G combine with the two
different vertices of G to form a new graph G1[G,].

vo, ) (x1,2)(y1,2) = vo,(x1x2) V vp,(2) forall z € V,, forall x1y; € Ey,

1o, [1o,]) (x1, x2) (Y1, y2) = wp, (x2) A pp,(y2) A po, (x191)
vo,[vo,])(x1,%2) (y1,y2) = vp,(x2) Vvp,(y2) Vv, (x1y1) for all x1y1 € E1, X2 # V2.

0
1o, ng (x1,2)(y1,2) = po, (x1y1) A pp,(2)
0

Proposition 5. The lexicographic product G1(Ga] of two q-ROFGs of Gy and G is a ¢-ROFG.
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Definition 20. Let G; = (P, Q1) and G, = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(d1)g,(g,) (x1,%2) = Y (1o, (1o, D) ((x1,%2) (Y1, ¥2))
(x1,%2)(y1,y2) €EE1[Ea]

= Yo mp(x1) Apg,(xay2) + Y. mp,(x2) Apo, (x1y1)

x1=Y1,%2Y2€E> Xo=Y2,%1y1 €E1

+ Y (v2) App,(x2) Apg, (xiy1),
X2#Y2,X1Y1€E1

(dv)g, (6, (x1,x2) = Y. (va, [va,]) ((x1,x2) (y1,¥2))
(x1,%2)(y1,y2) €EE1[E2]

= Y. vp () Vg (aya)+ Y. vp(x2) Vg, (xiv1)

x1=Yy1,%2Y2€E> x2=Y2,x1y1€E1

+ )Y vp(y2) Vg, (x2) Vg, (x1h1).
X2 #Y2,191€E7

Theorem 9. Let G = (731, Q1) and G, = (PZr QZ) be two g-ROFGs. If]xlpl > Ho, Hp, 2 Ho, and
vp, < v, vp, < vg,. Then, dg g, 1(x1,x2) = (dy)g,(x2) + |Va| (dy)g, (x1), for any (x1,x2) € V1 x V3,
where |V, | represents the number of vertices in Gy.

Proof. For any vertex (x1,x2) € V3 x V3,

(du)g,(6,) (x1,%2) = )y (1o, l1a,]) ((x1,%2) (1, ¥2))
(x1,42) (y1,y2) €E1[E2]

= )Y wp(x)Apo,(aya)+ Y, pp,(x2) Apo, (x131)

X1=Y1,%2Y2€E> x2=Y2,X1Yy1€E1

+ Yo, (y2) App,(x2) Ao, (x131)
X #Y2,%1Y1 €E1

= )Y, po(my)+ ), Ho(my)+ ), o (xim)

X1=Y1,X2Y2€E2 x=y,01y1€E 0#Y2.x11€E
(Since pp, > g, and pp, > 1o,)

= Y 1x Y uo(xay)+ Y, 1x Y. po,(x1y1)

X1=Y1 Xoy2€Ep X2=Y2 x1y1€E;

+ ) 1x Y po,(ximm)

X2 #Y2 x1y1€E1

_ ¥ ugz<xzy2>+(21+ 21) Y o, ()

x2y2€E> X2=Y2 xo#Yy2 /) xiy1€E;

= (dy)g,(x2) + V2| (dy)g, (x1).

Analogously, we can show that (dv)g, g, (x1,%2) = (dv)g,(x2) + [V2| (dv)g, (x1). Hence,
(d)g,(6,] (x1,%2) = dg, (x2) + [V2| dg, (x1). O
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Definition 21. Let Gy = (P, Q1) and G, = (P2, Q2) be two g-ROFGs. For any vertex (x1,x3) € Vi X V3,

(tdu)g, (g, (x1,%2) = ) (1o, (1o, ]) ((x1,%2) (y1,¥2)) + (up, [1p,]) (%1, x2)
(x1,%2) (Y1,y2) €E1[E2]

= Yo wp () Apg(xaya)+ Y, pp,(x2) Apg (xiy1)

X1=Y1,%2Y2€E> X2=Y2,X1y1€E1

+ )Y e (y2) App,(x2) A, (x1y1) + i, (x1) A e, (x2),
Xo#Y2,X1Y1€E1

(tdv)g, (g, (x1,%2) = Y (vo, [va,]) ((x1,%2) (Y1, ¥2)) + (vp, [vp,]) (x1, x2)
(x1,%2)(Y1,y2) EE10En

- Y. vp(x) Vg, (xay2)+ Y, vp,(x2) Vg, (x1y1)

X1=Y1,%2Y2€E> Xo=Y2,X1y1€E1

+ Yo vp(y2) Vp,(x2) Vg, (xay1) +vp, (x1) Vup, (x2).
X2 #Y2,X1Y1€E1

Theorem 10. Let Gy = (P, Q1) and Gy = (Pp, Q2) be two q-ROFGs. For any (x1,x3) € Vi X Vp,
(@D Ifpp, > po, and pp, > o, then

(tdy)g, (g, (x1,%2) = (tdy)g, (x2) + [Val (tdy)g (x1) — (IVa| = Dpp (x1) — ppy (x1) V i, (x2);

(2) Ifvp, <wvg, and vp, <vg,, then

(tdv)g, (6, (x1,%2) = (tdy)g, (x2) + [V2| (tdv)g, (x1) — (|Vo| — Dvp, (x1) — vp, (x1) Avp,(x2).

In the above equalities, |V;| represents the number of vertices in G,.

Proof. For any vertex (x1,xp) € V1 x V3,

(D)(tdy) gy, (%1, %2) = Y. pp (1) Apo,(x2y2) + Y. pp,(x2) Apo, (x11)

x1=Y1,%2Y2€E> X=Y2,x1y1€E1

+ Yo up(v2) App,(x2) A po, (x1y1) + ppy (x1) A pip, (x2)
X #Y2,%1Y1 €E1

= Y 1x Y ug(xay)+ Y, 1x Y po,(x1y1)

X1=Y1 nyQGEz X2=Y2 X1y1€E1

+ ) 1x Y po,(xiyr) + pp, (1) + pp, (x2) — pp, (x1) V pip, (x2)
X27Y2 x1¥1€E1

(Since Hp = Ko, U, > ‘qu)
= (tdy)g,(x2) + V2| (tdy)g (x1) = (|V2| = Dpp, (x1)
— pp (1) V pp, (x2).

Analogously, we can prove (2). O

Example 6. Consider two g-ROFGs Gy and G, in Example 2, where up, > pg,, yp, > po, and vp, <
vo,, Vp, < Vg, and their lexicographic product G, [Go] is shown in Figure 7.
By Theorem 9, we have

(du) g6, (L p) = |Val (di)g, (1) + (du)g, (p)
—=3%x014+074+02=12,

(dv)g,16,) (1 P) = [Va| (dv)g, (1) + (dv)g, (p)
=3x08406+0.7=237.
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Therefore, dg, (g, (1, p) = (1.2,3.7). In addition, by Theorem 10, we must have

(tdu)g, (6, (L p) = [Va| (tdy)g (1) + (tdu)g,(p) — (V2| = Dpp, (1) = pp, (1) V up, (p)

:3><(01+09)—|—07+02+09 (3—1)x09-09Vv09 =21,
(tdy)g, 16, (I p) = [Va| (tdv)g, (1) + (tdv)g, (p) — (V2| = D)vp, (1) — vp, (I) Avp,(p)
=3 % (0840.6)+0.6+07+05—(3—1) x 0.6 —0.6A05=43.

Therefore, tdg,(g,1(1, p) = (2.1,4.3). Likewise, we can get the degree and total degree of each vertex
in G1[Ga).

(0.1, 0.8)

(I, n) A (m, n)
(0.8, 0.6) (0.7, 0.4)
2 g
~ o
=] k)

(I, p) (m, p)
(0.9, 0.6) (0.7, 0.5)
(,s) (m,s)
(0.3, 0.6) (0.3, 0.6)

Figure 7. Lexicographic product of two g-ROFGs.
5. Conclusions

Our paper contributes to the literature on fuzzy graphs in several ways. First, the degree and
total degree of a vertex in g-ROFGs are defined. The implications of the degree and total degree of a
vertex in g-ROFGs are illustrated by the example of road network. The degree and total degree of a
vertex help one understand the properties of the product operations on g-ROFGs. Second, product
operations on g-ROFGs, including direct product, Cartesian product, semi-strong product, strong
product and lexicographic product, are defined. The product operations on g-ROFGs simplify the
number of -ROFGs and will be helpful when the g-ROFGs are very large. Third, some general
theorems about the degree and total degree under the defined product operations on g-ROFGs are
obtained. We illustrate these theorems through some examples. These theorems improve the similar
results in SVNGs and PFGs. More specifically, these theorems show that the degree (or total degree)
of a vertex in product operations on -ROFGs are not only related to the degree (or total degree) of
vertices but also the number of adjacent points, which is omitted in the SVNGs and PFGs.

In the future, we are working to extend our study to: (1) g-rung orthopair fuzzy soft graphs;
(2) Rough g-rung orthopair fuzzy graphs; (3) Simplified interval-valued g-rung orthopair fuzzy graphs
and; (4) Hesitant g-rung orthopair fuzzy graphs.
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