
Article

Study on Stiffness-Oriented Cable Tension Distribution
for a Symmetrical Cable-Driven Mechanism

Kaisheng Yang 1,2,3, Guilin Yang 1,*, Si-Lu Chen 1 , Yi Wang 1,2, Chi Zhang 1, Zaojun Fang 1,
Tianjiang Zheng 1 and Chongchong Wang 1

1 Zhejiang Key Lab of Robotics and Intelligent Manufacturing Equipment Technology, Ningbo Institute
of Material Technology and Engineering, Chinese Academy of Sciences (CAS), Ningbo 315201, China;
yangkaisheng@nimte.ac.cn (K.Y.); chensilu@nimte.ac.cn (S.-L.C.); wangyi216@nimte.ac.cn (Y.W.);
zhangchi@nimte.ac.cn (C.Z.); fangzaojun@nimte.ac.cn (Z.F.); zhengtianjiang@nimte.ac.cn (T.Z.);
wangchongchong@nimte.ac.cn (C.W.)

2 College of Materials Science and Opto-Electronic Technology, University of Chinese Academy of Sciences
(UCAS), Beijing 100049, China

3 Zhejiang Marine Development Research Institute, Zhoushan 316021, China
* Correspondence: glyang@nimte.ac.cn

Received: 17 August 2019; Accepted: 8 September 2019; Published: 11 September 2019
����������
�������

Abstract: In this paper, we focus on the issues pertaining to stiffness-oriented cable tension distribution
for a symmetrical 6-cable-driven spherical joint module (6-CSJM), which can be employed to construct
modular cable-driven manipulators. Due to the redundant actuation of the 6-CSJM, three cables are
employed for position regulation by adjusting the cable lengths, and the remaining three cables are
utilized for stiffness regulation by adjusting the cable tensions, i.e., the position and stiffness can be
regulated simultaneously. To increase the range of stiffness regulation, a variable stiffness device
(VSD) is designed, which is serially connected to the driving cable. Since the stiffness model of the
6-CSJM with VSDs is very complicated, it is difficult to directly solve the cable tensions from the
desired stiffness. The stiffness-oriented cable tension distribution issue is formulated as a nonlinear
constrained optimization problem, and the Complex method is employed to obtain optimal tension
distributions. Furthermore, to significantly improve the computation efficiency, a decision variable
elimination technique is proposed to deal with the equality constraints, which reduces decision variables
from 6 to 3. A comprehensive simulation study is conducted to verify the effectiveness of the proposed
method, showing that the 6-CSJM can accurately achieve the desired stiffness through cable tension
optimization.

Keywords: cable-driven manipulator; redundant actuation; variable stiffness; tension distribution;
optimization

1. Introduction

Cable-driven manipulators (CDMs) are a special class of mechanisms in which cables are employed as
the driving elements. Compared to the conventional rigid robotic manipulators, CDMs have advantages
of large workspace, low moving mass, high payload-to-weight ratio, and variable stiffness. As such,
they have been applied in inspection and repair [1–3], human-robot interaction [4–6], moving and lifting
payloads [7–9] and wearable robots [10–14]. Since cables have unilateral driving properties, i.e., can pull but
cannot push, the number of driving cables in a CDM is greater than the number of its Degree-of-Freedom
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(DOF), yielding redundant actuation. Thus, there exist an infinite number of cable tension distribution
settings for any given pose of a CDM. As the stiffness of a CDM can be regulated by adjusting the
cable tensions [15], a redundantly actuated CDM has the merit of variable stiffness for safe human-robot
interactions. Therefore, a CDM is a promising candidate of collaborative robots to perform various
manipulation tasks in human environment [16,17].

In the last decades, the design [18,19], kinematics [20], workspace [21,22], motion control [23] and
stiffness [24–26] of CDMs have been studied by many researchers. For the issue of cable tension distribution,
some researchers studied the cable tension distribution of a CDM to minimize a p-norm (such as 1-norm,
or 2-norm) of the tensions, aiming to reduce the energy consumption [27–32]. In [33], an analytical method
is proposed to minimize magnitude sum of cable tensions for a completely restrained 6-DOF CDM, in order
to obtain the optimal tension distribution for lowest energy consumption. However, such a method is not
applicable for CDMs with more than one redundant cable. In [34], a cable tension distribution method is
proposed to control the cable-driven platform on a given trajectory, which is formulated as a constrained
optimization problem to minimize the 2-norm of the cable tensions. Two algorithms based on interval
analysis and gradient-based optimizer are investigated to compute the optimal cable tension solutions.
However, these norm-based optimization methods would generally suggest the results being close to the
lower tension limits. This potentially resulted in low robot stiffness and left the cable tend to be slack.
To solve this issue, in [35], a non-iterative method is proposed to find out the safe tension distributions
being away from the tension limits. However, this method is computational intensive when the number of
cables increases. In [36], the issue of stiffness-oriented cable tension distribution is studied and a gradient
projection based method is developed to regulate the stiffness of a CDM by adjusting cable tensions.
However, this method employs the determinant of the stiffness matrix as the cost function, rather than
all entries of the stiffness matrix. It is difficult to achieve the desired stiffness accurately. In summary,
the issue of the cable tension distribution for accurately achieving a desired feasible stiffness of a CDM has
not been addressed well.

In this paper, we focus on the issue of stiffness-oriented cable tension distribution for a symmetrical
6-cable-driven spherical joint module (6-CSJM), which can be employed as a fundamental block for building
modular CDMs. For such a 6-CSJM, due to its redundant actuation, three cables are enough for position
control, and the remaining three cables can be utilized for stiffness regulation. To increase the range of
stiffness regulation, a variable stiffness device (VSD) is designed to connect to the driving cable serially.
Compared to other design [18], this VSD is fixed on the platform, rather than directly attached to the
midway of the hanging cables. Such VSD arrangement reduces the VSD’s disturbance to the cable tensions
effectively. Consequently, the position and stiffness of a 6-CSJM can be regulated simultaneously, such that
its position can be controlled by adjusting the three cable lengths, while its stiffness can be controlled by
adjusting the remaining three cable tensions. The stiffness model of the 6-CSJM indicates that its stiffness
is related to both the geometry change of the 6-CSJM and stiffness of the driving cable with a VSD [37].
Due to the complexity of the stiffness model, it is difficult to obtain the cable tension distribution from
a desired stiffness directly. Hence, we formulate the issue of stiffness-oriented cable tension distribution
as a nonlinear constrained optimization problem. The cost function is constructed based on all entries
of the stiffness matrix of the 6-CSJM, rather than its determinant. Furthermore, we set safe tension zone
for the cable and the VSD to avoid the cable being slack and the tension exceeding the torque limit of the
driving motor. A variable elimination technique is proposed to deal with the three equality constraints in
the optimization model and the decision variables are significantly reduced from 6 to 3. Since the stiffness
model of the 6-CSJM with nonlinear VSDs is complicated, the widely used gradient-based optimization
algorithm is not appropriate. Instead, the Complex method is employed, since it merely require cost
function values in the optimization process [38]. The effectiveness of the proposed method is validated
by a comprehensive simulation. In summary, the major merit of the proposed stiffness-oriented cable
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tension distribution method is that it provides an effective way to achieve accurate stiffness regulation and
position control simultaneously.

2. Design of the 6-CSJM with VSDs

The cable-driven spherical joint module (CSJM) consists of a moving-platform, a base and a passive
spherical joint. The moving-platform is driven by cables. Since the cables can pull but cannot push,
for the 3-DOF CSJM, the number of driving cables, n, should satisfy n ≥ 4 [39]. To have a symmetrical
design, six cables are employed in this CSJM. As shown in Figure 1, there are six small holes on both
of the moving-platform and the base for cables passing through, denoted by Ai (i = 1, 2, · · · , 6) and
Bj (j = 1, 2, · · · , 6), respectively. Geometrically, A2 A3 = A4 A5 = A6 A1 = lA, B1B2 = B3B4 = B5B6 = lB,
A1 A2 = A3 A4 = A5 A6 = eA and B2B3 = B4B5 = B6B1 = eB. O, OA and OB are the centers of the passive
spherical joint, moving-platform and base plate, respectively, in which OOA = hA and OOB = hB. In order
to describe the motion, we set the base frame {B} being attached to the base, and the moving frame {A}
being attached to the moving-platform. When the 6-CSJM is at home pose, the moving-platform is parallel
to the base and the two frames coincide with each other.
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Figure 1. CAD model of the 6-CSJM.

Due to the redundant actuation of the 6-CSJM, three cables are enough for position regulation and
the other three cables can be employed for stiffness regulation. Thus, the position and stiffness can be
regulated simultaneously. Considering the symmetry of the 6-CSJM, six driving cables are divided into
two groups. Cable 1, 3 and 5 are grouped for position regulation, which can be realized by adjusting the
cable lengths. Meanwhile, Cable 2, 4 and 6 are grouped for stiffness regulation, which can be realized by
adjusting the cable tensions. In order to increase the range of stiffness regulation, a novel VSD is designed
and it is connected to the cable in series. The CAD model and kinematic diagram of the VSD are shown
in Figure 2. This VSD is basically a 1-DOF cable-driven mechanism, in which a set of torsional springs
with constant stiffness are employed to connect the rotating rigid link to the shaft of the revolute joint.
Compared to the other designs [18], our VSDs are fixed on the platform, rather than directly attached to
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the midway of the hanging cables. Such design effectively reduces the perturbation to the cable tensions
from the gravity of the VSDs.

(a) (b)

Torsion spring

Rigid-link

Revolute joint Hole for 

fixing a cable

Figure 2. Design of the VSD. (a) CAD model of the VSD; (b) Diagram of the VSD.

In this 6-CSJM, three VSDs (VSD 2, 4 and 6) are installed on the top of the moving-platform. Cable 2,
4 and 6 are fixed to VSD 2, 4 and 6, go through the holes A2, A4 and A6 on the moving-platform, and then
go through the holes B2, B4 and B6 on the base, finally be connected to the cable-driven motors, respectively.
Cable 1, 3 and 5 are fixed in the holes A1, A3 and A5 on the moving-platform, go through the holes B1, B3

and B5 on the base, finally be connected to the cable-driven motors, respectively. In order to measure the
external load applied on the moving-platform, a force/torque sensor is installed on the moving-platform.

3. Stiffness Model of the VSD

As shown in Figure 2b, the cable length l in the VSD satisfies

l =
√

h2 + r2 − 2hr cos φ, (1)

where h is the height of the revolute joint, r is the length of the rigid-link and φ is the angle of the rigid-link.
The cable tension tv applied on the VSD satisfies the equilibrium equation of the VSD, hence it can be
represented as

tv =
lks(φ0 − φ)

hr sin φ
, (2)

where ks is the stiffness of the torsional spring and φ0 is the initial value of angle φ. In this design,
ks = 1.20 Nm/rad, r = 0.018 m, h = 0.03 m, and φ0 = 0.53 rad. According to (1) and (2), the cable length
l and the cable tension tv are both dependent on the angle φ. Denote l = l(φ) and tv = tv(φ), then the
stiffness of the VSD, kv, can be represented as

kv =
dtv

dl
=

dtv

dφ

/
dl
dφ

. (3)

It shows that the stiffness kv is also dependent on the angle φ. The expression of the kv and tv are
both complicated in terms of φ. It is difficult to obtain the explicit solution of φ from tv. Hence, it is
a tough job to obtain exact explicit formulation of kv in terms of tv. In order to simplify the calculation,
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we approximate the expression of kv in terms of tv by a polynomial (4), with 95% confidence bounds and
R-square = 0.996, i.e.,

kv = 8.005t2
v − 239.4tv + 5415. (4)

The curve of kv with respect to tv is shown in Figure 3, indicating that the stiffness is nonlinear and it
increases when the cable tension increases. On the other hand, the displacement of the cable in the VSD,
∆l = l0 − l, can be expressed in terms of tv approximately as following

∆l = −1.687× 10−6t2
v + 2.729× 10−4tv. (5)
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Figure 3. Curve of the stiffness of the VSD in terms of the cable tension applied on the VSD.

Considering the torque limit of cable driving motor and the tensile strength of the cable, and to
avoid the cable being slack, the cable tensions should be limited. Here, we set 10 N≤ tv ≤ 100 N for the
cable tension tv applied on the VSD, terming it as the safe tension zone of the VSD. Similarly, we also set
10 N≤ tc ≤ 100 N as the safe tension zone for the driving cables without connecting to a VSD.

4. Stiffness Model of the 6-CSJM

4.1. Kinematic Analysis of the 6-CSJM

In the 6-CSJM, the moving-platform realizes 3-DOF rotational motions about the spherical joint.
The pose of the moving-platform, described by the pose of the moving frame {A} with respect to the base
frame {B}, is a rotational matrix R ∈ SO(3). Thus, the motion of the moving-platform is a curve on SO(3),
denoted as R(t). It satisfies

R(t) = eσ̂1ζ1(t)+σ̂2ζ2(t)+σ̂3ζ3(t), (6)

where σ̂1, σ̂2 and σ̂3 are the basis of Lie algebra so(3), and ζ(t) = (ζ1(t), ζ2(t), ζ3(t))T is the canonical
coordinate of R(t) with respect to the basis. Here, we choose σ1 = (1, 0, 0)T , σ2 = (0, 1, 0)T and
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σ3 = (0, 0, 1)T , then σ̂1, σ̂2 and σ̂3 represent instantaneous rotations of the moving-platform about the
axes XB, YB and ZB, respectively, where the operation ˆ(·) is defined as

λ =

 λ1

λ2

λ3

→ λ̂ =

 0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0

 . (7)

Since ζ(t) = (ζ1(t), ζ2(t), ζ3(t))T is a vector of the rotational angles, describing the motion of the
moving frame {A} with respect the base frame {B}, the velocity of the moving-platform satisfies

ω = ζ̇(t) =
dζ(t)

dt
. (8)

As shown in Figure 1, denote ai =
−−→
OAi and bi =

−→
OBi as the position vectors of Ai and Bi in frame

{B}, respectively, the vector of the ith (i = 1, 2, · · · , 6) cable from Ai to Bi, denoted as ci ∈ R3, satisfies

ci =
−−→
AiBi =

−→
OBi −

−−→
OAi = bi − ai, (9)

Here, ai can be expressed as ai = RaA
i , where aA

i is the position vector of point Ai in frame {A}. Define
ci = |ci| and ui = ci/ci, then ci = ciui. By differentiating (9) with respect to time, we have

ċi = ċiui + ciωi × ui = −ω× ai, (10)

where ωi is the angular velocity of the ith cable in frame {B}. Dot-multiplying both sides of (10) by ui, we
obtain

ċi = −(ai × ui) ·ω = −(ai × ui)
Tω, (11)

or the equivalent matrix form as
Ċ = −Jω = −Jζ̇, (12)

where C = (c1, c2, · · · , c6)
T ∈ R6 and J = (a1 × u1, a2 × u2, · · · , a6 × u6)

T . Equation (12) represents the
velocity of the cable elongation in terms of the change rate of the coordinate.

4.2. The Stiffness Model of the 6-CSJM

In this paper, the stiffness of the ith driving cable kci (i = 1, 2, · · · , 6) satisfies kc1 = kc2 = kc3 = kc4 =

kc5 = kc6 = kc, where the stiffness of the cable kc = 8.0× 104 N/m. When a driving cable is connected to
a VSD, the overall stiffness of the cable with the VSD, denoted as kcv, satisfies

1
kcv

=
1
kc

+
1
kv

, (13)

where kv is the stiffness of the VSD.
Denote M as the total load applied to the moving-platform, Ti (i = 1, 2, · · · , 6) as the tension

vector of the ith cable, and T = (t1, t2, · · · , t6)
T , where ti = |Ti|, the static equilibrium equation of the

moving-platform is given below
M · dζ + T · dC = 0. (14)

Substituting (12), i.e., dC = −Jdζ, into (14), we have

M = JTT = ST , (15)
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where S = JT is called structure matrix. The differential form of (15) is given below

dM = dST + SdT . (16)

According to the analysis above, we have

dM = Kmdζ, (17)

dST = Zdζ, (18)

dT = KdiagdC = Kdiag Jdζ. (19)

Here, Km ∈ R3×3 is the stiffness matrix of 6-CSJM to be determined, Kdiag = diag{k1, k2, · · · , k6} ∈ R6×6

is a diagonal matrix whose element ki represents the stiffness of the ith (i = 1, 2, · · · , 6) cable, and Z is
defined by

Z = (
∂S
∂ζ1

T ,
∂S
∂ζ2

T ,
∂S
∂ζ3

T) ∈ R3×3. (20)

The diagonal element of Kdiag satisfies ki = kcvi if there is a VSD connected to the cable, or ki = kci if there
is no VSD connected to the cable.

Substituting (17), (18) and (19) into (16), the stiffness model of the the 6-CSJM is expressed as

Km = SKdiagST + Z = Kc + Kg. (21)

The first part Kc yields
Kc = SKdiagST ∈ R3×3, (22)

which represents the stiffness caused by the elongation of the cable (with the VSD) and it is a symmetric
matrix. The second part Kg yields

Kg = Z ∈ R3×3, (23)

which represents the stiffness caused by the change of the geometry of the 6-CSJM.

5. Stiffness-Oriented Cable Tension Distribution Method

As stated in the prior section, Cable 1, 3 and 5 are employed for position control, while Cable 2, 4 and 6
are employed for stiffness regulation. According to (9), the desired feasible pose Rdes ∈ R3×3 can be easily
realized by adjusting the lengths of Cable 1, 3 and 5. For stiffness regulation, we should adjust the tensions
of Cable 2, 4 and 6 to achieve the desired feasible stiffness. However, due to the complexity of the stiffness
model (21), it is difficult to solve the cable tension distribution from the desired feasible stiffness directly.
Instead, we formulate the stiffness-oriented cable tension distribution issue as an optimization problem.

5.1. Formulation of the Optimization Model

Denote Kdes = {kdes(ij)} ∈ R3×3 (i, j = 1, 2, 3) as the desired stiffness matrix of the 6-CSJM at a given
pose Rdes, and Kact = {kact(ij)} ∈ R3×3 (i, j = 1, 2, 3) as the actual stiffness matrix, a desired stiffness
matrix is computed with the given cable tensions according to the stiffness model (21) and an actual
stiffness matrix is computed with the actual cable tensions or measured by the equipments. For this issue,
we require the actual stiffness matrix to achieve the desired stiffness matrix, hence a scalar, dK , is defined
to evaluate the distance of the two stiffness matrices.
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dK =

√√√√1
9

3

∑
i=1

3

∑
j=1

(kdes(ij) − kact(ij))
2, (24)

where all entries of the stiffness matrix are employed, rather than its determinant. Eventually, we define
a cost function f (T) = dK(T), and formulate an optimization model for the stiffness-oriented cable tension
distribution issue

Minimize: f (T), (25a)

Subject to: ST −M = 0, (25b)

tv ≤ tvi ≤ t̄v (i = 1, 2, 3), (25c)

tc ≤ tcj ≤ t̄c (j = 1, 2, 3), (25d)

where [tv, t̄v] is the safe tension zone of VSDs, and [tc, t̄c] is the safe tension zone of cables.

5.2. Elimination of Equality Constraint

The nonlinear optimization model (25) has both equality and inequality constraints. Here, a variable
elimination technique is proposed to deal with the equality constraints and the decision variables are
significantly reduced from 6 to 3. Denote Tp = (t1, t3, t5)

T ∈ R3, Ts = (t2, t4, t6)
T ∈ R3, Sp = (s1, s3, s5) ∈

R3×3, and Ss = (s2, s4, s6) ∈ R3×3, where ti (i = 1, 2, · · · , 6) is the tension of the ith cable, and si (i =
1, 2, · · · , 6) is the ith column vector of the matrix S. Then we can write (25b) as

SpTp = M − SsTs. (26)

The cable tension vector Tp for position control can be represented by

Tp = S−1
p (M − SsTs). (27)

Equation (27) implies that Tp is dependent on Ts. Denote T = q(Ts) and g(Ts) = f (q(Ts)), then the
model (25) can be written as

Minimize: g(Ts), (28a)

Subject to: tv < ti < t̄v (i = 2, 4, 6), (28b)

tc < tj < t̄c (j = 1, 3, 5). (28c)

Remarkably, (28) only contains inequality constraints. In prior works, such optimization model are
usually solved by gradient-based methods. However, the derivative of the cost function of this model
is complicated and difficult to obtained. Thus, the Complex method is employed as the optimization
algorithm to solve this model, since it merely require cost function values.

5.3. Optimization Procedures via Complex Method

When applying the Complex method, there are three decision variables from Ts = (t2, t4, t6)
T and six

inequality constraints from (28b) and (28c). The procedures are described as following:

(i) Formation of the initial Complex: An initial Complex with six vertices T(1)
s , T(2)

s , · · · , T(6)
s is setup in the

feasible region randomly.
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(ii) Generation of a new complex: The values of the cost function at the vertices are computed. The worst

point T(W)
s , where the cost function obtains the largest value, will be replaced by the mapping point

T(M)
s . In this way, a new Complex is generated. Here, the mapping point T(M)

s is computed by

T(M)
s = T(C)

s + α(T(C)
s − T(W)

s ), (29)

where T(C)
s is the center of the other 5 points except the worst point T(W)

s , and α is the reflection factor.
The initial value of α = 1.3. If T(M)

s is not in the feasible region, it should be computed again with
α← α

2 , while its minimum value αmin = 10−5.
(iii) Condition of loop stopping: If the error tolerance, ε ≤ εmin = 10−7, the iterative procedure will terminate,

and we go to (iv). Otherwise, we go back to (i). Here, ε is defined as

ε =

√√√√1
6

6

∑
j=1

[g(T(j)
s )− g(T(B)

s )]2. (30)

In (30), g(T(j)
s ) (j = 1, 2, · · · , 6) is the value of the cost function at the vertex of the current Complex.

T(B)
s is the best point, such that its cost function has the minimum value.

(iv) Finalization of optimal solution: The best point T(B)
s is selected as the optimal solution Topt. From here,

the optimal cable tension distribution is obtained for the desired feasible stiffness.
(v) Validation of stiffness model: The actual stiffness Kact is computed by substituting the optimal cable

tensions Topt into the stiffness model (21). The error η is defined to evaluate the difference between
Kdes and Kact,

η =
||Kdes − Kact||F
||Kdes||F

, (31)

where || · ||F represents the Frobenius norm of the matrix.

6. Simulation

In order to validate the proposed method, a comprehensive simulation is carried out. The dimension
parameters of the 6-CSJM for simulation are given by lA = 0.100 m, lB = 0.130 m, eA = 0.005 m,
eB = 0.005 m, hA = 0.080 m, and hB = 0.080 m.

6.1. Simulation Cases

Firstly, we consider two cases of the 6-CSJM with different poses and loads, i.e., Case 1 with desired
pose Rdes1 and load M1, Case 2 with desired pose Rdes2 and load M2. The desired poses Rdes1 and Rdes2
are given by ζ1 = (0.05, 0.07, 0.03)T and ζ2 = (0.09, 0.14, 0.12)T , respectively. The load Mi represents
the external moment at pose Rdesi (i = 1, 2), which are given by M1 = (−0.98, 0.48,−0.11)T Nm and
M2 = (−1.13,−1.59,−0.33)T Nm, respectively.

Since the stiffness of the 6-CSJM is a 3× 3 matrix, we employ the determinants of the stiffness matrices
to evaluate the ranges of the stiffness. The result is shown in Figure 4, suggesting the ranges of the stiffness
of the 6-CSJM are adequate for regulation.
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Figure 4. Determinant of the stiffness matrices of the 6-CSJM for the two cases.

Followed by this, we choose two desired feasible stiffness matrices for each of the above two cases
and generate four sub-cases, as shown in Table 1, so that we can evaluate the effectiveness of our method
for the 6-CSJM at different poses, with different loads and desired stiffness.

Taking Case 1-a as an example, for the position regulation, the desired pose Rdes1 can be realized by
adjusting the lengths of Cable 1, 3 and 5, where the lengths of Cable 1, 3 and 5 can be computed according
to (9), i.e., c1 = 0.17 m, c3 = 0.17 m and c5 = 0.18 m. For the stiffness regulation, firstly, the structure
matrix S for pose Rdes1 is obtained by the definition S = JT

S =

 0.05 0 −0.04 −0.04 0 0.05
0.03 0.06 0.03 −0.03 −0.05 −0.02
−0.02 0.02 −0.02 0.02 −0.02 0.02

 .

Subsequently, according to the proposed method in the prior Section, we obtain the optimal cable tensions
Topt = (42.6, 10.9, 51.4, 57.7, 20.1, 62.2)T N. In the simulation, the corresponding actual stiffness Kact is
computed by the optimal cable tensions according to the stiffness model (21) and its error with the desired
stiffness are listed in Table 1. The simulation of the other cases are conducted in the similar way as Case 1-a.
The values of optimal cable tensions for the four sub-cases are shown in Figure 5, which illustrates that
they are all in the safe tension zone. The actual stiffness and errors of the four sub-cases are all listed
in Table 1.
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Table 1. Simulation in four sub-cases with different poses, loads and stiffness.

Case Pose Load M Desired Stiffness Kdes Actual Stiffness Kact Error η

Case 1-a Rdes1 M1

 385.7 −3.6 −23.2
−3.4 354.0 −26.1
−22.8 −25.5 133.4

  385.7 −3.6 −23.2
−3.4 354.0 −26.1
−22.7 −25.5 133.4

 0.001%

Case 1-b Rdes1 M1

 434.2 −0.6 −24.1
−0.5 416.4 −17.4
−23.6 −16.8 156.5

  434.2 −0.6 −24.1
−0.5 416.4 −17.4
−23.6 −16.8 156.4

 0.001%

Case 2-a Rdes2 M2

 411.5 −12.8 −34.0
−12.4 344.2 −52.6
−32.5 −51.9 147.3

  411.5 −12.8 −34.0
−12.4 344.2 −52.6
−32.5 −51.9 147.3

 0.001%

Case 2-b Rdes2 M2

 347.7 12.4 −54.2
12.8 353.4 −46.3
−52.6 −45.5 144.6

  347.7 12.4 −54.2
12.8 353.4 −46.3
−52.6 −45.5 144.6

 0.001%
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Figure 5. Optimal cable tensions for the four sub-cases, with the safe tension zones of cables [tc, t̄c].

6.2. Discussion

The stiffness model (21) is too complicated to solve the cable tension distribution from the desired
feasible stiffness directly. Hence we formulate the stiffness-oriented cable tension distribution issue as
a constrained optimization problem. Most of the previous research works employ the determinant of the
stiffness matrix as the cost function, so that the desired stiffness cannot be achieved accurately. In this
paper, we employ all entries of the stiffness matrix to construct the cost function, which is more effective
and accurate for stiffness regulation. Besides, we reduce the number of the decision variables from 6 to 3,
by eliminating the equality constraints of the optimization model. To solve the nonlinear optimization
model, we employ the Complex method to obtain the optimal cable tensions for the desired stiffness. In the
simulation, the optimal cable tensions are obtained by using the proposed method, under four sub-cases
with different poses, loads and desired stiffness matrices. The result shows that the cable tensions are all in
the safe tension zones [tc, t̄c] (Figure 5), and each entry of the actual stiffness matrix Kact is very close to
that of desired stiffness matrix Kdes (Table 1). Hence, the presented method is effective to solve the issue of
stiffness-oriented cable tension distribution for the 6-CSJM.
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7. Conclusions

In this paper, we focus on the issue of stiffness-oriented cable tension distribution for a symmetrical
6-CSJM, which is designed as a fundamental building block for building modular CDMs. For the 6-CSJM,
three cables are enough to regulate position by adjusting the cable lengths, and the remaining three cables
can be employed to regulate stiffness by adjusting the cable tensions. That means the position and stiffness
can be regulated simultaneously. However, it is difficult to solve the cable tensions from the desired
stiffness directly. Instead, we formulate this issue as a nonlinear optimization model with equality and
inequality constraints. In order to obtain accurate solution for the issue, all the entries of the stiffness
matrix is employed to construct the cost function of the optimization model, rather than its determinant.
Furthermore, as it is troublesome to handle equality constraints in an non-linear optimization problem,
a variable elimination technique is proposed to deal with the three equality constraints in the optimization
model and the decision variables are significantly reduced from 6 to 3. The Complex method is imployed
to search for the optimal cable tension distribution for a desired stiffness matrix. A comprehensive
simulation is conducted to verify the effectiveness of the proposed method, with different poses, loads and
desired stiffness. Simulation results illustrate that the proposed method is effective for the 6-CSJM to
achieve desired stiffness closely with optimized cable tensions. Besides, the proposed stiffness-oriented
tension distribution method can be implemented to not only a 6-CSJM but also a modular CDM to achieve
compliant motions in a human-involved environment. In our future work, we would fabricate a prototype
of the 6-CSJM as well a modular CDM, and develop an experimental testbed to implement and verify the
proposed tension distribution method.
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