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Abstract: This study aims to achieve an efficient time-frequency representation of higher-dimensional
signals by introducing the notion of a non-separable linear canonical wavelet transform in L2(R").
The preliminary analysis encompasses the derivation of fundamental properties of the novel integral
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The obtained results are reinforced with illustrative examples.
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1. Introduction

The origin of the multi-dimensional linear canonical transform (LCT) dates back to
the early 1970s with the foundational work of Moshinsky and Quesne [1] in quantum
mechanics to study the linear maps of phase space. Soon after its inception in quantum
mechanics, the linear canonical transform has been exclusively studied both in theory and
applications [2,3]. The theory of multi-dimensional non-separable LCT involving a general
2n x 2n real, symplectic matrix M = (A, B : C, D) with n(2n + 1) independent parameters
offers a canonical formalism for the representation of several physical systems in a lucid
and insightful way. For any f € L?(R"), the non-separable LCT with respect to a real,
symplectic matrix M is given by [4,5]

1

i (wTDB lw—2wTBT ' t+tTB~1At
FMIf](w) = FrG Rnf(t)em(w w—2w )

dt, |detB| £0. (1)

The importance of the arbitrary real symplectic matrices involved in Equation (1) lies in
the fact that an appropriate choice of the matrix can be taken to inculcate a sense of rotation
and shift into both the time and frequency axes, resulting in an efficient representation of the
chirp-like signals, which are ubiquitous both in nature and man-made systems. Due to the
extra degrees of freedom, the non-separable LCT has been successfully employed in diverse
problems arising in various branches of science and engineering, such as harmonic analysis,
reproducing kernel Hilbert spaces, optical systems, quantum mechanics, sampling, image
processing, and so on [6,7].
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Undoubtedly, wavelet transforms have fascinated the scientific, engineering, and
research communities both with their versatile applicability and lucid mathematical frame-
work [8,9]. In recent years, the classical wavelet transform has been extended and employed
in different domains. The most prompt ones are the fractional wavelet transform [10],
linear canonical wavelet transform [11,12], special affine wavelet transform [13,14], quater-
nion linear canonical wavelet transform [15], and quadratic-phase wavelet transform [16].
Unfortunately, all these transforms only perform well at representing point singularities
and are incompetent at handling the distributed singularities, such as curves or edges
in higher-dimensional signals [17-20]. The intuitive reason for this inadequacy is that
wavelets are isotropic entities generated by isotropically dilating the mother wavelet, and
as such, they ignore the geometric properties of the structures to be analyzed. Therefore,
the conventional wavelet approach is inadequate while dealing with multi-dimensional
signals, wherein the primary interest is to efficiently capture the geometric features, such
as edges and corners, appearing due to the spatial occlusion between different objects. As
such, the key problem in multi-dimensional signal analysis is to extract and characterize
the relevant geometric information regarding the occurrence of curves and boundaries in
signals. Subsequently, a higher-dimensional variant of the standard wavelet transform
has been proposed, which serves as a potent tool for representing non-transient multi-
dimensional signals in the time-frequency domain. Mathematically, the multi-dimensional
wavelet transform of any f € L?(R") is defined by [21]

Wyl == [ e ) e aerber, @

where g is called the scaling parameter, which controls the degree of compression or scale,
and b is the translation parameter that determines the time location of the wavelet. The
multi-dimensional wavelet transform in Equation (2) has found numerous applications
across diverse fields of science and engineering, particularly in video image processing,
medical imaging, singular detection problems, fluid dynamics, shape recognition, and so
on [21,22]. In the context of higher-dimensional wavelet theory, the symmetry property
of wavelets is often desirable in practical applications, and as such, wavelets can reveal
different patterns and singularities of highly nonstationary signals, such as Brownian
motions, patterns on the water surfaces, fractal properties of the velocity field, computations
of Renyi dimensions, Hurst and H"older exponents. Some prominent examples of the
symmetric wavelets include biorthogonal wavelets, quincunx wavelets, and carinal B-
splines.

Keeping in view the profound characteristics of the multi-dimensional wavelet trans-
form and more degrees of freedom of non-separable linear canonical transforms, we are
deeply motivated to intertwine these integral transforms into a novel integral transform
coined as a non-separable linear canonical wavelet transform. The novel integral transform
can efficiently localize any non-transient signal in the time-frequency plane with more
degrees of freedom. With major modifications to the existing multi-dimensional wavelet
transform in Equation (2), we propose the non-separable linear canonical wavelet transform
of any f € L?(R") concerning the free symplectic matrix M = (A, B : C,D) as

1 t—b i (ATPR=1A _9ATRT Ly (Tp—1
)e m(AaDB Aq—2ATBT ' t4+7B At) it )

WA () = g fo P09 (55

where A, = (a a ... a)T. Besides studying all the fundamental properties of the novel
wavelet transform, we derive some well-known theorems, including the Rayleigh’s the-
orem, inversion formula, and range theorem. In the sequel, we also formulate several
uncertainty inequalities such as the Heisenberg’s, logarithmic, and Nazorav-type inequali-
ties for the non-separable linear canonical wavelet transform in Equation (3).

The rest of the article is structured as follows: Section 2 is concerned with the prelimi-
nary aspects of the study and the formulation of the non-separable linear canonical wavelet
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transform. Section 3 is devoted to formulating several variants of the uncertainty princi-
ples, such as Heisenberg’s, logarithmic, and Nazorav-type inequalities, for the proposed
transform. Finally, a conclusion is extracted in Section 4.

2. Non-Separable Linear Canonical Wavelet Transform in L2(R")

In this section, we first provide a healthy overview of the non-separable linear canoni-
cal transform. Then, we introduce the notion of the non-separable linear canonical wavelet
transform in L?(R"), followed by some fundamental properties of the proposed transform,
including the orthogonality relation, energy preserving relation, range theorem, and the
inversion formula.

2.1. Non-Separable Linear Canonical Transform

For typographical convenience, we shall denote a real 2n x 2n matrix

a1 aip ... Adip b11 b12 . bln
ay axp ... a4 by bn ... by
(A B\ lam aw2 ... Gm bya b ... bu
M = = 4)
C D i1 Ci2 ... Cip d11 dlZ e dln
Cx1 Cp ... OC2 d21 dzz . dZn
Cil Cn2 --+ Cnn dp1 dpp ... dun

as M = (A,B:C,D), where A,B,C, and D are n x n sub-matrices with real entries.
Moreover, the matrix M = (A,B:C,D) is said to be free symplectic if MT]M =]
and |detB| # 0, where J] = (0,I,: —I,,0), and I, denotes the n-dimensional iden-
tity matrix. Furthermore, the sub-matrices corresponding to the free symplectic matrix
M = (A,B: C, D) satisfy

ABT = BAT,cD" = DCT,ADT —BCT =1, (5)
or equivalently
ATCc=CTA,B"D =D"B,AT"D - C"B = I,. (6)

The transpose and inverse corresponding to the free symplectic matrix M = (A, B : C, D)
are given by MT = (AT, cT. BT,DT) and M1 = (DT, —BT: —CT,AT), respectively.
Moreover, we have

A B pT BT
_1_
v = (& D) (S )
ADT —BCT —ABT 4+ BAT
- \cDT —pcT —CBT +DAT

(L, 0
S \0 L)
A typical example of a 4 x 4 free symplectic matrix is given below

1 2 -1/2 -1/2
-2 1 -1/2 1/2
-1 -3 1 1

-1 0 -1/2 1/2

M:
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Definition 1. Given a free symplectic matrix M = (A, B : C, D), the non-separable linear canoni-
cal transform of any f € L*(R") is denoted by FM|[f] and is defined as

FMfl(w) = G KM (t, w) dt, @)

where the kernel KM (t, w) is given by
M _ 1 o Tryp—1 TRT1y | Tp-1
KY (x,w) = TdetB[1/2 exp{m(w DB™'w—2w'B" t+t'B At)}, |detB| #0.  (8)

The additive property of the non-separable LCT (Equation (7)) is very crucial for its
understanding and application and is given by

FMFM[£(1)]] (w) = FMM [£(8)] (w).
The Plancheral and inversion formulae corresponding to Equation (7) are given by

(f, 80 = (FMIf], FMs]), Vg€ L*(®)  and ©
£ =7 [P w)| ) = [ P w) KM w1 aw, (10)

respectively, where Ml = (DT, —BT . (T, AT). Furthermore, the kernel in Equation (8)
satisfies the following properties:

(i) KM (w, ) = KM (8, w),

(ii) /R KM, w) KM (4 2) db = 5(z — w),
(iii) /R KMt w) KM (2, w) dw = 5(z — v),
(iv) /R KMt w) KN (8 2) dt = KCMN (w, z).

The non-separable linear canonical transform (Equation (7)) encompasses several
well-known integral transforms, including the Fourier transform (FT), fractional Fourier
transform (FrFT), linear canonical transform (LCT), and the Fresnel transforms (FrT) [4].
Table 1 shows some special cases of the non-separable linear canonical transform.

Table 1. Some special cases of the non-separable linear canonical transform.

Free Symplectic MATRIXM = (A,B: C,D) Free Metaplectic Transformation
e A=D=0,B=-C=1, n-dimensional FT
o A =diag(ai1, - -, anm),
B = diag(b11,- -, bun),
C = diag(c11,- -+ ,Cnn),
D = dlag (dllr' .. /dnn)
e A =D =diag(cosby, - ,cosby),

n-dimensional separable LCT

B = —C = diag (sinfy,- - - ,sin6y) n-dimensional separable FrFT
e A=D=1I,cos0,B=—C = 1I,sinf n-dimensional non-separable FrFT

e A=D =1, B=diag (b1, - ,bu), C=0 n-dimensional separable FrT
e A=D=1,,C=0 n-dimensional non-separable FrT

2.2. Non-Separable Linear Canonical Wavelet Transform

Wavelets act as window functions whose radius increases in time (reduces in fre-
quency) while resolving the low-frequency contents and decreases in time (increases in
frequency) while resolving high-frequency contents of a non-transient signal. Mathemat-
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ically, a doubly indexed family of wavelets ¥, 1, is generated by restricting the scaling
parameter a belonging to R™ and the translation parameter b belonging to R" as [8]:

PYap(t) = \}E zp(t;b), aeRY,beR" (11)

The scaling parameter a measures the degree of compression or scale, whereas the
translation parameter b determines the location of the wavelet. With major modifications
of the family (Equation (4)), we define a new family of functions lp;\,’{, (t) with respect to a
free symplectic matrix M = (A, B : C,D) as:

1 t—b
M - M
Mo = v ) KM 12
where
1 , _ -1 -
KM(t,a) = Taet B exp{m (AEDB A —2ATBT 't + 7B 1At) } (13)
where A, = (a a ... a)T. Having formulated a family of analyzing functions, we are now

ready to introduce the definition of the non-separable linear canonical wavelet transform
in L2(R™).

Definition 2. For any f € L?>(R"), the non-separable linear canonical wavelet transform of f
with respect to an analyzing wavelet 1 and the free symplectic matrix M = (A, B : C, D) is defined

by

L (E= B\ mi(AIDB A, -2ATET kT
)e m(AaDB Ag=2/;B° t4+t'B At)dt, (14)

fo(

a

WM (f](a,b) =

1 g
\/a|det B| Jrr

Definition 2 allows us to make the following comments:
(i) The non-separable linear canonical wavelet transform can be written in the inner-
product form as

Wif(a,b) = (£, 3%),

where lpgf{) (t) is given by Equation (12).

(ii) It is worth noticing that the proposed transform in Equation (7) encompasses
several existing integral transforms, such as the classical wavelet transform, fractional
wavelet transform, linear canonical wavelet transform, and so on [8,9]. The corresponding
wavelet transforms can be obtained by choosing an appropriate symplectic matrix M =
(A,B:C,D).

We now present an example for the lucid illustration of the proposed non-separable
linear canonical wavelet transform in Equation (14).

2
Example 1. (a) Consider the function f(t) = e(111=302)" g the 2D-Morlet function (t) =
eNI/2 A = (Ay,Ay) > 0. Then, the translated and scaled versions of (t) are given by

t—b B i(Albl + /\zbz) (b% + b%) t% iAo by
4’( , >—exp{‘ , T2 (P _2112+<a+112>t1
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Consequently, the family of non-separable linear canonical wavelets YN} (t) is obtained as:

LI (t - b> exp{in(AgDBflAa —2ATBT 't tTB’lAt) } (16)

M _
lpa,b(t) - /751 | detB\ a

To compute the non-separable linear canonical wavelet transform of f(t) with respect to the

window function P (t), A = (1,1), and a real symplectic matrix

1/6 1 ) 1/6

A B -5/6 —1/6 1/6 5/3
M= (¢ p)-

¢ D 1 0 12/29 —31/29

-6/29 —-36/29 36/29 0
we proceed as:

a 242

1 i(by+b) (V2 +103)
WM ab) = 179%
Mwb) = e exp{
12,30, )2 £ by i 2 by i
></Rﬂe(ll1 i) exp{— + 273 t o exp _ﬁ"_ 23 ty

242

X exp { - m‘(AﬂTDB’]Aa —2ATBT 't 4 tTB’lAt> } dty dt,. (17)
Moreover, we have
12/29 -31/29 5/3 —=1/6\ (a
AI'DBIA, = 364 4
121 36/29 0 -1/6 -2 a
36 5579/6786 1720/1131)\ [a
=——(a
121 60/29 —6/29 a
756 a%
T 605 (18)
_ 5/3 —=1/6\ [t
ATBT 't = —ﬁ(a a) !
121 -1/6 -2 )\t
6a
=1 (9t —13ty), (19)
5/3 —-1/6 1/6 1
{TB—1 At — —ﬁ(h ) (fl)
121 -1/6 -2 J\-5/6 —1/6) \l2
5/2 61/6
= *E(tl fz) (h)
121 59/6 1 ty
(20)

36 (512
= 121 (21 + 20t1tp + t%) .

Implementing Equations (18)—(20) in Equation (17), we obtain
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no i(bi+by) (0] +13)  756mia®
P a 242 605

/ex 1 907ti + 144 2y by i 12ami g
r P 2a2 121 [ R T T A e

x/ex 367ti + 900 2.y by i 156ari 0\
r P 2a2 121 2\ 27T 1 )t

_ 117

o (L _90mi+144) (1 36mi+900
202 121 202 121

i(by +b b2 + b2 a2
Xexp{z(1+ 2) (B +b3) | 7567ia }

X

a 242 605
by i 12ami? by i 156ami\?
< ex a2 a 121 ox a2 a 121 1)
P (L 90mi+144 P (L _36mi 900
242 121 222 121

For different values of a and b, the corresponding non-separable linear canonical wavelet
transforms are plotted in Figures 1-3.

(b) Consider the constant function f(t) = K and the two-dimensional Morlet wavelet p(t) =
eIAI/2) A = (A1,A2) > 0. Then, the non-separable linear canonical wavelet transform of f(t)
with respect to the real symplectic matrix

2 -1/8 1/4 -1
M — A B 1/8 -2 1 1/4
C D -2/15 =31/30 1 0
1 2/3 —4/5 -14/15
is given by
M _ 1 i()‘lbl + Azbz) B (b% + b%)
Wy'lf] e k) = meXp{ a 22
by A 13 by il
71 a_"m _ 2 4 (2_M2
/ Kexp{ " < . )tl}exp{ 2a2+(a2 p )tz}
x exp{ —ir(ATDB™IA, —2ATBT e+ /B At) }t. (22)

Moreover, we have

16 1 0 -1/4 1 a 12 g2
ATDB™ A, = 22 =5 @
5@ 9 (4/15 14/15) ( ~1 1/4) <a> 25 >

— —1/4 1 tl 4q
ATBT "¢ = 10 = 2 —ty), 24

S 16 -1/4 1 2 -1/8 <t1>_2 o
B 1At = 2 (1 t2)<_1 allis o)) = 5(t1+t2). (25)
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Implementing Equations (23)—(25) in Equation (22), we obtain
15 i(Aby+ Agbo) (B2 +1D3)  127ia?
M _ 1o _\UrTh)
Wy lf](ab) = Ky[ 7 exp a 242 25
1 27t 2 bl l)\l 8arti
— == - = |t = - ty pdt
{<2a2 5 )t e~ T3 )hydh
1 27ti 2 b2 i/\2 8arti
[ = — )¢ R
Xp{ <2a2 5 )2t 2= 3 )yt
5 i(Mbi+A2b2) (b7 +D3)  12mia®
16a OF a 20 25
by iAy . 8ami\? by idy 8ami\?
a 3 ox a a 3 26)
1 2m P\ 7oL _2ni
242 5 242 5

0.08

o
=)
&

i

Imaginary part
o
>
?

o 0.02 A
T ' e
Qi it
i A
0 A
i
0.02
'oes 1
’ 0 o 05
b, -05
P 05

Figure 1. Real and imaginary parts of the non-separable linear canonical wavelet transform of f corresponding to a fixed

scalea =1/4.

0.05 -
£ 0
©
; \\;\‘ il ““‘w”“"
g I
£ -0.05 o
Ed ‘\\‘\‘\“‘\:‘\“:“WW,,,,‘
i
o 0.1 i
Oty : -0.1 4 Y
B
o

Figure 2. Real and imaginary parts of the non-separable linear canonical wavelet transform of f corresponding to a fixed

scalea = 1.
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20
1 210
Real part
08
—— Imaginary part .0
06
04r of
02t
4l
0
02f o
— Real part
04F )
Al —— Imaginary part
06F
08 . . . . . . . ) 4 . . . . . . . . . )
0 02 04 06 08 1 12 14 16 0 01 02 03 04 05 06 07 08 09 1
(a) (b)

Figure 3. (a) Frequency representation of f corresponding to a position b = (0,0). (b) Frequency representation of f
corresponding to a position b = (1,1).

The non-separable linear canonical wavelet transforms shown in Equation (26) of f
corresponding to A = (1,1) are plotted in Figures 4-6.

, Real Part
Imaginary Part

Figure 4. Real and imaginary parts of the non-separable linear canonical wavelet transform of f corresponding to a fixed
scalea =1/4.

Real Part
Imaginary Part

Figure 5. Real and imaginary parts of the non-separable linear canonical wavelet transform of f corresponding to a fixed
scalea = 1.

Real part

Real part

Imaginary part —— Imaginary part

(@) (b)

Figure 6. (a) Frequency representation of f corresponding to a position b = (0,0). (b) Frequency representation of f
corresponding to a position b = (1,1).
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Next, we shall derive a fundamental relationship between the non-separable linear
canonical wavelet transform (Equation (7)) and the non-separable linear canonical trans-
form (Equation (1)). With the aid of this formula, we shall study the fundamental properties
of the proposed transform.

Proposition 1. Let Wp'[f](a,b) and FM[f](a) be the non-separable linear canonical wavelet

transform and the non-separable linear canonical transform of any f € L2(R"), respectively. Then,
we have

FMWHF)] (w) = /a] det BIICM (b, A,) ™ W DB FM ] (w) FM[¥] (aw), (27)

where

ni (2(uA,1)TBT71t7tTB‘1At>

¥(ta)=e P(t). (28)

Proof. Applying the definition of the non-separable linear canonical transform, we have

My (0] (w)
:/ 1¢<t_b) ! exp{—m’(/\aTDB’lAu—2A,ZTBT_1t+tTB’1At)}
weva '\ @) /laetB|
1 S Trhp—Tlu TpT! Tp-1
X et B|exp{m(w DB 'w—2w'B’ t+t' B At)}dt

S ATHR—1A _ AATRT!
|detB| z) exp m(AaDB As—2ATB (b+az))}

X exp{ (WTDB lw —2wTBT" (b+ az)) }dz

|d\e{B| A (z)exp{ni(wTDB_lw—2(awT)BTflz+zTB_1Az)}

x exp{ i (AZDB*AL, —2(aAs) BT 'z + zTB’lAz> }

x exp{7i(2ATB" b — 2w DB'w) }dz

T de| [ () exp{ri((aw) DB (aw) —2(aw) BT 'z +2"B ' Az) |

)
X exp{m’ (WTDBflw —2wTBT b+ bTBflAb) }
x exp{ —mi( AfDB~'A, —2ATB" 'b+b"B~'Ab) }

{
X exp{ —ni((aw)TDB_l(aw) - Z(QAQ)TBTAZ + zTB_lAz> }dz

= \/a|det B|e M@ W DBTIW M} o) KM (b, A,)

. _1 -
x / o (ena) BT e BAZ) M7 )

— \/a|detB|e ™ ®W DBW M (b w) KM (b, A,) FM[¥] (aw), (29)

. -1
em(Z(aAa)TBT t—zTB’lAt)

where ¥(t,a) = P(t).

Invoking the Plancheral theorem for the non-separable linear canonical transform
and using Equation (29), we have
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W}[YI [f](a,b) = mKM(b’ Aa) /ﬂ%n ia*W DB lw M [f](w) FM[¥](aw) KM(b, w) dw
= Ml det B KM (b, A,) 0P M 1] (o) ] o) ).

Consequently,

FM [W},}‘ [f] (a,b)} (w) = \/a|det B| KM (b, A,) e W DB™'W 7M€ () FM[¥] (aw).
This completes the proof of Proposition 1. [

2.3. Basic Properties of the Non-Separable Linear Canonical Wavelet Transform

In this subsection, we shall study some mathematical properties of the proposed non-
separable linear canonical wavelet transform (Equation (7)), including Rayleigh’s theorem,
inversion formula, and the range theorem. In this direction, we have the following theorem,
which assembles some of the basic properties of the proposed transform.

Theorem 1. Forany f,g € L>(R") and a, B € R, k € R", and u € R, the non-separable linear
canonical wavelet transform as defined by Equation (7) satisfies the following properties:

(i) Linearity: Wy [af + Bg](a,b) = a Wy [f](a,b) + BWy"[g] (a,b)
(ii)  Anti-linearity: Wyy . g, [, f](a,b) = a Wt [f](a,b) + W' [f] (a,b)
(iii) Translation:

WM (t - K)] (a,b) = ezmA,,BT’lkW};/[ [f(f) em’(kTB’leerTB’lAk)} (a,b— 1)
= [u*~2 WM f(pa, ub), M’ = (A/p, B/p: uC, D)

_ \}ﬁwy/ [f](a,b), M = (A,—B:—C,D).

Proof. For the sake of brevity, we omit the proof of the theorem. [

(iv) Scaling: W[ f (ut)] (a,b)
(v)  Conjugation: W}}]A (f](a,b)

Next, we shall define the admissibility condition for a function ¢ € L?(R").

Definition 3. A function € L>(R") is said to be admissible with respect to a real free symplectic
matrix M = (A,B: C,D) if

FMy aw) |2
e~ | 7Y [¥] (aw))|

da < oo, ae. weR" (30)
R+ a

where ¥ (t,a) is given by Equation (28).

We are now in a position to derive the orthogonality relation for the proposed trans-
form defined in Equation (7). As a consequence of the orthogonality relation, we will
demonstrate that the non-separable wavelet transform is an isometry from the space of
square-integrable functions L2(IR") to the space of transforms L?(R" x R*).

Theorem 2. Let Wlll)d [f](a,b) and ng (¢] (a,b) be the non-separable linear canonical wavelet
transforms of f and g belonging to L?(R™), respectively. Then, we have

/@Xw Wil [f](a,b) Wt[g] (a,b) dl;zd L =cylf.8), (31)

where Cy is given by Equation (30).
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Proof. For any pair of square integrable functions f and g, Proposition 1 implies that

Wym@mpammamAﬁWWWVWme@wKwuwmﬂwAﬂfwﬂwwmw

and

WM [g](a,b) = \/a|detB| /]R e @xIDB X FM o] (x) KM(b, x) KM (b, Ag) FM[¥] (ax) dx,

where ¥ are given by Equation (28). Consequently, we have

./R” xR+ W‘y{ [f} (ﬂ, b) W(glb) dl;#
~ et g (DB I —xTDB 1) FM [ 1] (1) FM[g] ()

R xR*xR" xR+

« FME] (aw) FME] (ax) KM (b, Ag) KM(B, Ay) K (b, x) Kng (b, w) S0 4w Axda

" : 2 (TP R-1w_ T HR-1 -
- /]R”XR”XR+ o> (W'DB~'w—xTDBx) M [f] (w) FM[g] (x)
dw dxda

x FM¥] (aw) FM[¥] (ax) { /R Km(b,x) K (b, w) db}

— mia®*(w' DB~ 'w—x"DB~!x —
= o ) ] () P

dwdxda

a
2 dwda

x FM[¥](aw) FM[¥](ax) 6(w — x)

= [ M) PMT (w) | FM[#] (aw)|

_ ;M[mw);m[g](m{/w Wwda}dw

R~ a
= Cy (FM[F](w), PM[g] (w)
=Cy (f g>2~

This completes the proof of Theorem 2. []

2

Remark 1. (i). For f = g, Theorem 2 yields the energy preserving relation associated with the
non-separable linear canonical wavelet transform (Equation (10)):

/R” xR+

(ii). The operator Wlllyl is a bounded-linear operator. Moreover, for Cy = 1 and | det B| = 1, the
operator W}l}’l becomes an isometry from L*>(R") to L2(R" x R*).

2dbd
WHf](a,b)| =5 = Gy | £l (32)

In our next theorem, we demonstrate that the non-separable linear canonical wavelet
transform WIIIYI [£](a,b) of any function f € L?(R") is reversible in the sense that f can be

easily recovered from the transformed domain L2(R" x R*).

Theorem 3. Let W}I}’[ [f](a,b) be the non-separable linear canonical wavelet transform of an
arbitrary function f € L?(R™). Then, f can be reconstructed via

dbda

o a.e. (33)

FO =& [ W@
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Proof. According to Theorem 2, we can write
dbda
(F8) = G fog W0 )WY 0 0)

V w p
= & fop WE @) [ ST 00T

1 dtdbda
B Ci‘/]/Rannx]RJr Wll/y[[ﬂ( )lpab( ) ( ) taz

N C1¢</]R”><R+ ng [f] (u’b) lpf%(t) dbda' g(t)>-

a2

Since g is chosen arbitrarily from L?(R"), using the elementary properties of inner products,
one can obtain

dbda

a.e.
a2

FO = [, WA @) #4(

This completes the proof of Theorem 3. []

Finally, we investigate the characterization of the range for the proposed trans-
form (Equation (7)). As a consequence of the range theorem, we shall demonstrate that the
range of the non-separable linear canonical wavelet transforms; that is, WIIIYI (L2(R™)) is a
reproducing kernel Hilbert space.

Theorem 4. If f € L?(R" x R*), then f belongs to the range W}l)d (L*(R™)) if and only if

1 dbd
P = [ g F@®) (M lh), S0 64

where Cy satisfies Equation (27).

Proof. Assume that f € Wl/l\,/l (L2(R™)). Then, there exists a square integrable function g
such that W}/‘f g = f. In order to show that f satisfies Equation (34), we proceed as

fa', ') = Willg] (a', ')
= [ g(t) g, (1) dt

Rn
_ 1 M db da
- Clp/n{/lianR+ Ww [g] (a’b) lpﬂ,b( ) }lpa/b/( )
1 db da
:Citp/RnXR-# ab {/ lpab /b/ )dt} [12

1 M .m \ dbda
o /RMR+ f(a,b) <¢a,br%f,b/>2 iz

which evidently verifies our claim. Conversely, suppose that the function f satisfies
Equation (34). To verify that f € WIIIYI(LZ(R”)), it is sufficient to find out a function
¢ € L2(R") such that qu)/[ g = f. Therefore, the desired function g will be constructed as
follows:
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Let

1

$0= ¢ [, S@P) e T

a2

: (35)

Then, it is straightforward to obtain ||g||, < |||, < oo; thatis g € L%(R"). Further-
more, by virtue of the Fubini theorem, we have

Wytlg] (a,b') = /ng(X) YML,(t) dt

_ 1 M . dbda
B cw/n{/Ran f(a,b) Yo (t) —3 }I,U%b/(t) dt

! dbda
g Cilp ./I‘QHXR+ f(ﬂ,b) <l/}}1\//{)/lp%b/>2 7
:f(a,’b/).

This completes the proof of Theorem 4. [J

Corollary 1. For any admissible wavelet { € L?(R"), the range of the proposed non-separable
linear canonical wavelet transform; that is, W}I}’[(LZ(R”)) is a reproducing kernel Hilbert space

embedded as a subspace in L? (R" x R™) with the kernel given by
K§ (b0, b) = (9Mh i) (36)

3. Uncertainty Principles for the Non-Separable Linear Canonical Wavelet Transform

The uncertainty principle lies at the heart of harmonic analysis, which asserts that
“the position and the velocity of a particle cannot be both determined precisely at the
same time” [23]. The harmonic analysis version of this principle states that “a non-trivial
function cannot be properly localized in both the time and frequency domains at the same
time” [24]. This standard inequality has been extensively studied in numerous domains and
vistas [25-27]. Keeping in view the fact that the theory of uncertainty principles for the non-
separable linear canonical wavelet transform is yet to be explored exclusively; therefore, it
is both theoretically and practically fascinating to develop some new uncertainty principles,
including the Heisenberg’s, logarithmic, and Nazaros uncertainty principles for the non-
separable linear canonical wavelet transform 7.

Theorem 5. Let W}l}’l [f](a,b) be the non-separable linear canonical wavelet transform of any
non-trivial function f € L>(R") with respect to a real free symplectic matrix M = (A, B : C,D),
then the following uncertainty inequality holds:

{/JR"xR+ R AIORIE }1/2{/@" [w[?| 7 [£) <w)\dw}1/2 > %@ Is

a2

L @)

where Omin (B) denotes the minimum singular value of matrix B.

Proof. The classical Heisenberg-Pauli-Weyl uncertainty inequality for any f € L?(R") in
the non-separable linear canonical domain is given by [7]:

[ Riswfas) ™[ il 2 o B ppa) @
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We shall identify W#IYI [f](a,b) as a function of the time variable b and then in-
voke Equation (38) so that

1/2

L st s as) ([ e gt )] o

> Vl(TT;(B) {/Rn

Integrating Equation (39) with respect to the da/a?, we obtain

otk

WM ] (a,b)‘zdb}. (39)

1/2da

b2 Wy [f] (a,b)‘zdb}l/z{/Rn w2 | P DM £] (0, )] (w)’zdw} .

S 7 Opnin (B) {/ 2dbda}
B 1 R xR+ '

W] (a,b)| =5
As a consequence of the Cauchy-Schwartz’s inequality, Fubini theorem, and Equa-
tion (30), we can express Equation (40) as

(40)

2 oM 2dadb | /2 2 M oM 2dwda)'/?

{/Ran+ [bF|Witf) (e b)| =5 } Lo WP MM @) | )| 25
namin(B)CL,, 2
> =

Using Proposition 1, we can rewrite the above inequality as follows
I 2dadb | /2 2 m M 2dadw /2
{/RR b 3t 7] (o )| 5 } Lo WP MR o) 2] (o)

1 0min(B) Cy || 1|2
> =5 el

or equivalently,

1/2 ) 12
{/Rnx1R+ b2t [f] (a,b)rd[;fb} {/R [w|*| M £] (w)‘z(/]R+ szd‘l)dw}

. 2
> "D
4 2

Finally, using Equation (27), we obtain the desired result:

T e A T T e L

22
This completes the proof of Theorem 5. [J

Remark 2. The uncertainty inequality in Equation (37) embodies a wide class of uncertainty
relations including the ones corresponding to the separable linear canonical wavelet transform,
fractional wavelet transform, and classical wavelet transforms. The corresponding uncertainty
principles can be obtained by choosing an appropriate matrix parameter M = (A, B : C, D).

Example 2. For the sake of computational convenience, we restrict ourselves to the two-dimensional
space. From the inequality in Equation (37), we observe that the lower bound can be adjusted suitably
by choosing a real, free symplectic matrix M = (A, B : C, D) and the analyzing function .
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(i). Consider the real, free symplectic matrix

1/2 =3/2 1 -1
M. — Ay By | 3/2 1/2 -1 -1
'“\¢, b)) | 0o -1 1 -1
-1 0 1 1
and the two-dimensional Morlet wavelet 1 (t) given by
pr(t) = N2 A = (A4, 4) > 0.
Then, by virtue of Equation (28), we obtain

¥(t,a) = exp{m' (2aA,lTBT71t - tTB—lAt) }lp(t)

= exp{ni<—2a2t2 + 1_;2> } exp{i(/\ltl + Aotp) — %

= exp{ (1_2m) 2+ Altl} exp{ (1_27”)1%% + (A2 — 2a2)t2}.

Subsequently, we have

FM (Y] (aw)
_ 1
~ |detB|l/2

77|det8\1/2./RzeXp{_( 5 )tl—i—/\ltl}exp{—( 5 )t2—|—(/\2—2a )tz}

2+ 12
X exp{ni (a2 (w% — w%) +aw(ty —t1) +awy(l + 1) — 1J2r2> }dtl dty

/R ¥(ta) exp{ i (aw) DB (aw) — 2(aw) BT "t + 7B at) bt

2

, t
— /2 erint(wi-w}) /}Rexp{—z1 + (A —ami(wy — wz))tl}dtl

tz
></]Rexp{22+(/\22a2+am‘(w1+w2))t1}dt2

. 2 . 2
_ 27.[\/2718711'112(&)%7(0%) exp{ (/\1 - ’”U(;Jl - wZ)) } exp{ (/\2 —24? + a72'cz(w1 + OJZ)) }

Taking Ay = armiand Ay = 2a2, we obtain
2
‘fM (Y] (aw)‘ = 8m%aexp { — a?7% (1 + 2w} + 2w} + w;) } (41)
Implementing Equation (41) in Equation (30) yields
473/2

\/1+2w%+2w%+w2

Cy = 87° ./]R+ exp{ — 7% (1 + 207 + 23 +w2)a2} da

In particular, for (w1, wy) = (1,1), we obtain

47-[3/2

7

Cyp= (42)
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Therefore, for any normalized function f € L?>(R?), an application of Equation (42) in Equation
(37) yields the lower bound for the Heisenberg’s inequality in Equation (37) of the form

([ il e afadd 2 (2)7 @)

a2

(ii). Consider the real, free symplectic matrix

1/6 1 ) 1/6
Mo (A2 B2\ _|[-5/6/2 ~1/6  1/6 5/3
2= \c, D)~ 1 0 12/29 —31/29 |

—-6/29 —-36/29 36/29 6

and the two-dimensional DOG wavelet y, given by

Palt) = 5y e MO B2 g g

Similar to computations carried out in (i), we can show that

6 [1+3a2
Cy, = T\ 52 and, (44)
2 M 2dadb | /2 2 M 172 101(1 + 3a2)
{/R"XJR+ b [f] e, )53 /R wl P w)ldw > son(i +az) )
(iii). Finally, for the real free symplectic matrix
2 -1/8 1/4 -1
Mo (A3 B _| 18 -2 1 1/4
" \G D3) | -2/15 -31/30 1 0
1 2/3 —4/5 —-14/15
and the two-dimensional Maxican-hat wavelet 3
Pa(t) = (2 [t2)e 1172,
The admissibility constant Cy, and inequality in Equation (37) turn out to be
/% [16
Cy, = 5\ 1 and, (46)

{/RW bl ] <“'b>‘2di§b}l/2{/w wl*|7Mf] (w)!dW}l/z > (116;)1/4\/3 47)

The lower bounds of the Heisenberg’s uncertainty inequality in Equation (37) corre-
sponding to the aforementioned parametric symplectic matricies and analyzing functions
are summarized in Table 2.
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Table 2. Lower bounds associated with the Heisenberg’s inequality in Equation (37).

Symplectic Matrix Admissibility Constant Cy, Lower Bound
o 5\ 1/4
=413,/ = el
ClPl 7T 6 (37{)
M; = (A1, By : Cy, Dy) 6 |1+ 302 1 14342
Cp =97 1+ a2 214\ 1+a?
1/4
Cp= 22 [16 (%)
V17
T 3\ 1/4 \/7
Cpy = 47, |7 117 101
' 6 3 (1277)
2
M2 = (Az, Bz : C2, Dz) 67T 1 +3D¢2 101(1 + 3 )
Cop. =7\ 15 667(1 + a2)
o _ " [16 A4 101
Cpy = a0, | e\ Vi
S 6 8 8
M; = (A3, B3 : C3,D3) o _6m 143 1/16\"* [17(1+34?)
T\ 1+ a2 8\ 17 (1 + a2)
52 (16 l6m\* 17
Cpo=—5"\17 17 32

In our next theorem, we shall establish the logarithmic uncertainty principle for the
non-separable linear canonical wavelet transform in Equation (14).

Theorem 6. Let ¢ be an admissible function and suppose that W}l\,’l [f](-,b) € S(R"), then the
non-separable linear canonical wavelet transform (Equation (14)) of any f € S(R") satisfies the
following logarithmic estimate of the uncertainty inequality:

2dadb -1 2
Jor e Bl @) 2 Gy [ e[| 0 e
I'(n/2
> [r((:/z)) —lnn} CollFIE- @8

whenever the L.H.S of Equation (48) is defined.

Proof. For any f € S(R) C L?(R"), the logarithmic uncertainty principle for the non-
separable linear canonical transform (Equation (7)) is given by

T e e W ICIR
(49)

2 T-1
/Rn Injt||f(t)|"dt + /Rn ln‘wB
Identifying W}IY[ [f](a,b) as a function of the translation parameter b and then replace
f € S(R") with Wpl[f](a,b), we have
2 -
/]R InJb| [ Wi [£](a,b)| db + /R n|wBT [ FM VR f] (a, b)) (w) *dw

> (Fr’((://zz)) —lnn) An‘wy[f](a,b)‘zdb. (50)
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Integrating Equation (50) with respect to the measure da/a?, we obtain

dad -1 dadw
I'(n/2) 2dadb
- (F(n/z) *1“”) /Rnxw WA (k)| =52 (D)

As a consequence of Proposition 1, we can simplify Equation (51) as:

Lo bl WA o) 50 + [ m|weT || FM 7] (w)|2{/R+ VM[‘YWda}dw

a2 a

> (T2 ey 512 )

Equivalently,

2dadb +Cy /R" ln‘wBTfl“]:M[f] (w)‘zdw

aZ
I'(n/2)
= (rwz)

[ Bl

- )Gyl 6

This completes the proof of Theorem 6. [J

Nazarov’s uncertainty principle measures the localization of a non-trivial function f
by taking into consideration the notion of support of the function instead of the dispersion
as used in the Heisenberg—Pauli-Weyl inequality (38). In this direction, we have the
following theorem.

Theorem 7. Let W};’I [f](a,b) be the non-separable linear canonical wavelet transform of any
function f € L%(R"). Then, the following inequality holds:

CeC(TllTZ) /
R”\Tl xR+

2dadb iC
a? ¥ Jrn (1y87)

WYL (o) 7P|
¢y [ 1F0fa (69

where C(T, Tr) = Cmin(|TlHT2|, \T1|1/”QU(T2),QU(T1)T21/”>, W (Ty) is the mean width of
Ty, and | Ty | denotes the Lebesgue measure of Ty.

Proof. For an arbitrary function f € L?(R") and a pair of finite measurable subsets T; and
T, of R", Nazarov’s uncertainty principle in the linear canonical domain reads [5]

([ [ ] = [ rofa e

where C(T, T») = Cmin(|T1 T, | Ty \1/"QB(T2),QH(T1)T21/"), 20(-) is the mean width of
the measurable subset, and | - | denotes the Lebesgue measure.
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By identifying W}l}'[ [f](a,b) as a function of b followed by invoking Equation (55),
we obtain

CeC(T1.T2) (/Rn\T Wyt [f] (a,b)|2db+/,z\(
1

ary I DV [f] b)) (W)|2dw>

> [ [WM[f](a,b)[db, (56)

R

Upon integrating Equation (56) with respect to the measure da/a?, we have

C(Ty,T») M 2dadb M FasM 2dadw
CeCT T2 (/R»z\an+ W f] (0, b) P52 +./"\(TZBT)><]R+ M PVMF] b)) ()P
2dadb

2 fooge PR IO

Finally, as a consequence of orthogonality relation in Equation (31) and Proposition 1,
we obtain the desired result

2dadb

(W' fl(ab)[" == +Cy |

CeC(TerZ) /
. Rn\Tl xR+

| FMf] (w)’%lw)
> Cy /Rn £ () [Pdt.

"\(TZBT)

This completes the proof of Theorem 7. []

4. Conclusions

In the present article, we introduced the notion of a kernel-based non-separable linear
canonical wavelet transform in L?(IR") for obtaining an efficient time-frequency repre-
sentation of higher-dimensional non-transient signals that has more degrees of freedom.
Besides studying all the fundamental properties, such as Rayleigh’s theorem, inversion
formula, and range theorem, we have also formulated several uncertainty inequalities for
the proposed transform containing Heisenberg’s, logarithmic, and Nazarov’s inequalities
in the non-separable linear canonical domain.
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