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Abstract: A subset ] is a (2-d)-kernel of a graph if | is independent and 2-dominating simultaneously.
In this paper, we consider two different generalizations of the Petersen graph and we give complete
characterizations of these graphs which have (2-d)-kernel. Moreover, we determine the number of
(2-d)-kernels of these graphs as well as their lower and upper kernel number. The property that each
of the considered generalizations of the Petersen graph has a symmetric structure is useful in finding
(2-d)-kernels in these graphs.
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1. Introduction

In general, we use the standard terminology and notation of graph theory (see [1]).
Let G be an undirected, connected, and simple graph with the vertex set V(G) and the
edge set E(G). The order of the graph G is the number of vertices in G. The size of the
graph G is its number of edges. By P, n > 1 and C,, n > 3, we mean a path and a cycle of
order n, respectively.

Let G = (V,E) and G’ = (V/,E’) be two graphs. If V/ C V and E’ C E, then G’ is
a subgraph of G, written as G’ C G. If G’ C G and G’ contain all the edges xy € E with
x,y € V', then G’ is an induced subgraph of G and we write G’ := (V’). Graphs G and G’
are called isomorphic, and denoted by G = G/, if there exists a bijection ¢ : V — V' with
xy € E< ¢(x)p(y) € E' forall x,y € V. The complement of the graph G is a graph G such
that V(G) = V(G) and two distinct vertices of G are adjacent if and only if they are not
adjacent in G. A graph G is called bipartite if V(G) admits a partition into two classes such
that every edge has its ends in different classes.

A subset D C V(G) is a dominating set of G if each vertex of G not belonging to D is
adjacent to at least one vertex of D. A subset S C V(G) is called an independent set of G if
no two vertices of S are adjacent in G. A subset | being independent and dominating is
a kernel of G.

The concept of kernels was initiated in 1953 by von Neumann and Morgenstern in
digraphs with regard to game theory (see [2]). One of the pioneers studying the kernels in
digraphs was C. Berge (see [3-5]). In literature, we can find many types and generalizations
of kernels in digraphs (for results and applications, see, for example, [6-11]). The problem of
the existence of kernels in undirected graphs is trivial because every maximal independent
set is a kernel. Currently, distinct kind of kernels in undirected graphs are being studied
quite intensively and many papers are available. For results and application, see, for
example, [12-18]. Among many types of kernels in undirected graphs, there are kernels
related to multiple domination, introduced by Fink and Jacobson in [19]. Let p > 1 be
an integer. A subset S is said to be p-dominating if every vertex outside S has at least
p neighbors in S. If p = 1, then we obtain a dominating set in the classical sense. If p = 2,
we get a 2-dominating set. A set which is 2-dominating and independent is named a 2-
dominating kernel ((2-d)-kernel in short). The concept of (2-d)-kernels was introduced by
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A. Wioch in [20]. Some properties of (2-d)-kernels were studied in [21-24]. In particular,
in [23], it was proved that the problem of the existence of (2-d)-kernels is N'P-complete
for general graphs. In [25], Nagy extended the concept of (2-d)-kernels to k-dominating
kernels. He considered a k-dominating set instead of the 2-dominating set, which he called
k-dominating independent sets. Some properties of these sets were studied in [26,27].

The number of (2-d)-kernels in the graph G is denoted by ¢(G). Let G be a graph with
the (2-d)-kernel. The minimum cardinality of the (2-d)-kernel of G is called a lower (2-d)-
kernel number and denoted by 7(,_4)(G). The maximum cardinality of the (2-d)-kernel of
G is called an upper (2-d)-kernel number and is denoted by I';;_4)(G).

In this paper, we consider two different generalizations of the Petersen graph. Various
types of domination in the class of generalized Petersen graphs have been extensively
studied in the literature (see [28-32]). Referring to this research, we will consider (2-d)-
kernels for two different generalizations of the Petersen graph. We solve the problem of the
existence of (2-d)-kernels, their number, and their cardinality in these graphs. Moreover,
we determine a lower and an upper kernel number in these graphs. It is worth noting that
each of presented generalizations of the Petersen graph has a symmetric structure. This
property is useful in finding (2-d)-kernels in these graphs.

2. Main Results

In this section, we consider the problem of the existence of (2-d)-kernels in two
different generalizations of the Petersen graph. In particular, we give complete characteri-
zations of these generalizations, which have the (2-d)-kernel. We determine the number of
(2-d)-kernels in these graphs as well as the lower and the upper (2-d)-kernel number.

In the further part of the paper, we will use green color to mark vertices belonging to
the (2-d)-kernel, and red color to indicate vertices that cannot belong to it.

2.1. Generalized Petersen Graph
Letn > 3,k < % be integers The graph P(n k) is called the generalized Petersen
graph, if V(P(n,k)) = U {u;,v;} and E(P(n,k)) = U {ujujr1, u;vi,v;v; 1}, where sub-
=0

scripts are reduced modulo n. These graphs were first defmed by Watkins in [33]. Figure 1
shows generalized Petersen graphs P(10,3), P(5,2) and examples of (2-d)-kernels in these
graphs.

P(10,3) P(5,2)
Figure 1. Examples of (2-d)-kernels in P(10,3) and P(5,2).

We start with the problem of existence of (2-d)-kernels. At the beginning, we give a
sufficient condition, emerging from the property of bipartite graphs. We have the following
complete characterization of bipartite generalized Petersen graphs.

Proposition 1 ([34]). Let n > 3, k < % be integers. The graph P(n, k) is bipartite if and only if n
is even and k is odd.
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From this characterization we directly obtain the sufficient condition for the existence
of (2-d)-kernels.

Proposition 2. Let n > 3, k < 4 be integers. If n is even and k is odd, then the graph P(n, k) has
at least two (2-d)-kernels which are a partition of the vertex set.

Proof. Let 1, k be as in the statement of the proposition. From Proposition 1, it follows that
the graph P(n, k) is a bipartite graph. Thus, there exist two independent sets of vertices
V1, V; that are a partition of the set V(P (#,k)). Moreover, the graph P(#, k) is a 3-regular
graph. Therefore, sets V1, V; are (2-d)-kernels of the graph P(n, k). [

Now, we improve the above proposition to obtain the complete characterization of
the generalized Petersen graph having (2-d)-kernel.

Theorem 1. Let n > 3, k < % be integers. The graph P(n, k) has a (2-d)-kernel if and only if

(1) n is even and k is odd or
(ii) n = 0(mod 5) and k = 2(mod 5) or
(iii) n = 0(mod 5) and k = 3(mod 5).

Proof. If n = 3,4, then the result is obvious. Let n > 5, k < 5 be integers. If n is even
and k is odd, then by Proposition 2, (i) follows. Let n = 0(mod 5), k = j(mod 5), j = 2, 3.
We will show that the set ] = {u;;i € {0,5,...,n}}U{u;j0i € {0,5,...,n}} U{v; 3;i €
{0,5,...,n}} U{vi1gi €{0,5,...,n}} is a (2-d)-kernel of P(n, k). The independence of |
follows from the definition of P(n, k). Let us assume that x € V(P(n,k)) \ J. Then, either
x=us; s €{0,1,...,n—1},s =a(mod 5),a = 1,3,4dorx = v, t € {0,1,...,n—1},
t = b(mod 5),b =0,1,2. We consider two cases.

1. x=u,.

If s = 1(mod 5), then {us_1,us11} € N(us) and ug_q,us4q € J. If s = 3(mod 5), then
{us_1,vs} € N(us) and us_1,vs € J. If s = 4(mod 5), then {us;1,vs} € N(us) and
Ugy1,0s € .

2. X =10

Let t = 0(mod 5). If k = 2(mod 5), then {us,v;—2} C N(v:) and uy,v;p € J. If k
3(mod 5), then {us, vi13} € N(v¢) and us, vp43 € J. If t = 1(mod 5), then {v;_, v; 1}
N(v¢) and v; g, 044 € J, k = j(mod 5), j = 2,3. Let t = 2(mod 5). If k = 2(mod 5),
then {u;, v} C N(v;) and uy, 0442 € J. If k = 3(mod 5), then {u;,v;_3} C N(v;) and
U, U3 € J.

1Nl

Summing up all the above cases we obtain that every vertex x € V(P(n,k)) \ J is
2-dominated by J. Hence, | is a (2-d)-kernel of P(n, k).

Conversely,letn > 5,k < %,i € {0,1,...,n — 1} be integers and let ] be a (2-d)-kernel
of P(n,k). If uj, ujr1,u; o ¢ J, then the vertex u; 1 is not 2-dominated by J. Thus, each

n—1
connected component of the graph < U ui> \ J is isomorphic to either P; or P,. We
i=0 P(n,k

will show that in the graph P(#, k) having a (2-d)-kernel, the configurations of these paths
Py, P; on the outer cycle, which are shown in the Figure 2 are forbidden.

Ui Uiy Wit Uit3 Uitq Wiy 5 Uit6 Ui Wit1 Wit-2 Uit-3 Uiyq Uiy 5 Uj46 Wit7

B s e S s S e S e S S S o

Figure 2. Forbidden configurations of the paths Py, P, for the graph P(n, k) with the (2-d)-kernel.

Let us consider the following cases.
1. First, we will prove that the configuration of the paths P;, P, shown on the left side of
the Figure 2 is forbidden. Suppose that u;, u; 3, u;¢ € | for some i, as in Figure 3. Then,
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Vit1,Vit2, Vitd, Virs € J; otherwise, vertices ;1 1,U; 7, Ui 4, Ujy5 are not 2-dominated by J.
Therefore, for every k vertices v; 1.1k, Vito1k Vitarks Vizsik & J.

Ui Uit 1 Uit2 Ujt3 Wit g Uit5 Uit Witk  Uit1+k Uit2+k Uit3+k Witd+k Wit5+k Wit6+k

Vi Uil Vig2 Vit3 Vitd Vits Vite Vitk  Vit1+k Vig24+k Vit3+k Vitda+k Vigs5+k Vid6+k

Figure 3. The case when u;, uj 3,116 € J.

We have the next two possibilities.
1.1.  vj134% & ] for some i (see Figure 4).
Since v; 3¢ ¢ ], the vertex u; 34 € Jand uj ok, Uirqrx ¢ J. Then vio 0k, Vi3 10k,
Vi1410k € J. This means that u; 5 ok, i1 310k Uirarok € J. Hence, the vertex u; 3k is not
2-dominated by |, a contradiction.

+k +2k

Figure 4. The case when u;, 11, 3,11 ¢ € ] (the first subcase).

12, vj434% € ] for some i (see Figure 5).

Then, uj 3. € | and u;i ok, Ujrarx € J; otherwise, they are not 2-dominated by J.
Because | is an independent set, u; 1., ;151 ¢ |. Moreover, uj kUi gir € | to 2-
dominate u; 1, ;5. Hence, vj 1k, viyerx € J. To 2-dominate v; 1k, v; 151k, We must
have v 110k, Viys4k € J. Moreover, u; 1ok Uit512k Vigsiok € J. Since v, Viierk
have exactly one neighbour in |, vertices v;; ok, Vitg1or € J and ujox, tirgroc € J. Next,
Uit 042k Witat2k € ] to 2-dominate Uiy 142k, Uit+542k and Ui 242ks Oi4-442ks Wi+3+42k € ] ThUS,
Viy2+43ks Vi+3+3ks Vita+3k € J to 2-dominate vy 4ok, Vjy342k Viratok. Therefore, u;j o 3¢,
Uit 343k Uirarsk € J. This means that u;, 3, 3¢ is not 2-dominated, a contradiction.

+k +2k +3k

Figure 5. The case when u;, u;,3,u;.¢ € ] (the second subcase).

Hence, for each n and k, it is not possible that the vertices u;, u; 3, u; ¢ belong to a
(2-d)-kernel of P(n, k).
2. Now, we will prove that the configuration of the paths P;, P, shown on the right side
of the Figure 2 is forbidden. Suppose that u;, u; 1, 4;14,u;17 € | for some i, as in Figure 6.
Then, v;5,v;1¢, which causes v;, v; 1,012, Vit3, Vit4, Vit5, Vite, Vis7 & J-

Figure 6. The case when u;, u; 5, Ui 4, i1 7 € J.

We consider four subcases.
21.  vi41,0i43 € ] for some i (see Figure 7).
Then, v; 11k, Vit3_k, Vit11k Virsek € J. Since v;,, must be 2-dominated, so v;., € |
or vi o4k € J. Without loss of generality, assume that v;,, 4 € J. Thus, u; 1, Uito1k,
uir3+x ¢ J. Hence, the vertex u; 5 is not 2-dominated, a contradiction.

+k

Figure 7. The case when u;, u; 15, U4, ;17 € ] (the first subcase).
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22, vj41 € Jand vj3 € ] for some i (see Figure 8).

Then, v; 131, Vi15:1k Virgrk & J. Since v; 7 must be 2-dominated, we obtain that v;,;_j € |
or v 7+ € J. Without loss of generality, assume that v;, 7,4 € J. Thus, u; 7.4 € J
and u; ¢ x € J. Because | is an independent set and u; ¢ € |, Uiy5.% € J. Therefore,
Uiyarr € J, which causes u; 34k, irgrk € J. Moreover, v; 3 0k, Vitatok Visi2k € J,
and finally u; 3ok, Uit at0k Uirs2k € J. Hence, the vertex u; 440 is not 2-dominated, a
contradiction.

+k +2k

Figure 8. The case when u;, u; 5, u;4,u;17 € | (the second subcase).

23. vj41 € Jand vj3 € ] for some i (see Figure 9).

Then, v;1 3. € J and U111k, Vits51ks Viverks Uirsrk & J. Since v; 4 must be 2-dominated,
Viya—x € J or vigyx € J. Without loss of generality, assume that v;, 4, € J. Thus,
Uirqrx ¢ J. Moreover, u; 5.k, Uir5.x € J, which causes u; 1, Ujrgik Vitorx € J. To
2-dominate u; 1, we must have u;x € J. Then, v; € J and v; o, Vir110k Vizosok € J.
From the independence of the set |, we get that u; o, #; 140k, Ui1210k € J. Hence, the
vertex u; 1ok is not 2-dominated, a contradiction.

+k +2k

Figure 9. The case when u;, u; 5, Ui 4, ui17 € ] (the third subcase).

24. 041,013 € ] for some i.
Proving analogously as in subcase 2.3., we obtain a contradiction with the assumption that
J is a (2-d)-kernel.
Therefore, for each n and k, it is not possible that the vertices u;, t;1 5, tj 14, 1;17 belong to a
(2-d)-kernel of P(n, k).

Hence, for the graph with the (2-d)-kernel, the configurations of P;, P, shown in the
Figure 10 are the only ones that may be possible. Now, we will show that they are indeed
possible.

Ui Uj41 Uit U3 Uit g U Uit1 Uid2 Uit 3 Ujtq Uit 5

Figure 10. Possible configurations of the paths Py, P, for the graph P(n, k) with the (2-d)-kernel.

3. Suppose that u;, uj;5,u;14 € ] for some i, as in Figure 11. Then, u;,1,4;13,v;, Vit2,

Vitg & J.

Figure 11. The case when u;, u; 5, U4 € J.

We consider four subcases.
3.1.  vi41,0iy3 € ] for some i (see Figure 12).
Since v; 1, must be 2-dominated, we obtain that v; 5 € J or v;,,_j € J. Without loss of
generality, assume that v, , ; € J. Moreover, v; 11k, Vits+k € Jand w1k, Uito ik Uit3+k &
J. Hence, the vertex u; 5, is not 2-dominated, a contradiction.
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+k

Figure 12. The case when u;, u; 5, ;4 € ] (the first subcase).

3.2. ©v;41 € Jand v;y3 € ] for some i (see Figure 13).

Then, v; 1. € | and v; 3.4 ¢ J. Since v;;, must be 2-dominated, v, p.x € | or
Viyo_k € J. Without loss of generality, assume that v; 5y € J. Thus, uj 11k Uiro1kx € |
and u;, u; 3% € J, which causes v; k, Uj1 41k ¢ J and vii 4k € J. Moreover, v; 1,
Vita1ok Vitatok & Jo Vitok € [, Uivok € ], Uiv14ok € [, Uitoyok € ), Uitsion € J and

Uitay2k Vitsyok € J. Finally, v;o 3k, Viva sk, Vivarae € J and wio 43k Uiva sk Uivatak € J-
Hence, the vertex u; 33 is not 2-dominated, a contradiction.

Figure 13. The case when u;, u; 15,44 € ] (the second subcase).

33. iy € Jand vy 3 ¢ | for some i.

Proving analogously as in subcase 3.2., we obtain a contradiction with the assumption that
J is a (2-d)-kernel.

3.4.  v;41,0i43 € ] for some i (see Figure 14).

Then, v; 1k, Vii31k ¢ J. First, we will show that v;,; and v;_; must belong to a (2-d)-
kernel |. Suppose on contrary that v;,; € J. Since v;,, must be 2-dominated, u; ., € J.
Thus, u; 1, ¢ J and u; 5k € J. Moreover, v ok, Ui 142k Vito12k € J and u; o, 1142k,
Ui o210k € J. Hence, the vertex u; 1k is not 2-dominated, a contradiction.

+k +2k

Figure 14. The case when u;, u; 15, u;4 € ] (the fourth subcase).

This means that v; ., v; € J and also v, 5k, Vitqrk Uit11k Uirs g belong to a (2-d)-
kernel (see Figure 15).

+k

Figure 15. The case when u;, u; 5, u; 4 € ] implies that vk, i1k, Vivatk Wit1+k Uita+k € J-

Hence, n must be even, and from the definition of P(n, k), we conclude that k must be
odd, which proves (i).
4. Suppose that u;, u; o, u;y5 € J for some i. Then, u; 1, uji3, Ui, 0, 0i12,0it5 € J.
Since u; 3, uj 14 must be 2-dominated, v; 3, v; 14 € J. First, we prove that v; 1 ¢ J. Suppose
on contrary that v;;1 € J, as in Figure 16. Then, v; 1, 134k Vitark € J. Since v;
must be 2-dominated, v;_; € ] or v;,; € J. Without loss of generality, assume that
Uitk € J. Thus, ujp & ], wip11x € Jand w1 € J. Moreover, uj 31k € |, Uitark € J,
Uits+k € |, Vipsik € J,and vj o € J. Proving analogously as in subcase 3.3., we obtain a
contradiction with the assumption that | is a (2-d)-kernel.

+k

Figure 16. The case when u;, u; 5, 1;15,0i11 € J.
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Hence, v; 1 ¢ | (see Figure 17). Moreover, v; 1% € J and 4; 11k, Vi13+k Vivark € J.
We consider two subcases.

+k

Figure 17. The case when u;, u; 5, u;15 € J,and v; 1 € |.

41.  vjypr € ] for some i (see Figure 18).
Then, u1+2+k € ], u1+3+k é ], u1+4+k € ], ui+5+k ¢ ], and U5+l+k € ] MOreoVer, vl+k € ]
and u; ; ¢ J; otherwise, we obtain the same configuration as in subcase 3.3.

+k

Figure 18. The case when u;, u; 5, u;,5 € ] (the first subcase).

Hence, n must be divisible by 5, and from the definition of P(#, k), we conclude that
k = 2(mod 5), which proves (ii).
42.  vjjpix € ] for some i (see Figure 19).
Then, ujioix & J, tivk Uizsrx € J and vy, ujiqyx ¢ J. Moreover, u; 5. € | and
Viysik & ]

+k

Figure 19. The case when u;,u;15,u;,5 € | (the second subcase).

Hence, n must be divisible by 5, and from the definition of P(#, k), we conclude that
k = 3(mod 5), which proves (iii), which ends the proof. [

Basing on the proof of Theorem 1, the following corollaries are obtained. They
concern the number of (2-d)-kernels in the generalized Petersen graph as well as the lower
and upper (2-d)-kernel numbers. By a rotation of configurations shown on Figure 10,
condition (i) of Theorem 1 gives two (2-d)-kernels in generalized Petersen graph and
conditions (ii) and (iii) give five (2-d)-kernels. Therefore, if n and k satisfy more than one
of these conditions, we obtain more (2-d)-kernels. Moreover, the proof of the Theorem 1
presents the constructions of the (2-d)-kernels in the generalized Petersen graph P(n, k).
Figure 20 shows the smallest and the largest (2-d)-kernel in the graph P(20,7).

Figure 20. The largest (left side) and the smallest (right side) (2-d)-kernel in the graph P(20,7).
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Corollary 1. Let n > 3, k < 7 be integers. Then,

7 forn = 0(mod 10) and k = a(mod 10),a = 3,7

( ) (
for n = 5(mod 10) and k = a(mod 5),a = 2,3 or
o(P(n,k)) = for n = 0(mod 10) and k = a(mod 10),a = 2,8
(

for n = 0(mod 10) and k = a(mod 10),a = 1,5,9 or
for even n,n # 0(mod 10) and odd k.

Corollary 2. Let n > 3, k < 4 be integers. If n = 0(mod 10) and k = a(mod 10), a = 3,7,
then

4
Y(2—ay(P(n,k)) = = and T _g(P(n, k) = n.

Corollary 3. Let n > 3, k < 7 be integers. If n = 5(mod 10) and k = a(mod 5), a = 2,3 or
n = 0(mod 10) and k = a(mod 10), a = 2,8, then

V(2-a)(P(1,k)) = T(o_a) (P(1,k)) = %n.

Corollary 4. Let n > 3, k < 7 be integers. If n = 0(mod 10) and k = a(mod 10),a = 1,5,9
or n is even, n Z 0(mod 10) and k is odd, then

Yo-a)(P(n,k)) =T o_a(P(nk)) =n.

The above corollaries characterize all possible graphs P(n, k), which have the (2-d)-
kernel.

2.2. The Second Generalization of the Petersen Graph

Now, we consider another generalization of the Petersen graph. Let n > 5 be an
integer. Let C, be a cycle and C, its complement such that V(C,) = {x1,x2,..., %},
V(Cp) = {x§,x5,...,x5} with the numbering of vertices in the natural order. Let G(n) be
the graph such that V(G(n)) = V(C,) UV(C,) and E(G(n)) = E(Cy) U E(Cp) U{x;x5;i €
{1,2,...,n}}. Figure 21 shows an example of a (2-d)-kernel in G(13). It is easy to check
thatif n = 5, then G(5) is isomorphic to the Petersen graph.

Figure 21. An example of a (2-d)-kernel in G(13).

The next Theorem shows a complete characterization of graphs G(n) with the (2-d)-
kernel.

Theorem 2. Let n > 5 be integer. The graph G(n) has a (2-d)-kernel if and only if n is odd.

Proof. Let n > 5 be odd. We will show that | = {x§, x§, x1, x4, Xe, ..., X1} is the (2-d)-
kernel of the graph G(n). The independence of | is obvious. It is sufficient to show that |
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is a 2-dominating set. By the definition of the graph G(n), we can assume that x,, 11 = x1.
Suppose that y € V(G(n)) \ J. Hence, y € V(C,) ory € V(Cy). Lety € V(Cy). Thus
y=x,k€{2,3,5,...,n}. If x ¢ ], then there exist vertices x;_1, x;;1 € ] adjacent to x.
If x; € ], then k = 2 or k = 3. For k = 2, the vertex x; is adjacent to x1, x5 € J. Moreover, if
k = 3, then the vertex x3 is adjacent to x4, x5 € ]. Hence, every vertex from the set V(Cy)
is 2-dominated by the set J. Letnow y € V(Cy). Thusy = x{, k € {1,4,5,...,n}. Then,
the vertex x{, k € {5,6,...,n} is adjacent to x5, x§ € J. If k = 1, then x{x1, x{x§ € E(G(n)).
Moreover, for k = 4 the vertex xj is adjacent to x4, x5. Therefore, vertices from the set
V(C,) are 2-dominated by | and hence ] is a (2-d)-kernel of G(n).

Conversely, suppose that a graph G(n) has a (2-d)-kernel J. We will show that n
is odd. By the definition of the graph G(n), we obtain that ] N V(C,) # @. Otherwise,
vertices from the set V(C,,) are not 2-dominated by the set . Let x{ € J. Then either x5 € |
or x§ € J. Otherwise, x5 or x§, is not 2-dominated. Hence, |J N V(C,)| = 2. Without loss of
generality assume that x{, x5 € J. This means that x{, i € {4,5,...,n — 1} is 2-dominated
by ] and x§, xj, are dominated by J. Let J* = J\ {x{,x5}. Then, J* C V(C). Since J is
the (2-d)-kernel, x3,x, € J*; otherwise, x5, x5, are not 2-dominated by J. Therefore, the
graph ({x3, x4, ..., Xn})(s) = Pu—2 must have a (2-d)-kernel to 2-dominate vertices from
V(Cy) \ J*. This means that n must be odd. Thus, [* = {x3, x5, ..., x,}, which ends the
proof. O

Finally, it turns out that if a graph G(n) has (2-d)-kernel, then the number of (2-d)-
kernels depends linearly on the number of vertices. Moreover, each (2-d)-kernel of G(n)
has the same cardinality.

Corollary 5. If n > 5 is odd, then 0(G(n)) = n and

n

Yo-4)(G(n) =T 4)(G(m) = | 3| +2.

Proof. Let n > 5 be odd. From the construction of a (2-d)-kernel described in the proof
of Theorem 2, we conclude that exactly two not adjacent vertices from the set V(C,) C
V(G(n)) belong to a (2-d)-kernel. The selection of these two vertices will determine the
(2-d)-kernel in G(n). Since two not adjacent vertices can be chosen on n ways, 0(G(n)) = n.
Moreover, from the construction of (2-d)-kernels in G(#), it follows that all of them have
the same cardinality. Hence, 7(,_4)(G(n)) = T(,_4)(G(n)) = 5] +2, which ends the
proof. O

3. Concluding Remarks

In this paper, we considered two different generalizations of the Petersen graph,
and we discussed the problem of the existence of (2-d)-kernels in these graphs. In
particular, we determined the number of (2-d)-kernels in these graphs and their lower
and upper (2-d)-kernel number. The generalized Petersen graphs considered in this
paper are special cases of I-graphs (see, for example, [35]). The I-graph I(n,j k) is
a graph with a vertex set V(I(n,j,k)) = {uy,uz, ..., un,v1,02,...,0,} and an edge set
E(I(n,jk)) = {uiui+]-, u;v;, 00 ;1 € {1,2,...,n}}, where subscripts are reduced modulo
n. Because P(n,k) = I(n,1,k), the results obtained could be a starting point to studying
and counting (2-d)-kernels in I-graphs. It could also be interesting to investigate the
number of (2-d)-kernels in other generalizations of generalized Petersen graphs. For more
generalizations, see, for example, [36].
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