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Abstract: In this paper, we study a boundary value problem involving (p, q)-integrodifference
equations, supplemented with nonlocal fractional (p, 4)-integral boundary conditions with respect
to asymmetric operators. First, we convert the given nonlinear problem into a fixed-point problem,
by considering a linear variant of the problem at hand. Once the fixed-point operator is available,
existence and uniqueness results are established using the classical Banach’s and Schaefer’s fixed-
point theorems. The application of the main results is demonstrated by presenting numerical
examples. Moreover, we study some properties of (p, g)-integral that are used in our study.

Keywords: fractional (p, q)-integral; fractional (p, )-difference; nonlocal boundary value problems;
existence

1. Introduction

Quantum calculus or g-calculus is the modern name for the study of calculus without
limits. g-calculus was first introduced by Jackson [1,2] in 1910. Quantum calculus has
many applications in mathematics and physics, for example, in orthogonal polynomials,
combinatorics, number theory, simple hypergeometric functions, dynamics and theory of
relativity, to name a few.

An extension of quantum calculus, the (p, q)-calculus or post-quantum calculus, was
introduced by Chakrabarti and Jagannathan in [3]. (p, q)-calculus is a generalization of g
calculus including two independent quantum parameters p and g, reduced to g-calculus
for the case p = 1 and to the classical g calculus when g — 1. Furthermore, (p, q)-calculus
has many applications, such as physical sciences, combinatorics, hypergeometric functions,
number theory, mechanics, Bézier curves and surfaces, etc. (for instances, see [4-8]). Many
researchers have recently begun working on (p, ¢)-calculus and some results can be found
in [9-14] and references cited therein. Recently, in [15], the authors introduced the fractional
(p, q)-difference operators and studied their properties.

Recently, (p,q)-calculus was applied to establish several new types of inequalities
(see [16,17] and references cited therein). In the literature, there exist few papers studying
boundary value problems for (p, q)-difference equations, because the (p, q)-fractional oper-
ator has been introduced recently. In [18], the following (p, q) boundary value problem for
second order (p, q)-difference equations with separated boundary conditions was studied:
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D3,x(0) = F(L (), te 0,T/p2),
a1x(0) + apDpgx(0) = a3, 1)

B1x(T) + B2Dpqx(T/p) = Bs,

where 0 < g < p <1 are two quantum numbers, D%,q is the second order (p, q)-difference
operator and f € C([0, T/p*] x R,R), T > 0, a;, B;, i = 1,2,3 are given real constants. A
variety of new existence and uniqueness results were established using Banach’s, Schaefer’s
and Krasnoselskii’s fixed-point theorems, as well as Leray—Schauder’s nonlinear alternative.

Some more results on (p, q) boundary value problems can be found in [19-21]. For
existence results for boundary value problems fractional (p,q)-difference Schridinger
equations, we refer to [22].

Recently, in [15], the authors introduced the fractional (p, g)-integrodifference op-
erators and studied their properties. Boundary value problems for fractional (p,q)-
integrodifference equations with Robin boundary conditions were studied in [23], where
the authors established existence and uniqueness results for the following problem:

Disgu(t) = F[tu(t), ¥hu(t), Dyu(t)|, te i,

M)+ ADful) = o), € iy~ {0}, %)
e (5) () -

k
where I}, := {#T:keNo}u{o}, 0<g<p<1 ac(12;Bve (1],

A, Ay, u1, M2 ERT, F e C(I;,q x R x R x R,R) is given function, ¢1, ¢ : C(I;WR) —R
are given functionals and

1

11;’7 u(t) := I,y ul(t) = ——m

t _
/0 (t— qs)%go(t,s) u (rﬂSl) dp,qs, 3)

are (p, g)-integral operators defined for ¢ € C(I}, x I}, [0,0)).

Motivated by the the aforementioned papers, our goal in this paper is to enrich the
literature on boundary value problems for fractional (p, q)-integrodifference equations.
More precisely, we introduce and study a nonlocal boundary value problem for (p,q)-
integrodifference equations subject to fractional (p, q)-integral boundary conditions of
the form

D8 u(t) = AF[t,u(t), (¥hqu) ()] + yH[t,u(t), (Y’;/qu)(t)}, tell,

T
Thas1(mu(y) = (), 7€l — {O, p}, (4)
T\ (T
his(,)0(5) = o)

k
where I;q = {(Z) ;;ZkGNO} U{0}, 0<g<p<1 ac(1,2,B7veI1],

Au€eRT, FHe C(Ipqu x R x R,R) and g1, € C(I],,R") are given functions, ¢y, ¢, :

(Il W

5,47 R) — R are given functionals and

.7 [t (t— ‘15>% s S
(\Pzrqu> (t) i (Ig,q(l’”) (t) - A p(z)rp,q(r)/) q)(t, p’Yl) u(p’)’l) dp,qs, (5)
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(Y,) (1) = (Dpgpu) () = /t (t‘g:)q(“)lp(t _i_l)u<p_i_l> bas- (6)

are operators defined for ¢, ¢ € C (IT X I;q, [0,00)).

We notice that the the boundary Value problem (4) is of general type, concerning both
(p, q)-fractional integral and (p, q)-fractional derivative operators. In addition, it contains
nonlocal boundary conditions; it is well known that the study of nonlocal boundary value
problems is of significance, since they have applications in physics and other areas of
applied mathematics. We emphasize that the novelty of our paper lies in both the equation
and the boundary conditions, contributing significantly to the existing literature on the
topic. Our existence and uniqueness results rely on the standard tools of functional analysis.
The methods used in our analysis are standard; however, their exposition in the framework
of the boundary value problem (4) is new.

The remaining part of this manuscript is organized as follows. Section 2 contains
some basic notions and known results of (p, g)-calculus. Furthermore, an auxiliary result
is proved which plays a key role in transforming the given problem into a fixed-point
problem. In Section 3, we prove the existence of a unique solution for the boundary value
problem (4) via the Banach contraction mapping principle. An existence result is proved
in Section 4, by using Schaefer’s fixed-point theorem. Finally, examples illustrating the
applicability of the main results are presented in Section 5. The papers ends with a section
that illustrates the conclusions.

2. Preliminaries

In this section, some concepts regarding our study are recalled. Let 0 < g < p < 1.
The following notations are used:

1_qk, keN
[k]q = -9
1, k=0,
k k
P —q k—1
= kls, keN
[k}p,q = P—1q P []%
1, k=0,
k pi_qi
[kl qlk —1] 1,4 = , keN
[k]P,q' — 122 122 p4q II;!: P_q
1, k=0

By

k k
Ug,q(t) = (Z) t and p’;,q(t) = (Z) t, for keN,

we denote, respectively, the (p, g)-forward jump and the (p, q)-backward jump operators.
For the power function (a — b)g withn € Ny := {0,1,2,...}, the g-analogue is given by

(a—b)%::l, (a—b)g:= Hu—bq a,beR.
i=0
and )
.
(a—b)pa:=1  (a=b),:=]ar"*—bgd"), abeR,
k=0

is the (p, g)-analogue of the power function (a — b)3 5, with n € Ny.



Symmetry 2021, 13,2212

40f15

For a € R, we define a general form

o 1—(
(a—b)% a“H1_<b

m&\?

- z(
T
p

14
Note that ag = a*, ap, = (;) and (0)g = (0),,, = 0 fora > 0.
The (p, q)-gamma and (p, q)-beta functions are defined by

P
P xeR\{0,-1,-2,...}

F (x) = (p_q)x—l = x—1’
pAq g
(1-7)

[x - 1]p,q!/ x €N
! - L 11 oxn) Do (TP, 4(y)
vl : : P4y
Bua(oy) = [ F7(0g)gidygt = pllmEy ) SRR

respectively.

Definition 1. For 0 < g < p <1land f : [0,T] — R, we define the (p, q)-difference of f as
fot) - fat)
Dpaf(t) = { (a7
£(0), for t=0

if f is differentiable at 0. If D, f(t) exists for all t € Ip g then f is called (p, q)-differentiable
on Il .
pAq

Definition 2. Let us assume that I is a closed interval of R containing a,bandOQand f: 1 — R
is a given function. The (p, q)-integral of the function f from a to b is defined by

/a () s = /0 () s — /O " F()dgs,

where

k k
Tpqf(t) /f s)dpqs = (p— )t X:()pz+1f<pq t), tel,

provided that the series converges at t = a and t = b. If f is (p, q)-integrable on [a, b] for all
a,b € I, then f is called (p, q)-integrable on [a, b].

Next, we define an operator I{,\{q as
Ty ,f(x) = f(x) and T f(x) = T, 4T, ' f(x),N € N.
The relations between (p, q)-difference and (p, q)-integral operators are given by

DyqZpqef(x) = f(x) and Z,4Dpqf(x) = f(x) — £(0).
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Next, we introduce the Riemann-Liouville type of fractional (p, q)-integral and frac-
tional (p, q)-difference.

Definition 3. Fora >0, 0 < g < p < 1 and f defined on Ir?,q/ the fractional (p, q)-integral is
defined by

1 t a—1 ( S )
% f(t) = ——— | (t—=g8)57 f| — |dpas
paf (1) p(z)rp/q(w)/o( qs)pa f pa-1 )opa
a—1
- poat ¢ 9" t_(q>k“t Cf 7,
p(g)rp,q (IX) = pk+1 p Pk+tx ’

p4q

and (Igqu) (t) = f(t), where the notation () is a combination.

Definition 4. Fora > 0, 0 < g < p < 1 and f defined on I;, g The Riemann—Liouville type
fractional (p, q)-difference operator of of order w is defined by
Dy f(t) = DTy "f(t)
1

_ t _ —a—1 S
=, b (e

rPr”I

and Dg,qf(t) = f(t), where N—1<a <N, NeN.
Next, we introduce lemmas that are used in the main results.
T
Lemmal ([15]). Let « € (N—=1,N), NEN, 0<qg<p<land f:1I,, — R Then,
Ty Dy f () = f(£) + Ct* T4 Gt 24 4 Oyt N
forsome C; € R,i=1,2,...,N.

Lemma 2 ([15]). Let0 < g <p <land f: I;,q — R a continuous at 0 function. Then, we have

X s X x
/ / f(r)dpgTdpgs = /p f(t)dpgsdp,T.
0 Jo 0 Jpgt

Lemma 3 ([15]). Let a,3 >0, 0 < g < p < 1. Then,
t
-1
(a) /0 (t— qs);jsﬁ dpgs = t’”ﬁBp,q(,B +1,a),

e SR Byg(B+1,2)
(b) /0/0(f*qx)ﬁ(qus)ﬁdp,qsdp,qx — 2PANE T T yat B

ﬁ]p,q
Lemma 4 ([23]). Let o, >0,0<g<p <landn € Z. Then,

i a1, e Tee(®)
@ f) =)yt dpas = PO H s

b / b d — »(3) pa—p—n_
(b) 0 (t—4s)pg p P pas = P2 Tpq(a—B—n+1)

We employ the above lemmas to obtain the new results as follows.
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Lemma5. Let o, >0,0<qg<p <landn € Z. Then,

a—1
Gl (t— x ( s) dpgsdygx = p@+ +) Tra@Tpa(B) 2P,
/ / ! prt ! o AR PR RN

Proof. From Lemma 3 (a2) and the definition of the (p, q)-beta function, we have

o /51< X )tx—l Bpg(1,a) /t p-1
/0/0 (t—qx)pq 1 qs . p.gS dpgX p(p1) 0( qx)pg x" dpqx

Byq(1,a) N
N %Bm(“ +1,p) P

= @+ Lpa@Tpa(B) g
Ipgla+p+1)
The proof is complete. [

The following lemma, concerning a linear variant of problem (4), plays a significant
role in the forthcoming analysis.

Lemma 6. Let A #0, a € (1,2], ﬁ€(01]0<q<p<1h€C(pq, R) and g1,8> €

C(I}, RY) be given functions and ¢1,¢2 : C(I) 5, R) — R be given functionals. Then, the

pa’
boundary value problem
Db u(t) =h(t), tel, @)
T
Theg1(Mu(n) = g1 (), yell, - {O, p}, 8)
T T
Hasa()1(5) = a0 ©

has the unique solution

- 1 t B a—1 S
u(t) = p(g)l"w(a)/() (t qs) h(p )dpqs
a—1
= {Br0, 91,1 — B, Or[pn, 1} (10)
a—2
+ 5400, g, 1)~ 4,019 1]}

where the functionals Oy[¢1, h], Ot |2, h] are defined by

1
Oyl1, h] := 1 (u) — — . o
e ! p<z>+<é‘>rpq( O)Tpq(B)

i x a=l x s
/ /p (n— fix ( BT —qs) gl(pﬁ,l)h(p) dpqsdpqX,

pA

Orlg2, h] := o (u) — X (12)
2 p(z) (2>1"p,q(zx)1"p,q(/3)

I x B—1 a—1
G, Goe),, () 1) s
qx -1 48 82 - - 48 Ap.gXs
/O /0 p e pﬁ 1 . pﬁ 1 pe 1 P =pA

and the constants Ay, At, By, Br and A are defined by

1 ] B—1 s s \“!
Ay = NN (n— ‘is)ﬁgl (1> (1) dp,qs (13)
p2IT,,(B) /O PP PP
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1 5 (T £-1 s s \*!
A= ——— / ( - qs) 82 (_) ( — ) dp,qgs (14)
pOIT,,(8) 70 \P P4 VAN
1 U] g—1 s s \*2
B, := —— / (n — qs)p,qgl( 1) ( 1) dpgs (15)
pIT4(B) 70 PP PP
1 v (T g1 s s \*?2
et ) a() () e 00
p(g)rp’q(ﬁ) 0 p P4 p 1 pﬁ !
A ::ATBU _AUBT- (17)

Proof. Taking fractional (p, g)-integral of order a for (7) and using Lemma 1, we have

_ _ 1 t —1 s
ut:Ct“1+Ct"‘2+,X7/ t—s“h()d . 18
( ) 1 2 p(z)]"plq(a) 0 ( q )P,q plx_l 122 ( )

Then, we take fractional (p, g)-integral of order p for (18); we have

Cyt*+h-1 Gyt th2 + !
= - Q ﬁ
Ipgla+p)  Tpgla+p—1) P(ZH(Z)FP#(“)FP,:;(/B)

t oo B-1( «x a1 s
/0/0" (t—qx)ﬁ F—qs h W dpqsdpgx.

pAa

8 u(t)

X (19)

Substituting t = 7 into (19) and employing the condition (8), we have

Ci1A; + CoBy = Oyl¢1, h]. (20)
. T. . .
Taking t = » into (19) and employing the condition (9), we have

CiAT + CBr = O, h]. (21)
Solving (20) and (21), we find that

B,Or — BrO
C = 2L 2T and G, =

Ar0,; — A4 O1
A 4

A

where Oy[¢1,h], Or[¢2, h], Ay, AT, By, By and A are defined by (11)—~(17), respectively.
Substituting the constants C;, C; into (18), we obtain (10). We can prove the converse by
direct computation. This completes the proof. [

3. Existence and Uniqueness Result

In this section, an existence and uniqueness result for the problem (4) is proved, via

T

0,7 R) , we denote the Banach space

the Banach contraction mapping principle. By C = C (I
furnished with the norm

lulle = llull +||Dpqu |

where ||u|| = me:g; {lu(t)|} and Dy qull = g&i{‘D;,qu(t)’}.

By Lemma 6, replacing h(t) by AF[t,u(t), (¥} qu)(t)] + yH[t,u(t), (Y;’,Iqu) (t)} , we
define an operator A : C — C by

) = o [t (e[ (). (ha) (5]
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S S S
+ 'uHLytxl’u<ple)’ (Y;/qu) <p0{1):|> dp/qs

tﬂ(—l . N
_T{BT(’),7 [p1, Fu + Hy] — B, O%[hn, Fu + Hu]}
tﬂ(—z . .
+ {ATO; 1, Fu + Hi] — Ay O [z, Fu + Hu]} (22)

where the functionals O,’; (1, Fu + Hy), Of[¢2, F, + H,] are defined by

0:7( [‘Pleu + Hu]

a—1

1 U B-1( «x
=1 (u) — —; - qX),(_ - q5> x
P(Z)Jr(g)rp,q(“)rp,q(ﬁ) /0 ./0 PA\ pp1 e
X S S S
$1 (;ﬂ“) (AF {P“‘l’u<zf’“1 ) (¥pam) (P“‘lﬂ
s s v s
+ ]/lH |:ptx1’u(pucl>’ (Yp,qu) (plxl>:|> dp,qs dp,qx, (23)

Or1(¢2,Fu + Hy]
1 5T (T P/ x =
=) — — ! ( - qx) ( - q5> X
P(2)+(§)rp,q(“)rp,q(ﬁ)/() 0 P pg \PP pa
x s s s
o) (o2 2]
s s s
+uH L,IX—V” <pzx—1>’ (Y;,q”) (pa—1>}> dp,qs dpqgX, (24)

and the constants A, At, B,, Br, A are defined by (13)—(17), respectively.

Notice that a fixed point of the operator A is a solution of the problem (4).

Theorem 1. Let us assume that F, H : I;?,q x R x R — R are continuous, ¢, : I;,q X I;,q —
[0, 00) are continuous with gy = max {¢(t,s) : (t,5) € I, x I} .} and o = max {(t,s) :
(t,s) € Ig,q X I;,q}. In addition, we suppose that:

(Hy) There exist constants M; > 0 such that, for each t € I;,q and u;,v; € R, i=1,2
|F[t,u1,us] — F[t,v1,02]| < M|ugs — 01|+ Ma|uz — v2].
(Hy) There exist constants N; > 0 such that, for each t € I;/q and u;,v; € R, i=1,2
|H[t,u1,u2) — H[t,v1,02]| < Ni|ug —o1| + NaJup — 03],
(H3) There exist constants wi, wy > 0 such that, for each u,v € C
|¢1(u) = 1(v)| S wrllu—vllc and  |g2(u) — ¢2(0)| < wallu =]
(Hy)Foreacht € I;,q, 91 < g1(t) <Gy and g < $(t) < Gy.

ax+pB
G ther + G (1) ey

(H5)X::E D+ Fp,q(tx—kﬁ—i—l)

+ a)1®§ + w2®,’; < 1,



Symmetry 2021, 13, 2212 9 of 15
where
(7) ()
L:=A M1+M2(pop7 +u N1+N21/107 ’ (25)
Tpg(y+1) [pg(1—v)
T o« T a+y T a—v
RGOS .
Tpgla+1)  Tpgla+y+1) Tpgla—v+1)
%: = ®T+®T/ (27)
1 [ T\ 1 T\ %2
or = ol (5) omavan (7)) @
B T x—v—1 T x—v—2
Or = 1 max|BT|@+max|AT| (p) (30)
min|A| Tpq(a—v) Tpa(a—v—1)|
1 [ T a—2
T\ 1 T x—v—2
0, = # max|B ‘ (?) +max|A | ?) (32)
7 min|A| Ty (0 — NTpg(a—v—1)
Then, the boundary value problem (4) has a unique solution on IPT, g
Proof. Foreacht € Igi gand 1,0 € C, we have
®o0 t y—1 s s
(¥hg0)(6) ~ (¥}0) ()] < —/(t—qsmf w(5) o5 ) dows.
pa pa ‘ P(W)qu(v) o pa 1 g1 )| 4P
H -1
< / ( —qs) dpq5.
= Dr_ () P4
p qu Pa
T "Y
),
= ——2—|u—0o|.
Tpg(r+1)
Similarly, we have ‘(YV u)(t) — (Yy,0)(f)] < MHM—UH
Y P4 P4 S 1,00 :
We set
Flu—v|(t) :== ‘F[t,u(t),(‘llequ)(t)] — F[t,0(t), (¥}q0)(8)]|,
H|u—o|(t) = ’H [t,u(t), (Yg,qu)(t)} —H [t,v(t), (Y‘;,,qv)(t)} .

Then, we obtain

(05161, Fu + Hu] = O; g, Fo + Hy|

[p1(1) — ¢1(0)| +

AT X

// (1 — q¥)g (

rl‘“? rpq P
NI ST T

P(%)Hﬁ)
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(F) 7).
< —lle + [ A M)+ Mago—l— | + | N+ N P
< wllu—7|c 1 2¢0Fp,q(7+1) # N1 2¢orp,q(1_v) X
S L
ot prn e
,CGlﬂ“+ﬁ :|
< |wrt o | lu—olle.
[ [pgla+pB+1)
Similarly, we obtain
+
£6,(1)° ’
* (% < _
‘OT[¢lrFu+Hu] OT[(P1/FU+HU] ~ w2+rp,q(l¥+ﬁ+1) ||u UHCI

and

| (Au)(t) = (Ao)(1)]

sk G, [ () e ()
< ai/ — —gs AF|lu—ov +uH|lu—o dp,gs
P(z)rp,q(“)'o p q . | | ptx—l K ‘ ‘ puc—l pAa
(I>tx71
+20ar A Brl|Oflo B+ Hl = O5 g Fo 4 Hi)
Byl | O [92, Fu + Hul = Of 2, Fo + o) |
(I>0¢72
+- A {arl| Ol Fu+ H = Oflgn, Fo+ 1
+|8y1|OF (g2, Fu + Hu] = OF g, Fo + Hol |}
+
()" crter+a(i) e, 33
< (C) (C) - .
= Tpaat1) Tpqla+p+1) O+ w0y | flu = vfe. (33)

Next, we consider (D}, , Au). We have

(Dy g Au)(t)
1 t pﬂ% —1/—1( X )0‘1
= t—gx S P % 34
p(z)JF(z)rp’q(a)rp,q(_U)/o /0 (t = 9%) 54 pv1 q / (34)

S S v S S S
(AF[P”‘1'”(;7“1)'(?”””)(!1"‘1)]+HH P"‘*l'u<rf"*1)'

)( s ) 0oed {BTO;;[fPl,Fu-FHuJ—Bﬂo?[(l’zfpu-*‘Hu}}
pt)]) e ApEITpg(-v)

X

%
(Yp,qu

X

Eo e s\ {ATW (1, Fu + Hu] — Ay O7[2, Fu + Hu}}
(t—4s)5g dpgs + —
! Ap(z)rp/q(fy)

ot 1 s a—2
/0 (tqu)p,q <m) dp,qs.

Similarly as above, we have

|(D}, g Fu)(t) — (D}, o Fo) ()]

(I)IX—V Glﬂtxﬂg@T—'— GZ(%

p—v—l

[ G)W
Tpg(a—v+1) Tpgla+p+1)

>a+ﬁ

<|c + w107 + WOy | [lu —vllc.  (35)
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From (33) and (35), we obtain
[Fu—Folle < Xlu -2l

Thus, by (Hs) the operator A is a contraction. By the Banach contraction mapping
principle we deduce that A4 has a fixed point which is the unique solution of problem (4)
n Ig/ g- The proof is finished. [J

4. An Existence Result

In this section, we present an existence result for the boundary value problem (4) by
using the Schaefer’s fixed-point theorem [24].

Theorem 2. Let us assume that F, H : Ig, g X R X R — Rare continuous functions and ¢y, ¢; :
C (I; ” R) — R are given functionals. Let us suppose that the following conditions hold:

(Hg) There exist positive constants F, H such that, for each t € I;’q andu; € R, i=1,2,
‘F[t,ul,uﬂ’ < F and ’H[t,ul,uz]‘ < H.
(Hy) There exist positive constants O1, Oy such, that for each u € C,
[p1(u)| < O1 and |ga(u)| < O,.

Then, the boundary problem (4) has at least one solution on I;, g
Proof. We need to show that the operator A is compact by applying the well-known
Arzeléd—Ascoli theorem. So, we show that the operator A(Bg) is a uniformly bounded set,
where Bg = {u € C: |lu|l¢ < R, R > 0} and an equicontinuous set.

(i) Foreach t € I;;F,q and u € Bg, we have

O;; [(Pl/ Fu + Hu]

AF + uH] x el ooy
: (“>+<[> . / /pﬁ ( p-1 qS) gl( 5—1)d”‘75d’”’x
pi T g (a) g (B 2 P
Giy* *PIAF + pH]
<0 36
= O W D) 3)
Similarly, we have
a+pB
O3 F,+H,|| <O © (%> WE + H] 37
’ T[(PZ/ u T u] < O+ rp,q(“+ﬁ+1) ( )
From (36) and (37) and for each t € Ip g We find that
| (Au)(t)]
T a1
I A L
p(z)l"p,q(zx) 0 p .4
(I)D‘71
p * *
+20Ar{Brl|Oflon Fu+ Hul| + 1By | OFlg2, Fu + Hu|}
B alor *
+ {1ar1|Oglg1, R+ Hul | + || OF g2, Fu + Hul |}
Al
G) , cntorsa(f) o

< [AF+ uH] + 01071 + 020y, (38)

+
Tpg(a+1) Tpg(a+p+1)
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In addition, we obtain

- _ +B _
ot e <UAFanht (%)“ G1,7N+/5®T—|—G2(%)a 0,
|(DpgAu) ()] <IAF + ] Tooa—vi1) | Tyt B+1)
+0107 + 02617- (39)

Form (38) and (39) we obtain

G he; + (1) ey

U

+ 01 9%4—02@;; < oo,

which implies that A(Bg) is uniformly bounded.

(ii) We show that A(Bg) is equicontinuous. For any t1,t, € I;, p with t; < t, we have
[AF + uH)|
Tpg(a+1)

-1 -1
Bl

1
A|‘{BT|O; (91, Fu + Hul + |By|O7[¢2, Fu + Hu]}

a—2 a—2
t2 —t ‘

14 e
2 — b

| (Au)(t2) = (Au)(tr)] <

+

+ {IAT1O}[¢1, Fu + Hi) + |Ay|OF g2, Fu + Hil ), (40)

Al

and

|(Dy,gAu)(t2) = (D g Au) (t1) |

VT PR
T Tpg(a—v+1) 2 1
r (a)’t”‘*"*l _ ttx—v—l)
P4 2 1 i
|A|Tpq(a—v) {|BT|O;7 [¢1, Fu + Hy] + [By |OF 2, Fu + Hu]}
Tpqla—1)|t57V 2 — tfl“*V*Z‘

Al @ v =1 ATIOG 0 Bt Hil + A OF o Fu+ Hil . (41)

The right-hand side of (40) and (41) tends to zero as t; — t;, independently of u,
which implies that A(Bg) is an equicontinuous set. By using the Arzeld—Ascoli theorem,
the set A(Bg) is compact.

(iii) Finally, we show that W = {u € C: u = {Au, 0 < ¢ < 1} is a bounded set. Let
u € W. Then, as in (i), we have

u(t)] < ¢l Axlle

. atp
G o7+ G (1) e;
Tpqa+p+1)

<[AF 4 uH] |® + + 0107 + 0,0, (42)

which yields

. atp
G +Pe;+ G (1) e;
Tpq(a+p+1)

| Au|lc < [A\F+ uH] |® + + 0107 + 020;.

Therefore, W is bounded.
Hence, by Schaefer’s fixed-point theorem, we deduce that the operator .A has a fixed
point, which is a solution of boundary value problem (4). The proof is finished. O
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5. Examples
Example 1. Let us consider the fractional (p, q)-integrodifference equation

1
4 o—lcos? @ty 7 [(B)] + e WOFIIEE  u()]
D3 u(t) = 3 -
32 200 +- esin®(27tt) 1+ Ju(t)]
1
o—lsin?(2t)+10] ] [u(t)] +e G|y %% )l 10
,tel; 43
(t+20)? 14 |u(t)] 52 (43)
subject to fractional (p, q)-integral boundary condition
1 1215\? (1215 ® Cilu(t;)] -
IZ — 1 1 J— 1
33 (HCOS 256) ”( 256> Z T ]u(t |’ =03, (10),
72 (7 +sin15)%u(15) = i Difu(t: =, (10) (44)
32 C E T+ (ut)] ) BT
here gt AL T D; tants, with —— <
where ¢(t,s) = L ¥(t, (e and C;, D; are given constants, wi 1000 =
d e 1 > T
d— <)Y D; < —
I;)Cl = 1000 """ 500 = EJ "= 500
Here, p=3%,q=3% a=4% =%, y=4Lv=1 T=10, 17202%(10)_ 25 ) =
- - o Cilu(t)] o Dilu(ti)]
e, u=e10 u) = Dol ¢y = L t) = (e t)?, ga(t) =
M ¢1( ) l';ol'i_h’l(ti)‘ $2 1§)1+‘u(ti)| gl() + cos ) 82()
(7t +sint)?,
1
) o~ cos? (271t) lu(t)| +€7(10t+n)“{’§ %u(t)|
Fit,u(t),¥ t)| = ’
[’u( )/ P/‘iu( )] 200+esin2(27tt) 1+ |u(t)|
and )
, e—sin2(27'[t) | ()|—|—€ (5t+3 | g% ()|
Hit,u(t),Y t)| = .
(), )] ( +20)2 1+ [u(t)]

Forall t € I}° and u,v € R, we have
32

|Ft, u,‘I’g,qu] —F[t,v, Tz,qv] |

IN

'Y
011"~ + 5g10m 201 =¥ pqu = ¥pq0l,

IN

‘H[t, u, Y;,qu} —F [t, 0, Y‘r’,lqv} ‘ Y;’,Iqu - Y‘F’,,qv‘.

ao0 el 400e%

Thus, (Hy) and (H,) hold with M; = 0.004975, M, = 0.0002145, N; = 0.0025 and
N, = 0.0005197.

Forall u,veC,
#2(0) ~ 92(0) _SOOHu—vllc
So, (H3) holds with wy = 0.00272 and w, = 0.00628.

Moreover, (Hy) holds with g1 = 2.9525, G1 = 13.8256, g, = 4.5864 and G, = 17.1528.
After calculating, we find that
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|A,| <20.9307, |Ar|~ 327815, |B,|~39.839, |Br|= 623957,
|A| > 410.0706, @ = 0.0323 and o = 0.04979.

We can show that

L ~ 0.0002159, O =~ 0.38884, @, ~ 0.24799, Or ~ 0.19883, @,7 ~ 0.12504,
OF ~ 1.5769 and @,’; ~ 1.0066.

So, (Hs) holds with
X =~ 0.64592 < 1.

Hence, by Theorem 1, the boundary value problem (43) and (44) has a unique solution on 110, .

32
Example 2. Let us consider the fractional (p, q)-integrodifference equation
1
4 1 1\ —(t+m) |ut)+ ‘I’i lu(t)}
3 - = - 32
D%,%u(t) 10 <t+3>e
1
1 o\ —(HH10) {u(t)+|Y3 ju(t) } 10
— — 32
+15 (f—|—5>6 , tEI%’% (45)
with fractional (p, q)-integral boundary condition
! 1215\ (1215 > :
2 i il R ety — i
I%,% <e+cos 56 ) u( e ) ;Cle , b 0%’%(10),
i=0
1 o ‘
I3, (m+sinl15)u(15) = Y D MWl =ob  (10), (46)
372 i=0 32

: : 1 T 1 o0 e
where C; and D; are given constants with 1555 < Y720 Ci < 1500 419 555 < Li—o Di < 550

Here,p:%,q:%,a:%,ﬁ:%,'y:%,v:}pT:10,17:¢7§, (10):%,

10

Nf—=

A=e ", u=e"
It is clear that |F[t,u, ¥} qu]| < B =F H[t,u,Y;’,,qu” <X =Hforte Ié(,)% and
|p1(1)] < 1550 = O1, |@2(u)| < 555 = O foru € C.

Hence, (Hs) and (Hg) hold. Therefore, the boundary value problem (45) and (46) has at least
one solution on 1%, by Theorem 2.
32

6. Conclusions

A nonlocal fractional (p, g)-integral boundary value problem for separate fractional
(p, q)-integrodifference Equation (4) is studied. Our problem contains two fractional (p, 9)-
difference operators and two fractional (p, g)-integral operators. The existence of a unique
solution is established via the Banach contraction mapping principle, while the existence
result is proved using the Schaefer’s fixed-point theorem. In addition, some properties of
the (p, q)-integral are also studied. It is imperative to mention that our results are new in
the given configuration and enrich the literature on boundary value problems involving
(p, q)-integrodifference equations. In the future, we plan to extend this work by considering
new boundary value problems.
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