symmetry MBPY

Article
New Types of Permuting n-Derivations with Their
Applications on Associative Rings

Mebhsin Jabel Atteya >

1 Department of Mathematics, University of Leicester, University Road, Leicester LE1 7RH, UK;
mjaas2@leicester.ac.uk
2 Department of Mathematics, College of Education, Al-Mustansiriyah University, Baghdad 14022, Iraq

Received: 10 November 2019; Accepted: 20 December 2019; Published: 25 December 2019 ﬁ?ﬁfﬁ&;

Abstract: In this article, we introduce new generators of a permuting n-derivations to improve and
increase the action of usual derivation. We produce a permuting n-generalized semiderivation,
a permuting n-semigeneralized semiderivation, a permuting n-antisemigeneralized semiderivation
and a permuting skew n-antisemigeneralized semiderivation of non-empty rings with their
applications. Actually, we study the behaviour of those types and present their results of semiprime
ring R. Examples of various results have also been included. That is, many of the branches of science
such as business, engineering and quantum physics, which used a derivation, have the opportunity
to invest them in solving their problems.
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1. Introduction

Through the 20th century, noncommutative rings have only been issues of systematic study
quite recently. Commutative rings, on the contrary, have seemed, though in a covered way,
much before, and as with countless theories, it all comes back up to Fermat’s Last Theorem. In 1847,
the mathematician Lamé stated an optimal solution of Fermat’s Last Theorem. In dissimilarity
to commutative ring theory, which increases from quantity theory, non-commutative ring theory
progresses from a notion of Hamilton. He attempted to release the complex numbers as a
two-dimensional algebra over the real to a tri-dimensional algebra. Other natural noncommutative
objects that grow are matrices. In 1850, they were presented by Cayley, together with their rules of
addition and multiplication and, in 1870, Pierce noted that the now commonplace ring axioms held for
square matrices.

However, the origin of commutativity theorems for rings could be traced to the paper
of Wedderburn (1905) which was under-titled “a finite division ring is necessarily a field” in
theTransaction American Mathematical society. The study of derivation was initiated during the
1950s and 1960s. Despite the concept of derivation in rings being quite old and playing a significant
role in various branches of mathematics, it developed tremendously when, in 1957, Posner [1] founded
two very striking results on derivations in prime rings. Additionally, there has been substantial interest
in examining commutativity of rings, generally that of prime ring sand semiprime rings admitting
suitably constrained the additive mappings a derivations. Over and above, Vukman [2,3] extended the
above result for bi-derivations. Derivations in rings have been studied by several algebraists in various
directions. It is very enjoyable and it is important that the analogous properties of derivation which is
one of the requisite theory in analysis and applied mathematics are also satisfied in the ring theory.

Derivations of prime and semiprime rings were studied by several researchers? near-rings,
BCl-algebras, lattices and various algebraic structures [4-9]. Multiderivations which are covering
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(e.g., biderivation, 3-derivation, or n-derivation, semiderivation and anti derivation in general)
have been examined in (semi-) rings [2,10-14]. Some researchers have studied n-derivations,
(n,m)-derivations and higher derivations on various algebraic structures, such as triangular rings,
von Neumann algebras, lattice ordered rings and J-subspace lattice algebras [15-21].

In 1976, I. N. Herstein [22] depended on the composition of rings to find fundamental properties,
where he established that, letting R be a ring in which, given a,b € R, there exist integers m =
m(a,b),n = n(a,b) greater than or equal to 1 such that a™b" = b"a™. Then, the commutator ideal of R
is nil. Particularly, if R has no non-zero nil ideals, then R must be commutative. As a matter of fact,
the theorems, especially the commutativity case for rings and near-rings with their applications, have
been discussed by a lot of researchers. The core of that research is to encourage the pursuit of research
on applications of ring theory in diverse areas, such as to emphasise the interdisciplinary efforts
involved in the pursuit of information technology and coding theory. All types of rings collected so far
contribute to their application in diverse sections of mathematics as well as in data communications,
computer science, digital computing and so forth.

During the years, a lot of work has been finished in this context by a several of authors in
different aspects. In 1980, G.Maksa [23] pointed out to the concept of a symmetric biderivation
on a ring R. The concept of additive commuting mappings is closely connected to the concept
of biderivations. Every commuting additive mapping d: R — R gives rise to a biderivation on R.
Linearizing [d(x), x] =0, for all x € R, we get [d(x),y] = [x,d(y)], for all x,y € R and hence we note
that the mapping (x,y) — [d(x),y] is a biderivation on R. Furthermore, all derivations appearing are
inner. More details about biderivations and their applications can be found in Reference [24].

Indeed, in Reference [25] it was shown that every biderivation D of a noncommutative prime ring
R is of the form D(x,y) = A[x,y],x,y € R, where A is a fixed element from the extended centroid of the
ring R. Using certain functional identities, BreSar [24] extended this result to semiprime rings. Later,
several authors have studied permuting 3-derivations in rings (see References [26-28], where several
references can be found). Nevertheless, some authors have done a great deal of work concerning
commutativity of prime and semiprime rings admitting various types of maps which are centralizing
(resp.commuting) on some appropriate subsets of a ring R (see References [29-33]).

The concept of a permuting tri-derivation has been introduced Oztiirk in Reference [34], while
Ajda Fosner [35] presented the notion of symmetric skew 3-derivations and made some basic
observations. Taking into account the definitions of skew derivations, we would like to point out that
in Reference [35] Ajda Fosner introduced the notion of permuting skew 3-derivations in rings and
extended the results given by Jung and Park [10] for A is a permuting skew 3-derivations and proved
the commutativity of R under certain identities, where R is a 3!-torsion free prime ring and A # 0.
Meanwhile, Ajda Fosner [36] also extended the notion of permuting skew 3-derivation to permuting
skew n-derivations in rings and proved several other results. In another contribution, the authors of
Reference [37] have obtained the commutativity of a ring satisfying certain identities involving the
trace of permuting n-derivation. Further, Mohammad Ashraf and Nazia Parveen [38] introduced the
notion of permuting generalized («, ) — n-derivations and permuting a-left n-centralizers in rings
and generalized the above results given by Ajda Fosner [36] in a different setting under some suitable
torsion restrictions imposed on the underlying ring. Notwithstanding, several authors have done a
great deal of work concerning commutativity of prime and semiprime rings admitting different kinds
of maps which are skew derivations on some appropriate subsets of R, then Xiaowei Xu, Yang Liu and
Wei Zhang [4] considered a skew n-derivation (n > 3) on a semiprime ring R must map into the center
of R.

On the other hand, Badr Nejjar et al. [39] proved that # is a fixed positive integer and R is a
(n + 1)!-torsion free prime ring and | a non-zero Jordan ideal of R. If R admits a non-zero permuting
generalized n-derivation Q) with associated n-derivation A such that the trace of () is centralizing
on J. Then R is commutative, where an n-additive mapping () : R — R is called a generalized
n-derivation of R with associated n-derivation A if Q(x1, X2, ..., XiXi, vy Xn) = X1, X2, o0y Xiy vy X ) Xj +
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x;i A (x1,%2, ..., Ri, ..., Xp) for all %;,x; € R, and additive subgroup ] of R is said to be a Jordan ideal
of Rifuor € J,forallu € | and r € R. In the near ring the subject studied by some authors
like A. Ali et al. [40] assumed N to be a 3!-torsion free 3-prime near ring and U be a non-zero
additive subgroup and a semigroup ideal of N. If A is a permuting 3-derivation with trace § and
x € N such that x6(y) = 0 for all y € U, then either x = 0 or A = 0 on U. In addition to that,
Mohammad Ashraf et al. [41] came out with the notion of (¢, T) — n-derivation in near-ring N and
investigated some properties involving (¢, T) — n-derivations of a prime near-ring N which force
N to be a commutative ring. Also, Mohammad Ashraf and Mohammad Aslam Siddeeque [42]
produced let N be a 3-prime near-ring admitting a non-zero generalized n-derivation F with associated
n-derivation D of N. Then F(Uy, Uy, ..., U,) # {0}, where Uy, Uy, ..., U, are non-zero semigroup left
ideals or non-zero semigroup right ideals of N.

Other authors had tried of a permuting n-derivation of algebraic structure, for example
D. Eremita [43] who discussed that if functional identities of degree 2 in triangular rings and obtained
some descriptions of commuting maps and generalized inner biderivations of triangular rings. Yao
Wang et al. [21] showed that if A = Tri(A, M, B) be a triangular algebra. Suppose that there exists
m € M such that [m, [A, A]] = 0. Set ¥,,(x1, X2, ..., xn) = [x1, [x2, ..., [xn, m]...]] for all x1,x7, ..., x, € A.
Then Y, is a permuting n-derivation of A.

However, Skosyrskii [44] who treated biderivations for different reasons, namely, in connection
with noncommutative Jordan algebras.

K. H. Park [12] initiated the notion of an n-derivation and symmetric n-derivation, where # is any
positive integer in rings and extended several known results, earlier in the setting of derivations in
prime rings and semiprime rings as follows?suppose n > 2 be a fixed positive integer and R” = R x
R x..x R. Amap A: R" — Ris said to be symmetric (or permuting) if the equation A(x1, xp, ..., X)) =
A(X (1), Xr(2),* "+ Xr(n)) holds for all x; € R and for every permutation {7(1), 77(2), ..., 7t(n) }. that is,
for every permutation v € S, (permutation on # symbol), where R” = R x R x R x ... x R.

Let us consider the following map: let n > 2 be a fixed positive integer. An n-additive map
A: R" — R (that is,, additive in each argument) will be called an n-derivation if the relations

A(x1%1, X2, o0y Xn) = A(X1, X2, e, X5 ) X1 + X1A(X1X7, X2, .., Xn),
A(Xl, X2X2, ..., xn) = A(xl, X2, ey xn)x‘z + sz(xl, X2, ..., xn), ey
A(x1,x2, .00y XnXy) = A(X1, X2, ey X ) X + Xy A (X1, X2, ..., X))

are valid for all x;, x; € R.

Also, in the same Reference [12], a 1-derivation is a derivation and a 2-derivation is called a
bi-derivation. As in the case of n = 3 we get the concept of tri-derivation. If A is symmetric, then
the above equalities are equivalent to each other. Let n > 2 be a fixed positive integer and let a map
0: R — R defined by 6(x) = A(x1,x2,...,x,) for all x € R, where A: R" — R is a symmetric map,
be the trace of A. It is clear that, in the case when A: R” — R is a symmetric map which is also
n-additive, the trace & of A satiates the identity 6(x +y) = 6(x) + d(y) + L= (AKX, w0y X, Y, Yorrr V)
for all x,y € R where y appears r times and x appears n — r times.

Since we have A(0, xg, ..., x,) = A0+ 0, x2, ..., x4) = A(0,x2, ..., X ) + A0, X2, ..., x5,) for all x; € R,
i=2,3,..,n,weobtain A(0,xp,...,x,) =0forallx; €R,i=2,3,..,n.

Hence, we get 0 = A(0,x2,..., Xz) = A(x] — X1, X2, o0, Xn) = A(X1, X2, .0, Xn) + A(—X1, X2, ..., Xpy)
and so we see that A(—x1, xp, ..., X,) = —A(xq, X2, ..., x,) forall x; € R,i =1,2,...,n. This tells us that §
is an odd function if 7 is odd and J is an even function if 7 is even.

Yilmaz Ceven [45] issued the definition which generalizes the notions of derivation, biderivation
and 3-derivation on lattices, where the map A: L" — L will be called an n-derivation if A is a derivation
according to all components; that is,
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Ay ANa,x, ., %) = (A(x1, %2, ., x0) Aa) V (x1 AA(a, x2, ..., Xn)

A(x1,x0 ANa,x3, ..., xy) = (A(x1, .., Xp) ANa) V (x2 A A(x1, X2, X3, ...,4))

A(xq, ey X1, X0 A a) = (A(x1, o, Xn) Aa) V (X0 AA(X1, o0, X1, a))

are valid for all x; and a € L.

In Reference [46], Bell and Martindale have stated the following results. Specify f # 0 be a
semiderivation of a prime ring R of characteristic not 2 with associated endomorphism g of R and
U # 0 be an ideal of R. Suppose that a € R such thataf(U) = 0. Thena = 0.

Recently, Emine Ko¢ and Nadeem ur Rehman [32] studied symmetric n-derivations on prime or
semiprime rings with non-zero ideals. They proved that if a symmetric skew n-derivation A: R" — R
associated with an automorphis T satisfies any one of the conditions

(i) é(x) =0,
(ii) [6(x), T(x)] =0forall x € U,

where 0 is the trace of A, then A = 0.

Furthermore, Basudeb Dhara and Faiza Shujat [47], have obtained that let R be a n!-torsion free
prime ring, I a nonzero ideal of R, # an automorphism of R and D : R” — R be a symmetric skew
n-derivation associated with the automorphism a. If 7 is the trace of D such that 7(I) = 0, then
D(xq,x2,...,xy) = 0 forall x1, x2, ..., X, € R.

Throughout this paper, R represents an associative ring always. Denote by Z(R) the center of R.
Let x,y,z € R. We write the notation [y, x| for the commutator yx — xy (the Lie product) and x o y for
anti-commutator xy + yx (the Jordan product) also make use of the identities [xy, z] = [x, z]y + x|y, z]
and [x, yz] = [x,y]z + y[x, z]. The ring R is called semiprime if R satisfies the relation aRa = 0 implies
a = 0 and R is called prime if R satisfies aRb = 0 implies a = 0 or b = 0. The relation between the
prime ring and semiprime ring said every prime ring is semiprime ring, but the converse is not true
always. Amap d: R — R is said to be commuting on R if d satisfies [d(x), x] = 0 holds for all x € R.
If [d(x),x] € Z(R) is fulfilled for all x € R then a map d: R — R is said centralizing on R. If the
Leibniz’s formula D(xy) = D(x)y + xD(y) holds for all x,y € R then an additive map D : R — Ris
called a derivation.

The concept of a generalized derivation was introduced in Reference [48] as follows. An additive
mapping D : R — Ris called a generalized derivation if there exists an additive mapping d on R such
that D(xy) = D(x)y + xd(y) for all x,y € R. Besides derivations and generalized inner derivations this
also generalizes the concept of left multipliers, that is, additive mappings satisfying D(xy) = D(x)y,
forall x,y € R.

The inner derivation is fundamental example of derivation, that is, mappings of the form ¢, (x) =
ax — xa where a is a fixed element in R. Generally, the mappings of the form D(x) = ax + xb (with
a,b € R fixed elements) are called generalized inner derivations. The additive map d : R — R into
itself which satisfies the rule d(xy) = d(x)y + a(x)d(y) for all x,y € R named a skew derivation of R.
If &« = 1 is the identity automorphism of R, then d is known as a derivation of R. If there exists a skew
derivation d of R with associated automorphism a such that D(xy) = D(x)y + a(x)d(y) holds for all
x,¥ € R then an additive mapping D : R — R s said to be a (right) generalized skew-derivation of R.

In Reference [49], ]. Bergen introduced the concept of semiderivation of a ring R as. An additive
mapping d of a ring R into itself is called a semiderivation if there exists a function g : R — R
such that d(xy) = d(x)g(y) + xd(y) = d(x)y + g(x)d(y) and d(g(x)) = g(d(x)) for all x,y € R.
For ¢ = 1 a semiderivation is of course a derivation. In Reference [13], Mohammad Ashraf and
Muzibur Rahman Mozumder generalized the concept of multiplicative (generalized)- derivation to
multiplicative (generalized)- skew derivation. A mapping D: R — R (not necessarily additive) is called



Symmetry 2020, 12, 46 5 of 48

a multiplicative (generalized)-skew derivation if D(xy) = D(x)y + a(x)g(y) = D(x)a(y) + xg(y)) for
all x,y € R, where g: R — R is any mapping (not necessarily a skew derivation nor an additive map)
and «: R — R is an automorphism of R. Since the sum of two generalized derivations is a generalized
derivation, every map of the form D(x) = cx + d(x) is a generalized derivation, where c is a fixed
element of R and d is a derivation of R. Furthermore, BreSar and Vukman [14] have introduced the
notion of a reverse derivation (anti-derivation) as an additive mapping d from a ring R into itself
satisfying d(xy) = d(y)x + yd(x),for all x,y € R. Obviously, if R is commutative, then both derivation
and reverse derivation are the same. The generalized reverse(anti) derivations were defined by [50]
Let R be aring and let 4 be a reverse derivation of R. An additive mapping F: R — Ris said tobe a
left generalized reverse derivation of R associated with d if D(xy) = D(y)x + yd(x) for all x,y € R.
Also, the additive mapping D is said to be a right generalized reverse derivation associated with d if
D(xy) = d(y)x +yD(x) for all x,y € R. However, there exists a controversial question here, which is
whether we can find new generators of a permuting n-derivations. So, the answer to this question is
affirmative where the aim of this paper is to introduce the new types of a permuting n-derivations for
associative rings and to make some basic observations.

2. The Main Definitions
This section contains the main definitions which represent keystone of the sequel. Consider n > 2

be a fixed positive integer of the following definitions:

Definition 1. An n-additive permuting mapping /A: R" — R is said to be a permuting n-semiderivation
associated with a function A if

A(xl,xZ, ey XiXiy een xn) = A(X1,XZ, wey Xiy ooy xn))t(xi) + Xid(xl,xz, veer Xjyeeey xn)

= A(x1, X2, ey Rjy ey X ) N () + (%) (21, X2, 00y Xiy oy Xny),

forall x;,x; € R, i =1,2,..,nsuch that d is a permuting n-derivation of R, A(A) = A(A) and A(d) = d(D).
Additive map 6 : R — R defined by 6(x) = A(x1, X2, ..., xu) for all x € R is called the trace of .

Definition 2. An n-additive permuting mapping D: R" — R is said to be a permuting n-generalized
semiderivation associated with a function ¢ if

D(X],Xz,..., le'xl',..., xn) = D(xl,xz,..., .721',..., xn)xi -+ 1717(921) AN (xl,xz,..., Xiyeeey xn)

= (xl,xz, weey Xiy ooy xn)D(xl-) + A(}Zi)lp(xl, XDy ey Xiyonny Xn),

forall x;,x; € R, i =1,2,..,n such that /\ acts as a permuting n-semiderivation of R, D(¢) = (D) and
D(A) = A(D).
Additive map y : R — R defined by u(x) = D(x1, X2, ..., Xn) for all x € R is called the trace of D.

In Reference [22], Ajda and Mehsin introduced the definition of semigeneralized semiderivation
of a ring R with some results about it as following;:

An additive mapping D: R — R is said a semigeneralized semiderivation associated with a
semiderivation d : R — R and the functions i, g : R — Rif for all x,y € R, then

(i) D(xy) = D(x)h(y) +g(x)d(y) = d(x)g(y) + h(x)D(y),
(i) D(d(x)) =d(D(x)),
(iii) D(g(x)) = g(D(x)),
(iv) D(h(x)) = h(D(x)),

() g(h(x)) = h(g(x)).
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In the following definition of a permuting n-semigeneralized semiderivation associated
with functions g, & and a permuting n-generalized semiderivation alternation of a permuting
n-semiderivation which used in Reference [22].

Definition 3. An n-additive permuting mapping (0: R" — R is said to be a permuting n-semigeneralized
semiderivation associated with a functions g and h if

Q(x1, X2, vy RiXiy ooy X)) = QX1 X2, ey Xiy oy X)) (%) + 1 (X)) D (X1, X2, vvy Xiy ooy X))

= g(x1, %2, o0y Xj, o0y X ) Q) + D (X)) (21, X2, o) Xy ey Xr),

forall %;,x; € R, i =1,2,.,n such that D acts as a permuting n-generalized semiderivation of R with the
following properties

(i) Q(D)=D(Q),
(i) Q(g) =g(Q),
(i) Qh) = h(QY),
(iv) h(g) = g(h).

Additive map « : R — R defined by x(x) = Q(x1, x, ..., x,) for all x € R is called the trace of Q.
Obviously, we can gain from the formula of the Definition 3 the definition of n-antisemigeneralized
semiderivation associated with identity functions g and / is defined as

Definition 4. An n-additive permuting mapping 0: R" — R is said to be a permuting n-antisemigeneralized
semiderivation associated with identity functions g and h if

S

0(X1, X2, oo, RiXiy ooy X ) = X;0(X1, X2, ooy Riy vy X ) + D (X1, X2, vy Xjy ooy X)) R

= 0(x;)(x1, X2, o0y Riy ooy X ) + (X1, X2, o0, Xj, X5 ) D())

forall X;,x; € R, i =1,2,..,n such that D acts as a permuting n-generalized semiderivation of R. Additive
map ¢ : R — R defined by ¢(x) = 0(x1,x2, ..., X) for all x € R is called the trace of o. In fact, the definition
of n-antisemigeneralized semiderivation associated with identity functions g and h. However, it has the property

o(D) = D(o).

Hence, from the definition of a permuting n-antisemigeneralized semiderivation, we achieve the
new concept which is skew n-antisemigeneralized semiderivation as follows.

Definition 5. An n-additive permuting mapping «: R" — R is said to be a permuting skew
n-antisemigeneralized semiderivation associated with a functions g and h such that h acts as an identity
and g acts as automorphism if

Y(X1, X2, ey RiXiy ooy X)) = Y(X1, X2, ey Riy ooy X)X + §(X) D (X1, X2, ovv) Xy ovey X))

= (X1, X2, ey Xj, o0, X )Y (X)) + D (%) (X1, X2, 0y Xiy ooy X1

forall %;,x; € R, i =1,2,...,n such that (D) = D(v),v(g) = g(y) and D(g) = g(D). Additive map
1 : R — R defined by 17(x) = y(x1, X2, ..., X ) for all x € R is called the trace of y(R).

The following example demonstrates the previous definitions.
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Example 1. Let R = M, (F) be a ring of n x n matrices over a field F, n > 1 that is:

X]' x]‘+1 o --- 0

o o0 0 --- 0 )
R=1. . . . [\ =%5

0 o 0 --- 0

forallx; € F,j=1,2,...,n. Let A\ be the n-additive mapping of R, defined by

0 (xqxax;- - xp-1)(x1%2% -+, Xn) O

0
A(Sl,SQ,..., §iSi,...,Sn) = :
0 0 0
forall %j,xj1 €F,8;,s; €R,i,j=1,2,..,n
Now, let us determine whether A is a permuting n-semiderivation of R.
Therefore, suppose d is the n-additive mapping of R, defined by
010 ---0 010 ---0 0 x1 0
000 ---0 000 ---0 0 0 0
d(fs,a) =s{. . . . . |—|. . . . .|s=
0 00 0 0 00 0 0 0 0

where s € R.
Obviously, d is n-derivation of R. In other words, d satisfies the relation

d(81,82, . 8iSi, -Sn) = A(81,52, o) Siy -Sn)S;i + 8;d(S1,52, ., Si, --Sn),

forall s;,s; € R,i=1,2,.,n.
The function A which associated with A defined by

x]'xjH 00 --- 0

0 00 -0
A= . . . . .|

0 00 -0

forall xj,xj1 € F,s € R.
Now, we detect /\ from a permuting n-semiderivation of R.
Then, for all Xj,xj41 € R, i=1,2,..,n. We notice that

0 (xpxoxj- - xy_1)(x1%0%j - xn) O

. 0 0 0

AN(S1,52, s SiSiy wver Sn) = ‘ : .

0 0 0
Meanwhile, using the property xJZ = x; from the relation

A(Sl,SQ, weer Siy ey sn))\(si) + §l‘d(51, 82, eeesSiyeeey Sn),

7 of 48
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forall s;,s; € R,i=1,2,...,n. We achieve

0 (xpxoxj---xp-1)(%122%;- - %) O -+ 0
0 0 0 --- 0
0 0 o --- 0.

We employ the same technique to satisfy the relation
AN(81,82, 4/ 8iSis s Sn) = A(81,82, 000y 8jy voey Xn) DN (87) + A (87) (51,52, s Siy s Sn),

forall s;,s; € Rand s;,s; € R, i=1,2,..,n.
In addition to that, we obtain the relation

(x122%) -+ xy1) (X1 %0% -+ x4) O O -+ 0
X 00 --- 0
A(A(51,52, s SiSiy oo Sn)) = A\ ( : S )
0 00 0
o o0 o0 --- 0
000 --- 0
000 --- 0

Furthermore, in the same way we possess the relation

0 (xpxoxj- - xp-1)(x1%0%; - %) 0 --- 0
AMIN(81,82, -, 8iSiy s Sn)) = 0
0 0 0 0

o 00 --- 0

000 ---0

000 - 0

Thus, we obtain A is a permuting n-semiderivation of R. There is a similar result for

To illustrate the concept of a permuting n-generalized semiderivation D of R which is associated with a
function 1, we define the n-additive mapping D as follows

0 (JC1X3X]'35]‘ s xn,l)(x1x3x3x]-35j cee xn) o --- 0

0 0 0o --- 0
D(81,82, -+, SiSiy s Sn) =
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and the function (s) defined by

xj 00 0
0 0 0 0
0 0 0 0

forall s;,s; € R, X € F,ij=12,..,n
Now we have sufficient information adjudicate that D is a permuting n-generalized semiderivation of R.
That means a permuting n-generalized semiderivation D satisfies the following relation

D(Sl,S2, wees SiSiy ey Sn) = D(sl,sz,...,s‘i,...sn)s,- + 1/)(5\1) AN (Sl, 82, weesSiyeees Sn).

Immediately, the left side produces the following value

0 (x1x3X3x]‘_’)E‘...xn_l)(x1x3x3xjx],,”xn) 0 .. 0

S 0 0 0 --- 0
D(Sl/SZI-..,SiSl’,...,Sn) = . . '
0 0 0 --- 0

Moreover, the right side gives us the following

0 (x1x3---x,-1)(x1x3---x4) O --- 0
0 0 0O --- 0
D(51,52, «y Siy-Sn)Si + W(Si) A (51,52, v SiyniSn) = ' : L
0 0 o --- 0
x1 x 0 0 xi 00 0 0 (xyx3---x5-1)(x1x3--x4) O 0
0 0 O 0 0 0 O 0 0 0 0 0
+ .
0 0 O 0 0 0 0 0 0 0 0 0
0 (xpx3Xjx;- - xy-1)(x1X3%%j - xp) 0 --- 0
0 0 o - 0
0 0 o - 0

Applying the property x]Z = xj, we find that D is a permuting n-generalized semiderivation of R and the
two side of previous relation equal to each other. Also, we see that.

xi 00 0 0 00 0
0 00 --- 0 000 ---0
b =D, . . . .|=|. .. . . |=vD
0 00 ---0 000 ---0
Similar result for
D(A) = A(D).

Pay attention to applying in the same way to obtain the same result for the formula

D(81,82, s SiSis s Sn) = (51,52, s Siy oo S ) D (1) + A($i) P (51,82, o) Siyover Sn),
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forall s;,s; € R,i=1,2,..,n.
In the penultimate stepl, we assume that the n-additive mapping Q) appear by

0 (xqx3%jxj- - xp1)(x¥123% -+ x,) 0 -+ 0
0 0 o --- 0
Q(Sll 52/-'~r§isir"'/ S'rl) = . .
0 0 o --- 0

and the functions g and h defined as follows:

0 0 O 0
0 xq O 0
8(s) = o
0 0 O 0
and
0 0 0 0
0 X1X2 0 0
h(s) = .
o o0 0 ---0

We investigate Q) as a permuting n-semigeneralized semiderivation of R. In other words, we check whether
Q) satisfies the following formula or not.
Q(s1,52, -, 8iSiy --Sn) = QS1,52, ..., Si, -.51)Q(5i) + h(8i)D(s1, 52, ..., Siy ---Sn)

foralls;,s; € R, i =1,2,...,n such that D acts as a permuting n-generalized semiderivation of R.
Directly, the left side supplies the following value of Q)(s1,82, ..., $iSi, ..., Sn) a5

0 (X1X3)ij]- . .xnil)(xlx?)x]-x]. cexy) 0 e 0
0 0 0 -+ 0
Q(s1,2, ., 8iSi, -Sn) = . ‘
0 0 0 --- 0

On the other hand, the right side acquires

0 (x1x3%x; -~ 1) (X123%% -~ x4) O -+ 0 xj xjy1 0 -0 0
0 0 0 0 0 O 0
= g . +
0 0 0 0 0 0 O 0
xj X1 0 0 0 (xpxpxj - xp—1)(x1%2% - - xn) O 0
o 0 0 ---0]]o 0 0 -~ 0
h , S
0 o o0 --- 0 0 0 o --- 0

After substituting the values of the functions g and h with using the property x> = x, the above

relation becomes
0 (xpx2xj- - xp_1)(¥122%; %) O --- 0
0 0 0o --- 0
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Straightforwardly, the two sides of the above equation are equal, therefore, arriving at Q) from a permuting
n-semigeneralized semiderivation of R, we must check the properties. So, we assume

0 (xpxpxj- - xp-1)(x1%2% -~ %) 0 --- 0
0 0 0o --- 0
Q(D(Sl,SZ,...,§iSi,...,Sn)) = Q( : : . : : ) =
0 0 0 0
0 00 0
0 00 0
0 00 0
By the same way we retain
0 00 0
0 00 0
D(Q(S],Sz,...,§iSi,...,Sn)) = :
0 00 0
which implies Q(D) = D(Q). Also, we obtain
0 0 0 --- 0 0 00 0
0 xjxjy7 0 -+ 0 0 00 0
s =g(|. T T =« D =nss)
0 0 0o --- 0 000 ---0

For the other cases we apply the same technique. For illustration, the definition of n-antisemigeneralized
semiderivation is associated with identity functions g and h, using the same technique of the case of a permuting
n-semigeneralized semiderivation, we conclude that

S

0(X1, X2, ey RiXiy veey X ) = X;0(X1, X2, ooy Ry woey X ) + D(X1, X2, ey Xiy oeoy X ) X,

with take discreet of the simple differences between them.
The final definition of a skew n-antisemigeneralized semiderivation has the following formula

N

Y(51,52, s 8iSis s Sn) = V(51,52 s Siy e Sn)Si + §(Si) D (51,52, -, Si ---Sn)

forall §;,s; € R, i=1,2,..,n.
For the sake of satisfying this relation, we give permission to the terms

0 (xyxoxj---xy-1)(x1x2%j---xy) O -+ 0

'Y(Sl, 52/ ceey §isil ey Si’l) -
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and the n-additive mapping D(s1, S2, ..., $iSi, .., Sn) by

0 (xp2x0%;---xy-1)(¥122% -+ %) 0 -+ 0
0 0 0O --- 0
0 0 o --- 0

and the function g(s) defineD by

0 00 ---0
0 00 ---0

forall s;,s; € R, X, Xjy1 € F,j=12andi=1,2,..,n.
Over and above that, we apply the property sz = xj too, as well as satisfying the relation v(D) =
D(v),v(g) = g(7v) and D(g) = g(D). Naturally, the previous tools are sufficient to achieve our aim.

We begin with the list of results which are crucial for developing the proof of our results.

Lemma 1 ([51] Proposition 8.5.3). Let R be a ring. Then every intersection of prime ideals is semiprime;
conversely every semiprime ideal is an intersection of prime ideals.

Lemma 2 ([52] Lemma 1). The center of semiprime ring contains no non-zero nilpotent elements .

Lemma 3 ([53] Lemma 2.4). Let n be a fixed positive integer and let R be a n!-torsion free ring. Suppose
that y1,Y2, ..., yn € R satisfy Ayp + A%yo + ... + A"y, = 0 for A = 1,2,...,n. Then y; = O for all i, where
i=1,2,..,n.

Lemma 4 ([54] Lemma 2.4). Let R be a semiprime ring and let a € R. Then [a, [a, x]] = 0 holds for all x € R
if and only if a%,2a € Z(R).

Lemma 5 ([55] Sublemma P.5). Let R be a 2-torsion free semiprime ring. Suppose a € R such that a commute
with every [x,a], x € R, then a € Z(R).

3. A Acts as a Permuting n-Semiderivations of Semiprime Ring

In this section, we want to study semiprime ring R with a permuting n-semiderivations A.
In Reference [56], W.D. Burgess, A. Lashgari and A. Mojiri introduced the concept of a weak zero-divisor
of aring R. An element a € R is called a weak zero-divisor if there are r,s € R with ras = 0 and rs # 0.
The set of elements of R which are not weak zero divisors is denoted by S,. In the following theorem,
we obtain a semiprime ring R has a weak zero-divisor.

For convenience, we suppose all the results of this section satisfy the identity aRb C Z(R),a,b € R.

Theorem 1. Let R be a semiprime ring and A be a permuting non-zero n-semiderivation with a trace § such
that A acts as right-multiplier. If R admits A satisfying the identity [A(Ry),d(Rz)] € Z(R) then R has a weak
zero-divisor.

Proof. From the main relation [A(R1),d(Ry)] € Z(R), after (x1, X2, ...., XiXj, ..., Xn) € R take place of Ry
with applying the Definition 1, we gain the following relation

[A(X1, X2, covey Riy ooy X0 )A(X;), 8 (R2)] + [%id (X1, X2, ovey Xiy ooy X1 ), 6(R2)] € Z(R)
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for all ®;x; € R.

By reason of A is a right-multiplier mapping, then for all x;, x;, 7 € R this relation becomes
[[A((Xl, X2, eenny JZ,', ey xn)/\(xi)),(S(Rz)], 7"] + [[Xid(xl, X2, eenny )Zi, ooy xn),é(Rz)], 7‘] =0. (1)

In agreement with the main relation with using the fact that A is a right-multiplier and replacing
Ry by ((x1,x2, ..., Xj, .., Xn)A(x;)). That means Relation (1) reduces to

[[Xid(xh X2, eeeey )Zl',..., xn),(S(R2)],1’] =0
for all ®;, x;,r € R.

Obviously, when we substitute this value of (1) with using the fact that A is a right-multiplier and
the main relation, we find that

A(xl, X2, eeuny JZZ', ey xn) [[/\(x,-),(S(R2)], 1"] + [A(xl, X2, ey JZ,‘, vy xn), 1"] [)\(X,‘), (S(Rz)}

+[A(x1, X2, ety Xiy ey X)), 6(R2) ] [A(x7),7] = 0.

Replacing r by §(R3), we achieve that
A(X1, X2, ey Riy ooy X ) [[A(X7), 0(R2)], 6 (R2)] 4 2[A(x1, X2, .0y Xy ooy Xn), 0(R2)][A(%7),0(R2)] = 0. (2)
Now replacing x; by D(R;7) of the above relation with the property D(A) = A(D), we show that
A(X1, X2y v iy ooy Xn) [D(A(RL)), 6(R2)], 6(R2)] + 2[A(X1, X2, ooy Riy o Xn), 6 (Ra] [D(A(R1)), 6(R2)] = 0. (3)
Without doubt, applying the main relation on this equation gives us
2[A(x1, X2, ooy Riy ooy X)), 0 (R2) ] [D(A(R1)), 6(R2)] = 0.
Substituting this relation in the Equation (3), we find that
A(x1, X2, ey Riy oeey Xn) [[D(A(R1)), 6(R2)], 6(R2)] = 0. (4)

Moreover, for any arbitrary element t € R, left-multiplying by [[A(x;),d(Rz)],d(Rz)]t and
right-multiplying by tA(x1, x2, ...., Xj, Xi1+1..., X;;) with employing the fact from Lemma 2 yields that

A(x1, X2, oy Ry Xig1, Xn ) E[[A(X7), 6(R2)], 6(R2)] = 0.

Due to R being a semiprime, we acknowledge the set {P,} of prime ideals of R such that
NP, = {0}. In agreement with Lemma 1, we gain the set { P, } of prime ideals of R is semiprime ideal.
Let NP, = U. We achieve that either tA(x1, X2, ...., %, Xj11..., Xz ) € U that is,

i’A(Xl, X2, eeny 921', Xit1eees Xn) =0

which implies to a contradiction where A # 0. Actually, the above result is enough to achieve our
proof after right-multiplying the Equation (4) by any non-zero element of R. O

Now let us introduce the definition of non-zero elements set of a semiprime ring R which is a nest
in the collection of prime ideals of R. It is denoted by M-set respect to the name of author.



Symmetry 2020, 12, 46 14 of 48

Definition 6. A set of a non-zero elements which are located in the intersection of prime ideals NPy of a
semiprime ring R is said to be M-set if has the following property: For a € R, then a> € M-set while a ¢ M-set.
that is, a®> € M-set C NP, whilst a ¢ M-set C NP,.

To make the previous definition closer for the readers, we list the following example.

Example 2. Let R = M, (IF) be a ring of n x n matrices over a field F, n > 1 that is:

0 x 0 -+ 0
o 0 0 --- 0
R=1. . . . .|
0 0 O 0
for all xj € F,j=12.,n
Then it is clear to be seen that
0 x 0 0\> /00 0 0
o 0 0 --- 0 0 0O 0
R=1|. . . . .| =
o 0o o0 --- 0 o0 o0 ---0
Since M-set C NPy, we find that
0 x 0 0\’
0 0 O 0
€ M-set
0 0 O 0
while
0 x 0 0
0 0 O 0
& NPy.
o 0 0 --- 0

Clearly, any non-zero element of R has nilpotency index 2 belong to M-set.

Corollary 1. Let R be a semiprime ring and A be a permuting non-zero n-semiderivation with a trace 6
such that A and ¢ act as right-multiplier and surjective function respectively. If R satisfies the identity
[A(Ry),6(Ry)] € Z(R) then A?> € M-set.

Proof. Employing the same technique which is applied in the proof of Theorem 1 specific to the
Equation (4).

Hence, in the Equation (4) replacing t by tA(x1, X2, ..., Xj, X;..., X, ) with consideration that A acts as
surjective function, we find that

[[D(A(R1)),8(Ry)], 6(R2)|RA(x1, X2, ..., i, Xjuwry X )2 = (0).

Since R is semiprime that is, { P, } of prime ideals of R such that NP, = {0}. In agreement with
Lemma 1, we obtain the set { P, } of prime ideals of R is semiprime ideal.

Employing the same proceeding in the proof of Theorem 1, we conclude that either
[[D(A(Ry)),8(R2)],6(Ry)] € U forall x; € Ror A(x1, X2, ..., Xj, Xjorry X )? € UL
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Basically, from the main relation the first case yields [[D(A(R1)),d(y)],é(y] = 0 forall x;,y € R.
Notwithstanding the second case proving A(x1, xg, ...., Xj, Xj..., xn)2 € U = NP, = {0} yields that
A(xl, X2, eeeey Xiy Xjuuey xn)z =0 forall X, x; € R.

We utilize that A is non-zero permuting n-semiderivation of R which means
A(x1, X2, ey Xj, Xjoo, x,)?> € Me-set and coinciding with the relation A(xy,xy,...., Xj, Xj..., Xn) &
U=nP, = {0}

In fact, this result is meaningful, in which the M-set collect a non-zero nilpotent element having
degree 2 of semiprime ideal. [

Theorem 2. Let R be a n-torsion free semiprime ring and A be a permuting non-zero n-semiderivation with a
trace & which is a homomorphism mapping. If A satisfies A(Ry) o 6(Rp) C Z(R) then

(i) 6*(R) S Z(R).
(ii) either 6>(R) C M-set or A(R) C Z(R).

Proof. Basically, from our hypothesis we have A(Ry) 0 6(Rz) € Z(R).
Replacing Rq by (x1, x2, ...., Xj, Xj..., x,) forall #;, x; € R,i = 1,2, ...,n, we obtain

(A(xl,)Q, veees Xy oeny xn)/\(xl-) + Xid(xl,xz, s Xy Xjg T enes xn)) o 5(R2) € Z(R).
Obviously, we see that
[(A(X1, X2, cevey Riy vy Xn )A(X;) + XA (X1, X2, wovey Xiy Xy 1000, X0 ) )6 (y) + 6(1)

(A(X1, X0, ooy Ry ey X )A(X;) + Rid (X1, X2, 00y Xy ey X)) ), 7] = 0

forall x;, x;,y,v € R.
Taking » = d(y) this relation modifies into

[A(X1, X2, cevey Riy ooy X )A(X4), 6(¥) 10 () + [Rid (X1, X2, o0y Xiy ooy X)), 8 ()]0 () +

S(W)[A(x1, X2, cvvey R, Xy X)) A(X;), 6 (y)] + 6 () [Rid (1, X2, wvvey X, X100, X ), 0(y)] = 0.

After simple calculation, we find that
[A(x1, X2, ooy iy ooy X)), 6(¥)]0(y) + 6(y) [A(X1, X2, ey Xi, Xy X ), 6(y)] = O.
Consequently, we see that
[A(x1, X2, ey Riy ooy X)), 6 (y)?] € Z(R)
According to our hypothesis that é is a homomorphism, this relation modifies to
[A(x1, X2, ey Ry ooy X)), 6(y%)] € Z(R) (5)
In the main relation, we replace Ry by (x1, xp, ...., Xj, ..., X ) and R, by y2 showing that
A(X1,%2, ey Riy ooy X ) 0 8(y?) € Z(R) (6)
Combining the Equations (5) and (6), we immediately obtain

2A(X1, XD, eeeey Xiyouey xn)é(yz) € Z(R)
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For any arbitrary element such as t € R and agreement with Lemma 4, we arrive to
[[t, A (X1, %2, covey Riy vy X0 )6 (Y?)], A (X1, X2, ceney Ry vy X)) (y7)] = O

for all %;, x;,y,t € R. In agreement with Lemma 5, we obtain A(x1, X3, ..., %;, ..., x4 )d(y?) € Z(R).
Immediately, we obtain the result

[t, A(x1, X0, cee) Xy ooy xn)é(yz)] =0 (7)

Lety = y1,v2, ..., YiVi, ... yu and z = z1,29, ....,2iZj, ..., 2y for all x;x;,2;z; € R. Thus, in the
Equation (5), taking y = y + kz, where we consider a positive integer k,1 <k <n—1and z € R, we
deduce that [t, A(x1, X2, ..., X, oo X1 )3 (y + k2)?] = 0

Of course, by reason of A : R — R is permuting and n- additive mapping, then the trace J of A
satisfies the following relation §(x +y) = 6(x) +d(y) + L ( JA(x, x, ..., X,y...,y) where x appears
n — i-times and y appears i-times, with a consequence being that the above relation can be rewritten
as follows:

n—1
[t A(x1, X2, ceeey Riy ooy X)) (87 +22) + 8 (k(yz + 2y)) + Y AV +22), (Y + 22), .., (V* + 22), @
i=1

(k(yz +zy)), ... (k(yz +zy)))] = 0.

According to (7), the Equation (8) reduces to [t, A(x1, X2, ..., i, oo, X ) (6 (k(yz +2y) ) + L1 A((? +
22), (Y* +22), ..., (y* + 22), (k(yz + zy)), ..., (k(yz + zy)))] = O for all ®;, x;,t € R.

The element y is used as a substitute for z of this relation and, applying the
Equation (7), we achleve that [, A(x1, X2, e Xiy ooy Xn) LI AP +22), (P +12), o, (V2 +7), (K(y* +

Y1), (k(y* +97))] =
Applying Lemma 3, we see that

2nlt, A(x1, X2, ey Riy ey xn)A(yz,yz,...,yz)] =0.

Utilization of our hypothesis that R is n-torsion free and putting x1 = x = ... = % = ... = x;, =
x?, we find that [t, A(x?)A(y?)] = [t,6(y?)?] = 0.

Clearly, we have that §(y?)? € Z(R).

Particularly, Lemma 4 can change this identity to [[t,d(y)?],6(y)?] = 0. Applying the same
technique and using Lemma 4, we conclude that 26(y)? € Z(R).

Due to R being n-torsion free, we see that [t,4(y)?] = 0 yields 6(y)? € Z(R).

(ii) From the first branch, we have the Equation (5) which is [t, A(x1, X2, ..., i, ..., X1 )3 (y?)] = 0.

From this relation and using the result of the fist branch, we find that

[t, A(x1, X2, cee) X, oo,y xn)}é(yZ) =0.

Putting t = tr,r € R, the last expression can be written as [t, A(x1, X2, ..., X, ..., xn)]ré(yz) =0.

The last expression is the same as the proof of Theorem 1, therefore applies the similar arguments
as used in the proof of Theorem 1. Hence, we obtain two options, either [t, A(x1, %0, ey Ry oeey xn)] ceu
or 6(y?) € U. The first case proved A(xy, X2, ..., Xj, ..., xu) € Z(R) while the second J(y?) = 0. Since
5 # 0then 6(y?) € M-set. O

Theorem 3. Let R be a 2-torsion free semiprime ring and A be a permuting non-zero n-semiderivation. If A
satisfies the identity [A(R1), A(Ry)] € Z(R) then A(d) and A(Ry) commute with R.
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Proof. Putting yA(x1, Xy, ...., X;, X;..., X, ) instead of for R; in the main relation, we arrive to
[A(Y)A(A(x1, X2, ey Riy Xjoeey X)), A(R2)] + [yd(A(x1, X2, ooy Ry Xiey Xn) ), A(R2)] € Z(R)

forall x;, x;,y € R
For any arbitrary element of R and using the property A(A) = A(A), we find that

[[AW)A(x1, X2, 0y Ry X Xn ), MR, 1] + [[yd (A (31, X2, s Xiy Xioery ¥0)), B(R2)], 7] = 0.

Replacing Rq by y in the main relation, we conclude that [A(y), A(R2)] € Z(R).

Putting A(xy, X2, ...., X, X;..., X, ) instead of Ry give us [A(x1, X2, ..., Xi, Xj..., Xn) ), A(R2)] € Z(R).

Using these results for [[A(W)A(x1, X2, ey Xj, Xy X ), A(RR) ], 7] +
[[yd(A(x1,x2, ey Xj, Xy X)), A(R2)], 7] = 0. It reduces to

[lyd(A(x1, X2, ooy X, Xjeeoy X)), A(R2)], 1] = 0. Again, applying the property A(d) = d(A) yields
ylIA(d(x1, %2, ey iy Xiowoy X)), ARR)], 7] + [y, 1] [A(d (31, X2, vy Riy Xy X)), D(R2) ]+

[y, A(R)][A(d(x1, X2, +ovey Riy Xjooey X)), 7] + [[y, D(R2)], 7] A(d (21, X2, wvvv) X4y Xiowoy X)) = 0.

In the main relation, replacing R; by d(x1, x2, ..., j, X;..., X, ) and applying the result of this relation,
it follows that

[y,T] [A(d(xl,xz,...., Jfl‘, Xijeeey xn)),A(Rz)] + [y,A(Rz)][A(d(xl,xz,...., .’)Zl', Xieeey xn)),r]
+(ly, A(R2)], r]A(d(x1, X2, wovey Riy Xjuwry X)) = 0.
Taking A(R) for r this relation modifies to
2[y, A(R)][A(d(x1, X2, vy iy Xiwry X1) ), A(R2)] + [[y, A(R2)], ] A(d (X1, X2, ey Ri) Xjoooy X)) = 0

forall %, x;,y € R.

Putting A(R;) instead of y, with applying the main relation and employing the fact that R is
2-torsion fee. In addition to that, replacing Ry by d(xy, x2, ..., ¥j, X;..., X, ) based on Lemma 2. From this
equation, we arrive tot A(d) and A(Rp) commute with R. We have completed the proof. [

We now state the consequence of Theorem 3.

Corollary 2. Let R be a semiprime ring and A be a non-zero permuting n-semiderivation. If R admits A
satisfying the identity [A(R1), A(Rp)] € Z(R) then A(d(R)) is central of R.

Proof. We begin with the identity [A(R1), A(Rz)] € Z(R). According to Theorem 4, we find that
[A(d(xl, X2, eeuey JE,', Xjeeey xn)), A(R2)] =0.
Replacing Ry by yA(x1, x2, ...., ®j, ..., X ) and applying the property A(d) = d(A), it follows that

[A(d(x1, X2, covey Xj, Xy X)), DY) A(A (X1, X2, ey X, Xy X)) + YA(d (X1, X2, oy X, Xy X)) ] = 0

forall x;, x;,y € R.
Furthermore, using the main relation with simple calculation, we see that

[A(d(x1, X2, ey Ry Xiowry X)), Y| A(A (X1, X2, ovey Ry Xjoeey X)) = 0

forall x;, x;,y € R.
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Replacing ty,t € R with y in this relation and using that result, we see that
[A(d(x1, X2, oy Riy Xjoooy X)), HyA(d (%1, X2, ooty X, Xjoor, X)) ) = 0. )
Replacing y by Ry in the Relation (9). This implies that
[A(d(x1, X2, oy X, Xjwoy X)), ) RYA(d (X1, X2, vy X, Xjowey X)) = (0). (10)

Again, in (9), substituting R for y and right-multiplying by y. Subtracting this result from (10), we
arrive to [A(d(xq, x2, ..., Xj, Xj..., X)), y] = 0. This implies to A(d(R)) is central of R.
We obtain the required result. [

Theorem 4. Let R be a semiprime ring and A be a permuting n-semiderivation with a trace 6 such that A acts
as a homomorphism. Suppose A satisfies the identity A(Rq1) o 8(Ry) F [Rq, Ra] € Z(R). Then

(i) either A(Ry)? C M-set or 6(Ry) and A(R?) commute with R.
(ii) R is commutative if 5(R) = 0 or A(R) = 0.

Proof. (i) As above, we have the relation A(Ry) 0 6(Rp) F [Ry,Rz] € Z(R). Putting Ry = Ry, in the
main relation yields that A(Ry) 0 6(Ry) € Z(R).

Then the last expression of this relation can be written as [A(R1)d(R1), 7] + [6(R1)A(R1),7] =0
forallr € R.

Replacing by A(R;) in this relation, we notice that

[A(R1)%,6(Ry)] = 0. (11)

which implies that [A(R;)?,6(R;)] € Z(R). Moreover, in the relation A(R1) o §(R1) C Z(R) putting
R3? instead of Ry with using the fact that A acts as homomorphism yields

A(R%) 0 8(Ry) C Z(R).

Subtracting this result with Equation (11), gives us 2A(R%)8(R;) C Z(R).
Application of the fact that R has torsion restriction gives the following

[A(RD)S(Ry), 7] =0
for all ¥ € R. Hence, replacing r by A(R?) of this relation becomes
A(R)[8(Ry), A(R)] = 0.

Left-multiplying by [6(R;), A(R?)]t and right-multiplying by tA(R?), t is any arbitrary element of
R with employed Lemma 2. Then it is easy to see that

[6(R1), A(RDIRA(R]) = (0).

Now repeating similar technique to those we applied in the final part of the proof of Theorem 1,
we conclude that: either A(R?) € U = NP, = {0} or [6(Ry), A(R?)] € U = NP, = {0}.

Actually, our hypothesis points out that A # 0, in addition to the fact that A acts as a
homomorphism mapping which means the first case implies A(R;)? € M-set. While the second
case supplies that 6(Ry) and A(R?) commute with R. (ii) If § = 0 then the main identity reduces into
[R1,Rz] € Z(R) which implies that R is commutative ring. Hence, we get the required result. [
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Theorem 5. Let R be a 2-torsion free semiprime ring and A be a permuting n-semiderivation with a trace &
which acts as left-multiplier. Suppose A satisfies A(R1 o Ry) F6([R1, Ro]) F [Ry,Rz] € Z(R). Then R is
commutative.

Proof. First, we discuss the case A and ¢ are not equal to zero, so the main identity still A(Ry o Rp) F
6([R1,Ro]) F [R1,Ra] € Z(R).
For any arbitrary element t € R, we conclude that

[A(Ry © Ry), 1] F [6([Ry, Ra]), t] F [[R1, Ry, t] = 0. (12)
Putting R; instead of for R, in this relation and using the fact R is 2-torsion free, we find that
[A(RD), 1] =0. (13)

Linearizing Equation (13) with depending on the fact R is 2-torsion free and using Equation (13),
we show that
[A(R1R2), t] = 0. (14)

Again, in (13), substituting R, 4+ R; in place of R; and using R has a 2-torsion free, we observe
that [A(RzR]), f} =0.

Combining Relation (14) with this relation, it follows that [A(R] o Rp), t] = 0.

Substituting this Equation of (12), we gain that

[6([R1, Ra]), ] + [[Ry, R, 1] = 0.
Replacing [R1, Ry] with t, we find that
[6([R1, Ra]), [R1, Ro]] = 0. (15)
Particularly, for Ry = R;R3 this relation extends to
R1[0([R1R3, Ro]), [Rs, R2]]
+[6([R1R3, Ro]), R1][R3, Ry
+[R1, Ro][6([R1R3, Ry]), Rs]
+[6([R1R3, Ro]), [Ry, Ro]|R3 = 0.
Replacing R3 by R;. Last expression implies that
[R1, R][6([R1, Ro]R2), Ro] + [6([R1, R2]Ra), [Ry, Ro]|Ry = 0.
By reason of that J is a left-multiplier and applying of Equation (15), this relation arrives to
([R1, Ro][6([R1, Ra]), Ro] + 6([Ry, Ra] )[Ry, [Ry, Ro]] )Ry = 0.
Furthermore, simplify this relation and using (15), this relation reduces to
(0([R1, Ra])Ra[R1, Ra] — [Rq, Ra]Ra6([R1, Ra]))Rg = 0. (16)

Multiplying (16) from the right by Ryt(5([R1, R2])R2[R1, Ra] — [R1, R2]R20([R1, Rz])) and the left
by R3t, t is any arbitrary element of R with applying Lemma 2 and aRb C Z(R), we obtain

R3t(3([R1, Ra])Ra[Ry, Ra] — [Ry, Ro]R25([Ry, Ry])) = 0.
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Now repeating similar technique we used in the final part of proof of Theorem 1, we arrive to
two cases.

In first case, we have R3 € U = NP, = {0}. This implies R3 = 0.

Where R, # 0, we see that R% € M-set. From the second case, we find that

J([R1, R2])R2[Ry, Rz] = [R1, R2)R26([Ry, Ry
Right-multiplying by [R1, R;] this relation becomes
5([R1, Ra])Ra[R1, Ry]* = [Ry, Ra]Ra8([R1, Ro])[Ry, Ry (17)
According to Relation (15) this equation modifies to
S([R1, Ra])Ra[Ry, Ry]* = [Ry, Ra]Ra[Ry, Ra]6([Ry, Ra)) (18)
Subtracting Relations (17) and (18). Then, it is easy to see that
[R1, R2]R2[6([Rq, Ra]), [R1, Ro]] = 0.

Left-multiplying by [6([R1, R2]), [R1, Rz]]t and right-multiplying by t[Ry, R2]Ry, where t is any
arbitrary element of R. In addition to that, applying similar method as we used in the proof of Theorem
1, we observe that; either [R1, Rp]Ry € U = NP, = {0} or [6([R1, R2]), [R1, Rp]] € U = NP, = {0}.

Of course, the second case satisfied by work. That means we have the first case which [Ry, Rz|R; €
U = NP, = {0} implies to [Ry, Rz]R; = 0.

Replacing Rq by Rit, where f is any arbitrary element of R, we note that

[R1, RotRy = 0. (19)
Now in Equation (19) putting ¢R; for ¢, we achieve that
[R1, RoJtR1 Ry = 0. (20)

Right-multiplying (19) by R; and subtracting this result from Relation (20) with using the
semiprimeness of R, the R satisfy that
[R1, Rz] = 0. Obviously, R is commutative.

Now we take A = § = 0 yields [Ry, Rp] € Z(R). Without doubt, R is commutative. This finishes
the proof. O

4. Permuting n-Generalized Semiderivation of Semiprime Rings

In this section, we study the behaviour of a permuting n-generalized semiderivation on semiprime
rings R with Z(R).

For more convenience, we suppose all the results of this section satisfies the relation aRb C
Z(R),a,b € R. Except Theorem 7.

Theorem 6. Let R be a 2-torsion free semiprime ring, U be a non-zero ideal of R and D be a permuting
n-generalized semiderivation. Suppose D satisfies the identity D(R o U) F [R, U] C Z(R). If

(i) D(R) # O with the property x* = x; for all x € R then either D(R) is central of R or D(R) C M-set or
D(R?) is commuting of R such that i = 1,2,...,n.
(i) D = 0 then R contains a non-zero central ideal.

Proof. First, we observe that R satisfies the identity D(R o U) F [R, U] C Z(R). Clearly, this relation
implies D(rox) F [r,x] € Z(R) forallx € U,r € R.
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Moreover, we note that D(rx) + D(xr) + [r,x] € Z(R) forall x € U,r € R.
The last relation can be rewritten as

D((Tl, Yo, eeey fz', Viewy Tn) (xl, X2, eeeey 351', Xijeeey xn))

+D((x1, X2, eeeey Xiy Xjoor, xn) (1’1, 72, e, Ti, Tiee, Tn))
+[(r1, 72, ceees Pis Fivey 1), (X1, X2, ety Xi, Xy X )] € Z(R)
forall,x;,x; € U,7;,r; € Rsuchthati =1,2,...,n.
Applying Definition 2 to the first term of this relation, we achieve that

D((11,72, ceeey Piy Tiveey T ) (X2, X3, eevey Ry Xjorey Xi7) ) X1

FP(rn)A((r1, 12, ooy Py Fives Y1) (X1, X2, vy Riy Xjoeey X1))
+D((x1, X0, eeey Xiy Xjuvey xn) (1’1, 79, ceeey Uiy Tiney Tn))
(11,72, vy Piy Tiveey ), (X1, X2, vy Riy Xy X )| € Z(R).

Let

w(ri, xi) = l/)(?‘n)A((7’1, 12, ooy Piy Ties, 7n—1) (Xl, X2, eeeey Xy Xjurey xn))
+D((x1, X2, ooy Riy Xjeoey X ) (11,72, vy Piy Ve 7))
+ [(1’1, 72, ey Tiy Tineey T’n), (X1, X2, eeey Xy Xjuuey xn)],
i=1,2,..,n
Hence this relation can be rewritten as
D((r1,72, ey Piy Fivey T ) (X2, X3, wvey Ry Xjooey Xy ) ) X1 + (7, %) € Z(R)
For any arbitrary element of R, we find that
D((r1,72, vees Piy Tives T ) (X2, X3, ety Riy Xjooey Xy ) ) [X1, ]

F[D(r1, 72, ey Piy Vioeey 10 ) (X2, X3, veey Xy Xjowey X)), E| 31 + [0 (74, %), 1] = 0.

Putting t = xq of this relation yields
[D((71, 72 v Piy Fiveey Tn ) (X2, X3, vevey Riy Xiwey X)), X1]X1 + [0 (74, 1), %1] = 0.
In this relation replacing x1 by w(r;, x;), we find that
[D((71,72, ooes Py Fivoy ¥r) (X2, X3, vy Riy Xjeoy X)), w (¥, 1) | (75, %) = 0.

Now left-multiplying by w(r;, ;)R and right-multiplying by R[D((r1,72, ..., i, ti..., 7n) (X2, X3, ....
,Ri, Xi, oy Xn)), w(7;, x;)] with applying Lemma 2 and aRb C Z(R),a,b € R, we arrive to

w(ri, %) )R[D((r1, 72, ovus Piy Tiveey ), (X2, X3, ey Ry Xiy ooy X)), w (75, %;)] = 0.

Due to R is a semiprime, we consider the set {P,} of prime ideals of R such that NP, = {0}.
According to Lemma 1, we obtain {P, } the set of prime ideals of R is semiprime ideal.
Let NP, = U. Hence, we have either w(r;, x;) € U that is,
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w(ri, %) = Yrn) D11, 72, ey Py Fiooy Trio1) (X1, X0, ety Riy Xjowoy Xt ))
~|—D(X1,X2,...., Xi, Xjeury xn)(rl, 79, ey T, 1’1’...,1’;1)
+ (1,72, coees Piy Fieoy ), (X1, X2, ey X, Xy X )] = 0.

We add the term —D((r1, 72, «oey Pi, ¥iewey T ) (X1, X2, <ene, Ri, Xjoeny X5y ) ) to both sided of this relation, we
obtain that

Y1) A((11, 12, e iy Voo T—1) (X1, X2, vty Riy Xjoooy X)) — D((71, 72, vy Py Voo ') (X1, X2, ovy Ry Xjovey X))

= —D((x1, X2, ooy Riy Xjorey X1 ) (11,72, ooy Piy Vi ') ) — D((F1, 72, vy Py Fiees ¥1) (X1, X2, covey Riy Xjovey Xt))
—[(1’1,1’2,...., fl', Viewy T’n), (X1,XZ,...., 321’, Xieeey xn)].

Rewriting this relation as follows

1/)(Vn)A((1’1, Y2, ey fl', Vieeey T’nfl) (xl, XDy eney 321', Xjeeey xn)) — D((Tl, Y2, eeeey f,‘, Viey rn)(xl, X2, eeny 921‘, Xieeey xn)

= —D((Tl,rz, ceery fz', 1’1'...,1’«,1) (¢] (xl,xz,...., JZ'Z', Xijueey xn))
—[(r1, 72 ees Py Piveey ), (X1, X2, ey Ry Xjory X)) |-

Corresponding to the main identity D(R o U) F [R, U] C Z(R), from the left side of this relation,
we arrive to

Y(rn) A1, 72, e Piy Ve Fry—1, X1, X2, cevey Xy Xjovey X))
—D((l’l,rz, ey fl', Vi rn)(xl, X2, eeney 321', Xieoey Xn) (S Z(R)

Simplifying this expression, we find that
—D((r1, 72, coes Piy Vioey ') (X2, o0y X, Xiooy X)) X1 € Z(R)
For any arbitrary element of R from this relation, we show that

D((T’l, ra, ..., fl', Vieeoy Vn)(XZ,...., 9(\71', Xijeeey xn))[xl, t] + [D((?’l, 1’2,...,1>l', Vieery rn)(xg_,..., 921‘, Xjeeey xn)),t]xl =0

forall x;,x; € U,r,t € R

Substituting t for D((r1, 12, ..., Pi, ¥ieeey 70 ) (X2, .., Xi, Xj..., X)) @and x1 by yx7, we notice that
D((r1, 72, vees Piy Fioooy 70 ) (X2, ovy Riy Xiowoy X)) Y [X1, D((1, 72, oo iy Tieoy Tn) (X2, woey Ry Xjovey X))

+D (1,72, ces Ty Viooey T0) (X2, vy Riy Xiowy X)) [V, D((11, 72, coey Py Viooy T ) (X2, ooy Riy Xjowwy X)) |21 = 0.
Putting D((r1, 12, ..., Pi, ¥iweey 0 ) (X2, oo, Ri, Xioooy X)) fOr y Of this relation, we see that
D((r1,72, ey Pi, Fivwy ) (X2, vy B, Xjone, xn))z[xl,D((rl,TQ,...,fi, Fivws¥n) (X2, ooy iy Xjwy X)) )] = 0.
Left-multiplying by D((71, 72, ..., i, iveey 1) (X2, covs Riy Xy X)) ) [%1, D((71, 72, ooy iy Vi 7)) (X2, o0y X, X

., Xn))] and right-multiplying by D((rq, 12, ..., 7i, ti..., ¥n) (X2, ..o, Ri, Xjooo, X)) With applying Lemma 2
and aRb C Z(R),a,b € R, we find that

D((11,72, ey Piy Fiewoy 1) (X2, ceoey Xy Xjwy X0 ) ) [X1, D((71, 72, w0y Piy Tieey T ) (X2, ooy By Xjney X)) )]

D((r1,72, ey Piy Viveey ') (X2, wvey Riy Xjwwy X)) = 0.
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Now if we continue to carry out the same method as above, after right-multiplying this relation
by [x1, D((r1, 12, ) Pi, Vieey Tn) (X2, .., Ri, Xj..., X ) )| and employing Lemma 2 and aRb C Z(R),a,b € R,
this relation reduces to

[x1, D((r1, 72, ey Piy Fives ¥1) (X2, ooy Riy Xioeey Xn )| D (71,72, ovy Piy Tieey ') (X2, evey Ry Xjowoy X)) = 0.

Using the action of Lemma 2 with right-multiplying y[x1, D((r1, 12, ..., i, iweey Tn ) (X2, oo, Ri, X,
., Xz))] and left-multiplying by D((r1,72, ..., Pi, ¥jees ¥n) (X2, ey Xi, Xjooe X))y, Y € R, we satisfy that

D((71,72, ces iy Vieeoy ') (X2, wovey Riy Xiowy X)) )Y [x1, D((11, 72, o0 Piy Vieoy ¥ ) (X2, o0y Ry Xjwy X)) = 0. (21)
Putting x1y for y in this relation yields
D((71,72, vy Piy Fieooy T ) (X2, ovey Riy Xjowy X)) X1y [X1, D((1, 72, ooy Py Fioooy 1) (X2, ey Riy Xty X)) )] = 0. (22)

Left-multiplying (21) by x; and subtracting this result from (22) with using R is semiprime and
D # 0, we observe that

[xl, D((T’l, Yy, ..., fi/ Vieeoy T’n)(X2, ceey )ZZ', Xjeeey xn))] =0.

Hence, from the last equation, we see that D((r1, 72, ..., i, Tiee., Tn) (X2, ooy X, Xjoey X)) € Z(R).
Replacing x by x1x2, we achieve that D(R) C Z(R).
Or [D((r1, 12, ey Piy Fivooy 1) (X2, X3, o0y i, Xiy ooy X)), (75, ;)| € U which implies to the relation

[D((l’l,rz, vy 1)1', Vieeey Tn) (XZ, X3, eeey J(\fl', Xijeery xn)),w(rl-, Xi)] =0.
Now substituting the value of w(r;, x;) for this relation with simple calculation yields
[D((r1,72, ey Piy Fivey T ) (X2, X3, vvey Riy Xiowry X)), W(Fn ) N((11, 72, ooy iy Vi Tue1 ) (X1, X2, covey Riy Xiooey X)) ]

+[D (1,72, cos Piy Tivees ') (X2, X3, o0y Riy Xjeoey X ) ), D((%1, X2, vy Ry Xiowoy X)) (71, 72, covey iy Tieny )]
+[D((1’1, Yo, ...y fl', Vieeoy rn)(xz, X3, eeny JZZ', Xijeeey xn)), [(1’1, Yo, eeeey fi, Vieeey T’n), (xl, X2, eeeey JZZ', Xijeeey xn)]] =0.

We add the term [D((71, 72, oy Pi, Fiveoy ') (X2, X3, o0y Xiy Xjeooy X ) ), D(¥1, 72, ooy Piy Fivooy Ty X2, X3, ey X, X,
x))x1] to both sided and using D is symmetric mapping, we conclude that

Z[D((i’l, 2, ..., fl', Vieeoy Tn) (JCz, X3, ey 921», Xijeeey Xn)), D((T’l, ry, ..., fl', Vieeoy rn)(xl, X2,X3, ..., 921», Xijeeey xn))}

+[(r1, 72, eeeey iy Vieen, rn), (xl, X2, eeey Xiy Xjurey xn)]
= D((11,72) oo Pis Tives Tn) (X2, X3, ooy Xiy Xjoey X ) ) [D (71, 72, o0 iy Tiwoy ) (X2, X3, w0y Xy Xjoooy X)), X1
Replacing x7 by x1x7 and using xz-z = x1 with putting x; for r; of this relation, we find that

D(xl, X2,X3, ..., 321’, Xieeey xn))z[D(X1, X2,X3, ..., JZ,‘, Xijeeey xn))z

, X1] =0.

Left-multiplying by [D(x1, X2, X3, ..., Xi, X;..., Xn) )%, X1] R and right-multiplying by RD(x1, x2, x3,
ey Xy Xjoery xn))Z. Also, using Lemma 2 and aRb C Z(R),a,b € R with applying the same
previous technique which used of the above part of our proof, we satisfy two options either
D(xl, X0, X3y eeey Xiy Xjeery xn))z € Uor [D(xl, X2, X3, eeey Xjy Xjuuey xn))z, xl] e u.

Definitely, the first case and using the condition D # 0 give us D(x1, X2, X3, ..., Xi, Xj..., X)) € M-set.

Whereas, the second case implies to [D(xy, X2, X3, ..., Xj, Xj..., xn))z, x1] = 0. Writing x instead of
X] =Xy = X3 = ... = X = Xj... = X,). Hence, we conclude that [D(x)?, x] = 0. Linearization of this
equation and using it. Applying that R is 2-torsion free, we conclude that D(R?) is commuting on R.
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(ii) Obviously, if D = 0 then the main relation becomes [R, U] C Z(R). It is clear that R contains a
non-zero central ideal. This completes the proof. O

Remark 1. The condition x* = x; which appeared in Branch(i) of the previous theorem is not superfluous.
Indeed, the evidence of this fact can be obtained from Example 1.

Theorem 7. Let R be a 2-torsion free semiprime ring, U be a non-zero ideal of R and D be a permuting
n-generalized semiderivation with a trace y. Suppose D satisfies the identity D([R, U]) F u(Ro U) C Z(R). If

(i) D(R) # 0then D(U?) C Z(R).
(ii) D(R) = 0 then u(U?) C Z(R).

Proof. (i) Given that D([R, U]) F u(RoU) C Z(R). Evidently, replacing R by U reduces this relation
into Fip(U?) C Z(R).

Putting x 4y for all x,y € U instead of U of above relation, for any arbitrary element of R
say r, regard that x = (x1,x2, X3, ..., Xj, Xj..., X)) and y = (y1,Y2, Y3, ., Yi, Yi---, Yn), we conclude that
[ (x2), 7] + [p(xy + yx), 7] + [u(y?),7r] = 0forall x,y € U,;r € R. According to the identity u(U?) C
Z(R), this relation modifies to

[u(xy +yx),r] = 0. (23)

It is clear to be seen that D : R” — R is permuting and n-additive mapping, then the trace y of
D satisfies the following relation

n—1 n
p(x+y) = p(x) +puly) + ; <1>D(x,x,...,x,y...,y)

where x appears n — i-times and y appears i-times.
Let p # 0. Since u(xy + yx) € Z(R) for all x,y € U, replacing y by y + kz for all x,y,z € U,
1 <k < n —1,in the this relation, we find that

u(x(y+kz) + (y +kz)x) € Z(R)

forall x,y € U.
Moreover, we observe that

n—1
[u(xoy)+ u(xokz) + Z (T)D(xoy,xoy,...,xoy,xokz...,xokz),r} =0
i=1

forall x,y € U, r € R. Using Relation (23), we notice that

n—1
13 (711>D(xoy,xoy,...,xoy,xokz...,xOkz)r”] =0
i=1

forallx,y € Uy € R.
Applying Lemma 3 gives that n[D(xoz,xoy,xoy,xoy..,xoy),r] = 0.
Due to the fact R is 2-torsion free, we receive that

[D(xoz,xoy,xoy,xoy..,xoy),r] =0.

Particularly, we achieve that D(xoy,xoy,xoy,xoy..,xoy) € Z(R) for all x,y € U. Putting x
instead of y of thlS relation. This yields D(x2,x3, ..., %%, %2, ..., x3) € Z(R) for all x;, x; € U.
Writing x? instead of ¥ = 2% = ... = 2% = x? = .. = x2 in this identity, we conclude that

[D(x?),r] = 0 forall 7 € R yields D(x?) € Z(R).
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(ii) Certainly, if D(R) = 0 then the main relation reduces to y(R o U) C Z(R), which means
2u(U?) C Z(R). By reason of the fact R is 2-torsion free, we find that u(U?) C Z(R). This finishes
the proof. O

Theorem 8. Let R be a 2-torsion free semiprime ving and D be a non-zero permuting n-generalized
semiderivation associated with function  such that (R) = a — bR, a,b € R. If D satisfies the relation
[A(R),D(R)] C Z(R) then R has a weak zero divisor.

Proof. For the convenience, let us rewrite the main condition as [A(R), D((x1, X2, ..., Xj, Xi, .., X ) (Y1,
Yo, ...,y\i,yi, ,yn))} € Z(R) for all X, Xi, }]i, Yi € R,i=1,2,..n.
Suppose there is an arbitrary element of R with using the main relation such that

D((x1, x2/ ey JZZ'I xi/ sy x}’l) (]/2/ -"/];i/ yi/ /]/n)) [[A(R)r]/ﬂ, r]

+[D(x1, X2, o0y Xi) Xiy ooy X1 ) (Y20 oor Vi Yis s Yn ), 7] [A(R), 1]
+[A(R), D(x1, X2, ey Xiy Xiy wves X0 ) (Y2 o0 Yis Yis oo Y )| Y1, 7]
[A(R), ¥ (xn

+[[AR), P (x0)], 7] A((21, X2, wves Riy Xy ooy X—1) (Y2, s Vis Yiy oo Yn)) = O

for all x;, x;, y;, yi,v € R.
Without loss of generality we replace r by A(R). In this case this relation becomes

+ )] [A<x1/ X2y s .721', Xiseeer xi’l*l) (]/2/ ceer }71'/ ]/i/ s yl’l)/ T]
A

D((X], X2, ..uy )ZZ', Xiyeoes xn) (yz, ceey yiryi/ ,yn)) [[A(R),yﬂ, A(R)}

+2[D(X1, X2, ey 921', Xiyoees xn) (}/2, ...,]]i, Yi, ...,yn), A(R)] [A(R),yl]
+[A(R), y(xn)][A(x1, X2, oo Xiy Xiy ooy X—1) (Y2 o0 Yis Vi oo Y ), A(R)]
+[[A<R), l/)(xn)], A(R)]A((Xl, X2, ey Xiy Xiyouey xn_l) (yz, s Vi Vi ,yn)) =0.

Replacing R by y1, we find that
D((x1, %2, vy Riy Xiy ooy Xn) (Y2, wver Yis Vi oo Y ) ) [B (Y1), 12, A(y1)]

+2[D (1, X2, wvey iy Xiy wvey X ) (Y2, s is Yis - Y ), B(y1)][A (Y1), 1]
+{[A1), p(xn)], Ay)IA((x1, X2, iy Xiy ooy Xn1) (Y2, +o0s Vi Yis s Yn) ) = 0.
Compatibility with the fact that the associated function ¢ acts as {(R) = a — bR, where a and b
are fixed element of R, we conclude that

D((x1/ X2, eeey X‘j, Xiyeeey xn) (]/2/ '--/]}i/yi/ /yn)) HA(]/l)/ }/1]/ A(yl)]

+2[D(x1/ x2/ ceey .72'1, xi/ weey xn)(]/Z/ "'/]}i/ yl/ /]/n)/A(]/l)] [A(yl)/yl}
+[[A(y1),a — bxn],A(yl)]A((xl, X2, eeey 921», Xiyeeey xn,l)(yz,...,yi,yi,...,yn)) =0.

In this relation, putting —x, for the place of x, and combining the result with above relation,
we see that
2[[A(y1), LI], A(yl)]A((xl, X2, euey 921», Xiyeeey xn,l)(yy_, "'ryi/ Yiseeo yn)) =0.

Applying the fact that R is 2-torsion free, we see that

[[A(y1),a], A(y)]A((x1, X2, oo Xiy Xy eoey X—1) (Y2, oo Yis Yis oo Yn) ) = 0.
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Replacing y, by y1y> of this identity, we arrive to

[[A(y1),a], A(y1)]A(R) = 0.

Arguing in a similar technique as we have done in the proof of Theorem 6, we separate the proof
in two cases:

Either [[A(y1),a],A(y1)] € U or A(R) € U. Now if we continue with the process inductively then
from the second case, we arrive to A(R) = 0.

In agreement with A # 0, the latter result leads to a contradiction.

If second case holds, that is, [[A(y1),4], A(y1)] = 0 forall y; € R.

Consequently, multiplying this relation by R. This case implies to R[[A(y1),a], A(y1)] = 0 for all
y1 € R.In other words, this result shows that for each x € R\ {0}, we satisfy this result. Basically,
R has not a zero divisors. Hence, we assume that RA(y1) # 0. Therefore, R has a weak zero divisor.
This completes the proof. [

Theorem 9. Let R be a 2-torsion free semiprime ring, U be an ideal and D be a non-zero permuting n-generalized
semiderivation associated with function ¢ such that $(R) = Ra — bR? a,b € R and A(R) = —R? an
associated function of A. Suppose R satisfies the identity D([[R1, Ra], (R1 0 Rp)]) € Z(R). Then either
R? C M-set or b* € M-setorbo R =0orb> € Z(R).

Proof. Directly, from the main relation we find that [D([[R1R2, R2R1]) — D([R2R1, R1Ry))), t] = 0 for
all t € R. Simplify this relation, we arrive to

[D([R1, R2]R1R2), t] + [D(R1R2[Rp, Rq]), t] — [D([R2, R1]R2R1), t] — [D(RaR1[Ro, R]), ] =0

forallt € R.
Applying Definition 2 on the last term and putting (x1, xp, ..., ¥, Xj, ..., X, ) instead of Ry with
Y1, Y2, Ji, Vi, .., yn taking the place of R, yields

[D([Rq, R2]R1R2), t] + [D(R1R2[R, R1]), ] — [D([R2, R1]RaRy), t]

- [D((yll }/2/ ey ]}i/ yi/ ey yn)(XZ/ ey X‘ir Xiy ey xn) [(}/1/ y2/ eeey y\i/ yi/ eeey yn)r (X], X2y eeey 321'1 Xiyeeey x}’l)])xl
‘H/J(yn)A«]/lr]/Z/ ey ]}ir]/i/ ceey yﬂ71)<x2/ ceey xi/ xi/ ceey xi’l) [(]/1/]/2, ceey ]]ir]/i/ ceey ]/n)/ (xll x2/ ey xl‘/ xi/ ey xn)])/ t]
=0.

Without loss of generality, this relation can be rewritten as the following
[D([R1, R2]R1R2), t] + [D(R1R2[R2, R1]), t] — [D([R2, R1]R2R1), ]

_[D((yll y2, -~-,?i1yi/ ---,yn) (xZ/ ey .721‘, Xiyeeer xn) [(yll y2, ---/]}i/ yi/ --~/yn)/ (-xl/ X2y eeey JEi/ Xiyeeer xl’l)])xl/ t]
- [¢(yn)A((y1/ ]/2/ (a4 y\ll yl/ seey yl’l—l) (x2/ seey X‘ll x[/ a4 xﬂ) [(]/1/ ]/2/ ceey ]}l/ yl/ sy yﬂ) (xll x2/ ey 321, xi/ sy x)’l)])/ t]
=0.

Now in view of our hypothesis we see ¢ acts as (R) = a — bR?, a and b are fixed element of R.
Hence, this relation becomes



Symmetry 2020, 12, 46 27 of 48

[D([R1, R2]R1R2), t] 4+ [D(R1R2[Ry, R1]), t] — [D([Rp, R1]RoRy ), ¢]

—ID((W1, Y2, s Vis Yis eor Yn ) (X2, ees Ry Xiy ooy X)) [(Y1, Y2 o0 Vis Vi woer Y ) (X1, X2, o0y Riy Xiy vy X)) X1, B]
—WnaA((Y1, Y2, -or Vis Yis eor Y1) (X2, oy iy Xiy ooy X)) [(Y1, Y20 woos Dis Vi evr Yn ), (X1, X2, o0y Xiy Xiy ooy X0 ) ]), ]
1V A (Y1, Y2s eoos Vi Vi oos Yri—1) (X2, s Riy Xy vy X0 ) [(Y1 Y2 eoes Vi Vi woor Y )y (X1, X2 0v0y Ry Xy ooy X)), 1]

=0.

In particular for y, = —y; of this relation. Combining this result with the relations, we arrive to
[D([R1, R2]R1R7),t] + [D(R1R2[R2, R1]),t] — [D([R2, R1]R2R1), t]

- [D((]/lr ]/2/ s ]}ll yl/ sy yn) (x2/ ceey .721, xi/ a4 Xn) [(]/1/ ]/2/ ey y\ll yl/ cees ]/n)/ (xll x2/ ey .921, xi/ s xi’l)] )xll t]
—[aD((Y1, Y2 s Vis Yis woor Y1) (X2, X3, ey Riy Xiy ooy X)) [(Y1, Y20 woes Uiy Vi oos Y )y (X1, X2, o0y RiXiy ooy X)) ]), 1]
=0.

Obviously, substituting this relation in the above relation, we conclude that

[by%lA((yll yZI (Y4 y\i/ yi/ a4 ynfl)(XZI a4 Xl‘/ Xiyeeer x}’l) [(yl/ y2/ ceey y\i/ yi/ seey y}’l)/ (xl/ X2 eees 321', Xiyeees le)]/ t]
=0.

Writing y,,_1, yn for y,_1 of this relation, we obtain

[by%A((yl/ ]/2/ b4 y\l'l yil ces ]/nflr ]/n) (x2/ ceey xl’/ xi/ e xi’l) [(]/1/ ]/2/ ceey ]}i/ ]/i/ cees ]/n)/ ('xl/ x2/ ceey Xl'l xi/ 4 xn])/ t]
=0.

PUttlng t= A((yll y2/ weey ]}i/ YiseeorYn—1, ]/n)(XZ, Y Xi/ Xiyeee xn) [(yl/ Y2,y yi/ Yiyeers ]/n)/ (x1/ X2, ey X.l'/
Xj, ..., X)) of this relation, we observe that

[b]/%/ A((]/lr y2, ceey ]}ir ]/i, ceey ]/nflr yi’l) (x2/ ceey JZl'l xi/ sy x}’l) [(yll yZ/ ceey yi/ yi/ ey yn)/ (xll x2/ ceey .721', xi/ sy x}’l] )]

A((]/lz ]/2, --~r]}i/ ]/z‘/ --~/yn71/ yn)(x2, weey J21‘/ Xiy oo xrl)[(ylryZI eeey y\i/ yi/ eeey le)/ (xl/XZI ceey -X\:i/ Xiy ooy Xn]) =0.

Now left-multiplying by A((y1, Y2, - Yis Yis s Y—1, Y ) (X2, ey Riy Xiyeves X)) [(Y1, Y2 s Yis Vi ooer Yn),
(x1,x2, ..., Xi, Xi, ..., Xz | )R and right-multiplying by R[bY2, A(Y1, Y2, weor Yis Yir woor Y1, Y ) (X2, ooy Ry Xy oee,
Xu) (Y1, Y2, oo Vis Yis o Yn), (X1, X2, <oy Xi, X, ..., X)) ] with applying Lemma 2 and aRb C Z(R),a,b € R,
we show that

A((]/lr }/2/ ~-'/]}i/yi/ weey ynflr yn) (XZr weey 321', Xiyeees x‘rl) [(yllyZ/ Y ])i/ ]/i/ weey y‘rl)/ (xlr X2, ey JE:i/ Xiyeees xn])R (24)
[b]/%, A((]/lz ]/2, -ury\i/yi/ weey yﬂfl/ y}’l) (-xZI weey xir Xiyeees xn) [(]/1/}/2, weey ]]i/ ]/i/ ~-/}/n)/ (-xll XDy ey i.i/ Xiyeees xn)])] =0.

Light of the semiprimeness of R. We take into account the set { P, } of prime ideals of R such that
NP, = {0}. Compatible with Lemma 1, we have the set { P, } of prime ideals of R is semiprime ideal.

Let NP, = U. Consequently, the proof divides into two cases which means either A((y1, y2, ..., Vi, Vi,
oo Y1, Yn) (X2, ey Rty Xty ooy X)) (Y1 Y20 ooos Vis Yis woor Y ), (X1, X2, w00 iy Xiy oy X)]) € U o1 [bY2, A((y1, Y2, -ons
yir YiseerYn—1, yn) (XZ, ey 321', Xiyeees Xn) [(yl, Y2, yi, Yireeer yn), (Xl, X2, ey 321‘, Xiyeees Xn)])} e u.

It is possible from the first case, we suppose that
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A((yll y2/ ceey yi/ yi/ ceey ynfll y}’l) <x2/ ey .72'1‘, xi/ ceey x}’l)
[(ylr yZI ceey '}}i/ ]/iz ceey yn)/ (xlr X2, eeey X‘i/ Xiyeeey xn]) =0.

Utilization Definition 2 and the fact that A(R) = —R?, this relation becomes

7A((y1,y2,...,y*,',y,',...,yn_l,yn)(xg,,...,JE,-,xi,...,xn)[(yl,yz,...,y},yi,...,yn)(xl,xz,...,aéi,xi,...,xn)])x% 25)

+ynd((y1,y2/ Y ]}l‘/ ]/i/ ~-'/yn71)(x21 Iy Jei/ Xiyeees xn)) [(]/1/ y2, weey yi; yi/ Y ]/n)/ (xlr XD, eeey X\fi, Xiyeees xl’l)]) =0.

Writing —x; instead of x, we achieve that

Zynd((yl,yz, ...,]]i, yir veey ynfl) (xz, veey 321', Xiy ooy xn)) [(yl,yz, ey 917 yir vy yn), (xl, X2, eeey 921‘, Xiyeeey xn)]) =0.

Due to the fact R is 2-torsion free, we find that

ynd((ylz er eeey }}i/ ]/i; ceey y}’l—l)(XZ/ X3, eees 921'/ Xiyeees xn))

[(]/1/ yz/ L4 ]]1/ yl/ a4 ]/n)/ (xll x2/ ceey X‘l/ xi/ a4 x}"l]) = 0

Using this result in Relation (25), we arrive to

A((yll yZ/ aeey y\i/ yi/ weey yn—l/ yn)(x3, veey Xil Xiyeens xn) [(ylrer ] yiryir ---/yn)/ (xlr X2y eees 921‘, Xiyeeey xn)])x% =0.

Left-multiplying by x3R and right-multiplying by RA((y1, Y2, -+ Vi, Yis coor Y1, Yn ) (X2, ooy Xi X, e,
Xn) (Y1, Y25 o Dis Yis oor Yn ), (X1, X2, o0y Ri, X, ..y Xy | ) With applying Lemma 2 and aRb C Z(R),a,b € R,
we see that

x%RA((yl,yz, s UisYis eor Yn—1,Yn) (X2, oo Xiy Xy ooy X ) [(Y1, Y20 s Vi Yis oor Y ) s (X1, X2, ooy Ry Xy ovy X))
=0.

Applying similar arguments with necessary variations as used in previous steps of proof, where
R is semiprime ring. This means that the action yields either

A((]/l: yZI -"ry\i/ ]/i/ ey yn—l/ yi’l)(x2r ceey .721‘, Xiyeees xn) [(yl/yZI ey yi/yir ceey yn)l (xl/ X2, eeey 321', Xiyeeey xn)]) e u.

Proceeding inductively we conclude that A((y1, Y2, - Yis Yis s Yn—1, Yn ) (X2, ooy Xiy Xy ooy X)) [(Y1, Y2, oo
VisYis o Yn), (X1, X2, ..., Ri, Xi, oo, X )]) = 0 for all X;, x;,9;,y; € R. This yields a contradiction due to the
fact A # 0.

Or x4 € U. From the latter identity, one can easily obtain that x5 € M-set.
Now we return to discuss the second case of Equation (24) which is

[by%l, A((yl,yz, ...,y\l’,yi, ...,ynfl,yn)(XQ, ey .'fl', Xiyoeey xn) [(yl,yz, ...,yi,]/l', ceey yn>/ (xl, XDy eery 321', Xiyeeey xn)])] S
U. In particular, we find that

[by%/ A((yllyZ/ ey yi/yir ceey yn—lryn) (x2/ “eey .921', Xiyeees xn) [(}/1/ y2/ -"/y\i/ ]/i/ .--,]/n)/ (xll X2y eeey 32'1‘, Xiyeeer xn)])]

=0

for all x;, xi,yi,yi € R.
Furthermore, we conclude that

[b]/%/ A((]/lz ]/2/ Y4 ]}l/ yl/ ey ]/n—1/ ]/n) (x3/ Y 321/ xi/ ey xl’l)

(Y1, Y2, e Vis Vi e Yn ), (X1, X2, o0y Riy Xiy ooy X)) A (X2)]
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+[b]/%/ ]/nd((ylx ]/2/ ceey ]}l/ yi/ ceey ]/nflz yl’l)(xZ/ a4 .721, xi/ ey xl’l)
[(yl,yz, -"1in yi/ ...,yn), (xl, X2, eeey Jfl', Xiyoeer xn)])] =0.

In agreement with the fact that A acts as A(R) = —R? this relation becomes
- [b]/%/ A((]/lr ]/2, ey ]]l'l yl/ ceey ]/nflz ]/n) (x3/ ceey X‘l’/ xi/ ey xi’l)

(Y1, Y2, s Yis Yis o Yn ), (X1, X2, ey Riy Xiy ey X )] ) X5
(Y2, ynd (Y1, Y2, o Vi Vis ooor Y1, Y ) (X2, o0y Riy Xiy ooy Xt
[(y1, Y2, s Yis Yis s Yn), (X1, X2, ooy Ri, Xiy ooy X)) ] )] = O.
We use x, = —x,. Combining this result with above relation and applying the torsion restriction
of R, we conclude that

[by%/ ]/nd((]/lr y2, ey y\il yl/ ceey ]/nflr ]/n)(x2/ cesy xi/ xi/ a4 xi’l)

[(yll y2/ -"/]}i/ yi/ ---/yn)/ (xll xZI ey .721', xi/ sy x}’l)])] - O

Of course, substituting this result for the above relation yields
[b]/%/ A( (]/1/ ]/2/ ceey ]]l/ yl/ cesy ]/n—1/ ]/n) (x3/ ey 321, xi/ sy xl’l)

(Y1, Y20 s D Vi s Y ) (X1, X2, oy Ri Xy oy X)])23) = O

Putting R = (xl,xz, X3, eeey Xiy Xiyoons xn), R, = (yl,yz, X3, ...,yi,yi, ey yn) and Yn = b, this relation
changes to
A(RyR{[Ry, Ry))[B3, %3] — [b°, A(RyRq[Ra, Ry])]x3 = 0. (26)

In Equation (26), writing b instead of x,, we are forced to conclude that

6%, A(RpRy[Ry, Rq])]b* = 0. 27)
Right-multiplying (27) by b, we find that

(b3, A(RyR{[Ry, Ry])]b5 = O.

Left-multiplying by b%r and right-multiplying by r[b®, A(RyR1[R,, Ry])], for all ¥ € R with
applying Lemma 2 and aRb C Z(R),a,b € R, it is possible to obtain that

b’R[b?, A(RoR1[Ro, Rq])] = (0).

Based on that R is a semiprime ring with the applying similar manner used in our proof and
Lemma 2 and aRb C Z(R),a,b € R. Itis easy to see that either b3 € U or [b3, A(RyR1[Ry, R1])] € U.
Without doubt, the first case give us b> = b* = 0 which satisfy that b* € M-set. Basically, we have b is
non-zero fixed element of R. The second case produces that [b3, A(RyR{[Ry, Ry])] = 0.

Now we emphasis on the result which produces by the second case. Applying it in the relation
(26) yields A(RaRq[Ra, Rq])[b3, x3] = 0. Based on R is semiprime and employing Lemma 1.

When we continue to carry out the same method as previous, then the last equation proved two
options. Either A(RyR1[Ry, Rq]) € U yields a contradiction. While the second case [b%, x3] € U implies
[b%, %3] = 0 forall x, € R.

We continue with the second case. Replacing x, by b + x, with using it, we show that

(b3, bxy + x2b] = 0 (28)
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In that relation [b3, x3] = 0 putting x, = bxs + x2, we observe that
(0%, (bx2)?] + [b°, bx5 + xbx] + [b°, x3] = 0.

According to the result [b%, x3] = 0, the first and the third terms finish. In meanwhile, we rewrite

the middle term as follows
[b3, (bxz + Xzb)Xz] =0.

Simplifying this result and using Relation (28), we see that
(bxy + x2b) [b%, x2] = 0.
Taking rx; instead of x;, we achieve that
(brxy + rxzb)r[b3, x] =0

for all x,,r € R.

Since x,,7 € R so it is possible to obtain that y = rx, where y was chosen arbitrary form R.
Applying this fact of the above relation and using the same previous technique of the proof. Then, we
arrive to by + yb € U. In fact, this result leads to ether boy = 0 or [b>, x5] € U.

Obviously, from the second case [b?, x;] € U, we are forced to find that b3 € Z(R). The proof
is complete. [

Theorem 10. For any fixed integer n > 2, let R be a n-torsion free semiprime ring and D be a non-zero
permuting n-generalized semiderivation with a trace y such that u(R) = a — bR, a,b € R. If R satisfies
[u(x),6(y)] € Z(R) forall x,y € R, where 6 is a trace of A then R has a weak zero divisor.

Proof. As is easily seen from the main identity, there exists [p(x),d(y)] € Z(R) for all x,y € R.
The trace y satisfies the following relation
n—1 n
= 9) = )+ 00) + 5 () D5 59
i=1

where x appears n — i-times and y appears i-times.
In the main identity, replacing x by x 4 kz, for 1 <n < n — 1, we find that

[u(x +kz),6(y)] € Z(R)

forall x,y,z € R.
Applying the above form on this relation, we notice that

n—1 n
[(x) + plkz) + ) (1)D(x, X, ..., X, kz,kz..., kz),5(y)] € Z(R)
i=1

forall x,y,z € R.
In agreement with the main relation this equation reduces to

n—1 n
, X, ey X, k2, k2., k2Z), 0
[1; <1>D(x X, ., X, kz,kz...,kz),6(y)] € Z(R)

Consequently, the above relation yields,

koi(x,y,2) + k(p%(x, Y,2) + ..+ k”‘lfp’f_1(x,y,z) € Z(R),
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where ¢;(x,y,z), denote to the sum of the terms in which z appears i times.
In agreement with Lemma 3 and due to the fact R is n-torsion free, we arrive to

[D(z,x,x,...,x),6(y)] € Z(R)

forall x,y,z € R.

In particular, for z putting x of this relation, we show that [D(x, x, x, ..., x),d(y)] € Z(R) for all
X,y €R.

Arguing in a similar style as we have done of the trace ¢ in the previous part of our proof. For the
trace J in the relation [D(x, x, x, ..., x),0(y)] € Z(R) for all x,y € R, we achieve that

[D(x,x,x, ..., x),A(x,x,x, ...,x)] € Z(R)
for all x € R. Actually, applying of Theorem 8 gives the required result. [

Corollary 3. For any fixed integer n > 2, let R be a n-torsion free semiprime ring and D be a non-zero
permuting n-generalized semiderivation with a trace i such that (R) = a — bR, a,b € R. If R satisfies any
one of the following conditions:

() (), AW)] € Z(R) forall x,y € R,
(ii) [D(x),6(y)] € Z(R) forall x,y € R,

then R has a weak zero divisor.

5. Permuting n-Semigeneralized Semiderivation of (¢, 7)-Semicommutative Semiprime Rings

In this section, we study the connections between permuting n-semigeneralized semiderivation
and semicommutative rings is investigated under some conditions. A ring R is called semicommutative
if for any a,b € R, ab = 0 implies aRb = 0. Also, is called central semicommutative if for any a,b € R,
ab = 0 implies arb is a central element of R for each r € R thatis, (aRb C Z(R)). Obviously, every
semicommutative ring is central semicommutative.

In this note, we find there are many researchers worked and attempted to find some results
concerning semicommutative rings. G. Shin [57] showed for a ring R the following statements are
equivalent: (i) R is semicommutative. (ii) For any 4,b € R, ab = 0 implies aRb = 0.

In Reference [58] Chan Huh et al. have discussed the relation between semicommutative and
reduce ring, where R is a semiprime right Goldie ring. More precisely, they studied the following
situations: (i) R is a reduced ring. (ii) R is a semicommutative ring while Tahire Ozen et al. [59] proved
that, if R is a prime central semicommutative ring, then R does not have any non zero divisors of
zero. In References [60,61], the authors investigated on another version of semicommutativity is a
weakly semicommutativity and (o, 7)-generalized derivations with their composition of semiprime
rings respectively.

The ring R is called weakly semicommutative if for any a,b € R, ab = 0 implies arb is nilpotent
for any r € R. Clearly, semicommutative rings are weakly semicommutative. There is no implication
between nil-semicommutative rings and weakly semicommutative rings. Furthermore, L. Wang and J.
C. Wei [62], introduced a class of rings (we called it a central semicommutative ring) in which if ab = 0
implies that arb is central.

For more convenience, we suppose all the results of this section satisfies the relation aRb C
Z(R),a,b € R. Except Theorem 13.

Now we give the main definition of this section.

Definition 7. Let R be non empty semicommutative ring with the centre Z(R), the mappings o and T are
automorphism mapping of R, then R is called (¢, T)-semicommutative ring if for all x,y € R, o(x)T(y) =0
implies o(x)Rt(y) = 0.
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Moreover, a ring R is called central (0,T)-semicommutative ring, if for any x,y € R, o(x)T(y) = 0
implies c(x)Rt(y) C Z(R).

Example 3. Let R = M, (F) be a ring of n x n matrices over a field F, n > 1 that is:

x]- Xj_H Xj+2 o - 0

0 0 o 0 --- 0
R:

0 0 o 0 --- 0

forallx; € F,j=1,2,...,n. Suppose o and T are automorphism mappings of R, given by

Ox]-OO'--O 0O 000 ---0

0000 -0 0 000 0
cR)=1|. . . . . and T(R) =

0000 -0 % 000 - 0

Obviously, we achieve the relation (x)Rt(y) = 0. that is, R is (¢, T)-semicommutative ring.
Hence, we may show the similar results to a second case central (o, 7)-semicommutative ring.
Due to any arbitrary element of R, we conclude that

[o(x)RT(y),r] =0

for all r € R. This result indicates to o(x)Rt(y) C Z(R).
In this section ¢ and T are automorphism mapping of R unless mentioned otherwise.

Theorem 11. Let R be a 2-torsion free central (o,t)-semicommutative semiprime ring, U be an ideal of R and ()
be a non-zero permuting n-semigeneralized semiderivation associated with automorphism functions g and h of R
such that g(R) = Ra — RbR, a,b € R. Then either a = 0 or d(R) = 0 or Q1 (R) and O (R) are commuting.

Proof. According to our hypothesis, we have R is 2-torsion free central (¢,7)-semicommutative
semiprime and () is a permuting n-semigeneralized semiderivation yields that

o((R1))RT(Q2(R2)) € Z(R).
Obviously, the previous identity can be rewritten as the following
o (O ((x1, X2, o0 Xiy Xiyoeey X ) (Y1, Y2oo0s Vi Yis oo Y ) )RT(Q2(R2)) € Z(R)

for all x;, xi,yi,yi € R.
Due to the fact t was chosen arbitrary from R, this proved that

[O—(Ql ((xll x2/ sy X’l/ xi/ ey x}"l) (]/2/ y\l/ ]/z/ a4 ]/n))g(]/l) + h(xﬂ)D((xll x2/ a4 .721, xi/ cey xn—l)

. (29)

(Y1, Y20 Yir Vi s Yn) ) RT(Q2(R2)), ] = (0).

By reason of ¢ is automorphism and the fact that g(R) = Ra — RbR, a,b € R, we notice that
[(Q1((x1, X2, ey Ry Xiy ooy X)) (Y20es Vi Yis oo Yn) ) (@ — y1b) 4+ B (%) D((x1, X2, o0y Riy Xy oey Xyp—1) (30)

(Y1, Y2 Yis Yis o Yn) ) )RT(Q2(R2)), t] = 0.
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Replacing y1 by —y1 and combining this result with the above relation, we find that

2[00 ((x1, X2, wvey Riy Xiyoees X0 ) (Y2, Y3 oes Yis Yi oo Y )ART (2 (R3), t] = 0. (31)

Applying the fact that R is 2-torsion free property and substituting this result of Equation (30), we
conclude that

[Ql ((xll X2y ey X'i, Xiyeees xn)(]/Z/ Y3,y ]]i/ Yiyeess ]/n))llRT(Qz(RZ)/ t} =0. (32)

Moreover, we extend this expression to
Q1 ((x1, X2, ey Riy Xiy ooy X0 ) (Yoo Yis Vi oo Y ) )a[T(Q2(R2)), ]

+Ql((x1, X2, ..., JEZ', Xiyeees Xn)(yz...,]}l‘,yi,...,yn)[ﬂ, ﬂT(Qz(Rz))
+[Q1((x1,x2,..., Xi, Xiyeen, xn)(]/z...,]},‘,yi, ~--/]/n)/ t]aT(QZ(Rz)) =0.
Further, replacing y, by y;y5, for ¢ is a automorphism of R, we find that
(1 (R1))a[t(Qa(Ry))), 1] + (1 (R1))[a, ] T(Q2(R2))) + [0(Q1(R1)), Hlat(Q2(Rz))) = 0. (33)

Employing Lemma 4 and using the fact that R is 2-torsion free, from the main relation
(M1 (R1))RT(Q2(R2)) € Z(R), we conclude that 0(Q1(R1))T(02(R2)) C Z(R).
Also, by the same way we receive that 0(0(R))T(1(R1)) € Z(R). This yields

[0(D1(R1)), T(Q2(R2))] € Z(R) (34)
Furthermore, in Relation (33) replacing t by 7(Q(R,), we conclude that
o(Q1(Ry))[a, T(Q2(R2))]T(Q2(R2)) + [o(Q1(R1)), T(Q2(R2))]bT(Q2(R2)) = 0. (35)
Applying Relation (34) of (35), we find that
o (1 (Ry))[a, T(Q2(R2))]T(Q2(R2)) + a1(Q2(R2)) [0(Q1(R1)), T(Q2(Rp)] = 0.
Now if we continue to carry out the same method as above, we arrive to
7(Q1(R1))at(Q(R2)?) — (1 (R1))T(Q2(R2))bT(Q2(R2) + aT(Qa(Ra)[e(Q (R1)), T(2(R2))] = 0. (36)

Here, simplifying the terms o(Q(R1))at(Q2(R2)?) — o(Qq(R1))T(Q(R2))at(Q2(Ry).
Replacing y, by y1y2 of Equation (32) give us [Q21(R1)aRT(0z(Ry), t] = 0. Using this result and

7(M2(R2)) (M (R1)) € Z(R),

we find that
)bT(M(R2)?) — o( (R
( 2

(Q1(Ry) o
M (R2))T(Q2(R)) —at

(%
=0(Q1(Ry))at
= T(Q2(R2)o(D1(Ry))at(2(Rz)) — at(
= aT(M2(R2)) (M2 (R2)o (1 (R1)) — at(2(Ro

)T(Q2(Rz))at(2(R2)

M (Rp)o(Q1(R1))T(Q2(R2))
7(M(Ry))T(2(Rz))
)T(Q2(R2)o (1 (R1))

)
(
(R2)
)

=0.
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Consequently, this result reduces Equation (36) to
at(Q2(Rp)[e (D1 (R1)), T(Q2(R2))] = 0. (37)
From Relation (37), where o and T are automorphism mappings, we satisfy that

a0 (R2) [ (R1), X(R2)] = 0. (38)

Left-multiplying by [Q1(R1), Q2(R2)]t and right-multiplying by taQ);(R;), with using Lemma 2
and aRb C Z(R),a,b € R, this establishes that a0, (Ry)R[OQ4(R1), 02 (R2)] = (0).

Light of the semiprimeness of R by using the similar arguments as utilized in the previous
theorems, we we observe that either a();(Ry) € U or [(21(R1), )2 (Ry)] € U. Now we separate the
proof by two cases:

Case I: We have the relation a();(R;) € U which implies to a()(R;) = 0. Taking
(X1, X2, ey Riy Xiy ooy X)) (Y1, Y21oe Yis Vis - Yn ) instead of Ry, we notice that

a(Qp((x1, X2, ey Riy Xiyovoy X)) (Y20 Yis Vi o Yn ) )8 (Y1)

+h(xn)D((x1, X2, ey Xiy Xiyoey xn,l) (yl, ...,y\i,yi, ,yn)) =0.

for all x;, x;,9;,y; € R.
Replacing Ry by (x1, x2, ..., Xj, Xi, oo X ) (Y2, Vi, Yis -, Yn ) In the relation a0y (Ry) = 0, this yields

ah(xy)D((x1, X2, ooy Riy Xiy ooy X—1) (Y1-er Yis Yis s Yn) = 0. (39)
This relation can be rewritten as
h(xn)D((x1, X2, ey Xiy Xy ey xn_l) (yz..., }]1’, Yiyeoer ]/n)]/l + h(xn)lp(xn_1)

A((x1, x2/ weey .721, xi/ sy xn—2) (]/2/ ]/3/ eeer ]}l/ yi/ Y4 ]/n) = 0
Replacing v, by y1y, and employing Equation (39), we arrive to

ah(xn ) (Xn-1)A((X1, X2, ooy Xiy Xi ooy Xn=2) (Y1, Y2, Y3, s Yis Yis s Yn) = 0.
By the same argument, it used in previous steps and using Definition 7, we obtain the identity
ah(x,)P(xy—1)Xp—2d((x1, X2, ey Ri) Xiy ooy Xu—3) (Y2, Y3, -oes Yis Yis s Yn)) = O.
Particularly, this relation shows that
ah(xy)P(xy—1)RA((x1, X2, s Xi) Xiy ooy Xn—3) (Y2, Y3, ey Yis Yis oo Yn)) = 0.

Based on that R is central (o, T)-semicommutative semiprime. Applying Lemma 1 and the similar
processing of previous theorems, we deduce that:

either ah(x, )P (x,_1) € Uor d((x1, X2, ..., Xi, Xiy ooy Xu—3) (Y2, Y3, -0s Yir Yis s Yn)) € U.

As for the first case, we know that R has not zero divisors, h(x,) and ¢(x,_1) both are non-zero
mappings, that indicate toa = 0.
In the second case, replacing x,,_3 by x,,_2, x,,_1, X, and y, by y1y», this yields d(R) = 0.

Case IL: It is obvious that [()1(R1),(2(Rz)] = 0. This show that 1(R;) and (;(Ry) are
commuting. [
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Theorem 12. Let R be a 2-torsion free semicommutative semiprime ring, U an ideal of R and Q) be a non-zero
permuting n-semigeneralized semiderivation associated with automorphism functions ¢ and h of R such that
h(R) =a— Rb,0 # a,b € R. Then either D1(Ry) = 0 0or D2(Ry) = 0.

Proof. The hypothesis indicates that R is a 2-torsion free semicommutative semiprime ring and Q) is a
non-zero permuting n-semigeneralized semiderivation. Hence, R satisfies the identity

01 (R1)RO(Ry) = {0}.

For this relation, left-multiplying by 2, (R;) and right-multiplying by ()1 (R;) with using the fact
that R is semicommutative semiprime, we find that

M (R2)Q1(Ry) = {0}.
Writing (x1, X2, ..., Xi, X, .., Xu) (Y1, Y2, s Yis Vi, - Yn ) instead of Ry in this relation, we achieve that
(o ((x1, X2, o0y Xy Xiyooey X2 ) (Y20r0s Pis Yiis oY) 2 (1)

+h2(xn)D2((x1, X2, eeey Jfl', Xiy ooy xn,l)(yl...,y‘i,yi,...,yn))Ql (R]) =0
for all x;, x;,9;,y; € R.
By reason of 1(R) = a — Rb, a,b € R. It follows that

(02((x1/ X2y eees 321'/ xi/ ceer xi’l) (yz--'/ yi/ yi/ seer yn)gz(yl)

+ﬂD2((X1, X2 eees le'/ Xiyeeer xn—l) (yl-"r y\il yi/ eeey ]/n)
—bxy Do ((x1, X2, o0 Xiy Xiy ooy Xy—1) (Y10 Yis Yis o Yn ) ) (Rq) = 0.

Now in this relation putting —x, instated of x;,, . Combining this result with the above relation,
we find that

2aDy((x1, %2, ooy Xiy Xy wey X—1) (Y1 oo Yis Vi oo Y ) ) Q1 (Ry) = 0.

Since R is 2-torsion free and taking R; for (t1, t, ..., tisti, o tn) (11,72, s i, Tiy ooy 10 ), we achieve that
aDy (X1, X2, ooy Riy Xy ooy Xg—1) (Y1eves P Yir oo Y¥n) ) (1 (B t2y oo Bis iy ooy ) (P2 Py Ty ooy 1) 81 (71)

+h1(tn)D1((t1,t2,..., fi/ ti, s tn_l)(rl...,fi, ri,...,rn)) =0
for all Jei, Xi, yiryi/ i:i/ t;, fl', 1 € R.
Based on the fact that h(R) = a — Rb, we see that

aD (X1, X2, cwey Riy Xiy ooy Xp1) (Y1 eves Gis Vi ooor Y ) ) (1 (B2, B2 oo iy iy ooy ) (P2 P Ty ooy ) 81 (71)

+aDo (X1, %2, ooy iy Xiy ooy X001) (Y1ovs Yir Yis s Y ) )AD1((F1, t2, ooy i tiy ey 1) (P1ees Piy Ty ey )
—ElDz((.Xl, X2, eeey 321-, Xiy ooy xn,1> (yl..., y}, yir very yn))btnD1((t1, tz, very t\ir i’l', vy tn,l)(rl..., fi, Vipeeoy Tn)) =0.

Taking —t, instead of ¢, of this relation. Combining the result with this relation, we conclude that
2aDy((x1, X2, vy Xiy Xiy eves Xy 1) (Y1eoes Uiy Yiy woos Y ) )AD1 ((F1, 2, ooy By iy ooy 1) (P10, iy Ty vy ) ) = 0.
Using the fact R is 2-torsion free. This reason reduces this relation to

aDz((xl, X2, ey 321', Xiyeeey xn,l)(yl...,yi,yi, ...,yn))aD1((t1, fz, vy t\ir tir very tn,l)(rl..., fi, Vipeeoy Tn)) =0.
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Left-multiplying by aDi((t1,t2, ..., fi, ti, ey ty_1)(r1., %, 73, ., 7n) )R and right-multiplying by
RaDy((x1,%2, ooy Xi, Xiy ooy Xy—1) (Y1--» Vi Yis - Yn)) with using Lemma 2 and aRb C Z(R), we
observe that

aDq ((tl, ty, ..., fi/ ti, s tn—l)(rl--v Ti,Vigeeer Vn))R{lDz((xl, X0, ey Xiy Xiyovey xn_l)(yl...,y‘i, Yi, /]/n)) =0.

Light of the semiprimeness of R. Suppose we continue to carry out the same style as the proof of
Theorem 6, we arrive to two cases:

Either aDz((xl,xz,...,921-,xi,...,xn,l)(yl...,yi,yi,...,yn)) ceu

or LZDl((tl, ta, ..., fi, ti, ..., tn—l) (1’1..., Tiy iy oo T’n)) e u.

Based on a # 0 the first case leads to Dy ((t1,ta, ..., fi, tiy ooy ty—1) (¥1.e, i, 7iy ooy 7)) = 0. While in the
second case, we notice that Dy ((x1, X2, ..., Xj, Xj, ., Xy—1) (Y1, Yis Yis s Yn)) = 0. The proof of theorem
is finished. O

Theorem 13. Let R be a 2-torsion free (o,7)-ring without zero divisors and () be a non-zero permuting
n-semigeneralized semiderivation associated with a automorphism functions g and h of R such that g(R) =
a—Rb, a,b € R. If R satisfies [0(Q1(Ry)) o T(Q2(Ry2)),b] = 0 then either O1(Ry)) o N (Ry) = 0 or
[a,b] = 0.

Proof. Due to the hypothesis, we have [0(Q1(R1)) o T((2(R2)), b] = 0.
Replacing Ry by (x1, x2, ..., i, Xi, ooy X ) (Y1-es Vi, Yis s Yn), for all %4, x5, 94, y; € R.
Immediately following the relation

[U'(Ql(R1)) ¢} T((Qz((xl, X2, eeey QZZ', Xiyoees Xn) (yz...,yi, Yiseeo yn))gZ(yl)
+h2(xn)D(((x1,x2, ey Xiy Xiyoeey xn_l)(yl...,y‘i,yi,...,yn)))), b} =0.
Since ¢2(R) is g2(R) = a — Rb and 7 is automorphism, then this relation becomes
[O'(Ql (R]))(Qz((xl,xZ, ceey JZI', Xiyeeey Xn)(yz...,yi,yi, ...,yn))(a — ylb)

+h2 (x0) D((x1, X2, ey Xi Xiy vy X1) (Y1o0s Yis Yis -+ Y))
+ (D ((x1, X2, ey iy Xiy ooy X)) Y2y Yis Vi ovs Yn) ) (@ — y1 D)
Fho (xn) D((x1, X2, o Ry Xis ooy Xp=1) (Y1-o0s i Yis s Yn) )0 (1 (R1)), B] = 0.
Moreover, it seems very likely that

[o((R1)) o (Q2((x1, X2, wves Xiy Xiy oo X)) (Y211 Yis Yis -0 Yn) A

_QZ((xlr X2y ey xi/ Xiyeees x”) (]/2-'-r ]71‘/ Yireeer yn))ylb
+h(xn)D((x1, X0, ey Xiy Xiyovey xn_l)(yl..., Yis Yisorer yn))), b] =0.
Writing —v1 instead of y in this relation. Combining the result and this equation gives the relation

2[0(Q1(R1)) o ((Q2((x1, X2, ey iy Xiy ooy X)) (Y2eey Yy Vi oo Y ) ), b] = 0.

Furthermore, it is possible this relation modifying

O'(Ql(Rl)) (e} ((02((9(1, X2, .eny )Zi, Xiyoeey xn)(yz...,y‘i,yi, ,yn)) [a, b]
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+[o (D (R1)) o ((Qa((x1, X2, ey Xiy Xy ey X ) (Y200 Yis Yis s Y ) ), b]la = 0.

Replacing v, by y1y, and using the main relation, we arrive to

Ql(Rl) e} Qz((xl,XQ,..., )Z,‘, Xiy s Xn)(yz...,y\i,yi,...,yn))[ﬂ, b] =0.

Due to the fact that R is without zero divisors, we satisfy the tow cases. Either c(Q(R1)) o

T(Do((x1, X2, ooy Xiy Xiy ooy X1 ) (Y200, Vi Yiy oy Yn))) = 0 0r [a,b] = 0.
Since o and T are automorphisms, the first case proved that

M (Ry)) e M (Rp) =0.
The proof of theorem is finished. O

6. Permuting Skew n-Antisemigeneralized Semiderivation of Anticommutative
Semiprime Rings

In this section, we investigate the relations between the permuting skew n-antisemigeneralized
semiderivation with associative rings via anticommutative semiprime ring . Let R denoted an arbitrary
associative ring, then a ring R is said anticommutative if xy = —yx for all x,y € R. If a ring R satisfies
x2 = 0 for all x € R. Obversely, R is anticommutative ring, but not conversely. Suppose that R is
anticommutative. Then it is easy to show that

@) ((xy—yx)* =0,
(i) (xoy—yx*)=0

Note that in an anticommutative ring R, x2 = —x% so that 2x2 = 0 for all x € R. For each x, ¥y € R,
we define the anti-center Z(R) of R by Z(R) = {x € R\ xoy = 0,Vy € R}. Call R anti-commutative if
Z(R) = R. There are several researchers work in the area of anticommutative rings. In Reference [63],
D. MacHale shown that a ring R is anticommutative if and only if for each x,yy € R then there exists
an even integer 1(x,y) > 1 such that (x,y)"*¥) = (x,y). For R is a ring not necessarily with 1, then
Yen [64] has proved that if, for every x,y € R, either xy — yx is potent or xy + yx is strongly potent then
R is either commutative or anticommutative. Call x € R potent (strongly potent) if x” = x for some
natural (even natural number) n > 1. M. S. Putcha, R. S. Wilson and A. Yaqub [65] considered that for
each x,y € R, there exists w = w(x,y) € Z(R) such that (x oy)?w = x o y. Then R is anti-commutative.

Additionally, A. B. Thaheem [66] revealed that R is an anticommutative semiprime ring. Then
it is commutative. Later, Stephen M. Buckley and Desmond MacHale [67] they proved that ACP(4)
rings are anticommutative, where we call R a ACP(S) ring, wheresoever S C 2N if, for each x,y € R, t
here exists 71(x,y) € S such that (x,y) = (x,y)"*¥). Other authors have obtained commutativity and
anticommutative rings (viz. [68,69] where further references can be found).

For anticommutative semiprime ring, we post the answer to the question, what is
the role of permuting skew n-antisemigeneralized semiderivation in associative rings via
anticommutative semiprime.

Theorem 14. Let R be anticommutative semiprime ring. Let a be a fixed element of R and v be a
permuting skew n-antisemigeneralized semiderivation associated with a automorphism function g of R such that
(2,7 7i(R;)] = 0and n > 1. Then either 1 (R) = 0 or a commute of R.

Proof. From our hypothesis, we have the main relation [2,}}" ; 7;(R;)] =0,n > 1.
Particularly, we write the previous relation as

n

[a,71(Ry) + Z 7i(R;)] = 0.

=2
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Replacing Ry by (x1,x2, x;cxk..., xn) (Y1, ¥2, y;(yk..., Yn), k = 1,2,...,n with applying Definition 5,
we find that

n
[al T (x1/x2/ xkxk"'/ xn/yZkayk“'ryn)yl] + [a/g(xn)D(xlr X2, xkxk“'r xn—l/yllyZkayk"'/yn) = [Z ,)/i(Ri)/a}' (40)
i=2

Now we employ the main relation for n = 1 yields

[a,71(Ry)] = 0. (41)

In (41), replacing Ry by (x1, x2, x;(xk..., xn,yz,y;cyk...,yn) for all x,;, Xk, y;c,yk €Rk=1,2,..,nand
applying the result of the first term of the left side (40), we observe that

n
Y1 (X1, X2, X Xfewrws X0, Y2, ViYoo) (@, 01]) = [Y 7i(Ry), a) = [a, §(xn) D (X1, X2, X Xpos X1, Y1, Y2, YieYior Yn) |- (42)
i=2

For this relation, we add the term Fyjavyq(x1, x2, x;cxk..., xn,yz,y;(yk...,yn) to the left-side with
employing the fact that R is anticommutative semiprime ring and Relation (39), we achieve that

- (71 (xll X2, xkxk"'/ Xn, ]/2/ ykyk"'/ ]/n)]/lﬂ + yla’Yl (xl/ X2, kak..., Xn, ]/2/ ykyk"'/ ]/n))

n
=Y 7i(Ry),a] — [a,8(xn) D(x1, X2, X Xieeres Xp—1, Y2, YiYeorrs Y )]
=2

for all x;(, xk,y;,yk €ERk=1,2,..,n.
Applying Equation (40) to the left side of this relation, we find that

— (1 (%1, X2, XX X, Y2, YiYioor Yo )Y1 + Y171 (X1, X2, Xp X Xt Y2, YiYoos Y ) )

n
= [Ll, Z WI(RI)] - [LZ, g(x'rl)D(xlf X2, xkxk‘"r Xn—1,Y2, ykyk'"/ yn)]
i=2
for all x;{, xk,y;c,yk €eRk=1,2,..,n.
Consequently, the fact that R is anticommutative semiprime yields

n
(Y 7i(R),a] — [, g(xn) D(x1, X2, X Xporrs X1, Y2, YiYkr Yn)] = O
i=2
for all x;c, xk,y;c,yk €ERk=1,2,..n.
Substituting this relation of Equation (42), we find that

71(x1, X2, x;(xk..., xn,yz,y;yk...,yn)[a,yﬂ =0.

Replacing y; by R¢,t € R, we find that

1(x1, X2, x;(xk..., xn,yz,y;cyk...,yn)R[a, t] = (0).

Due to R is a anticommutative semiprime ring, we regard the set { P, } of prime ideals of R such
that NP, = {0}.

According to Lemma 1, we obtain the set { P, } of prime ideals of R is semiprime ideal.

Let NP, = U. Hence, we have either 1 (x1, x, x;xk..., xn,yz,y;cyk...,yn) € U for all x;c, Xk, y;c,yk €
R, k=1,2,..,n.0r[at] € Uforallt € R.

The case [a,t] € U for all t € R impels to [g,t] = 0. Consequently, we obtain either v, (R) = 0 ora
commute of R. [
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Applying a similar approach as above one can prove the following corollary.

Corollary 4. Let R be an anticommutative semiprime ring, a € R and < be a non-zero permuting
skew n-antisemigeneralized semiderivation associated with automorphism function ¢ of R such that
[, Y0 1 7i(R;)] =0and n > 1. Then a € Z(R).

Proof. View of the style of the proof of Theorem 14, we immediately achieve the cases either
71(x1, X2, x;cxk..., xn,yz,y;cyk...,yn) € U, where 7(R) # 0, yields a contradiction. Or [a,t] € U for
all t € R. Hence, we obtain a lies in Z(R). The proof of corollary is completed . [J

Theorem 15. Let R be anticommutative semiprime ring and -y be a permuting skew n-antisemigeneralized
semiderivation associated with automorphism function g of R such that [y} 1 D;(R;), Y1 vi(R;)] = 0 and
n > 1. Then either Y { 71 (R) = 0 or D(R) = 0 or R is commutative.

Proof. By using similar argument about the proof of the Theorem 14, we arrive to either } ;' ; D;(R;) =
0or v;(R;) = 0.

Obviously, the first case provides us the relation [}_!" ; D;(R;), R] = 0.

Again, applying the same previous technique of the proof of Theorem 14 and using the fact that
R # 0 implies to either D(R) = 0 or R is commutative. The proof is completed . The proof of theorem
is finished. O

Employing a similar technique with some necessary variations one can prove the
following corollary.

Corollary 5. Let R be an anticommutative semiprime ring and <y be a non-zero permuting skew n-antisemigeneralized
semiderivation associated with automorphism function g of R such that Y 1[Di(R;),vi(R;)] = 0and n > 1.
Then D(R) commute with R.

Corollary 6. Any M-set has anticommutative property.

Proof. Basically, any element belongs to M-set satisfies the relation 0 # a € R, a*> = 0.
Linearization of this equation and using it yields xy + yx = O forall x,y € R.
Without doubt, M-set satisfies the anticommutative property. O

The second branch of the following theorem show the properties anticommutative and
commutative coincide of a 2-torsion free semiprime ring R.

Theorem 16. Let R be a 2-torsion free semiprime ring and A be a permuting n-semiderivation with a trace 6 such
that A acts as a homomorphism. Suppose that R admits A satisfying the identity A(Rq) 0 5(Rz) F (R1oRp) €
Z(R). If

(i) & acts as a surjective mapping then A is commuting(resp. centralizing) of R.
(ii) & = 0or A = 0 then an anticommutative and commutative coincide of R.

Proof. (i) By assumption, we have the main relation A(Ry) 0 6(Ry) F (R0 Rp) € Z(R).
This expression can be rewritten as [A(R1) 0 §(Ry), 7] + [(R1 o Rp),7] = 0 forall r € R.
Replacing Ry by Ry, we conclude that [A(Ry) 0 6(Ry), 7] +2[R2,7] = 0 forall r € R.
If we take Ry instead of r in this relation, we achieve that [A(Ry) o §(Ry), R{] = 0.
Compatibility between the two facts A is a homomorphism mapping with the trace J is a
surjective mapping, the above relation modifies to

[A(R1)?, Ry] = 0. (43)
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Linearization of this equation with using it implies to
[A(RY), Ra] + [A(R3), Ry] + [A(R1 + Rp), Ry + Ry = 0.

Based on the fact that R is 2-torsion free and replacing R, by R; and applying relation (43),
we arrive to [A(R;1), Rq] = 0. Consequently, we observe that A is commuting(resp. centralizing) of R.
The proof of this branch is complete.

(ii) First of all, the main relation reduces to (R; o Rp) € Z(R).

This relation can be rewritten as [R; o Ry, 7] = 0 for all » € R.

Putting R, for Ry and R3r for r and using the fact that R is 2-torsion free. Immediately, it follows
that R3[R3,7] = 0 forall r € R.

For any arbitrary element t € R. Replacing r by tr of this relation, we observe R3t[R2, 7] = 0.

In agreement with our hypothesis R is a semiprime ring, we acknowledge the set { P, } of prime
ideals of R such that NP, = {0}. Compatible with Lemma 1, we observe the set { P, } of prime ideals
of R is semiprime ideal. Let NP, = U. We hold either R% € U that s, R% =0.

Linearization this relation and using it gives R; o R, = 0. Obviously, R is anticommutative .
Or [R?,7] € U for all r € R implies [R3,7] = 0.

Repeating the same previous approach of the first case and applying the fact R is 2-torsion free,
we conclude that R is commutative. Hence, the theorem is proved. [J

Theorem 17. Let R be a 2-torsion free anticommutative ring without zero divisors and <y be a permuting skew
n-antisemigeneralized semiderivation associated with automorphism function g of R such that ¢(R) = a — Rb,
a,b € R. If R satisfies the identity [[0(y1(R1)), T(72(R2))], b] = O then either [a,b] = 0or2D1(R)aDy(R) =
D>(R)aD;(R).

Proof. Without loss of generality, suppose that [[c(71(R1)), T(72(R2))],b] = 0. Taking R, =
(X1, X2, wes Xiy Xy ooy X0 ) (Y1, Y2-ues i Yis - Yn) for all X;, x;,9;,y; € R. Based on 7 is an automorphism,
one can easily find that

[[o(r1(R1)), v2((x1, %2, ooy Riy Xiy ooy X0) (Y20u0s i Yis s Yn) ) Y1), D]

+[[0’(’)’1 (R])),gz(xn)Dz((xl, X2, .euy )Zi, Xiyeoes xn,l)(yl,yz...,yi,yi, ...,yn)), b] =0.
In the main relation [[c(71(Ry1)), T(72(R2))], b] = 0, putting (x1, X2, ..., Ri, X, eves X02) (Y2ees iy iy oos Y
instead of R;. Using this result of the above relation, we find that

72((961/ x2/ ceey .721, xi/ ceey le) (yZIy\l/ yll /yl’l)) [[0-(,)/1 ((x], x2/ ceey .721, xi/ ceey le) (yZIyl/ ]/z/ /yn)))/ ]/1], b]

2 ((x1, %2, s iy Xy ooy Xn) (Y2000 Yis Yis oo Yn) ), B (1 (X1, X2, o0y iy Xiy ooy Xr) (Y2100s Vi Vi oY) ) ) Y1)
o (y1((x1, X2, ooy X1y Xiy ooy X)) (Y2ues Vi Yis s Yn ) ) ), Y2 (X1, X2, oe) Xty Xiy ooy X1) (Yo, Vi Yiy ooy Y ) ) Y1, B)
Hlo(v1((x1, %2, cves iy Xiy ooy X)) (Y2ees Vi Vi evr Y )) )5 82 (0 ) D2 (X1, X2, evy Ry Xy ey Xpp—1)

(1, v2-+ i, Vi yn))], 0] = 0.

Where g(R) is g(R) = a — Rb. Therefore, the following result can be seen as an extension of this
relation.

V2 (X1, X2, ooy Riy Xiy wvey X0) (Y2res P Yiy s y)) [0 (11(R1)), 1], U]
+r2((x1, X2, e iy Xiy oo Xn) (Y200s Vi Vi s Yn) ), bl [0 (11 (R1)), 1]
Flo(r1(Ra)), v2((x1, X2, oy Ry Xi ooy X ) Y200y G Vi oo Y ) )] [Y1, ]
+e(71(R1)), aD2((x1, X2, ey Xiy Xiy wvey Xn—1) (Y1, Y2000 Yis Yis s Yin)
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_xl’lbDZ((xll x2/ cers lel xi/ a4 x?’l*l) (]/1/ ]/2/ y\l/ ]/z/ s ]/n)]/ b] = O

Putting x,, = —x, and combining the result with this relation, we conclude that

2[[0(71(R1)), aDz((xl, X2, ey 921', Xiyeey xn_l)(yl,yz..., yiryir ...,yn))], b] =0.

Identifiable property of that R is 2-torsion free and simplifying calculation of o(7y1(R1)) which is
similar to the previous technique of o (y2(Rz)) modifies the structure of this relation to

HaDl((xl/ X2y eees X’i/ Xiyeeer xnfl)(yl/ y2/ eees yi/ yi/ cees y}’l)>/ ﬂDz((x1, X2y eees .72'1', Xiyeeer xnfl)

(Y1, Y2 i Yi 0 yn))], 0] = 0.
Actually, this relation can be rewritten as follows

[ale((xl,xz, ceey )fl‘, Xiyeees xnfl)(ylryZ---r:‘}i/yi/ ...,yn))D2((X1,X2, veey JEZ', Xiyeees xnfl)(ylryl--/y\i/yi/ ,yn”

—* Do (X1, X2, ooy Xiy iy vey X0 1) (Y1, Y2ev0s Pi Yis oo Y )) D1 (X1, X2, w0y Ry X vy X 1) (Y1, Y2 w00 i Vi o Y ))
+aD1((x1, %2, vy iy Xiy ooy X—1) (Y1, Y2ures Yis Vi ooy Y ) )AD2 (X1, X2, o0y Riy Xy ooy X 1) (Y1, Y2000s Bis Yis wer Yn))
—aDa (X1, X2, oy Xiy Xiy ooy Xn—1) (Y1, Y2, s Yis Yis -0 Y ) )AD1 (X1, X2, ey R Xy oo X—1) (Y1, Y2or0s Vi Yis 0 Y))

+a2D1((x1,x2,...,JZi,xi,...,xn,l)(yl,yz...,y},yi,...,y,,))Dz((xl,xz,..., Ris Xiyeor Xn—1) Y1, Y2uuus Uiy Vi s Yn) ), b] = 0.

Basically, we have the fact that an anticommutative ring R has the property 2x> = 0 for all x € R.
View of our hypothesis, we find that R is 2-torsion free. Hence, the previous fact can rewrite as x> = 0

for all x € R and using it of this relation, we achieve that
[ZQ(D] ((x], x2/ a4 X’l/ xi/ seey xn—l)(]/lf y2/ ]}l/ yl/ sy yn))aDZ((xlz x2/ sy 321, xi/ seey x}’l—l) (}/11 y2/ y\ll yl/ ey yn))

_aDz((xl/ X2y ey X.i/ Xiyeeer xnfl) (]/1/]/2---/])i/ yi/ ---/]/n))aDl ((xl/ X2y eees le'/ Xiyeeer xnfl)
(Y1, Y2 Yis Yis - Yn)), b] = 0.

Simplify calculation and employing the fact that x> = 0 for all x € R this relation reduces to
ala, b](2D1 ((x1, X2, o) Ri, Xy wees X 1) (Y1, Y20 Yis Yis s Y ) )AD2 (X1, X2, wvey Xy Xy ooey X 1) (Y1, Y200s Yir Yis -oos Y))

_DZ((xlr XDy eeey JEZ', Xiyeees xn—l)(ylryZ"-/ yir Yi, ...,yn))aDl ((xl, X2, eeey JZ,‘, Xiyees x,,_l)(y1,y2..., ]}i, Yisees yn)) =0.
By reason of R is without zero divisors. Obviously, if we have a = 0, then nothing to prove. So far,

a must be non-equal to zero. Consequently, we show that:

either [4,b] =0

or 2D1((x1, X2, ooy Riy Xy wees X—1 ) (Y1, Y2ures Yis Yis eor Y )AD2 (X1, X2, w0y Ry Xiy vy X0—1) (Y1, Y2 Yis Vi s Y ))
= DZ(('xll xZ/ s JZ'Z’/ xi/ ey xn—l) (yll y2~~/ y\l'/ yi/ ey yl’l))aDl ((xll x2/ ceey .721', xi/ weey xn—l)(yl/ yZ"'I y\i/ yi/ ey yn))
Replacing x,_1 by x,x,_1, the last term can rewire as 2D;(R)aDy(R) = Dy(R)aDi(R)).
This completes the proof. [
Theorem 18. Let R be a 2-torsion free anticommutative semiprime ring and <y be a permuting skew
n-antisemigeneralized semiderivation associated with automorphism function g of R such that v € Z(R).

Then v(R) = 0.
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Proof. In the beginning, we have 7 € Z(R). Hence, we observe that
Y(R)ot =0

forall t € R.
Taking (x1, X2, ..., Xj, Xi, ooy X ) (Y1, Y1--» Yi, Yis - Yn ) instated of R of this relation, we arrive to

('}’((xlf x2/ a4 X'z/ xi/ ey xi’l)(yZ"‘/ ]}l/ yl/ sy ]/n))]/l

+¢(xn)D((x1, X2, o0 Riy Xiy ooy X—1) (Y1ovs Yis Yis s Yn))) 0 = 0
for all x;, x;,9;,yi,t € R.
In this relation t by y((x1, X2, ..., Xi, Xi, ey X ) (Y200, Yis Yis - Yn) ) yields
Y(X1, X2, cves iy Xiy ooy X00) (Y2ees Pis Vi eoos Y ) ) Y1Y (X1, X2, vy Riy Xy vy X00) (Y20 Yis Vi wees Yn))

+(x0)D((x1, X2, ey Riy Xiy ooy Xu—1) (Y1ees Vi Yis o Y ) )Y (X1, X2, o0y Xy Xy ooy X)) (Y2ues Vi Yis oo Y ))
+r}/((xll X2y ooy JZ'i/ Xiyeeer x'rl) (yZ‘-'l 3}1‘; yir ey yn))zyl
+y((x1, X2, vy Riy Xiy ooy X)) (Y1ees Vi Yis oor Y ) ) (X0 ) D((X1, X2, ey iy Xiy ooy Xp—1) (Y1-es Vi Yiy oor Yn) ) = 0.

However, we emphasise on the main relation that substituting (R) for t and applying R has
2-torsion free property, we obtain (R)? = 0. Using the result of this relation, it should be possible to
establish the relation

IY((xll X2y eey 321'/ Xiyeeer xn) (yZ---/ yir Yireeor yn>)y17((xl/ X2y eey )21', Xiyeeer xn) (yZ---/ yir Yireeor yn>)

+g(xn)D((x1; X2y eeey X\ji/ Xiy oo xnfl)(yl"'ly\iryi/-~-/yn))()/((x1/x2/--~/ xl‘/ Xiyeenr xn)(y2~-~/]7i/yir~--/yn))
+r)/((x1/x2/'"/ 321, Xiyeeer xn)(]/Zuv}]iz]/h--~/]/n))g(xn)D((x1/x2/~-~/ le/ Xiyees xn—l)(]/l'-v]]i/]/i/~--/]/n)) =0.

We can rewrite this relation as follows
Y(X1, X2, vy Riy Xiy ooy X0) (Y2eves Pis Vi oor Yn ) ) Y1Y (X1, X2, ooy Ry Xy vy X00) (Y20 Yis Vi woos Yn))
+r)/((x1/ X2y eeey X‘i/ Xiyeeer xn) (yz'"l 1]1'; yir ooy yi’l)) o g(xn)D((xl/ X2, eeey )Zi/ Xiyeeny xn—l)(yl'"/ y\ir Yiyeer yn))
=0.
In agreement with the main relation is generally suitable for reducing this relation to
'y((xl, X2, ..ny JZZ‘, Xiyoees xn)(yz..., y\,’, Yireeo yn))yl'y((xl, X2, ..., JZZ', Xiyoees xn)(yz..., y\i, Yireeos yn)) =0.

Light of the semiprimeness of R, there undoubtedly existed on this relation a clearer result which
is 7(R) = 0. We complete the proof. [

Depending on the result of Theorem 18, one can prove the following.

Corollary 7. Let R be a 2-torsion free anticommutative semiprime ring and v be a permuting skew
n-antisemigeneralized semiderivation associated with a automorphism function g of R such that y(R) C Z(R).
Then D(R) = 0.

Immediate consequence of Theorem 13. Suppose that o is a non-zero permuting skew
n-antisemigeneralized semiderivation acting as an automorphism of (¢,7)-ring. Then, we achieve the
corollary.
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Corollary 8. Let R be a 2-torsion free (o,T)-ring without zero divisors and <y be a non-zero permuting
n-antisemigeneralized semiderivation associated with a automorphism functions g and h of R such that
¢(R) =a—Rb,a,b € Rand v acts as automorphism of R. If R satisfies [o(y1(R1)) o T(7v2(R2)), b] = 0 then
either R is (0, T)-anticommutative ring or [a,b] = 0.

Remark 2. In some results we depend on the condition that the associated function expresses as ¢(R) = a — Rb,
a,b € R. Indeed, the condition is not superfluous .

The following example demonstrates that we cannot exclude the restrictions mandatory on the
hypotheses of the results for example ¢(R) =a — Rb,a,b € R.

Example 4. Let R = M, (IF) be a ring of n x n matrices over a field F, n > 1 that is:

x]' x]'+1 o --- 0

0 O 0 --- 0 5
R=1. Lo N\ EY

0 0O 0 --- 0

forall x; € F,j =1,2,..,n. Foralls;s; € R, such thati = 1,2,...,n. We assume QO(81,82, -, 8iSiy o+r Sn)
defined as

0 (x12x3%x; -+~ x,1)(X123%% -~ x4) O -+ 0

. 0 0 0o --- 0
Q(s1,52, ., 8iSi, -Sn) = .
0 0 o --- 0

It represents the left-side of Definition 3. Also, we chose a and b as fixed elements of R. Hence, we define
the function g as

x]' Xj+1 o --- 0
0 O 0 --- 0
951,52, -, SiSi, .Sn) = a4 — : : L b.
0 0 0 0
Now putting
xk 0 0 0
0 0O 0
a= .
0 0O 0
and
e 0 0
00 0
b= . ,
0O 00 --- 0

where {, k and e are constant. Using the values of a and b to find the value of g(s1,s2, ..., 8iSi, ...5n ). We arrive
to the following
0

0 00
0 ¢ O 0

g(sll 52/ eees §i5i, -.-Sn) -
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Additionally, we define
xi 0 0 0
0 xj 0 0
R j+1
h(s1,82, .., SiSi, .Sn) = ) :
0 0 0 0
and
0 (x1x392]-x]- s xn_l)(xlxgaéjxj . 'Xn) o --- 0
. 0 0 0
D(s1,82, -, 8i8i, Sn) =
0 0 o --- 0
However, the right side of Definition 3 becomes
0 (X1X3JE]‘X]' cee xn,l)(xlxngxj s xn) 0 --- 0 X]‘ X]'+1 0o --- 0
0 0 0o --- 0 o o0 0 --- 0
= 8. +
0 0 0 0 0 0 0 0
xj xjp1 0 0 0 (xpxpxj- - xp-1)(x1%2%j - %) 0 -+ 0
o o0 0 --- 0 0 0 o --- 0
h
o o0 0 --- 0 0 0 0o --- 0

Substituting the values of functions ¢ and h with using the property x> = x, we conclude that

0 (xpx2xj- - xp-1)(¥122%; - %) O -+ 0
0 0 o --- 0
0 0 o --- 0

Certainly, we see that [(1(R1), 02(Ry)] = 0.

7. Conclusions

In this article, we introduce new generators of a permuting n-derivations which are a
permuting n-generalized semiderivation, a permuting n-semigeneralized semiderivation, a permuting
n-antisemigeneralized semiderivation and a permuting skew n-antisemigeneralized semiderivation of
ring R with their applications. Additionally, we present the definition of a M-set of semiprime ring
R. In fact, R has results related to each type of theirs. The presented results have been supported by
some examples.

When R admits a permuting n-semiderivations A satisfies some identities, we observe that

(1) R has a weak zero-divisor,

(i) A € M-set,

(i) 6*(R) C Z(R),

(iv) either 6*(R) C M-set or A(R) C Z(R),

(v) A(d) and A(Ry) commute with R,

(vi)  A(d(R)) is central of R,

(vii) R is commutative if 5(R) = 0 or A(R) =0,
2
1

(viii) either A(Ry)? C M-set or 5(Ry) and A(R?) commute with R.
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Let D be a permuting n-generalized semiderivation satisfies some relations of R, we find that

(i)  D(R) # 0 with the property x? = x; for all x € R then either D(R) is central of R or D(R) C
M-set or D(R?) is commuting of R such thati = 1,2,...,n,

(ii) D = 0 then R contains a non-zero central ideal,

(iii) D(R) # 0then D(U?) C Z(R), U is a non-zero ideal.

(iv) D(R) = 0then u(U?) C Z(R), uis a trace of D(R) and U is a non-zero ideal ,

(v)  Rhas a weak zero divisor,

(vi) either R C M-set or b* € M-setorboR =0or b° € Z(R),

(vii) [¢(x),A(y)] € Z(R) forall x,y € R,

(viii) [D(x),é(y)] € Z(R) forall x,y € R.

When permuting n-semigeneralized semiderivation () satisfies certain conditions of
(0,T)-semicommutative semiprime, we conclude that

(i) eithera=0,a € Rord(R) = 0or Q(R) and Oy (R) are commuting,
(i) either D1(Ry) =0or Dy(Ry) =0,
(iii) either O1(R1)) 0o Op(Rp) =0o0r [a,b] =0,a,b € R.

Let R be an anticommutative semiprime ring admits a permuting skew n-antisemigeneralized
semiderivation 1 satisfying certain identities, we arrive to

(i)  either v1(R) = 0 or a commute of R,a € R,

(i) a€Z(R),a €R,

(iii) either Y. ; 71(R) = 0 or D(R) = 0 or R is commutative,

(iv) any M-set has anticommutative property,

(v) ¢ acts as a surjective mapping then A is commuting(resp. centralizing) of R,
(vi) 6 =0or A = 0 then an anticommutative and commutative coincide of R.
(vii) either [a,b] = 0 or 2D1(R)aD,(R) = Dy(R)aD1(R),

(viil) either R is (o, 7)-anticommutative ring or [a,b] = 0,a4,b € R.

All these results help us to understand rings better and can know about the structure of the rings.
In addition to that, it can be helpful for the set of matrices with entries and ring. Further, the calculation
of the eigenvalues of matrices, which has multi applications of other sciences, business, engineering
and quantum physics.
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