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Abstract: In studying spherical submanifolds as submanifolds of a round sphere, it is more relevant
to consider the spherical Gauss map rather than the Gauss map of those defined by the oriented
Grassmannian manifold induced from their ambient Euclidean space. In that sense, we study
ruled surfaces in a three-dimensional sphere with finite-type and pointwise 1-type spherical Gauss
map. Concerning integrability and geometry, we set up new characterizations of the Clifford
torus and the great sphere of 3-sphere and construct new examples of spherical ruled surfaces
in a three-dimensional sphere.
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1. Introduction

In the 1960s, T. Takahashi proved that an isometric immersion x : M — E™ of a Riemannian
manifold M into a Euclidean space E™ satisfies Ax = Ax (A # 0) if, and only if, it is part of a
hypersphere or a minimal submanifold of a hypersphere, where A denotes the Laplacian of M [1] .
Generalizing such an eigenvalue problem of immersion, B.-Y. Chen introduced the notion of finite-type
immersion of a Riemannian manifold M into a Euclidean space E™ in the late 1970s. Since then,
it has been used as a remarkably useful tool in differential geometry to classify and characterize
many manifolds including minimal submanifolds in E™. In particular, minimal submanifolds of
Euclidean space are considered as a spacial case of submanifolds of the finite-type, in fact they are of
1-type [2,3]. Thanks to Nash’s embedding theorem of Riemannian manifolds, it has been a natural
consideration of Riemannian manifolds as submanifolds in Euclidean space along with the notion of
finite-type immersion.

A ruled surface or a ruled submanifold of Euclidean space or Minkowski space is one of the most
natural geometric objects in classical differential geometry which has been examined under finite-type
related geometric conditions [4-7]. The well-known Catalan’s Theorem says that the only minimal
ruled surfaces in Euclidean 3-space are the planes and the helicoids. A general ruled submanifold of
a smooth manifold is defined by a foliation of totally geodesic submanifolds along a smooth curve.
In [8], it was shown that a regular and connected ruled surface M in S? is of finite-type if and only if it
is an open part of a ruled minimal surface in S® or an open part of a Riemannian product of two circles
of different radii.

Such a theory of finite-type immersion in a Riemannian sense was naturally extended to an
isometric immersion of a manifold M into a pseudo-Euclidean space E}* with index s and the smooth
functions defined on a submanifold in E™ or EI. In particular, the Gauss map on a submanifold in
E™ or Ef! is the most interesting and useful object which involves rich geometrical and topological
properties on the submanifold.
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Regarding the Gauss map of finite-type, B.-Y. Chen and P. Piccinni initiated the study of
submanifolds with a finite-type Gauss map in Euclidean space [9]. Many works about submanifolds
in E" or L™ with a finite-type Gauss map have been achieved [9-13]. In [10], C. Baikoussis showed
that the only ruled submanifolds M"*! in Euclidean space E™ with a finite-type Gauss map are the
cylinders over curves of finite-type and the (1 + 1)-dimensional Euclidean spaces. Ruled surfaces and
ruled submanifolds with a finite-type Gauss map in Minkowski space were examined and completely
classified in [6,14-17].

During the last ten years or so, the present authors et. al have worked on submanifolds of
Euclidean or pseudo-Euclidean space which look similar to those of 1-type Gauss maps, which is
called pointwise 1-type. For example, the Gauss maps G of the helicoid and the right cone in E3
satisfy AG = f(G + C) for a nonzero smooth function f and a constant vector C (cf. [18-20]) . Since
it was introduced in [18], many works concerning pointwise 1-type Gauss maps were established
in [19-24]. In [22], the authors showed that the ruled submanifold M in E™ is minimal if, and only
if, the Gauss map G of M is pointwise 1-type of the first kind. The classification theorems of ruled
submanifolds in the Euclidean space E™ and the Minkowski space L™ with pointwise 1-type Gauss
maps were completed [25,26].

On the other hand, one of the important manifolds in differential geometry is a sphere or a
spherical submanifold. Regarding such manifolds, Obata studied the spherical Gauss map for a
spherical submanifold M in the unit hypersphere S" (C E™*1) [27]. The set S of all the great n-spheres
in S™ is naturally identified with the oriented Grassmannian manifold of (1 + 1)-planes through the
center of S" in E"*! because such (1 + 1)-planes determine unique great n-spheres and conversely [27]:
A spherical Gauss map of an immersion x of a Riemannian manifold M into S" is a map of M into the
oriented Grassmannian manifold G(n + 1, m + 1) which assigns to each point p of M the great n-sphere
tangent to M at x(p), or the (n + 1)-plane spanned by the tangent space of M at x(p) and the normal to
S™ at x(p) in E™*1. Granted, the spherical Gauss map is more meaningful than the classical Gauss map
in the study of spherical submanifolds (cf. [28,29]). Extending the notion of finite-type Gauss maps
of submanifolds of Euclidean space in the usual sense, B.-Y. Chen and H.-S. Lue initiated the study
of spherical submanifolds with finite-type spherical Gauss maps and obtained several fundamental
results in this respect [28]. Recently, some works on spherical submanifolds with low-type spherical or
pseudo-spherical Gauss maps have been made [30-32].

In this article, we study ruled surfaces in S®> by means of the spherical Gauss map to characterize
the Clifford torus and the great sphere in the three-dimensional unit sphere S°.

In the present paper, all geometric objects are assumed to be smooth, and manifolds under
consideration are connected unless otherwise stated.

2. Preliminaries

Let x : M — S~ ! be an isometric immersion of an n-dimensional Riemannian manifold M into

a unit sphere S"~1(C E™). We identify x with its position in a vector field. Let (y1,¥2,...,Ym) be

a local coordinate system of M in S"~!. For the components gij of the Riemannian metric (-, -) on

M induced from that of S"~1, we denote by (g/) (respectively, G) the inverse matrix (respectively,
the determinant) of the matrix (g;;). Then the Laplace operator A on M is defined by

_ oLy 9 g o

A \/Egayi“/?g 33/1)'

An immersion x of a manifold M into S~ is said to be of finite-type if its position vector field x
can be expressed as a finite sum of spectral decomposition as follows

X=x9+x1+- -+ x%
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for some positive integer k, where xg is a constant vector, and Ax; = A;x; forsome A; e R,i=1,...,k.
If Ay,..., Ay are mutually different, M is said to be of k-type. Similarly, a smooth map ¢ on an
n-dimensional submanifold M of S"~! is said to be of finite-type if ¢ is a finite sum of E"-valued
eigenfunctions of A. In particular, we say that a smooth map ¢ is harmonic if A¢ = 0. If the manifold
M is compact without boundary, a harmonic map is constant and thus it is of finite-type. In general,
harmonic smooth map is not necessarily of finite-type if M is not compact.

Let II be an oriented n-plane in E” and ey, ..., e, an orthonormal basis of I1. If we identify an
oriented n-plane IT with a decomposable 1 vector e; A - - - A e, defined by the exterior algebra in a
natural way, the oriented Grassmannian manifold G(n,m) can be regarded as the set of all oriented
n-planes in EN = A"E"™, where N = (). Moreover, we can define an inner product in G(n, m) by

<Ley Ao Nejep N Nej, >=det((e;, e;,))

for two vectorse;, A--- Ae;, and ej, \---Nej, in EN.

From now on we assume that the unit sphere S”~! is centered at the origin in E”. We identify
each tangent vector X of M in S"~! with the differential dx(X).

For a spherical submanifold M in S"~1, the position vector x of each point p of S"~! and an
orthonormal basis {ey, ey, ..., en } of the tangent space T, M determine an oriented (1 + 1)-plane in E".
Thus, we can have a map

G:M— G(n+1,m)

via G(p) = x Aeg A--- Aey. We call G the spherical Gauss map of M in S”"~!. This map can be
viewed as
G:M— G(n+1,m) c St c i)

by considering the norm of vectors. We now define the pointwise 1-type spherical Gauss map of the
spherical submanifold.

Definition 1. An oriented n-dimensional submanifold M of S™~! is said to have pointwise 1-type spherical
Gauss map G if it satisfies the partial differential equation

AG = f(G +C) )

for a nonzero smooth function f on M and some constant vector C. In particular, if C is zero, the spherical
Gauss map G is said to be pointwise 1-type of the first kind. Otherwise, it is said to be of the second kind.

3. Ruled Surfaces in S® with Harmonic Spherical Gauss Maps

Let M be a ruled surface in the sphere S® (C E*). Then, it is foliated by geodesics of S® along a
spherical curve. So, we can put its parametrization with spherical curves & = a(s) and g = B(s) by

x = x(s,t) = costa(s) +sintB(s), se€l, te], (2)
where [ and | are some open intervals. Without loss of generality, we may assume that
(a,0) = (B,B) = (¢/,a') =1 and (a,B) = («, ) = 0. ©)

From now on, we always assume that the Parametrization (2) satisfies Condition (3) unless
otherwise stated. Then, the spherical Gauss map G of M is given by

- % = \}ﬁ(cos ta(s) Ao (s) AB(s) +sinta(s) A B (s) A [S(s)), @)
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where the function g = (s, t) is defined by
g = (xs,xs) = cos® t + 2u(s) costsin t + w(s) sin® ¢, ®)

where u(s) = (a/, ') and w(s) = (p/, B’) are functions of s.
By the definition of the Laplace operator A, we have

7

AG = — g 2(gs)*(cos tA + sin tB) + gq*%qs(cos tA" +sintB’)

1
+ qugqss(cos tA +sintB) — zf% (costA” +sintB")

(6)
- %q_% (q¢)*(costA +sintB) + %q_%qt(— sintA + cos {B)

1
+ Etf%qtt(cos tA +sintB) + qf%(cos tA +sintB),

where we have put

A=A(s) =a(s)ANa'(s) AB(s) and B = B(s) =ua(s) AB(s) AB(s).

On the other hand, we note that the vector fields a(s), B(s) and &/(s) are mutually orthogonal for
all s. Therefore, we can choose another unit vector field y(s) along the base curve a which forms an
orthonormal frame in E* together with a(s), B(s) and a/(s).

Since A3E* is naturally identified with E*, we can define the inner product X3 A X5 A X3 with Xy
as follows
X4
X3
X, |’

X3

< X1 N Xz A Xg,X4 >=det
where the determinant is taken by the 4 x 4 matrix made up of the components of the vectors X, Xp,
X3, X4 in E*. Using this inner product, the vector field A is represented by
A=—-aABAd =—<aABAL,y(s) > v(s) = —7(s)

by considering the orientation and the lengths of vectors. Similarly, we also have

< (aABAA)(s),7(s) >=1,
< @ABAN()(5) >= 1, ”
< (ana Ay)(s),B(s) >=1,
< (BAXAY)(s),a(5) >= —
for all s. By virtue of (7), we can obtain the following
A=—17,
A =bB + ¢d/,
A" == gt (b —up)p+ (ub+ ¢')a' + (1 + ¢?)7,
B =ba’ — uy, 8)

B '=—ba+ (V' +ug)a’ + (bg —u')y,
B" = — (20 + ug)a+ (u'b — ub’ —u*p — b*¢p)p
+ (0" +2u' o+ ug' — b —be*)a’ + (2 ¢ + ug® + b’ —u")y,
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which imply that the spherical Gauss map G represented by (4) reduces to

G= \;ﬁ((bsint)zx’ — (cost + usint)fy), )

where we have put b = b(s) = (B'(s),v(s)) and ¢ = ¢(s) = (a”(s),v(s)).

Theorem 1. Let M be a ruled surface in the sphere S®. Then, M has a harmonic spherical Gauss map if and
only if M is totally geodesic in S°.

Proof. Suppose that the spherical Gauss map G is harmonic, i.e., AG = 0, where 0 denotes zero vector.
Then, (6) implies

1 1 1 i
{ - (%)2 + Eq%s - EQ(EH)Z + qu%t + qa}(COS tA 4+ sintB)

(10)
+;qqs(cos tA' +sintB') — g*(costA” +sintB") + %qzqt(— sintA+ costB) = 0.
By the orthogonality of vector fields &, B, " and 7y, putting (8) into (10) gives us
3 ; 2 2 ! :
qusbsmt—q pcost—gq (2b —|—u(p> sint =0, (11)
%qqsb cost — ¢* (b’ - ugo) cost — ¢ (u’b —ub' —uq — b2go) sint =0 (12)

as the coefficients of the vectors « and S, respectively. Using the equation for g of (5) and the fact that
g >0, (11) and (12) can be expressed as

—pcos’t + ( —3ugp — 2b’) cos? tsin t
+ (3u’b — dub — 3l — b2(p> cos tsin’ t (13)
+ (Buu/b + 20 — 20 — il — ubZ(p> sin®t =0

and
(u(p — b’) cos t + (Zu’b +3utp —ub' + bzgo) cos® tsint
+ (uu’b +2b°0 + 3ulp + Bub®e + uzb’) costsin? (14)
+ (u4(p + b4 + 1t — uPu'b + 2u*b* @ + ub®b’ — u’b3) sin®t =0,

respectively. We easily see that the trigonometric functions of ¢ of (13) and (14) are linearly independent
for all . Therefore, we can see that
=0 and b =0 (15)

by considering the coefficients of the terms containing ‘cos® ' of (13) and (14), respectively. From the
coefficients of the term containing ‘cos t sin® t’ of (13), we get

u'b=0. (16)

Suppose that b is a nonzero constant on M. Then, (11) and (16) imply gs = 0. Putting it into (10) yields

1 1
{ - *(%)2 + -qqu + qz}(cos tA 4 sintB)
’ ’ 1 (17)
—q(costA” +sintB") + qut(— sintA + costB) = 0.
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In this case, the vectors are reduced to

A= —7,
A" = uba' + b?,
o (18)
B =ba" — uy,
B" = —ba'.

Using (18), we note that Equation (17) can be regarded as the form of the linear combination of two
orthogonal vectors &’ and <y with trigonometric functions in t as coefficients. By a straightforward
computation, we can see that the coefficient of «y of (17) is given by

—2b?(cos’ t+u cos* tsin t 4 2 cos® tsin® t + 2u cos® tsin’ t + cos t sin® t 4 u sin’ t)
= —2b*(cos t 4 usint)(cos® t + sin’ t)?
= —2b*(cost +usint) =0

which implies that b = 0, a contradiction to b # 0. Therefore, the constant b is zero. With the help of
(15), we get from (8) that
A'=0 and B=uA.

Since the spherical Gauss map G = —-(cost + usint)y is a unit normal vector field of the ruled

Vi
surface M to the unit sphere S?, it is easily obtained that the shape operator S of M in S3 vanishes,

i.e., M is totally geodesic in S°.
Conversely, if M is a totally geodesic surface of S3, i.e.,, M is a great sphere of S?, it is not hard to
show that the spherical Gauss map of M is harmonic. It completes the proof. [

4. A Ruled Surface in S® with a Finite-Type Spherical Gauss Map

In this section, we will investigate a ruled surface M in S® parameterized by (2) with a finite-type
spherical Gauss map.
Using (6), (8) and (9), the Laplacian AG can be put as

2
AG = — (D) ((bsint)tx’ — (cost + usint)'y> + iSPl(s,t),
q q2

z
2

where Pj is a vector field formed with the linear combination of the orthogonal vector fields «, f, &’
and <y together with the coefficients of trigonometric functions in ¢ and functions in s. Proceeding by
induction, we get

)Zm

A"G = ay (45 -
q3m+§

((b sint)a’ — (cost + usin t)’y) + %Pm(s, t) (19)

a2

for any positive integer m, where Py, is a vector field formed with the linear combination of the

orthogonal vector fields «, B, &’ and 7 together with the coefficients of trigonometric functions in t and

functions in s, and a,, is a nonzero constant satisfying a,, = (3m — 1)(3 — 3m)a,,_1 with ag = 1.
Suppose that the spherical Gauss map G of M is of finite-type. Then, we have

ARG + i AF1G + A 2G4+ + ¢ {AG =0 (20)

for some constants c1, ¢y, ..., cx_1 € R and a positive integer k. By the orthogonality of the vectors «, 5,
' and 1y, substituting (19) into (20) gives us the coefficients of a’ and 1y as follows

(qs)zkb sint = qF (s, )
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and
(gs)%*(cost + usint) = gFa(s, t),

respectively, from which,
5 2k
(ZM’ costsint + w' sin t) (cost+ (1 + b) sin t)

(21)
= (coszt—i-Zucostsint + wsin? t)F(s,t)

for some polynomials F; and F; in ‘cos t’ and ‘sin ’ with functions of s as coefficients, where F(s, t) =
F (S, i’) + F2(S, t).
By the linear independence of the trigonometric functions cos?® t, cos t sin t and sin® t, we may put

F(s,t) = (gs)'R(s,t) = (2u’ cos tsint + w' sin® t)'R (s, t),
where [ is a non-negative integer less than 2k and R(s,t) is some polynomial in ‘cos™ * tsin* ¢/,

k=0,1,...,n, with functions in s as coefficients such that R(s, t) and g are relatively prime. That is,
R(s, t) is of the form

n
R(s,t) = ) Ti(s) cos" Ftsink t
k=0
for some functions I'; in 5. Here, the degree of R(s, t) is n. Then, (21) becomes

2%k-1
(Zu’ costsint + w' sin? t) (cos t+ (u+b)sin t)

(22)
= (coszt+2ucostsint+wsin2t)R(s,t).
By putting 0 = tant in (22), we get
( 2u'6 n w'6? )2k—l( 1 (u+b)9)
(1+6%) * (1+62) V1462 V1467
1 2uf w62 1 _
= R(s,0),
<(1+92)+(1+92)+(1+92))(,W+92)n (s,6)
or, equivalently,
2k—1 741
<2u’9+w’92> (1+92)2 <1+(u+b)9)
(23)

2k—1+1

e +2u9+w92)(1 +92) R(s,0),

where R(s,0) is a polynomial in 6 with functions in s as coefficients such that
_ n
R(s,0) = (\/1 n 92) R(s, 1(0)).

We note that two polynomials (21’0 + w’6?) and R(s, 6) are relatively prime, where the former
one is obtained from gs.

Now, we will deal with possible cases derived from (23). Considering the degree of (23) with
respect to 6 and the linear independence of (2u/6 + w'6?) and R(s, 8), we can put

(2u'9 + w’92)2k_l = A(s)(1 + 2u + wb?) (1 + 92)2k_l_1,

or,
2k—1 2k—1
(2u’9+w’92) (1+6%) = A(s)(1 +2u9—|—w92)(1 +92) (24)
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for some function A ins.
Recall that (24) is a polynomial in 6. So, by comparing the smallest power of both sides of (24)
with respect to 6, we can see that ‘2k — I’ must be zero. Therefore, (24) becomes of the form

(1+6%) = A(s)(1 +2ub + wé?).

It follows that
u=0 and w=1,

from which, we get the function g is constant with value 1 and the metric tensor g of M is given by

(10
8=\ o 1)

from which, we see that M is flat in E*. It also gives us Ax = 2x and hence M is minimal
in S3. Therefore, M is one of the isoparametric surfaces in S?, which is the Clifford torus
SY(1/v2) x SY(1//2).

Together with Theorem 1, we have

Theorem 2. Let M be a complete ruled surface in the sphere S with finite-type spherical Gauss map. Then, M
is either the Clifford torus S'(1/~/2) x S1(1/~/2) or a totally geodesic surface in S3.

Corollary 1. Let M be a ruled surface in the sphere S°. If the spherical Gauss map G of M is of finite-type, then
both M and G are of 1-type. In particular, Ax = 2x and either AG = 0 or AG = 2G.

5. Ruled Surfaces in S® with Pointwise 1-Type Spherical Gauss Maps of the First Kind

In this section, we will study a ruled surface in S® with pointwise 1-type spherical Gauss map G
of the first kind, i.e., AG = fG for some nonzero smooth function f. Let M be a ruled surface in the
sphere S (C E*) parameterized by (2). Then, using (6), equation AG = fG gives

1 1 1 .
{ = @2 + 5005 = 50 + 5% + (1= ) }(cos tA + sinB) -
—l—gqqs(cos tA" 4 sintB’) — g*(costA” + sintB") + %qzqt(— sintA + cos tB) = 0.

With the help of (8), by comparing two equations, (10) and (25), we can see that the coefficients of
the vectors « and B of (25) coincide with those of « and B of (10). Therefore, we obtain (13) and (14), oz,
equivalently, we have

=0, V=0 and u'b=0.

Similarly as we did to the constant b in Section 3, we will show the constant b is nonzero and
hence u is a constant. Suppose that b = 0 on M. AG = fG with b = 0 gives

1 1 1 .
{ —(gs)* + 5qss — E‘i(‘it)z + qulht +(1- f)q3}(— cost — usint)
+§qqs(—u’ sint) — g?(—u" sint) + %qzqt(sint —ucost) =0,

from which,
f(cost +usint)” = 0.
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It implies that f is vanishing. It is a contradiction and thus we conclude that b is nonzero. Then,
we have g; = 0. With the help of (18), (25) is reduced to

1 1 .
{ - E(ﬂlt)z + PRAL +(1- f)qz}(cos tA +sintB)
—q(costA” +sintB") + %qqt(— sintA + costB) =0

which provides us with

. 1 1 . 1
qu sint = { - E(qt)z + qutt + q2 + q} sint + (qut — uq) cost

as the coefficients of the vector a’.
We note that w = u? + b2. By a straightforward computation, we get

2h?
f= ol

Consequently, if a ruled surface M has pointwise 1-type spherical Gauss map of the first kind,
we see that the constant b is nonzero and ¢ = 0, that is, the curves « and p satisfy

ZANB #0 and a"AaAB=0 (26)

for all s. Now, we consider the curve &(s) on the sphere S3(y/“+1) given by

We note that the curve J(s) is an integral curve of vy, that is, ¢’ = 7. Then, we can easily show that
the spherical Gauss map G of a ruled surface M in S® parameterized by

M : x(s,t) = a(s) cost + B(s) sint
27)
= (cos f+ usin t)oc(s) + bsintd(s)

is of pointwise 1-type of the first kind. Indeed, it follows that

AG = (qu;)c.

Therefore, we have

Theorem 3. Let M be a ruled surface in the unit sphere S®. If M has pointwise 1-type spherical Gauss map of
the first kind, then M is part of the ruled surface in S® parameterized by (27) satisfying (26).

Example 1. The curves «(s) and 5(s), given by

1 1 1
COSS, — sins, — cos s, sins

als) = (g cosss psins, 5 coss,

and

é(s) = (2\1& sin(2s), —2\1@ cos(2s), —2\15 sin(2s), 2\1@ cos(25)>
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are unit speed curves on the sphere S® and the sphere S® (%), respectively. In this case, it is clear that u = 0 and
b = 2. Then, the ruled surface M in the sphere S® defined by

M :x(s,t) = a(s)cost+25(s)sin t

1
=—— (costcoss + sintsin(2s), cos t sins — sin t cos(2s),

V2
costcoss — sin tsin(2s),costsins + sin t cos(Zs))
has pointwise 1-type spherical Gauss map G of the first kind

AG = 8

2
( cos? t + 4 sin® t)

6. Ruled Surfaces in S® with Pointwise 1-Type Spherical Gauss Maps of the Second Kind

In this section, we will investigate a ruled surface M in S® parameterized by (2) with a pointwise
1-type spherical Gauss map of the second kind, that is, the spherical Gauss map G of M satisfies

AG = f(G+C)

for some nonzero function f of s and ¢ and a non-zero constant vector C. If we consider a non-empty
opensubset U = {(s,t) € I x J | f(s,t) # 0}, then we can put

_ AG-fG

=7

(28)

which yields that
f(AG - fG)t = fi(AG — fG) (29)

on U.

Now, we consider the open subset Uy = {(s,t) € U | fi(s,t) # 0} and suppose that Uy is
non-empty. With the help of (8) and (25), we can get from (29),

f@ 5Py =fila 5P) and f(473Q)i = filg 2Q), (50)

or, equivalently,
f(~Lap+ap) =afiP and f(-20Q+qQ) =0siQ
2 2
as the coefficients of the vectors a and f of (29), respectively, where we have put
3 : 2 2 AR
P(s,t) = qusbsmt—q pcost—q (uqo+2b ) sin f (31)

and
Q(s,t) :%qqsb cost + ¢* (u(p — b’) cost — ¢* (u’b —ub' —ug — bz(p) sint. (32)

Now, we will consider a few lemmas to reach a conclusion for this section.
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Lemma 1. Let M be a ruled surface in the unit sphere S® parameterized by (2) with a pointwise 1-type spherical
Gauss map of the second kind. If Uy = {(s,t) € I x J | fi(s,t) # 0 } (C U) is non-empty, then

AR =0 on Up.

Proof. We suppose that the function b(s) is non-vanishing on some open set Uy of Uy. We first consider
the case that at least one of two equations P(s, t) and Q(s, t) is vanishing on some subset of Uj, say
P(s,t) = 0. Then, we can easily show that

=0 and V' =0 (33)

by considering the linear independence of the trigonometric functions of (31). Since b is a nonzero
constant, (31) and (33) imply g5 = 0. Thus, the function Q(s, t) of (32) has to be identically zero on that
subset U . Similarly, if Q(s, t) = 0, we can derive P(s,t) = 0. Therefore, we suppose that both ®(s, t)
and ¥ (s, t) are identically zero on Uj. In this case, Equation (29) can be put as

(ftq_%/\l)“, + (ftq_%/\z)“Y = (f(q_%/h)t)o/ + (f(q_%/\z)t>7

which yields that
fr (7 3A)r (g3 34)

f ’17%/\1 ‘77%/\2

by comparing the coefficients of two orthogonal vectors a’ and 1y, where we have put

1 1 1
Aq(s,t) = { - E(qt)2 +5qqu + (1 —f)qz}bsint —gb(ucost —sint) + qutbcost (35)

and
1 1 :
Ao(s,t) ={5(@0)? = 599 — (1= )2 } (cost + usint)
2 1 -
—gb“cost + qut(smt — 1 Cost).
By taking the integration to (34) with respect to t, we see that the function f takes the form
_3 _3
f=v1(s)(q 2 A1) = y2(s) (972 As) (37)

for some non-vanishing functions y; and y; of s. If we put (35) and (36) into (37), then we can obtain
the formulas for f as

2%y, (s) sin t _ —2byy(s)(cost+ usint)
7 (q% + by1(s) sin t) 7 (q% —y2(s)(cos t + usint))

(38)

Comparing the last two equations in (38), we get

(}/z cost + (by1 + uy,) sint)q% =0

which implies
v2(s) =0 and yi(s) =0
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because of g # 0, but it contradicts f # 0. Consequently, this case never occurs. Therefore, we may
assume that both P(s, t) and Q(s, t) are both non-vanishing on U; (C Up). Then, equations of (30) give

i (@3P)y (RQ)
Jt . — . (39)
f (@) (72Q)

on U; and thus the function f is of the form

_7 _7
f=281(s)q 2P(s,) = g2(s)q 2Q(s, 1) (40)
which implies
<1(s) { %b(Zu’ costsin? t + w' sin® t) — @(cos® t + 2u cos® tsin t 4 w cos t sin? t)
— (ugo — Zb') (cos? tsin t + 2u cos t sin? t 4 w sin® t)}
3
= go(s) { Eb(ZM' cos? tsint + w’ cos t sin? t) (41)
+ (uqo — b’) (cos® t + 2u cos? tsint 4w cos t sin? t)
- (u’b —ub —utp — b2g0) (cos? tsin t + 2u cos t sin® t + w sin® t)}

for some non-vanishing functions g; and g, of s on Uy because of g > 0. By the linear independence of
trigonometric functions cos® K tsink t of (41)fork=0,...,3, we have

310 = 82 (1 — up), (42)
gl(_gu(P_zb’) :gz(Zu’b+3u2go—ub/+b2(p>, (43)
g1 (Bu’b — 4ub’ —3u¢ — bzgo) =0 (uu’b + 200" + 3ulp + 3ub®e + uzb/) (44)

and
91 (3uu’b + b2 — 2u* — Ul — ub2<p) s
=0 (u4(p + b + 1l — uPu'b + 20l @ + ub?t’ — u’b3)

as the coefficients of terms containing ‘cos®t’, ‘cos® tsint’, ‘costsin?t’ and ‘sin®t, respectively.
Substituting (42) into (43), we get

—2V'g1 =g (Zub’ +2u'b + bzqo) (46)

which implies
u'bg) = gz( —uu'b+ bzb/) (47)

with the aid of (42) and (44). Finally, putting (42), (46) and (47) into (45) allows us to have
3.4 _
S0 982 =0
and hence ¢ = 0 because b and g, are non-vanishing on Uj. From (42) and (43), we can see that

V=0 and u' =0,
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or, equivalently,
gs=0 on Uj.

Since ¢ = 0 and gs; = 0 on Uj, the non-vanishing function P(s, t) of (31) on Uy becomes identically
zero on U; C Uy, a contradiction. Therefore, we conclude that the set U is empty, which means that
B’ = ua’ on Uy as we desired. []

Now, we will examine the set x(Ujp) of S®. In Lemma 1, we showed that b = (#’,7) = 0 on Uj.
Then, we have
g = (cost +u(s)sint)?

and the spherical Gauss map G of (9) is given by
G=—1. (48)
From (41), we see that
((g1 + ugz)(p) (s)=0 on Uy. (49)
If ¢ = 0 on some subset U, of Uy with int(U,) # @, then
G =(—)=g¢a' =0

which means that the spherical Gauss map G is constant and thus AG = 0 on that subset. Since
the spherical Gauss map is of pointwise 1-type of the second kind and C is a constant vector,
G = —Cglobally.

Now, we suppose that the function ¢ is non-vanishing on Uy. From (49), we see that (g1 + ug2) =0
on Uy and then, the function f of (40) is simplified as

fs,t) = — ¢(s)g1(5)

/ 50
(cost+ u(s)sint)?2 0
so equation AG = f(G + C) can be expressed as follows
u'sint p 1 ) P81
- = -7+ C).
(Cost+usint)37 (cost—l—usint)zly (cost+usint)2( 7+6)
With the help of (8), it follows that
u' gsinta’ + (cost 4 usint)(pa + upp — ¢'a’ — ¢>v) 51)
= ¢gi(cost +usint)(y — C)
which guarantees that
pa+upp—g'a’ — 9>y = 9g1(y - C) (52)
by considering the terms containing ‘cos t’. Thus, the constant vector C can be put
C:—ia—lﬁ—ki/a’—i-(ﬂ—i-l)'y (53)
s1 & P81 &1

from which,
/

o=~ ((2)+ S (1) + 22)p
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By (51) and (52), we note that #' = 0 on Up. Thus, the above equation provides us with the

following equations

/

1 9
<5> s’
¢\ 1+u+ ¢?
(-t

as the coefficients of the orthogonal vectors. Comparing the first and the third equations of (54),
we can obtain
9'=0
which yields that
1+ u? + ¢?
81

Therefore, we see that the function ¢ is nonzero constant on Uy. The functions u and g are also
constant on U, so is the function ¢ by virtue of (49). Since g1¢ = — (1 + u? + ¢?), we have

g1 =0 and ( +(p)=0 on Up.

fe 1+u?+ ¢?
~ (cost+ usint)?

and

_ 1 2
C= 1+u2+q)2(q)zx+uq0‘3+(1+u )Y)

from (50) and (53), respectively.

According to the results so far, we are ready to construct a ruled surface M in S® with a pointwise
1-type spherical Gauss map of the second kind which is not totally geodesic, i.e., AG # 0: As we saw
in Lemma 1, if a ruled surface M in S? has a pointwise 1-type spherical Gauss map G of the second
kind, then &’ A B/ = 0 on M. Furthermore, we showed that g = 0 on M and hence

p(s) = ua(s) +N,
where N is some constant vector satisfying
(0, N)=—u and (N,N)=1+u>

Since the function ¢ is nonzero constant, we can see that the vector field a” given by

o = —a—up+ oy
has the constant length /1 + u2 + ¢2. Thus, we can naturally define a ruled surface M in S® (C E*)
parameterized by
M : x(s,t) = costa(s) + sintp(s)

55
= (cost + usint)a(s) + sintN 3)

which has pointwise 1-type spherical Gauss map G of the second kind, that is,

1
AG=——— o
(cost + usin t)27

1

— 2 2
~ (cost+usint)? ((p(l—i—u JatugN—g ,Y)

= f(G+C),
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where we have put

fe 1+ u? + ¢?
~ (cost+ usint)?
and .
_ 2 2

respectively.

Meanwhile, we note that the function ¢ is constant on Ujp. By continuity, we see that either AG = 0
on Uy, or it does not. This means that either G = —C on Uy or x(Up) is an open part of a ruled surface
parameterized by (55).

Now, we consider W = {(s,t) € U | fi(s,t) = 0}, the complement of Uy, and let Wy = int(W).
Then, we will show that if W is non-empty, the constant vector C = 0 on Wy, which implies that W
must be empty. Therefore, we have

Lemma 2. Let M be a ruled surface parameterized by (2) in the unit sphere S°. If the spherical Gauss map
G of M is of pointwise 1-type of the second kind, i.e., AG = f(G + C) for some non-zero function f and a
non-zero constant vector C, then we may assume that the function f, the partial derivative of f with respect to t,
is non-vanishing on U = {(s,t) € I x ] | f(s,t) # 0}, that is, Wy = @.

Proof. We suppose that Wy is non-empty. From (30), we have
7 7
(72P)r = (97 2Q)r =0,

or, equivalently,

7 7
eqP =gP and eqQ =qQ; (56)

on Wy. By a straightforward computation, %th = qP; of (56) implies

15 . 3 : 3 3 2.
qusqt sint zibqqst sint + quqs cost+ 5 ®qq: cos t+ @q-sint

5 7)
+ E(uq) +2b")qqs sint — q*(ug +2b") cos t.
We note that
q= cos? t + 2u cos tsint + wsin’ t,
= 2u' costsint + w' sin®t,
qs (58)

qr = 2ucos®t +2(w — 1) cost sint — 2u sin’ ¢,

st = 2u’ cos® t + 2w’ cos tsint — 2u’ sin’ t.

Therefore, we can see that Equation (57) is a polynomial in cos®k t sink t,k=0,1,...,5, with functions
of s as coefficients. By considering the linear independence of the trigonometric functions, we get

u(p = b/ (59)
as the coefficients of terms containing ‘cos’ #'. Thus, the function Q of (32) becomes

Q(s,t) = gbqqs cost — q*(u'b — ub' —u?@ — b*¢p)sint
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and then 4;Q = qQ; of (56) provides

Z—qusqt cost :%bqqst cost — %bqqs sint + %(u’b —ub' —u?p — b*p)qq; sint

(60)
—q?(u'b — ub’ — u*p — b*g) cost.
Similarly, using (58), we obtain
2u'b+2ulp + b9 =0 (61)
and
u(u'b —u?@) =0 (62)

as the coefficients of the terms containing ‘cos® t’ and ‘sin’ t’ of (60), respectively. If u # 0 on some
open subset W; of W), then we have
u'b=ug

which helps (61) lead to
(4u2 + bz)(p =0,

or,
=0 on W (63)

because of u # 0. Since ¢ = 0, (59) and (62) yield that
V=ub=0 on W. (64)
If b = 0, the function g = (cos t + usin t)? and the spherical Gauss map G is given by
G=A=—vy

that is constant because of (8) and (63). In this case, we can easily show that the shape operator on W,
is identically zero, which means that x(W ) is totally geodesic in S°.

Now, we may assume that b # 0 on Wj. It follows that u’ = 0 of (64) and hence, by continuity, u
and b are nonzero constant on W, which tells us that

gs=0 on W

If u = 0 on W, it is obvious that b’ = 0 of (59) and hence g; = 0 on Wj. But, in the course of
proving gs = 0, we showed that ¢ = 0 on Wjy. For the case of u # 0 on Wy, we have (63). If u = 0 on
Wo, (61) yields that ¢ = 0 on Wj. Using these results on Wy, we have

_5 1 1 .

AG =q > { ( — E(qt)z + 509 + qz) (costA + sintB)
—g(costA” +sintB") + %qqt(— sintA + cos tB)},
{A:—'y, {B:ba/—u'y,

and

A" = uba’ + by B" = —ba'.

By a straightforward computation, we can obtain
2
so- 20
which means that the spherical Gauss map G defined on Wy cannot be of pointwise 1-type of the
second kind. O
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By Lemma 2, we conclude that U = Up. Then, according to the value of the constant function
¢, that is, zero or not, it follows that either G = —C on U or x(U) is an open part of a ruled
surface parameterized by (55). On the other hand, Theorem 1 shows that if the interior of the set
{p € M|f(p) = 0} of M is non-empty, then it is an open part of a totally geodesic surface in S*. In fact,
a totally geodesic surface of S* has a constant spherical Gauss map. And, we can easily show that the
function ¢ defined on a totally geodesic surface of S is identically zero for all s.

Lemma 3. Let M be a ruled surface in S® parameterized by (2) with pointwise 1-type spherical Gauss map of
the second kind. Then, the function ¢(s) = (a'(s),y(s)) defined on M is constant for all s.

By continuity of ¢, we can see that if a ruled surface M of S® has the spherical Gauss map of
pointwise 1-type of the second kind, then we may assume that either M is part of the ruled surface
parameterized by (55) or AG = 0 on M, given by G = —C. Therefore, we have

Theorem 4. Let M be a ruled surface in the unit sphere S® with a pointwise 1-type spherical Gauss map
of the second kind. Then, M is an open part of either the ruled surface parameterized by (55) or a totally
geodesic surface.

Example 2. Let us consider a unit speed curve o on S® and a constant vector N in E* given by

tx(s):(Tcosfs \[sm\fs\/ )

and
N= (0,0,1,—\2).

Then, we get (¢, N or all s. By the same arqument to get (55), we have
h 8 = 5 for all s. By th 8 get (55), we h

B(s) = (— %cosfos, —%sin\st, %, _\}E)'

’y(s):(—%cosﬁs, —fsm\fs = 7)

Therefore, the ruled surface M on S® parameterized by
M : x(s,t) = costa(s) + sintpB(s)
1 1 1
= —(cost — —sint cosx@s, —
(gleost = psnncos Vas, 5
1 1. 1 .
——cost+ —sint, ——— smt),

V2 277 V2
has the spherical Gauss map G of the form

1
——sint) sin \/Es,
V2 )

(cost —

G:—'y:( cosxfs s1n\fs 5 *L),

which satisfies
2 11
AG = 2(G+(0,o,E 7)).

_ 1 g
(cost \/Esmt)
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