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Abstract: The main objective of this article is to propose a new method that would extend Popov’s
extragradient method by changing two natural projections with two convex optimization problems.
We also show the weak convergence of our designed method by taking mild assumptions on a cost
bifunction. The method is evaluating only one value of the bifunction per iteration and it is uses an
explicit formula for identifying the appropriate stepsize parameter for each iteration. The variable
stepsize is going to be effective for enhancing iterative algorithm performance. The variable stepsize is
updating for each iteration based on the previous iterations. After numerical examples, we conclude
that the effect of the inertial term and variable stepsize has a significant improvement over the
processing time and number of iterations.

Keywords: subgradient extragradient method; equilibrium problem; pseudomonotone equilibrium
problems; lipschitz-type conditions; weak convergence; variational inequality problems

1. Introduction

Let C to be a nonempty convex, closed subset of a Hilbert space E and f : EXE — Rbea
bifunction with f(u, u) = 0 for each u € C. The equilibrium problem for f upon C is defined as follows:

Find p* € C suchthat f(p*,y) >0, VyeC. 1)
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The equilibrium problem (EP) has many mathematical problems as a particular case, for example,
the fixed point problems, complementarity problems, the variational inequality problems (VIP),
the minimization problems, Nash equilibrium of noncooperative games, saddle point problems and
problem of vector minimization (see [1-4]). The unique formulation of an equilibrium problem was
specifically defined in 1992 by Muu and Oettli [5] and further developed by Blum and Oettli [1].
An equilibrium problem is also known as the Ky Fan inequality problem. Fan [6] presents a review and
gives specific conditions on a bifunction for the existence of an equilibrium point. Many researchers
have provided and generalized many results corresponding to the existence of a solution for the
equilibrium problem (see [7-10]). A considerable number of methods are the earliest set up over the
last few years concentrating on the different equilibrium problem classes and other particular forms of
an equilibrium problem in abstract spaces (see [11-29]).

The Korpelevich and Antipin's extragradient method [30,31] are efficient two-step methods.
Flam [12,20] employed the auxiliary problem principle to set up the extragradient method for the
monotone equilibrium problems. The consideration on the extragradient method is to figure out two
natural projections on C to achieve the next iteration. If the computing of a projection on a feasible set C
is hard to compute, it is a challenge to solve two minimal distance problems for the next iteration, which
may have an effect on method’s performance and efficiency. In order to overcome it, Censor initiated
a subgradient extragradient method [32] where the second projection is replaced by a half-plane
projection that can be computed effectively. Iterative sequences set up with the above-mentioned
extragradient-like methods need to make use of a certain stepsize constant based on the Lipschitz-type
constants of a cost bifunction. The prior knowledge about these constant imposes some restrictions on
developing an iterative sequence because these Lipschitz-type constants are normally not known or
hard to compute.

In 2016, Lyashko et al. [33] developed an extragradient method for solving pseudomonotone
equilibrium problems in a real Hilbert space. It is required to solve two optimization problems
on a closed convex set for each next iteration, with a reasonable fixed stepsize depends upon on
the Lipschitz-type constants. The superiority of the Lyashko et al. [33] method compared to the
Tran et al. [20] extragradient method is that the value of the bifunction f is to determine only once for
each iteration. Inertial-type methods are based on the discrete variant of a second-order dissipative
dynamical system. In order to handle numerically smooth convex minimization problem, Polyak [34]
proposed an iterative scheme that would require inertial extrapolation as a boost ingredient to improve
the convergence rate of the iterative sequence. The inertial method is commonly a two-step iterative
scheme and the next iteration is computed by use of previous two iterations and may be pointed out
to as a method of pacing up the iterative sequence (see [34,35]). In the case of equilibrium problems,
Moudafi established the second-order differential proximal method [36]. These inertial methods are
employed to accelerate the iterative process for the desired solution. Numerical studies indicate that
inertial effects generally enhance the performance of the method in terms of the number of iterations
and execution time in this context. There are many methods established for the different classes of
variational inequality problems (for more details see [37-41]).

In this study, we considered Lyashko et al. [33] and Liu et al. [42] extragradient methods and
present its improvement by employing an inertial scheme. We also improved the stepsize to its
second step. The stepsize was not fixed in our proposed method, but the stepsize was set up by an
explicit formula based on some previous iterations. We formulated a weak convergence theorem for our
proposed method for dealing with the problems of equilibriums involving pseudomonotone bifunction
within specific conditions. We also examined how our results are linked to variational inequality
problems. Apart from this, we considered the well-known Nash-Cournot equilibrium model as a test
problem to support the validity of our results. Some applications for variational inequality problems
were considered and other numerical examples were explained to back the appropriateness of our
designed results.
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The rest of the article is set up as follows: In Section 2 we give a few definitions and significant
results to be utilized in this paper. Section 3 includes our first algorithm involving pseudomonotone
bifunction, and gives the weak convergence result. Section 4 illustrates some application of our
results in variational inequality problems. Section 5 sets out numerical examinations to describe
numerical performance.

2. Preliminaries

In this part we cover some relevant lemmas, definitions and other notions that will be employed
throughout the convergence analysis and numerical part. The notion (.,.) and ||.|| presents for the inner
product and norm on the Hilbert space E. Let G : E — E be a well-defined operator and VI(G,C) is
the solution set of a variational inequality problem corresponding operator G over the set C. Moreover
EP(f,C) stands for the solution set of an equilibrium problem over the set C and p* is any arbitrary
element of EP(f,C) or VI(G,C).

Let ¢ : C — R be a convex function with subdifferential of g at u € C defined as:

og(u) ={z € E:g(v)—g(u) > (z,v—u), Vv e C}.
A normal cone of C at u € C is given as
Nc(u)={z€E:{(z,v—u) <0, VoveC}
We consider various conceptions of a bifunction monotonicity (see [1,43] for details).

Definition 1. The bifunction f : E X E — Ron C for y > 01s

(i) strongly monotone if f(u,v) + f(v,u) < —y|lu —v|? Yu,0 € C;

(i) monotone if f(u,v) + f(v,u) <0, Vu,v € C;

(iii) strongly pseudomonotone if f(u,v) > 0= f(v,u) < —y|lu —v|?> Yu,0 € C;

(iv) pseudomonotone if f(u,v) > 0= f(v,u) <0, Vu,veC;

(v) satisfying the Lipschitz-type condition on C if there are two real numbers cq,cp > 0 such that

flu,w) < f(u,0) + f(v,w) +c1]|u —2|* + 2]l — wl|?, YVu,0,w e C,
holds.
Definition 2. [44] A metric projection Pc (1) of u onto a closed, convex subset C of E is defined as follows:

Pc(u) = argmin{|[v — u| }
veC

Lemma 1. [45] Let Pc : E — C be metric projection from [E upon C. Thus

(i) Foreachue C,v ek,
[l — Pc(0)|* + || Pc(o) — of* < |lu— o

(ii) w = Pc(u) if and only if
(u—w,v—w) <0, VoveC.

This portion concludes with a few crucial lemmas which are advantageous in investigating the
convergence of our proposed results.

Lemma 2. [46] Let C be a nonempty, closed and convex subset of a real Hilbert space Eand h : C — R be
a convex, subdifferentiable and lower semi-continuous function on C. Moreover, x € C is a minimizer of a
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function h if and only if 0 € oh(x) + N¢(x) where oh(x) and N¢(x) stands for the subdifferential of h at x
and the normal cone of C at x respectively.

Lemma 3 ([47], Page 31). Foreverya,b € E and ¢ € R the following relation is true:
1§a+ (1= &)b|* = &llall® + (1 = O)Ib]* = &(1 = &)[la — b|*

Lemma 4. [48] If ay, By and 7y, are sequences in [0, +00),

+o0
Myl < ap+ ,Bn(“n - “nfl) + Y, Yn2>1, with 2 Tn < +00
n=1
holds with B > 0 such that 0 < B, < B < 1,V n € N. The following items are true.

(i) Jio[vcn — 0y_1]4+ < oo, with [p]4 := max{p,0};

n=1

(ii) limy—y4oo 0y = a* € [0, 00).

Lemma 5. [49] Let {1, } be a sequence in E and C C E such that

(i) Foreachn € C,limy o0 ||77n — 17| exists;
(ii) All sequentially weak cluster point of {n, } lies in C;

Then {1, } weakly converges to a element of C.

Lemma 6. [50] Assume {a,},{b,} are real sequences such that a, < b, ¥V n € N. Take 9,0 € (0,1) and
i € (0,0). Then there is a sequence Ay, in a manner that Aya, < ub, and Ay, € (ou,0).

Due to Lipschitz-like condition on a bifunction f through above lemma, we have the
following inequality.

Corollary 1. Assume that bifunction f satisfy the Lipschitz-type condition on C through positive constants cq

and cy. Let ¢ € (0,1), ¢ < min { (1_9)25:43?(“92), 2C2+4C11(1+9) } where § € [0, %) and p € (0,). Then there

exits a positive real number A such that

A(f(w,w) = f(u,0) = cr|u—o|* — colo — wl?) < pf(v,w)
and op < A < o where u,v,w € C.

Assumption 1. Let a bifunction f : E x E — R satisfies

fi- f(v,0) =0forallv e Cand f is pseudomonotone on feasible set C.

fa.  f satisfy the Lipschitz-type condition on [E with constants cq and c,.

f3. limsup f(x,,0v) < f(x*,0) forallv € Cand {x,} C C satisfy x, — x*.
n—oo

fa. f(u,.) need to be convex and subdifferentiable over E for all fixed u € E.

Since f(u,.) is convex and subdifferentiable on E for each fixed u € E and subdifferential of f(u,.)
at x € [E defined as:

daf(u,.)(x) =0f(u,x) ={z€E: f(u,v) — f(u,x) > (z,v—x), Vo e E}.
3. An Algorithm and Its Convergence Analysis

We develop a method and provide a weak convergence result for it. We consider bifunction f that
satisfies the conditions of Assumption 1 and EP(f,C) # @. The detailed method is written below.
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Lemma 7. If a sequence {uy } is set up by Algorithm 1. Then the following relationship holds.

HAnf (Vn,Y) — pAnf (On, thyy1) > (Wn — Upi1,Y — Uny1), VY € En.

Proof. By definition of u,, .1 we have

. 1
g1 = argmin{pdnf (vn,y) + 5 |wn —yl|*}
yEEn

By using Lemma 2, we obtain

0 € 0 { A f (0n, ) + 3l = 1P} tns1) + N, ().
From the above expression there is a w € 92f(vn, #y41) and @ € N, (u,41) such that
UApw + Uy — wy +w = 0.
Thus, we have
(Wn = Uny1,Y = Uni1) = PAn(@, Y — Upi1) + (@, — Unia), VY € En.
Since w € NE, (y+1) then (W, y — u,41) <0, for all y € E,. Thus, we have
HAn (W, Y — Upy1) = (Wi — Upi1,Y — Ung1), VY € En. (2)
Since w € 9, f(vy, Uy 11) We obtain
f(ony) = f(on tn 1) 2 {w,y = uny1), Vy € E. ®)
Combining the expressions of Equations (2) and (3) we get
pAnf (0n,y) = pAnf (On, ttpg1) 2 (Wn = U1,y — Uns1), VY € En.
O
Lemma 8. Let sequence {vy, } be generated by Algorithm 1. Then the following inequality holds.
A1 f(On, ) = Ans1 f(On, Ong1) 2 (Wns1 — Uns1, ¥ — Onta), Yy € C.

Proof. By definition of v,,;1, we have

0 € 02 { Auer f(0n, ) + i1 = yIP}(@nar) + Ne(onia).
Thus, there is a w € 95 f (vy, vy11) and @ € N¢(v,,41) such that
Ant1w + Uy — Wy + @ = 0.
The above expression implies that
(W1 = Ops1, Y = Ons1) = A1 (@, ¥ = V1) + (@, y — 0ps1), Yy € C.
Since w € N¢(vy41) then (W, y —v,,11) <0, for all y € C. This implies that

M1{@W, ¥ = Vpy1) > (Wpi1 — Opg1, Y — Ont1), Yy € C 4)
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By w € 9,f(vn, vy41), we can obtain
f(ny) = f(on,0n11) 2 {0,y = Vnya), Vy € E. ®)
Combining the expressions in Equations (4) and (5) we get

A1 f(0n, ) — Apsaf (On, 0nt1) > (Wpg1 — Vng1, ¥ — Uny1), Yy € C.

O

Algorithm 1 (The Modified Popov's subgradient extragradient method for pseudomonotone EP)

e qe e . 1-39 1
Initialization: Choose u_1,v_1,19,v9 € E, 0 € (0,1), ¢ < min { (T=0) -+, (0760)” 26,7401 (150) } for

a nondecreasing sequence 6, such that0 <6, <6 < % and Ag > 0.
Iterative steps: Let u,,_1,v,_1, 4, and v, are known for n > 0. Construct a half-space

Eyn={z€eE: (w, — Aywy_1—vn,z—10y) <0},
where w,, 1 € d2f(v,_1,vn) and wy = uy + O (U — uy_1).
Step 1: Compute
. 1
ttys1 = argmin{pA, f(vn,y) + 3 [lwn — y[*}.

y€E,
Step 2: Revised the stepsize as follows

Vf(vnr“n-&-l) } (6)

A1 :min{a
" " FOn_1,tni1) — f(Ou_1,0n) — c1][vn_1 — vnl2 — callttni1 — vn|> +1

and compute

. 1
On1 = argmin{Aus1f(on,y) + 5 llwnss — v},
yeC
where wy, 1 = 11 + 01 (U1 — tn)-
Step 3: If v, = v,_1 and u,41 = wy, then stop. Else, take n := n + 1 and return back to
Iterative steps.

Lemma9. Let {u,} and {v,} are sequences generated by Algorithm 1. Then the following inequality is true.
M f(0n—1,tng1) — f(Vn—1,00) } = (W — Op, Ups1 — On).
Proof. Since 1,1 € E, then by the definition of E, gives that
(Wn — Apwy—1 — Vn, U1 — Un) < 0.
The above implies that
An{Wn—1, U1 — Un) = (Wn — On, Up41 — Un). @)
By wy,—1 € of (v,—1,vn) with y = 1,41, we reach the following
fOn1,tpg1) = f(0p—1,00) 2 (Wp—1, Up41 — Vn), Yy € E. (8)
By combining Equations (7) and (8), we obtain

Al f(On—1,uns1) = f(On—1,0n) } > (Wn — Oy, i1 — On).
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O
Lemma 10. Ifu, 1 = w, and v, = v,_1 in Algorithm 1. Then, vy, is the solution of Equation (1).
Proof. Setting 1,1 = w, and v, = v,_1 in Lemma 9, we get
Anf (O tn1) > 0. ©)
By the means of u,,,1 = wy, in Lemma 7, we get
UAf (On,y) > uAuf (O, tty11) >0, Yy € E,. (10)
Since it € (0,1) and Ay, € (0,00) then f(v,,y) >0, forally € C C E,. O

Remark 1. (i). Ifu,41 = v, = wy in Algorithm 1, then v, € EP(f,C). It is obvious from Lemma 7.
(ii). If wyi1 = vy41 = vy in Algorithm 1, then v, € EP(f,C). It is obvious from Lemma 8.

Lemma 11. Let a bifunction f : E x E — R is satisfying the assumptions (fi—fs). Thus, for each
p* € EP(f,C) # @, we have

a1 = p* 11> < llwn = p*11> = (1 = A1) g1 — wa > + 41 A1 Anl|wn — 0,1 )12
— A1 (1 —derdn) [[wn — va || = Apyr (1= 262A0) 1t 11 — 0|

Proof. By substituting y = p* into Lemma 7, we get
pARf (On, p*) = pAnf (On, ups1) = (Wn = Unga, p* — Uns1), VY € En. (11)

By make use of p* € EP(f,C) implies that f(p*,v,) > 0. Due to the pseudomonotonicity of a
bifunction f we get f(v,, p*) < 0. Therefore, from Equation (11) we get

(Wy — tys1, Ups1 — P°) = YA (On, Ups1). (12)

Corollary 1 implies that A, 1 in Equation (6) is well-defined and

Vf(vn/ un+1> (13)
> Ans1 (f(vn—lfun+1) - f(vi’l—llvi’l) - C1||Un—1 - Un||2 - Cz||0n - Mn+1||2)-
The expressions in Equations (12) and (13) imply that
<wn —Up41, Up41 — P*> > Augt {)\n {f(vn—lz un-i—l) - f(vn—lz Un)}
(14)
— c1Au[on—1 = onl2 = c2An a1 — 0l ?]-
Since u,,4+1 € E, and using Lemma 9, we have
)\n{f(vnflr un+l) - f(vnflz vn)} > <wn — Un,Up41 — Un)- (15)
Combining the expressions in Equations (14) and (15) we get
(Wn — Upy1,Upt1 — P°) > A [<wn — Un, U1 — Un)
(16)

- Cl)\nanfl - Z)nHz - C2An||un+l - UHHZ} :
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By vector algebra we have the following facts:
*\ __ *1(12 2 * 112
2(wn — 1, U = P) = lwn — poII° = lluns1 — wll™ = i — p* |~

2(wn = vn, tn1 = On) = 1w = nl® + g1 = onl® = flwn — ]|

From the above last two inequalities and Equation (16) we obtain

i1 = p*I7 < llwn = P12 = (1= Anga) g1 = wall> = Anga (1 = 262A0) ([t 1 — 0a1?
= Ansallwn = oul* + Ap g1 (20140) [[0g 1 — 0|

By triangle inequality and elementary algebra gives the following inequality
—ol? < - —ul)* <2 — wy|? + 2||wy — 042
lon—1=vall* < (lon1 = wall + l[wn —oall)” < 2[|on-1 = wal|* +2]|wn —val|*
From the above two inequalities we have the desired result

i1 — P*HZ < jwy — P*”z — (1= Apgn) Jupg1 — wnHz +4c1Ap Ay ||wn — vn—lHZ
— At (1= derAn) o = 012 = Agr (1 = 2¢240) 151 — a2
O
Theorem 1. Suppose a bifunction f : E x E — R is satisfying the Assumption 1. Then for all

p* € EP(f,C) # @, the sequences {wy}, {un} and {v,} are generated by Algorithm 1 weakly converge
to p* € EP(f,C).

Proof. From Lemma 11 we have

lts = P* 112 < lww = p*112 = (1= At — 0l + o1 An A [0 — 0 |2
— Asr(1 = derAn) [0 = 012 = s (1 = 26000 11 — v a7

By definition of wy, in the Algorithm 1 we may write

lwn — vu1 1> = ||ttn + 0n(tn — tty—1) — 0412
= |1+ 60) (ttn — 04-1) = B (-1 — V1) >
= (14 600) |un — 011 = Ol ttn—1 — 0n1ll* + 62 (1 + 6n) 1 — 111>
< (146)lun — 01l +6(1 + 6)[|un — un—11*. (18)

Adding the value 4c10 A, 1(1 +0) ||t 1 — v4]|? on both sides of expression in Equation (17) and
for each n > 1, we obtain
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luni1—p* ||2 +4c10A 1 (1+0) w1 — UnHz
< lwn — p*|> = (1 = 0)[tps1 — Wl + 4010441 (1 + 0) [ty 41 — 0

+ 46100 [ (14 0) [ty — 01 |2+ O(1+0) 4 — 1]

— A1 (1 = 4010) [[wn — v ||* = A1 (1 = 2620) |1t 11 — 0| (19)
< lwn = P> = (1= 0) g1 — wal|* + 4e10A (1 + 6) [t — 01 ||

+4010(0 + 6%)[[un — uy 11> = Auya (1 = 4e10) [|wy — va?

— Anp1 (1 =220 —4e10(1+ ) [t g1 — va? (20)
< lwn = p*1> = (1 = ) [t 11 — wal* + 41040 (1 4 60) ||t — 01 |17

+4c10(0 4 6%) || — up ||

A
_ ”Tﬂ(l —2c00 — 4c10(1+6)) [2||Mn+1 — ou|* + 2wy — U"HZ} -

< llwn = p*II? = (1 =) [[ttns1 = wa | + de10Au (1 + 6)[fun — 051
+4c10(0 + 0%) ||ty — tpy_1|)?

)\n+l
2

(1= 2020 — 410 (1 + 0)) |t 41 — wa || (22)

By Algorithm 1,0 < A, <0 < y and the above inequality ensures

1
2c5+4c1 (146

1 = P17 + 4010241 (14 6) 141 — 0a|?

< Jlwn = p*|? = (1= 0) [t s1 — wul|* + de10Au (1 + 6)||un — vy ||* + de10(0 +6%) [[un —upa > (23)

From definition of wj, in Algorithm 1 we obtain

e = P12 = lttn + 8 (1t — 115-1) — p* 2
= (14 62) (1 — p*) — B 11 — )2
= (14 0) [t — P12 — Oull s — P72 6L+ 0 — [ (29)

By definition of w,, 1 and through Cauchy inequality, we achieve

1 = wnl* = {41 = tn — B (11w — 1)
= [uns1 — ”nHz + G%HUn - ”n—1||2 — 20y (Uy 1 — U, U — Uy—1) (25)
> s — it |® + 6 | tn — 1 [|* = 20|t 11 — e[| — 1001
> |lups1 — “nHz + H%H“H - ”nlez — Onllunt1 — ”nHZ — O [|un — ”n71||2
= (1= 6)[[ttnr1 — unll® + (67 — 6n) |y — 111> (26)

By combining the expressions of Equations (23), (24) and (26) we have
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i1 — p* 17 + 4e10As1 (1 4+ 6) ts1 — ou)?
< (1460) ttn — p*12 = ullit—s — p*I|> + 60 (1 + 60) 1t — 111 |

= (1= ) [(1= 0 a1 — ttal P+ (63 = 0) 4 — 1]

+4c1oA, (14 0)||uy — vy ||2 +4c10(0 + 92)||un — Uy ||2 (27)
< (14 )t — p*I12 = Oullit—y — p* |7 + 4e10An (1 + ) 1ty — 0,1 |

+[001+0) = (1= 0)(63 = 0n) + 4c10(0 + 6%) |l — 10,1 |

— (1= 0) (1= 6) [t 1 — un? (28)
< (14 0) |tn — p[|? = Oulltn—1 — p* |12 + 410X (1 + 0) |ty — 0,1 |
+ ullin — st | = a1 — unll?, (29)
where
fn = [0(1+0) = (1 - 0)(62 — 00) + 410 (0 + 67)|;
Pn=(1—-0)(1—06p).
Suppose that

Y, =®,+ 4771””71 - ”n—l”z

where @, = ||un — p*||? — Oullttn_1 — p*||> + 4c10A, (1 + 0)||uy, — v,,_1]|>. We compute the following
by expression in Equation (29) we obtain

Yor1 —¥a
= |lttng1 = P*II* = Ongallun — p*II* + 410X 41 (14 0) 1 — 0n||* + Pt 11 — |
— Nlun = p*I* + Oullttn—1 — p*||* — 4c10Au (1 4 0) || — vy—1[|* — pulltin — un—1|?
<ttnsr = pH1P = (14 00) lun — p*[1* + B llutn—1 — p* 1> + 4c10A41(1 4 0) [t 41 — 0a|1?
+ Pt lltnsr — un||* — 401070 (14 0) ||y — 01 ||* — ullttn — ty 1>
—(¥n = Pus1) [t g1 — > (30)

Next, we are going to compute

—0)(1=6,) = 0(146) + (1= 0)(051 — O11) — 4c10(6 +6%)
—0)(1—6)%—60(1+0) —4c10(0 +6°)

( ¢n+1) - (1

(1

=(1-6)>—0(14+0) —c(1—6)>—4ci0(6+6%)
1-—

0.

>

30 — o ((1—6)*+4c1 (0 +6%))

v

31
Equations (30) and (31) with some ¢ > 0, imply that
2 2
Vi1 — ¥ < —(¥n — Pui1) [ uns1 — unll” < =6lJups1 — unl|” <0. (32)

The relationship in Equation (32) implies that the sequence {¥ } is nonincreasing. Furthermore,
by definition of ¥, 1 we have

Fourt = nrr = P17 = Onallin = p*1% + st tnsr — unl® + de10 A1 (1 +0) 1 — o

, (33)
— 01| — p" 1%

%
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Additionally, by definition of ¥, we have

[t = p* |17 < ¥+ Oullitn1 — p*|1?
< W1+ 0)uy—1 — p*|?
<< 1)+ 0 Jug — p
T
1-6

< +6"[|uo — p*||%.

On the basis of Equations (33) and (34) we have

~W¥ui1 < Opr llun — p*|?
< 0ljuy — p*|?

h$!
<0 0n+1 % 2.
o g - |

It follows from expressions in Equations (32) and (35) we have

)

n

ttyr1 — un]|* < 1 — Fre
1

k
¥
<Yy 40—+ 8 fug — p?
1 %2
< b _
letting k — oo in Equation (36) we have
Y- ltnss =l < oo implies Tim 1,41 = 0| = 0.

n=1

By the relationship in Equations (25) with (37) we have
|#y41 —wy|| =0 as n — oo

The expression in Equation (35) implies that

R §1
1-0

— Py <6 + 0" g — p* 1 + st |1 — %
By Equation (21) we have

Ausa (1= 2650 — dero(1+0)) [ ltns1 — a2 + [0 — 0]

<Oy — DPppq + 01+ 0|ty — i1 ||* +4c100(1 + 0) ||ty — un|.

Fix k € N and use above equation forn = 1,2, - - - , k. Summing up, we get

11 of 27

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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k
At (1= 2000 — deyo(1+ ) Z[HunH—vnHz—i—Hwn—UnHz]

k
< Pp— Dy +6(1+06) Z [ttn = ttn1]|* +4c100(1+6) Y [ty — uy 1|

n=1 n=1
<P +9 —0 L+ 0 Jug — p* 12 + e [lser — uil?
k k
0(1+6) Z ity — tp_1||* + 4c106(1 + 6) Z ttps1 — tn|? (41)

letting k — oo in above expression we have

Y w1 —oa]?> < 400 and Y [ — 0% < 400 42)
n n
and
1 [|ty 41— 0 = lim [[@, — | = 0. (43)

By using the triangular inequality we can easily derive the following from the
above-mentioned expressions

lim ||uy, — vy = lim ||u, —wy| = lim ||v,—1 — o] = 0. (44)
n—o0 n—o0 n—oo
Moreover, we follow the relationship in Equation (27) such that

1 = p*I1> < (U4 60) [ = p* |1 = Oullun1 = p*[1> + 01+ 60) ||t — w1 ||
+4c10(1 4 0) ||ty — 0,1 ||* + 4c10(0 + 6) ||ty — 11> (45)

The above expression with Equations (37) and (42) and Lemma 4 suggest that limits of ||u, — p*||,
llwy, — p*|| and ||v, — p*|| exist for each p* € EP(f,C) and imply that the sequences {u, }, {w,} and
{vn} are bounded. We require to establish that every weak sequential limit point of the sequence {u,, }
lies in EP(f, C). Take z to be any sequential weak cluster point of the sequence {u,}, i.e., if there exists
a weak convergent subsequence {uy, } of {u,} that converges to z, it implies that {v,, } also weakly
converge to z. Our purpose is to prove z € EP(f,C). Using Lemma 7 with Equations (13) and (15)
we obtain

UARS (On Y) = A f (Ong, iy 1) + (Wi — U1, Y — U i1)
> )\n/\n-&-lf(vnk—lrunk-i-l) - )\n/\n-l-lf(vnk—lfvnk) — 1At ”Unk—l - UﬂkHz
= AnApial|vm, — U1 1 + (wn, — U1, Y — Ung41)
> Api1 (Wi — Onyoy U1 — Ony) — 1A At |01 — v, |12

— 2 AuAys||on, — Unp+1 ||2 + (wn, — U1, Y — Uny+1) (46)

for any member yin C C E,. The expressions in Equations (38), (43) and (44) as well as the boundedness
of the sequence {1, } mean the right side of the above-mentioned inequality is zero. Taking u, A, > 0,
condition (f3) in (Assumption 1) and v,, — z, we obtain

0 < limsup f(vy,,y) < f(z,y), Vy € Ey. (47)

k—oc0

Then z € C implies that f(z,y) > 0 for ally € C C E,. This determines that z € EP(f,C). B
Lemma 5, the sequences {u, }, {v, } and {w, } weakly converges to p* € EP(f,C). O
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We make 6,, = 0in the Algorithm 1 and by following Theorem 1 we have an improved variant of
Liu et al. [42] extragradient method in terms of stepsize.

Corollary 2. Let a bifunction f : E x E — R satisfies Assumption 1. For every p* € EP(f,C) # @, the
sequence {u, } and {vy} are set up in the subsequent manner:

Initialization: Given ug,v_1,v90 € E, 0 € (0,1), 0 < min {1, ﬁ}, u € (0,0)and Ay > 0.

Iterative steps: For given uy,v,_1 and vy, construct a half-space
En={z€E: (uy — Apwy_1—vn,z—vy) <0},

where wy_1 € 92 f (Vy_1,0n).
Step 1: Compute

. 1
tysn = argmin{judaf (0a, ) + 5 llun =y,
y€E,

Step 2: Update the stepsize as follows

. U, Upg1)
A1 :mm{a, 1 (On, }
" fon—1,uny1) = f(On—1,0n) —c1loy—1 — 0|12 = c2l|ttng1 — vnl|? + 1

and compute

) 1
Ot = argmin{Aui f(0n,y) + 5 s =y}
yeC

Then {uy} and {vy, } weakly converge to the solution p* € EP(f,C).

4. Solving Variational Inequality Problems with New Self-Adaptive Methods

We consider the application of our above-mentioned results to solve variational inequality
problems involving pseudomonotone and Lipschitz-type continuous operator. The variational
inequality problem is written in the following way:

find p*e€C sothat (G(p*),v—p*)>0,VveC.

An operator G: E — Eis

(i). monotone on C if (G(u) — G(v),u —v) >0, Vu,veC;
(ii). L-Lipschitz continuous on C if ||G(u) — G(v)|| < L||lu — ||, Vu,v € C;
(iii). pseudomonotone on C if (G(u),v —u) > 0= (G(v),u —v) <0, Vu,v € C.

Note: If we choose the bifunction f (1, v) := (G(u),v —u) forallu,v € C then the equilibrium problem
transforms into the above variational inequality problem with L = 2¢q = 2c;. This means that from the
definitions of v, 11 in the Algorithm 1 and according to the above definition of bifunction f we have
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Un+1 :argmln{ n+1f On, Y Hwn+1 ]/Hz}
yeC
1
= argmm{f\m-l — ) + EHwn—«—l - y”z}
yeC
1 2
= argmin{A,1(G(vn), ¥ = Was1) + 3l @t = 12+ a1 (Glon), wesr —0n) |
yeC 2
2 /\2+1 2
= argmin{ 2 [ly — (@1~ A1 Glon) |2} — ZHL G ()|
yeC
= PC(wnJrl - /\n+1G(vn))' (48)

Similarly to the expression in Equation (48) the value u,,;1 from Algorithm 1 converts into
upt1 = P, (wn — pAnG(vn)).
Due to wy,,_1 € 92f(v,_1,v,) and by subdifferential definition we obtain

(Wn-1,2=0n) <(G(vy-1),2—Vp-1) = (G(Vp-1),0n —Vy_1), V2 €E
(G(vy-1),z—vn), VZz€E (49)

and consequently 0 < (G(v,_1) — wy_1,z — vy) for all z € E. This implies that

<wn - /\nG(Unfl) — On, 2 — Un>
< <wn - )\nG(Unfl) — On, 2 — Un) + )\n<G(Un71) —Wp-1,2 — Un)
== <w;1 _)\nwn_l —Un,Z—Un>. (50)

Assumption 2. We assume that G is satisfying the following assumptions:

Gi. G is monotone on C and VI(G, C) is nonempty;

Gi. G is pseudomonotone on C and VI(G, C) is nonempty;

Gy. G is L-Lipschitz continuous on C through positive parameter L > 0;

Gs. limsup(G(uy),v —uy) < (G(x*),v — x*) for every v € C and {u,} C C satisfying u, — x*.

n—o0

We have reduced the following results from our main results applicable to solve variational
inequality problems.

Corollary 3. Assume that G : C — E is satisfying (G, Gy, G3) in Assumption 2. Let {wy, }, {un} and {v, }
be the sequences obtained as follows:

e g . 1-30 1
Initialization: Choose u_1,v_1,up,v9 € E, 0 € (0,1), ¢ < min { (1=0/2+2L(0507)’ 3L+20L) } fora
nondecreasing sequence 8, such that 0 < 0, <6 < % and Ag > 0.

Iterative steps: For given u,_1,v,_1, U, and vy, construct a half space
={z€E: (w, — AGv,_1—vpy,z—vy,) <0}

where wy, = uy + 0, (uy — Uy _1).
Step 1: Compute
Uny1 = Pg, (wy — pAnG(vn)).
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Step 2: The stepsize Ay, is updated as follows

V<Gvn/un+1 - Un> }

An+1 :min{a
" ’ <G0n—1lun+l —Uy) — %HWA - UnHZ - %H“nﬂ - UnHZ +1

and compute

Upi1 = Po(Wnp1 — An1G(0n))  where w1 = tyqq + 0pg1 (Upgp1 — tn).

Then the sequence {wy }, {u,} and {v, } weakly converge to p* of VI(G, C).

Corollary 4. Assume that G : C — E is satisfying (G, Ga, G3) in Assumption 2. Let {uy } and {v,} be the
sequences obtained as follows:

Initialization: Choose v_1,u0,v9 € E, 0 € (0,1), 0 < min {1, 3%} and Ag > 0.
Iterative steps: For given v, _1,u, and vy, construct a half space

En={z€E: (uy, — AGvy_ 1 —0y,z—vy) <0}

Step 1: Compute
Upt1 = P, (un — pAnG(0n)).
Step 2: The stepsize Ay, 11 is updated as follows

#{GUn, Uy 1 — Vn) }
<Gvn—1/ Upy1 — Un> - % |Un—1 - UnHZ - % |un+1 - UnHz +1

Aps1 =min {0’,

and compute
On1 = Pe(up1 = Ap1G(0n)).

Thus {uy,} and {v,} converge weakly to the solution p* of VI(G,C).

We examine that if G is monotone then condition (G3z) can be removed. The assumption (G3) is
required to specify f(u,v) = (G(u),v — u) complies with the condition (f3). In addition, condition (f3)
is required to show z € EP(f, C) after the inequality in Equation (47). This implies that the condition
(G3) is used to prove z € VI(G, C). Now we will prove that z € VI(G, C) by using the monotonicity of
operator G. Since G is monotone, we have

(G(y)y —ovn) 2 (G(vn),y —vn), Vy € E. (51)
By f(u,v) = (G(u),v — u) and Equation (46) we have

limsup(G(vy, ),y —vy,) >0, y € Ey. (52)

k—ro0

Combining Equations (51) with (52), we deduce that

limsup(G(y),y —vn,) >0, y € Ey. (53)

k—o0

Since v, — z € Cand (G(y),y —z) > 0forally € C.Letv; = (1 —t)z+ty forall t € [0,1].
Due to convexity of C the value v; € C for each t € (0,1). We obtain

0 <(G(v), vt —z) = H(G(v1),y — 2) (54)
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Thatis (G(v:),y —z) > Oforall t € (0,1). By v; — z as t — 0 and the continuity of G gives
(G(z),y — z) > 0 for each y € C, which implies that z € VI(G,C).

Corollary 5. Assume that G : C — E is satisfying (G{, Gy) in Assumption 2. Let {wy, }, {u,} and {v,} be
the sequences obtained as follows:

Initialization: Choose u_1,v_1,up,v9 € E, 0 € (0,1), ¢ < min { (176)21+_23L9(9+92)’ 3L+129L) } fora
nondecreasing sequence 8y, such that 0 < 6, <6 < % and Ay > 0.

Iterative steps: For given u,_1,v,_1, Uy and vy, construct a half space
E,={z€eE: (w, — A,Gv,,_1 —vy,z—0vy,) <0}

where wy, = uy + 0, (uy — Uy _1).
Step 1:
unt1 = P, (wy — pAnG(on)).

Step 2: The stepsize Ay, 41 is updated as follows

#(Goy, Uyt1 — Vn) }

L

A+l :min{a
" ' (GUy—1, Upq1 — Un) — §||Un71 — a2 — %H”nﬂ — ]2 41

and compute

Ont1 = Po(Wyy1 — As1G(vn))  where  wy i1 = g1 + Opp1 (Uns1 — tn).

Then the sequences {wy }, {1, } and {v,} converges weakly to p* of VI(G,C).

Corollary 6. Assume that G : C — E is satisfying (G5, Gp) in Assumption 2. Let {uy} and {v,} be the
sequences obtained as follows:

Initialization: Choose v_1,up, vy € E, ¢ € (0,1), ¢ < min {1, 3%} and Ag > 0.

Iterative steps: For given v,,_1, u, and vy, construct a half space

En={z€E: (u, — MGv,_ 1 —vy,z—vy) <0}
Step 1:
Uups1 = P, (un — pAnG(0n)).
Step 2: The stepsize Ay, is updated as follows

V<Gvn/un+1 - Un> }

L

An+1 :min{a
" ' (GUp—1, Upt1 — Un) — 7||Un71 - Z’n||2 - %Hunﬂ - UnHZ +1

and compute
Ont1 = Pc(tns1 — Ant1G(vn)).

Then {uy} and {vy, } converge weakly to p* of VI(G,C).
5. Computational Experiment

Numerical results produced in this section show the performance of our proposed methods.
The MATLAB codes were running in MATLAB version 9.5 (R2018b) on a PC Intel(R) Core(TM)i5-6200
CPU @2.30GHz 2.40GHz, RAM 8.00 GB. In these examples, the x-axis indicates the number of iterations
or the execution time (in seconds) and y-axes represents the values D, = ||u,,1 — u||. We present the
comparison of Algorithm 1 (Algo3) with the Lyashko et al. [33] (Algol) and Liu et al. [42] (Algo2).
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Example 1. Suppose that f : C x C — R is defined by
f(u,v) = (Au+Bo+d,v—u),

where d € R" and A, B are matrices of order n where B an symmetric positive semidefinite and B — A is
symmetric negative definite with Lipschitz constants are c; = c; = %||A — B|| (for more details see [20]).
During Example 1, matrices A, B are randomly produced (Two matrices are randomly generated E and F with
entries from [—1,1]. The matrix B = ETE, S = FTFand A = S + B.) and entries of d randomly belongs to
[—1,1]. The constraint set C C R" as

C:={ueR": -10 <u; <10}.

The numerical findings are shown in Figures 1-6 and Table 1 withv_, = (4,--- ,4), u_1=(3,---,3),
up=(1,---,1),00= (2, ,2), A= 70, 0 = o/ h = giy, 00 = 0.12and Mg = g-.

10° ——Algol |3
- - —Algo2

= ||Zns1 — x|
=
=
N

D,
.
e
S

0 50 100 150 200 250 300
Number of iterartions

Figure 1. Example 1 whenn = 5.

102 w

—e—Algo3

|1 — 2|l

o

S
&
.

D,

[

e
>
T

lO’B I I I I I
0 2 4 6 8 10 12
Number of iterartions

Figure 2. Example 1 when n = 5.
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10t w
—— Algol
100} - = =Algo2
101§
|
1
1072 \

D, = |1 — |

0 100 200 300 400 500 600 700 800 900 1000
Number of iterartions

Figure 3. Example 1 when n = 10.

10? : ;

100 L

10%F

D, = ||@ps1 — T

10—8 I I I I I I I
0 2 4 6 8 10 12 14 16

Number of iterartions

Figure 4. Example 1 when n = 10.

10! ‘
——Algol
100 F - = =Algo2| |

10t F E

D, = |1 — 2|

104

10°°

L I ~1

106 | | |
0 500 1000 1500 2000 2500 3000 3500 4000

Number of iterartions

Figure 5. Example 1 when n = 20.
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102 T T T T T T

100 ¢

10-2 L

[z s1 — x|

104 ¢

D,

10—6 L

0 2 4 6 8 10 12 14
Number of iterartions

108

Figure 6. Example 1 when n = 20.

Table 1. Example 1: The numerical results for Figures 1-6.

Algol Algo2 Algo3

n Iter.  Exeu.time Iter. Exeu.time Iter. Exeu.time
287 5.9342 281 3.5302 12 0.1204

10 727 19.8789 960 12.8186 16 0.1584

20 2997 72.7622 3510 3510 14 0.1624

Example 2. Let f : C x C — R be defined as
f(u,v) = (w1 +uy—1)(v1 —uy) + (ug +up — 1) (v2 — up)
where C = [—2,5] x [—2,5]. We see that
flw,0) + f(v,u) = —(ur —v1 + 1 —v2)* <0

which gives that bifunction f is monotone. The numerical findings are shown in Figures 7—14 and Table 2 with
vy =u_1=ug=(-11),A =003,0=0476, u = 0455, 6, = 0.15and Ay = 0.1.

Table 2. Example 2: The numerical results for Figures 7-14.

Algol Algo2 Algo3

N Iter. Exeu.time Iter. Exeu.time Iter. Exeu.time

(—=1.0,2.0)0 180 1.7844 172 0.7740 20 0.1025
(1.5,1.7) 187 2.1016 181 0.8069 23 0.1125
(2.7, 4.6) 190 1.9044 184 0.7979 17 0.0881
(2.0, 3.0) 188 1.8635 182 0.7792 20 0.1063
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10° ‘
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10 - - =Algo2| ]
1072
=
8
I 108
T
1
I 10
10
106
10.7 | | | | | | | |
0 20 40 60 80 100 120 140 160 180
Number of iterartions
Figure 7. Example 2 when vy = (—1.0,2.0).
102 T T
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<
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[ 107 Q. 1% NN E
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”: 104 ¢ N E
S <.
N
N
\
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10 6 L G
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Figure 8. Example 2 when vy = (—1.0,2.0).
100k ——Algol]| |
- - =Algo2

41 — 0|
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Number of iterartions

Figure 9. Example 2 when vy = (1.5,1.7).
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10? w
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Figure 10. Example 2 when vy = (1.5,1.7).
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Figure 11. Example 2 when vy = (2.7,4.6).
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Figure 12. Example 2 when vy = (2.7,4.6).
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Figure 13. Example 2 when vy = (2.0, 3.0).
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Figure 14. Example 2 when vy = (2.0,3.0).

Example 3. Let G : R? — R? be defined by

0.5111142 — 2142 — 107
G =
() (—4u1 —0.112 — 107

22 of 27

and let C = {u € R? : (uy —2)% + (up — 2)?> < 1}. The operator G is Lipschitz continuous with L = 5
and pseudomonotone. During this experiment we use u_1 = (1,1),v_q1 = (2,2), ug = (3,4)T with stepsize
A = 1078 according Lyashko et al. [33] and Liu et al. [42]. We take Ay = 0.1, ¢ = 0.0392 and p = 0.0377. The

experimental results are shown in Table 3 and Figures 15-18.
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Figure 15. Example 3 when uy = (1.5,1.7).
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Figure 16. Example 3 when uy = (2.0,3.0).
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Figure 17. Example 3 when uy = (1.0,2.0).
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Figure 18. Example 3 when uy = (2.7,2.6).

Table 3. Example 3: The numerical results for Figures 15-18.

Algol Algo2 Algo3
Vo Iter. Exeu.time Iter. Exeu.time Iter. Exeu.time
(1.5,1.7) 82 2.6525 81 1.3557 47 0.9015
(2.0,3.0) 82 2.7698 81 1.3698 50 1.4948
(1.0,2.0) 85 2.9042 84 1.4026 43 1.2657
(2.7,2.6) 86 2.8937 81 1.3990 48 1.4540

Example 4. Take G : R" — R" to be defined through

G(u) = Au+ B(u)
where A is a n X n symmetric semidefinite matrix and B(u) is the proximal mapping through the function
h(u) = §||ul[* such that

t
B(u) = argmin{'v| + -|jv— u||2}
veR" 4 2

The property of A and the proximal mapping B implies that G is monotone upon C [45]. The following is a
feasible set

C:={ueckR®: -2<u <5}.

The numerical results are shown in Table 4 and Figures 19.

Table 4. Example 4: The numerical results for Figure 19.

Algol Algo3

n Iter. Exeu.time Iter. Exeu.time

5 338 12.6364 112 8.8393
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Figure 19. Example 4 when n = 5.

6. Conclusions

We have developed extragradient-like methods to solve pseudomonotone equilibrium problems
and different classes of variational inequality problems in real Hilbert space. The advantage of our
method is in designing an explicit formula for step size evaluation. For each iteration the stepsize
formula is updated based on the previous iterations. Numerical results were reported to demonstrate
numerical effectiveness of our results relative to other methods. These numerical studies suggest that
inertial effects in this sense also generally improve the effectiveness of the iterative sequence.
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