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Abstract: Due to the prevalence of Human Immuno-deficiency Virus/Acquired Immuno-Deficiency
Syndrome (HIV/AIDS) infection in society and the importance of preventing the spread of this
disease, a mathematical model for sexual transmission of HIV/AIDS epidemic with asymptomatic
and symptomatic phase and public health education is stated as a symmetric system of differential
equations in order to reduce the spread of this infectious disease. It is demonstrated that public
health education has a considerable effect on the prevalence of the disease. Moreover, the cost of
education is very high and for this reason, a cost-optimal control is applied to provide the best possible
combination of the parameters corresponding to education in controlling the spread of the disease by
means of the Genetic Algorithm (GA) and Simulated Annealing (SA).
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1. Introduction

Since 1981, following the first observation of the US centers for disease control and prevention,
society has dedicated excessive attention to HIV/AIDS (Human Immuno-deficiency Virus/Acquired
Immuno-Deficiency Syndrome), which is noteworthy for its rapid spread around the world. As per the
World Health Organization (WHO) report in 2016, 36.7 million people live with HIV/AIDS including
2.1 million children, and 1.8 million newly infected. Moreover, 1 million people have died from
AIDS [1]. Clearly, the hidden course and the infectious period of HIV constitute a long period of time.
The average progression of HIV to AIDS is about 9 to 10 years without antiretroviral therapy, and after
the development of AIDS, an infected patient will only live for 9.2 months on average.

Clinical treatments and experimental research on HIV/AIDS are too costly and time-consuming.
Thus, an understandable mathematical model of the transmission of HIV dynamics may be useful to
illustrate some of the fundamental relationships between epidemiologic factors, such as deviations of
sexual behavior, distributed incubation periods, and the overall scheme for AIDS epidemics. By using
these models, it is possible to determine epidemiological data which are necessary to predict the
plans [2]. The researchers developed several mathematical models to provide a better understanding
of the epidemiological patterns of HIV control, so that researchers can make more accurate short and
long-term predictions to control HIV infection. Following the elementary models presented by May
and Anderson [1–3], various modifications have been applied to these models, and this topic has been
addressed by certain researchers [4–15]. To reduce HIV infection incidence, the impact of education as

Symmetry 2020, 12, 659; doi:10.3390/sym12040659 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-4686-0930
http://www.mdpi.com/2073-8994/12/4/659?type=check_update&version=1
http://dx.doi.org/10.3390/sym12040659
http://www.mdpi.com/journal/symmetry


Symmetry 2020, 12, 659 2 of 12

a single strategy was investigated by Ostadzad et al. [16,17]. Note that in this case, education means
recommending persons to reduce the number of sexual partners, or reduce their risk-associated sexual
behaviors. One of the most efficient ways of preventing HIV/AIDS spread is making changes to sexual
behavior for all ages, which is most conveniently possible through education.

This paper is organized as follows. In order to reduce the spread of an infectious disease,
a mathematical model for sexual transmission of HIV/AIDS epidemic with asymptomatic and
symptomatic phase with public health education is stated as a symmetric system of differential
equations. Public health education parameters were applied in a model as a single strategy to show
the undeniably huge impact of education on preventing the outbreak of HIV/AIDS. To this purpose,
the population is stratified into non-educated and educated individuals. The model is analyzed by
applying the nonlinear differential equation theory. Stability analysis of the model concludes the
threshold parameters RE and R0, the reproduction number with and without education, respectively.
By investigating values of reproduction number, it is indicated that, if RE < 1, the disease-free
fixed point is locally asymptotically stable, and if RE > 1, then the infection will be epidemic.
By comparing R0 and RE, we explain the influence of education. Moreover, because of the high cost of
education, a cost-optimal control is applied to provide the best possible combination of the parameters
corresponding to education in controlling the spread of the disease by means of Genetic Algorithm
(GA) and Simulated Annealing (SA). The model has also been investigated numerically to prove the
importance of education on the spread of the disease.

2. Models Structure and Dynamical Analysis

2.1. Model Includes Public Health Education

The mathematical model for sexual transmission of HIV/AIDS epidemic with asymptomatic and
symptomatic phase and the application of public health education on reducing the spread of the
infectious disease is stated as the following system of differential equations [16].

dS
dt = (1−π)d− (ρ+ φ+ (1− σ)(ψ+ω))S− εSS− µS
dI
dt = (ρ+ φ+ (1− σ)(ψ+ω))S− εII − k1I − µI
dJ
dt = k1I − εJ J − k2 J − µJ
dES
dt = πd + εSS− (1− σ)(ρ+ φ+ (1− σ)(ψ+ω))ES − µES

dEI
dt = εII + (1− σ)(ρ+ φ+ (1− σ)(ψ+ω))ES − k1EI − µEI

dEJ
dt = εJ J + k1EI − k2EJ − µEJ

dA
dt = k2

(
J + EJ

)
− (µ+ ν)A.

(1)

In this model, the sexually active population (educated and non-educated) is classified into
seven subpopulations; S as susceptible, I and J as infected cases in asymptomatic and symptomatic
phases, respectively,ES, EI and, EJ are persons in the phases S, I and, J, respectively, who are educated,
and persons who show the AIDS symptoms are in phase A at time t. These parameters are explained
in Table 1.

The sexually active population growth and death rate are d and µ, respectively. A proportion π
of the population categorized in ES (assumed to be educated) and the complementary ratio (1−π),
move to the uneducated susceptible class S. The usceptible acquire HIV from phases I, EI, J and EJ

at the rate of ρ = cβI, (1− σ)ψ, φ = cβbJ and (1− σ)ω, respectively, where ψ = cβEI and ω = cβbEJ,
where c is the average number of contacts of an individual per unit of time. Furthermore, educated
people acquire HIV from phases I, EI, J and EJ at the rate (1− σ)ρ, (1− σ)2ψ, (1− σ)φ and (1− σ)2ω,
respectively. In this model, 0 < σ < 1. β and bβ are the disease transmission probability of contact by
an infected person in the first and second stages, respectively. k1 and k2 are respectively the rates of
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transfer from the phase I to the phase J and from the phase J to an AIDS case, and ν is the rate of death
related to AIDS cases. Figure 1 displays the structure of the proposed model.
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Figure 1. Structure of Model (1).

Table 1. Parameters explanation.

Parameter Explanation

π Ratio of the educated susceptible

d Rate of population recreation

µ Constant of death rate

c Mean value of contacts per unit of time

β Transmission probability of disease from patient in phase I

bβ Transmission probability of disease from patient in phase J

σ Performance of the education

k1 Rate of disease transmission from the phase I to phase J

k2 Rate of disease transmission from the phase J to phase A

εS Educating rate for susceptible S

εI Educating rate for infected individuals in phase I

εJ Educating rate for infected individuals in phase J

ν Death rate related to disease

Since the AIDS cases do not appear in other equations of (1), for dynamical analysis we only
consider the subsystem

dS
dt = (1−π)d− (ρ+ φ+ (1− σ)(ψ+ω))S− εSS− µS
dI
dt = (ρ+ φ+ (1− σ)(ψ+ω))S− εII − k1I − µI
dJ
dt = k1I − εJ J − k2 J − µJ
dES
dt = πd + εSS− (1− σ)(ρ+ φ+ (1− σ)(ψ+ω))ES − µES

dEI
dt = (1− σ)(ρ+ φ+ (1− σ)(ψ+ω))ES + εII − k1EI − µEI

dEJ
dt = k1EI + εJ J − k2EJ − µEJ.

(2)

For stability analysis of the model (2), we obtain the fixed points of the system. Thus, we have to

put dS
dt =

dES
dt = dI

dt =
dEI
dt = dJ

dt =
dEJ
dt = 0. Therefore, the disease-free equilibrium point is obtained as

X∗ =
(
S∗, I∗, J∗, E∗S, E∗I , E∗J

)
=

(
(1−π)d
εS + µ

, 0, 0,
(πµ+ εS)d
µ(εS + µ)

, 0, 0
)
.
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The endemic fixed point is X =
(
S, I, J, ES, EI, EJ

)
, where

S =
(1−π)d

cβ
(
I + bJ + (1− σ)

(
EI + bEJ

))
+ εS + µ

,

I =
(1−π)d− (εS + µ)S

εI + k1 + µ
,

J =
k1

εJ + k2 + µ
I,

ES =

(
πd + εSS

)
S

(1− σ)(1−π)d− ((1− σ)(εS + µ) − µ)S
,

EI =
πd + εSS + µES + εII

k1 + µ
,

EJ =
εJ J + k1EI

k2 + µ
.

One can obtain S, I, J, ES, EI, EJ as the answer of the non-linear algebraic system.

Definition 1. The basic reproduction number R0 is the expected value of people in susceptible phase infected by
an infective case [18,19].

R0 < 1 means an infected individual produces on average less than one new infected person
over its infectious period; therefore, the infection will not increase. Conversely, R0 > 1 means each
infected person causes more than one new infection on average. Thus, the disease will invade the
population [19]. As mentioned in [16], by some calculation, for model (2), the education including
basic reproduction number RE is obtained as

RE = cβ(1− σ)
[

bk1 + (k2 + µ)

(k1 + µ)(k2 + µ)

(
S∗ + (1− σ)E∗S

)]
. (3)

Theorem 1. In model (2), if RE < 1, then the disease-free fixed point X∗ is locally asymptotically stable.
If RE = 1, X∗ is locally stable. If RE > 1, X∗ is a saddle point with one eigenvalue having positive real part
(dimWu(X∗) = 1) and three eigenvalues having negative real part (dimWs(X∗) = 3) [16].

2.2. Model without Education

If in model (2) we consider σ = π = εS = εI = εJ = 0 then, we obtain an HIV/AIDS epidemic
model where education has no effect on the spread of infection. The model is as in the following
ODE system [20] 

dS
dt = d− (ρ+ φ)S− µS
dI
dt = (ρ+ φ)S− (µ+ k1)I
dJ
dt = k1I − (µ+ k2)J
dA
dt = k2 J − (µ+ ν)A.

(4)

Figure 2 explains the model structure.
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As in the previous section, for stability analysis of the model, we consider the subsystem
dS
dt = d− (ρ+ φ)S− µS
dI
dt = (ρ+ φ)S− (µ+ k1)I
dJ
dt = k1I − (µ+ k2)J.

(5)

The disease-free and endemic fixed points are X∗ = (S∗, I∗, J∗) =
(

d
µ , 0, 0

)
and X =

(
S, I, J

)
= (µ+k1)(µ+k2)

cβ(µ+k2+bk1)
, d(

cβ
(
1+

bk1
µ+k2

)
+µ

)
S

, k1
µ+k2

I

, respectively.

By some calculations, the reproduction number R0 is obtained as

R0 =
βcd

µ(µ+ k1)(µ+ k2)
× (µ+ k2 + bk1). (6)

We can conclude that the relationship between the steady state of the system (5) and the
corresponding reproduction number by the following theorem:

Corollary 1. The disease-free fixed point of (5), X∗, is locally asymptotically stable if R0 = 1, locally stable if
R0 = 1, and is a saddle point if R0 > 1 [20].

Corollary 2. If R0 > 1, then, the positive fixed point X of the model (5) is locally asymptotically stable [20].

2.3. Impact of Education on HIV Transmission

To study the impact of public health education on preventing the growth of HIV/AIDS in society,
we reconsider R0 and RE as the basic reproduction number in the absence and presence of education,
respectively, as

RE = (1− σ)
cβd(bk1 + k2 + µ)

µ(k1 + µ)(k2 + µ)

[
(1−π)µ+ (1− σ)(πµ+ εS)

εS + µ

]
(7)

and

R0 =
βcd

µ(µ+ k1)(µ+ k2)
× (µ+ k2 + bk1).

Therefore,

RE = (1− σ)R0 ×

[
(1− σ)εS + (1− σπ)µ

εS + µ

]
= R0K1, (8)

where

K1 = (1− σ)
(
(1− σ)εS + (1− σπ)µ

εS + µ

)
= (1− σ)

(
1−

σ(πµ+ εS)

εS + µ

)
.

Notice that, due to σ,µ ∈ (0, 1), so (1− σ), (1− µ) ∈ (0, 1), thus, by some calculations,
we can conclude K1 < 1. Hence, K1 is a factor to prevent the spread of HIV, which depends on
educational parameters.

Now, public health education might be unnecessary if R0 < 1, because HIV/AIDS will not develop
into an epidemic. Conversely, if R0 > 1, HIV will be epidemic, and the existence of education is
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undeniable. Therefore, we want to specify the necessary values for educational parameters to reduce
the rate of development of HIV/AIDS.

3. Single and Multi-Objective Optimization

The optimization problem finds solution or solutions in a set of possible cases by observing the
constraints of the problem with the conditions of optimizing the criteria for an optimization problem.
The following problem is the optimization of a model to economize the expenses of education to obtain
the best result in controlling the disease.

In general, it can be said that the data of the optimization problem is a function of variables or
parameters of the model which is called cost function, the objective function (minimization) or utility
function (maximization). The output of the optimization algorithm is defined as cost or profit.

A practical solution is called an optimal solution whenever it optimizes the objective function.
In mathematics, common optimization problems are typically based on the minimization of
cost functions.

Multi-objective optimization [21,22] deals with optimizing two or more conflicting objects
simultaneously, which are dependent on a set of specific constraints. If the optimization of one
objective results in the automatic optimization of the other one, it is not considered a multi-objective
optimization problem.

In this paper, single and multi-objective optimization techniques are presented for optimizing the
presented dynamic model (2).

3.1. Single Objective Optimization Problem

At first, we present the optimization problem as a single objective optimization problem according
to the property of RE, and we focus on the Genetic Algorithm (GA) and Simulated Annealing (SA)
optimization method to optimize the parameter ε, π, and σ in a dynamic model (1). Our optimization
strategy guarantees the RE as the main constraint. Hence, we keep RE as close as possible to 0.95,
especially at the final time T0. Therefore, the optimization strategy will be finding the optimal values for
parameters ε, π, and σ such that the following nonlinear continuous time-cost function is minimized:

min
α
λ (9)

subject to the dynamic constraint (HIV/AIDS epidemic dynamic model (2)) and
‖ RE(X∗,α) − 0.95 ‖< λ,
0 < ε < 1,
0 < σ < 1,
0 < π < 1,

(10)

where

α =


ε
σ
π

 and X∗ =
[
S∗, I∗, J∗, E∗S, E∗I , E∗J

]T
. (11)

Enumerative methods are the basis of the Guided Random Search (GRS) techniques, but they apply
extra data about the study area to guide the search in the direction of the potential zone. SA technique
that applies thermodynamic evolution to explore for the minimum-energy condition and evolutionary
algorithms such as GA are good examples of GRS techniques.

The GRS methods, such as GA and SA, are beneficial in problems where the search area is huge,
discontinuous, multi-modal, and where a near optimal solution is acceptable.
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In this study, we use GA and SA methods to find the numerical solution of a presented optimal
problem. To illustrate the stability analysis outlined in the previous section, we give some simulations
using values of the parameters given in Table 2 [23]. We also obtain a reproduction number for these
values of parameters. To obtain the phase diagrams, a fourth-order Runge-Kutta numerical code is
applied using MATLAB software.

Table 2. Explanation and values of parameter.

Parameter Explanation Value

π Ratio of the educated susceptible Variable

d Rate of population recreation Variable

µ Constant of death rate 0.02 Year−1

c Mean value of contacts per unit of time Variable

β Transmission probability of disease from patient in phase I 0.0005 Year−1

bβ Transmission probability of disease from patient in phase J 0.00015 Year−1

σ Performance of the education Variable

k1 Rate of disease transmission from the phase I to phase J 0.01 Year−1

k2 Rate of disease transmission from the phase J to phase A 0.02 Year−1

εS Educating rate for susceptible S Variable

εI Educating rate for infected individuals in phase I Variable

εJ Educating rate for infected individuals in phase J Variable

ν Death rate related to disease 0.2 Year−1

By considering the parameter values given in Table 2, simulation results are presented
in Figures 3–7.
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R0 = 4.30.

In SA simulation, when the average change is smaller than the function tolerance, the algorithm
will stop. Also, note that the current schedule of the SA algorithm is not necessarily the optimal
schedule explored until now. Thus, Figure 3 created a second plot that will show the optimal schedule
explored until now. Figure 3 shows that the best point for parameters (π∗ = 0.472, σ∗ = 0.534 and
ε∗ = 0.619) is the final optimization point selected in the final schedule.

In Figure 4, we consider σ = 0, εS = εI = εJ = 0 and π = 0. It concludes that R0 = 4.30,
which means that an infected individual over its infectious period produces on average 4.30 new
infected individuals. This means that when there is no public education to prevent HIV transmission,
the disease will be developed into an epidemic state. As you can see in Figure 4, HIV-positive
subpopulation is growing rapidly. In this situation, for reducing the spread of HIV infection, we obtain
reasonable values of the parameter ε, σ and π. According to the optimization problems (9)–(11), RE will
be as close as possible to 0.95 and by using SA technique for approximating the optimum of a given
function (9) we will have parameters π∗ = 0.472, σ∗ = 0.534 and ε∗ = 0.619 as optimal parameters on
which RE = 0.9498 < 1. Furthermore, by using the GA technique after 70 generations we will have
optimal parameters π∗ = 0.553, σ∗ = 0.532 and ε∗ = 0.836 as optimal parameters where RE = 0.950 < 1.
In Figure 5, we can see that by applying public health education and increasing educated individuals,
the reproduction number RE equals 0.95, which is less than one, meaning that an infected individual
produces on average 0.95 new infected individual over its infectious period. Therefore, the HIV-positive
subpopulation decreases and will approach zero in a long time, which means that the disease will be
controlled in society. This shows that the education prevents susceptible people from HIV transmission.
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න బ்଴ [𝐸ூ(𝑡)]ଶ𝑑𝑡
න బ்଴ [𝐽(𝑡)]ଶ𝑑𝑡 
න బ்଴ [𝐸௃(𝑡)]ଶ𝑑𝑡⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤

, 𝛼 = ቎𝜖𝜎𝜋 ቏  𝑎𝑛𝑑 𝑋(𝑡) = ⎣⎢⎢
⎢⎡𝐼(𝑡)𝐸ூ(𝑡)𝐽(𝑡)𝐸௃(𝑡)⎦⎥⎥

⎥⎤, (13) 
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Our cost function consists of five objectives, each with three decision variables of 𝜖, 𝜎 and 𝜋. 
Also, bound constraint on the decision variables 0 < 𝜖, 𝜎, 𝜋 < 1 is imposed. Genetic algorithms are a 
kind of evolutionary algorithm, which are common instances of multiple-point search, in which 
random selection is applied as a tool to instruct an extremely explorative search via coding the 
parameter area. GA multi-objective optimization uses genetic algorithm to find a local Pareto front 
for multiple objective functions. In the following, we depend on multi-objective GA algorithm to 
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Figure 7. Difference between GA simple and multi optimization results when d = 2.4, c = 2.

Above: Simulations of the model when parameters have been optimized by SA optimization,
π∗ = 0.472, σ∗ = 0.534, ε∗ = 0.619, & RE = 0.9498. Bottom: Simulations of the model when parameters
have been optimized by GA optimization, π∗ = 0.553, σ∗ = 0.532, ε∗ = 0.836, & RE = 0.950.

3.2. Multi-Objective Optimization or Pareto Optimization Problem

In the next step, we replace the cost of single-objective optimization problems (9)–(11) with
multi-objective cost function where the new optimization goal (cost) is to keep X(t) = [IEI JEJ]

T close
to 0 and RE as close as possible to 0.95, especially at the final time T0. Thus, our optimization problem
can be formulated as follows:

min
α

[ f (X,α),λ]T (12)

where

f (X,α) =



∫ T0
0 [I(t)]2dt∫ T0
0 [EI(t)]

2dt∫ T0
0 [J(t)]2dt∫ T0
0

[
EJ(t)

]2
dt

,α =


ε
σ
π

 and X(t) =


I(t)
EI(t)
J(t)
EJ(t)

, (13)

subject to the dynamic constraint of HIV/AIDS epidemic dynamic model (2) and.
‖ RE(X,α) − 0.95 ‖< λ,
0 < ε < 1,
0 < σ < 1,
0 < π < 1.

(14)

Our cost function consists of five objectives, each with three decision variables of ε, σ and π.
Also, bound constraint on the decision variables 0 < ε, σ,π < 1 is imposed. Genetic algorithms are a
kind of evolutionary algorithm, which are common instances of multiple-point search, in which random
selection is applied as a tool to instruct an extremely explorative search via coding the parameter
area. GA multi-objective optimization uses genetic algorithm to find a local Pareto front for multiple
objective functions. In the following, we depend on multi-objective GA algorithm to find the numerical
solution of the presented optimal problems (12)–(14).

Our multi-objective GA algorithm uses a variant of NSGA-II [21]. Fifty initial values are made
randomly and the next production of the values is computed using the non-dominated rank and a
distance measure of the amount in the current production. A non-dominated rank is specified to each
amount using the relative compatibility. Also, the distance measure of an amount is used to compare
amounts with equal rank. It is a measure of how far an amount is from the other amounts with the
same rank.
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According to the presented optimization problem that keeps X(t) = [I EI J EJ]
T close to 0 and

RE close to 0.95 and using NSGA-II technique for approximating the optimum of a given function
(12) we will have parameters π∗ = 0.5589, σ∗ = 0.542 and ε∗ = 0.17 as optimal parameters on which
RE = 0.949 < 1. Results are simulated in Figure 6. Also Figure 7 presents the difference between GA
simple and multi optimization results.

4. Conclusions

We can understand from the above discussions that in an uneducated society, when R0 > 1,
the spread of HIV/AIDS infection is unstoppable; therefore, the requirement of public health education
is undeniable. In this condition, we should determine appropriate values for π, σ, and ε. On the
other hand, according to the dependence of education, reproduction number to π, σ and ε, we can
consider RE as RE(π, σ, ε) to highlight the significant role of public health education in controlling
HIV/AIDS. Since education about preventing HIV transmission is costly, we should consider optimizing
the public health education parameters π, σ and ε. We optimize these parameters by GA and SA.
Note that, these values obtained in this paper are not unique, and some parameters might come
forward, which are better or more applicable. We just explain a method to find suitable values for
parameters of education. For future work, it is suggested to use stationary and cyclostationary time
series models and regression analysis [24–36] to model and optimize the problem and compare their
results to the those of the proposed technique in this work.

Author Contributions: M.H.O., S.B., and M.R.M. conceived and designed the experiments; M.H.O., S.B. carried
out the experiments; M.R.M. analyzed the data; M.H.O., S.B. wrote the paper with aid of M.R.M. All authors have
read and agreed to the published version of the manuscript.
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