E symmetry MBPY

Article
Some Symmetric Identities for the Multiple
(p, q)-Hurwitz-Euler eta Function

Kyung-Won Hwang ! and Cheon Seoung Ryoo **

Department of Mathematics, Dong-A University, Busan 604-714, Korea; khwang@dau.ac.kr
Department of Mathematics, Hannam University, Daejeon 34430, Korea
Correspondence: ryoocs@hnu.kr

2

*

check for

Received: 28 March 2019; Accepted: 1 May 2019; Published: 8 May 2019 updates

Abstract: The main purpose of this paper is to find some interesting symmetric identities
for the (p,q)-Hurwitz-Euler eta function in a complex field. Firstly, we define the multiple
(p,q)-Hurwitz-Euler eta function by generalizing the Carlitz’s form (p,q)-Euler numbers and
polynomials. We find some formulas and properties involved in Carlitz’s form (p,q)-Euler
numbers and polynomials with higher order. We find new symmetric identities for multiple
(p, q)-Hurwitz-Euler eta functions. We also obtain symmetric identities for Carlitz’s form (p, q)-Euler
numbers and polynomials with higher order by using symmetry about multiple (p, 9)-Hurwitz-Euler
eta functions. Finally, we study the distribution and symmetric properties of the zero of Carlitz’s
form (p, q)-Euler numbers and polynomials with higher order.
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1. Introduction

The area of the specific functions like the gamma and beta functions, the hypergeometric
functions, special polynomials, the zeta functions and the area of series such as g-series, and series
representations are a rapidly developing area in advanced mathematics (see [1-15]). Many g-extensions
of specific functions and polynomials have been studied (see [1,3,6-10,13,16]). Srivastava [15] discussed
some properties and g-extensions of the Bernoulli polynomials, Euler polynomials, and Genocchi
polynomials. Choi, Anderson and Srivastava have developed the g-extension of the Riemann zeta
function and functions related to the Riemann zeta function (see [5]). Choi and Srivastava presented
a generalized Hurwitz formula and Hurwitz-Euler eta function (see [4]). Recently, many authors
have developed (p, q)-extensions of the special functions, Riemann zeta function and related functions
(see [1,13,17-19]). The symmetry of special polynomials is also actively studied (see [8,9,19]).

We use this
my=0 my=0 My, M=
We know the binomial formula as

(1—a)" = ié) <Tl.l>(—a)i, where (;:) _ n(n—l)..:(n—i—l—l),
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and
1 _ 2 [—n S (nti—1)
=m0 = (V) =L (")
(1—a)r =\ = i
Choi and Srivastava [4] constructed and made formulas about the multiple Hurwitz-Euler eta
function #,(s,a) defined by following r-ple series:
) (_1)k1+-~~+k,
k1,..-z‘,k’,:0 (k1 +- -+ ke +a)s’

1r(s,a) = (Re(s) > 0;a > 0;r € N),

where N is the set of natural numbers. It is known that #,(s, 2) can be analytically continued to be all

complex s-plane (see [4]). The (p, g)-number was defined as

Pt —q"
p—q

n—2 n—3 2 n—3

[1]pg = PP TP T 2 T g T g
It can be seen that the (p, g)-number contains a symmetric property, and this number is g-number

when p = 1. In particular, we can see limy_,1[n],, = n with p = 1. Since [n],5 = p" '[n]s, we
P
observe that p-numbers and (p, 9)-numbers are different. In other words, by substituting g by % in the
g-number, we could not obtain a (p, g)-number. Therefore, much research has been conducted in the
area of special functions by using (p, q)-number (see [1,13,18,19]). In this article, the (p, g)-extension of
the multiple form of Hurwitz-Euler eta function can be defined as follows: For s, x € C with Re(x) > 0,

the multiple (p, g)-Hurwitz-Euler eta function 17;(527(5, x) is defined by

ad (— 1)ty gty
npf,;(s,x):[z]; X [my+ - +m+x5,
my,...,my=0 1 r 7

The aim of this paper is to introduce and study a new some generalizations of the Carlitz’s
form higher order g-Euler numbers and polynomials, the multiple g-Euler zeta function, and the
multiple Hurwitz g-Euler zeta function. We call them Carlitz’s type higher-order (p, g)-Euler numbers
and polynomials, the multiple (p, q)-Euler zeta function, and the multiple (p, 9)-Hurwitz-Euler eta
function. The paper is structured as follows. In Section 2 we define Carlitz’s type higher-order
(p,q)-Euler numbers and (p, q)-Euler polynomials and induce some of their properties involving
elementary properties, distribution relation, property of complement, and so on. In Section 3, by
using the Carlitz’s type higher-order (p, 4)-Euler numbers and polynomials, the multiple (p, q)-Euler
zeta function and the multiple (p, q)-Hurwitz-Euler eta function are defined. We also present some
connection formulae between the Carlitz’s type higher-order (p, q)-Euler numbers and polynomials,
the multiple (p, q)-Euler zeta function, and the multiple (p, 4)-Hurwitz-Euler eta function. In Section 4
we give several symmetric identities about the multiple (p, 9)-Hurwitz-Euler eta function and Carlitz’s
type higher-order (p, q)-Euler numbers and polynomials. In Section 5, we investigate the distribution
and symmetry of the zero of Carlitz’s type higher-order (p, q)-Euler polynomials using a computer.
Our paper ends with Section 6, where the conclusions and future developments of this work
are presented.

Definition 1. The classical higher-order Euler numbers denoted by E,(f) and Euler polynomials denoted by

E,(f) (x) are defined as the below generating functions

2 r o0 tn
n=
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and

respectively (see [15]).

Definition 2. For 0 < g < p <1, the Carlitz’s type (p, q)-Euler polynomials denoted by E;, ; 4(x) are defined
as the below generating function (see [13])

Z E'rlpq i m m m+x}mt

2. Carlitz’s Form Higher-Order (p, q)-Euler Numbers and Polynomials

First, we think the Carlitz’s form with high-order (p,q)-Euler numbers and polynomials as
follows:

Definition 3. For r € N, the high-order (p,q)-Euler polynomials denoted by E,([l)q,q(x) are defined like the
generating function:

[ee] [e0]
Y Epg(0y = 2y XL (maymmegemln b, (1)

0) are called the higher-order (p, q)-Euler numbers Eﬁ,f;,,q. Note that ifr = 1,

(r) )
Ifx = 0,Ey ), = Ex)al
rl)”,( ) = Eupgq(x). Observe that if p = 1,4 — 1, then E,([;,q — E,(f) and

then E,(lz,q = Eppgqand E
E{)q(x) = EV ().

Definition 4. For r € N, the (h, p, q)-Euler polynomials with high-order denoted by Eyﬁ %(x) are defined as
the below generating function:

2 Er(zf';z)q(x)* _ [2]7 2 (_q)m1+--~+m,ph(m1+...+m,)e[m1+~~+mr+x]p,qt_ (2)
=

Ifx=0, E,(fph; = E,(fph 2, (0) is called (h, p, q)-Euler numbers with higher-order denoted by E,(f;, q- Remark

that if h = 0, thenE,(f;l,)ifE,(f%qandE,(fﬂ( )fE,(ig,q( ). We see that if r =1, thenE,szifE,SF),qand

Ey(f;,)i(x) = Ey(lpq( ) (see [13]). Observe that if p = 1,q — 1, then E,(fﬁ; — E,(I) and E,(q,p,,)i( ) — Ey(l )( ).

By (1) and (2), we know that

r & n —i i o (rm—i —i
Elpaetn) = 3 ()t gl bl

=0
. 3)
E(r) _ n Xi[.n 1E(V” i)
n,P,q(x) - X%) l q [x]pq i,p.q .
=
Theorem 1. Forr € N, we have
() -
Enpq(x) =2 ), (=1)mfmrgmestiilmy o omy 4 1]
my, - ,my=0

2, & (n) | 1 ’
_ — 1) gxly(n=x ( > .
(P—ﬂl)”l;o )y T+q+tpn!

Proof. When we use the Taylor series expansion of el*r4!, we can get
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ZE(,rp)q x)% =2 Z (_1)m1+-~+mqu1+---+m,e[m1+---+my+x}p,,1t

= : =0
00 oo tl
_ Z <[2]2 Z (_1)m1+"'+mrqm1+...+mr[ml+...+mr+x]lp’q F
1=0 my,- ,my=0 :

The first part of the theorem follows when we compare the coefficients of 17 in the above equation.
By (p, q)-numbers and binomial expansion, we also note that

o0
ED () =2 Y (—1ymtetm gty g, g x]
L

myteetmpEx qm1+-~+my+x ) n

— [2]" 3
[2]; Z;%_O .

= (n lxl (n—1I)x
2y ()

I=0

D (P

X i ( 1)m1+ +mrq(l+1)(m1+”‘+mf)p(”_l)(ml"r“'-‘rmr)
-, my=0

& 1)lgep(nt 1 '
Z( ) ()

We finish the proof of Theorem 1. [

Theorem 2. Forr € N, we get

Eipa(r) = 25 1 (") e, @

Proof. By Taylor-Maclaurin series expansion of (1- u) —" we have
1 ri o (mtr—1 m(I+1 n—lym
(1 +ql+1pnl> = m;@ ( " )(—1) (@7 p" )™
Also, by Theorem 1 and binomial expansion, one can obtain the desired result immediately. O

For d € Nwith d = 1( mod 2), by Theorem 1 we can show

()

2)7 LC n d—1
E,gf;,,q(x) = an E (l)( )quZP( Dz Z Z (_1)ﬂ1+"-+ar
1=0

(p—a) =0 =0
> (71)m1+~~+m,q(l+1)(u1+dm1+~--+a,+dm,)p(n—l)(al+dm1+~~+11,+dm,‘) )

Theorem 3. (Distribution relation of (p,q)-Euler polynomials with higher-order). For d € N with d =
1( mod 2), we have

r 2] -l r m+--tat+x
B = ity L (ol (W),

ay, - ar=0
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Proof. Since

npe.q
[z]rd n n 1 r
— q 1\ (ag+~ar+x) ,(n—1) (a1 +--+a,+x)
(p? — ghyn ;0 (1>( g p ' (1 I qd(l+1)pd(nl)) ’
we have
di ( )a1+ +arE(”) ft---tartx
=0 q n,p? g d

2 R
(p*q <> Vatp

1 r
% 1)+ tar gar+eay gl (a4 +ar) (nl)(a1+~-+a,)< ) .
y ( ) q q 4 1+ 20+ pdtn=0)
Hence, we derive
[2]4 = G+ ap+x
o, D g ()
qd ay, - ,Ar=

1)lget pln-Dx R
1;)() VT <1+q’+1p”‘l> '

We prove Theorem 3. [

3. Multiple (p, q)-Hurwitz-Euler eta Function

We define multiple (p,q)-Hurwitz-Euler eta function. This function makes (p,q)-Euler
polynomials at negative integers with higher-order. Choi and Srivastava [4] defined #,(s,a) by

means of
( 1)k1+ ~+ky

r(s,8) = Zk: (ki + -1k +a)s

, (Re(s) >0;a>0;reN).

It is known that #,(s,a) can be continued analytically to be all complex s-plane (see [4]).
The (p, q)-extension of 7, (s, a) can be defined as follows:

Definition 5. For s,x € C with Re(x) > 0, the multiple (p,q)-Hurwitz-Euler eta function U,E,f,;(s,x) is
defined as
(_1)m1+---+mrqm1+~-+m,

0 [m1+--~+my+x]§,,q

s =2 Y

my,..., My

Observe that when p = 1,q — 1, then Z’Wéfl),(s,a) = 1,(s,a).

Let
ES(tx) = Y EY) o) =

e D S
m

Theorem 4. For r € N, we get

r 1 © 5—
’71(7,3(5/") = @/@ F;S,L;(x,ft)t Lat, (6)
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where T'(s f 25 le=2dz,

Proof. From (5) and Definition 5, we get
00 )Mty gyt
O ™
[my+---+m+ x]p,q

=0
1 o) —1)mtetmy gmyteetmy oo
— [2]; z ( ) q / Zsflefzdz
~ o mttmetxls, o

my
r o) .
_ q Z ( 1)m1+-..+mrqm1+-~+mr /Ooe[m1+--~+my+x}p,qtts—1dt
1y J0
£l
,’7

q)(x — 1) 1dt,

We are finished Theorem 4. [
(r)

The value of multiple (p, q)-Hurwitz-Euler eta function 1, 4(s, x) at negative integers is given
explicitly by the following theorem:

Theorem 5. Let n € N. Then we obtain
npa(—n,x) = Ey ().

Proof. Again, by (5) and (6), we have

(r) . 1 / () sl g, 1 & (r) (71)m /.0o m+s—1
Mpaq (s, x) = T(s) Epg(x, =)~ tdt = ) mE::O Enipq(%)"— 7= . dt. (7)
We note that
_ _ « —z,—n—1 _ 1 d " n+l,—z_—n—1\ _ ‘(_1)71
I'(—n) _/0 ez dz = 11rr(1]2m— o (z" ez ) = 2mi o (8)

Forn € N, let us take s = —n in (7). Then, by (7), (8), and Cauchy residue theorem, we have
= i ok £ e G [
—ori{ tim L N o (D"
= 2711 <sl_1>1’£ln I‘(:;)) (En,p,q(x) n!

. 1 N oy ED"Y )
= 2711 <27.[1(nl')n> (En,prq(x) ! ) - Eﬂ,Prq(x).

The proof of Theorem 5 is finished. O

By (4), we have
o () " 2 (m+r—1
Y Enpg—r = 25 1 ( o )(_1)mqme[m]p/qt,

n=0 ° m=0
£ el

"lpat in the above formula, we can get

3 ED,S T ([2]; (" (—1>mqm[m];,q> e

m=0
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. . n
If we compare coefficients %, then we know

Eh =12 3 (") e, ©)

m=0 m

By using (9), we define multiple (p, q)-Euler zeta function like below formula:

Definition 6. For s € C, we define

= (m4r—1\ (=1)"g™
e =t (") (10
OB )
The function { %(s) makes the number E,({;,,q in negative integers. Instead of s, s = —n forn € N

into (10), and using (9), we can obtain the below theorem:

Theorem 6. Let n € N, We have

4. Symmetric Identities for the Multiple (p, q)-Hurwitz-Euler eta Function

Let wy, w, € N where, w; = 1 (mod 2), wy = 1 (mod 2). Forr € Nand n € Zy, we get
symmetry identities about the multiple (p, g)-Hurwitz-Euler eta function.

Theorem 7. Let w1, wy be natural numbers, where w1 =1 (mod 2), wp =1 (mod 2). Then we obtain

wi—1 roo oo

wligl2e 3 ()T
J1eejr=0
woy . .
X U;quwl (s, wax + wfz(h + e+ r)
1
ot (11)
_ [wl];y,q[z];wl Z (,1)21’:1]1qw1 Y1
Jieejr=0

w1 ,. .
X nr(,fu)zrqwz (s,wix + wf;(h + )

Proof. We know that [xy]; = [x].[y]s for any x,y € C. Hence, using wyx + % (j1 + - - +jr) instead
1

of x and replacing by 4“1 and p™! instead of g and p in (11), respectively, we induce the next result

1 wy . .
Wﬂr(;u)lqwl (S/ w2X + w0, (]1 +oe +]V))
q‘[l}l
00 (71)m1+~~-+mrqw1m1+-~+wlmr

wy . S \1s
my, -+ ,my=0 [Ti’ll + o+ my +wox + 7(]1 + .- +]Y)] W1 W1
w1 P

0 (=1 )kt gy 4wy

wy(my + - +my) + wiwex +wa(jp + -+ -+ jr) ’
w1

my,--- ,mp=0

plvquwl
0 (_1)m1+"'+m,‘qw1m1+-~+w1m,
B m1,~~§17:0 [wy (my + -+ my) + wiwpx + w2 (j1 + -+ + i)l g
[wl]]sg,q
[} (_1)m1+'--+m,qw1m1+-~+w1my

=il M

my, - ,meO

[ (my + - - -+ my) +wiwax +wa (i + -+ +jr)]5
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00 wy—1 (=1 )ty gyt wymy
e =0 iy, =0 [Y11 r 12 21 Jr)ip.q

S K= [ T .
=l L ZZ (—1) D= (@) gror B (am i)

my,-- mp=01y, - ir=0

-1
X ([wl(wzml + il) + -+ wy (ZU2mr + ir) + Wwiwx + wz(jl + - ""jf)];,q)

w21 o r ro
)Zj:1 quw1w2 Zj:1 quwl ):]':1 1j

= [wily, Z S (—)Eam(

my, e my=0iy, - iy=0

-1
x ([wrwa(x 4 my 4o my) +wi(in + -+ i) (a4 j)l5)

Thus, from (12), we see the following equation.

[w2]5p,q wil 1+t w2(]1+ +]r) () ]
o, X (1 q My gon (5, 023+ 2 (4 i)
&1 i g=0
wy—1 wyp—1

= [w1]} qwal} Z )y Z

my, - =01y, ,i,= 0]1/ /]r

Z; 1 Jz+lz+mz)qwlwz Yo m

x g1 Y izqwz Y1
-1
X ([wlwz(x +my 4 my) Fwi (i 44 i) Fwa(i + - +jr)]f,,q)

By using the same method as (13), we have

wqls w2l . 4 . .
slba T (a0, (s DGy 4 )
T2 jueg= : 2

oo wy—1 w1 —1

Y Y y (=1)Ei=Grtirtm)

= [wr]}qlw2lp,q XL
ml/'“rmk:(]]l/""]VZOZI’“.’I":O

x g1 Yioim g Yy g Y1

1
X <[w1w2(x +my 44 me) Fwi (44 ) Fwp(in -+ ir)];,q)

Therefore, by (13) and (14), we complete the proof Theorem 7. [

Taking w, = 1 in Theorem 7, we obtain the below corollary.

8 of 14

Corollary 1. Let wy be natural numbers, where wy =1 (mod 2). Forr € Nand n € Z.., we obtain

Wiha (o) = L P (g
P \or V1A ) — - B
o [2lgon [l 5,5
(r) ate At
X Tl”/pwllqwl (S/x + ZU1 > )

If p =1,9 — 1in above Corollary 1, then we can see the below corollary.

Corollary 2. Letm € N.m =1 (mod 2). Forr € Nand n € Z.., we obtain

1 o i+t
1 (s,x) = - “2_ (—1)irt g, (sx]lm]> )

(15)

(16)
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Forr € Nand n € Z,, we see symmetry identities about higher-order (p, q)-Euler polynomials.

Theorem 8. Let wy, wy be natural numbers with w; = 1 (mod 2), wp = 1 (mod 2). Forr € N and
n € Z., we obtain
w1—1

@iy, Y, (—)Hige2Xia
i =0

><Ef1;wlqwl <w2x+»w201+~--+jJ>
o1 17)
wy—1 (

= eyl S (1)Eg T
1, jr=0

w1 ,. .
X Er(z ;wz 42 <w1x + uz(]l +oee +]7)) :
Proof. Using Theorems 5 and 7, we see easily the Theorem 8. [

Taking wy = 1 in Theorem 8, we have the below corollary.

Corollary 3. Let wy be the natural number with w; =1 (mod 2). Forr € Nand n € Z., we obtain

" (w1x) = 12]; [w1]" wil (71)):;:1]'1 w2 Y1 Ji
i’l,pw1,qw1 1 — [z]rw 1 .9 ) : q
g1 i jr=0 (18)
(") it
X Ei’l pwl qw] <S/x + w, .

If p = 1,9 — 1in the above Corollary, then we get the another Corollary.

Corollary 4. Let m be the natural number, where m =1 (mod 2). Let r € Nand n € Z., we see

m—1 ; ;
et XA it
EV (%) = m' ) O(_1)11+ +irE() (Jl o h) : (19)
Jirgr=
By (3), we have
wlfl . .
2 (fl)ZLlquWz):{:m
Jiresjr=0
wo . .
X By o <w2x it +]k)>
wl—l . .
= )y (=1)Ei=1Jig2 Ko f
i, jr=0 (20)
wz" D (jt++ir) W1WZX1E( i) W2 l
X Z p n—i,p®1,4"1 (wzJC) w (]1 + +]7)
1 pwllqwl
wi;—1
— 12 (—1)Zi= ]'lpszf:] i
i jr=0
i
wy (1—1) Y i 4y W1 W Xi (r/0) [wz}p,q :
X 2 ( ) =1 p En lpul q (wzx) <[w]}p/q []1 + +]r] w1 [7

therefore, we can see the below theorem.
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Theorem 9. Let wy, wp € N. Let wy =1 (mod 2), wp =1 (mod 2). Let r € Nand n € Z., we get

wl—l

Z (—1)er=1 flqwz Y1
jlz"',jr:()
") wy . ,
X Efl,pwl/qwl <w2x + w—l(h 4. +]r)>
- (n i —i _wiwyxi p(7/0)
- ZO 1 [wz]P'fi [wl]p,qp Ei’l—i,pwl,qwl (wzx)
i=
w1 -1 ) ) . ‘
X (—1)Zi=1 quwz(nfwl)):f:l iy - +]'r]lpw2 o
i jr=0 /

For all different integers n > 0, let

w_l . . T . . . .
Sr(l?,p,q(w) =Y (D)Eig DTy
i1, jr=0

This sum 815]2}7, ] (w) is called the alternating (p, q)-power sums.

By above Theorem 9, we get the result

wlfl . ) . )
215w (w1l Z 0(—1)21:1]1qw221:111
[
x EW) (21)

n,pwl ,qwl

n n . 2 . , H
= [2];w2 Z (z) [wz];,q [wl]g quwlwleEg_’l?’pwl,qwl (WZX)S;STi),pr,q”’Z (wy).
i=0

(s + 22140
w1

By using the same method as in (21), we have

wy—1 .o ,
e [l Y (DR K
1, ,jr=0

n’pwz , qwz

"/ ) » (ri
= [2]2101 Z (l) [wl];j,q [w2]Z’qlpW1WleE£lr_ll?,pwzlqw2 (W1x)8r(:i),pwl ,qwl (ZUZ)
i=0

w1 . .
<w1x+ L+ +]r)>
wa

So we see the following result using (21) and (22) and Theorem 3.

Theorem 10. Let wq, wy be the natural numbers, where w; =1 (mod 2), wp =1 (mod 2). Let r € N and

n € Zy, we can see

) [wl];,q [wz}Z,EipwlwzxiEzgrjl)}sz,qu (wlx)sr(:i),pwl,qwl (wo)

)
= =
K

Ingl
/N
-

nn ) » (ri
= 2 Y ( )[w%q il P ) @02)8) e 01).

Using Theorem 10, we induce the symmetric identity (p,q)-Euler numbers E,(Z;,,q for the

higher-order in complex field.
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Corollary 5. Let wy, w be the natural numbers which have w; =1 (mod 2), wp =1 (mod 2). Fork € N
and n € Z., we get

n i —i i i
[2];w1 Z ( ) [w1]},4 [WZ]qulpwlwzxz‘sr(:i),p“’l 41 (WZ)E’(“T?"?MZWZ

n . ] . ’ :
= [2] ;wZ Z ( ) [wﬂ;,q [wl]z/q1pzulw2x187(zfl}/pzc72’qw2 (wl)E;Sr_ll?,pwl o

5. Zeros of the Higher-Order (p, 4)-Euler Polynomials E,(,f,),,q (x)=0

If it is difficult to find solutions of equations, visualizing distributions of solutions using a
computer can help to find regular patterns of solutions. These are particularly interesting because it
is hard to approach theoretically. Therefore, the work of the last section is of interest to us. Based on
these results, we suggest a few unsolved problems.

The values of the E,(:;,,q(x) are given by

P,
£ ()= 0 ( (1;,,;):; 7 (z))
r 1 r ’
EY) (%) = 2 (p2x (s5) _2PZZX—<;>§ Wz) 0 (i) )
(r) B [2]2 (p3x (ﬁw)r _3p2qu <1+;2q2)” +3pxq2x (1+1pq3)” B q3x (ﬁ)}’)
Es,p,q(x) = = |

(r)

We see that the numerical results about approximate solutions of zeros of Ej ; ,(x) = 0 are in
Tables 1 and 2. In Table 1, the numbers of zeros of E,(,f;,q(x) = 0 are listed about a fixed p = % and
1

9= 10 -

Table 1. Numbers of real and complex zeros of E,(f,)gq(x)

r:l,p:%,q:llo r:3,p:%,q:%

Degreen Real Zeros Complex Zeros Real Zeros Complex Zeros

1 1 0 0 1
2 2 0 * *
3 1 2 1 2
4 2 2 * *
5 1 4 1 4
6 2 4 2 4
7 1 6 1 6
8 * * * *
9 1 8 1 8
10 2 8 2 8
11 1 10 1 10
12 2 10 2 10
13 1 12 1 12
14 * * 2 12
15 1 14 1 14
16 * * * *
17 1 16 1 16
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The * mark in inside of Table 1 means that there is no solution of E,([})j/q (x) = 0. It is possible to
(r)

visualize the zeros of E;, , ;(x) = 0 using computer graphics. The zeros of E,(;;,Iq(x) =0, wherex € C
are visualized in Figure 1.

04 ‘ : 04
o PY o0 4
02} B 02} ®
™) [
o [ ]
[ 4
Im(x) 0.0 @ @ mw 00 @ @
[ )
([ ..
o
02 o 02 L °®
o ® oo ©
-04 -0.4
4 0.2 0.0 02 0.4 04 0.2 00 02 04
Re(x) Re(x)
04 , , 04
02} ) B 02} [ ]
° ([
()
Im(x) 0.0 & mx 00 @
P o
()
—02f .. [ ) B —02f )
%e0 ® (T A
04 , . 04 . .

Re(x) Re(x)
Figure 1. Zeros of E,(:;),/q(x) =0.

In Figure 1 (top-left), we chose r = 7,n = 10,p = 1/2 and g = 1/10. In Figure 1 (top-right), we
choser =7,n=20,p =1/2and g = 1/10. In Figure 1 (bottom-left), we chose r =7,n = 30,p =1/2
and g = 1/10. In Figure 1 (bottom-right), we chose r = 7,n = 40,p = 1/2 and g = 1/10. We can

(r)

see that distribution of zeroes of En’:p,q (x) = 0is very regular. Therefore, the theoretical prediction of
the regularity of distributions of the zeros of Ez(f,;,q(x) = 0 will remain as future research problems
(Table 1).
Now, we have the numerical solution satisfying higher-order Euler polynomials E,(zz,,q(x) =0
(r)

for x € R. The numerical solutions of the higher-order Euler polynomials E;;  ,(x) = 0 are listed in
Table 2 about a fixedr = 3,p = %, and g = % and different value of #.
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Table 2. Numerical solutions of Eg?;,q(x) =0,p= %, qg= %.
Degree n x
1 0.0723976
2 *
3 0.206956
4 *
5 0.258552
6 —0.163912, 0.273465

(r)

The * mark in Table 2 means that there is no solution of E;, ; 4(x) = 0.

6. Conclusions and Future Developments

This paper introduced the Carlitz’s form higher-order Euler numbers and polynomials. We have
induced some formulas about the Carlitz’s form Euler numbers and polynomials with high-order.
Symmetric identities about Carlitz’s form Euler numbers and polynomials with high-order are also
gained. In addition, the result of [19] is a special case of r = 1, which can be induced from our paper.
We make the following conjectures by numerical experiments:

Conjecture 1. Prove or disprove that E,(f,;,q(x), x € C, has Im(x) = 0 reflection symmetry analytic complex

(r)

functions. Furthermore, Ey y, ,(x) has Re(x) = a reflection symmetry for a € R.

It have been checked about many values of 7. It is still unknown when the conjecture 1 is true or
false about each value n (see Figure 1).

In Table 1, there is no solution of that the Carlitz’s form (p, 4)-Euler polynomials with higher-order
is 0. Find such #n so that there is no solution. If the Carlitz’s form (p, q)-Euler polynomials with
higher-order has solutions, it is doubtful whether it has distinct solutions.

Conjecture 2. Prove or disprove that E,(f,;,q(x) = 0 has n distinct solutions.

We use the following symbols. R () denotes the number of real zeros of E,(J;,q(x) = 0 on the
P

real plane Im(x) = 0and C ) . denotes the number of complex zeros of E,(Jz,lq(x) = 0. We can check

np.q (%)

R_, n—Cu %) (see Tables 1 and 2) because 7 is the degree of the polynomial E,(Z;w (x).

) pr—
En,p,r] (x) n,p,q(
Also, when the Carlitz’s form higher-order (p, q)-Euler polynomials is 0, if the equation has

solutions, we have the following question:

Conjecture 3. Prove or disprove that

2, ifn = even.

) 1, ifn= odd,
(x)

We expect that the research in this direction will be a new approach using numerical methods for
the study of Carlitz’s form Euler polynomials E,(f,;,,q (x) = 0 (See [13,17,19,20]).
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