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Abstract: We report off-shell Noether currents obtained from off-shell Noether potentials for first-
order general relativity described by n-dimensional Palatini and Holst Lagrangians including the
cosmological constant. These off-shell currents and potentials are achieved by using the corre-
sponding Lagrangian and the off-shell Noether identities satisfied by diffeomorphisms generated by
arbitrary vector fields, local SO(n) or SO(n —1,1) transformations, ‘improved diffeomorphisms’, and
the “generalization of local translations’ of the orthonormal frame and the connection. A remarkable
aspect of our approach is that we do not use Noether’s theorem in its direct form. By construction, the
currents are off-shell conserved and lead naturally to the definition of off-shell Noether charges. We
also study what we call the ‘half off-shell” case for both Palatini and Holst Lagrangians. In particular,
we find that the resulting diffeomorphism and local SO(3,1) or SO(4) off-shell Noether currents and
potentials for the Holst Lagrangian generically depend on the Immirzi parameter, which holds even
in the ‘half off-shell” and on-shell cases. We also study Killing vector fields in the ‘half off-shell” and
on-shell cases. The current theoretical framework is illustrated for the ‘half off-shell” case in static
spherically symmetric and Friedmann-Lemaitre-Robertson-Walker spacetimes in four dimensions.

Keywords: Noether potentials; Noether currents; Noether charges; Palatini Lagrangian; Holst
Lagrangian

1. Introduction

Some of the most fundamental results in mathematical physics are Noether’s the-
orems [1-3], which establish a deep connection between infinitesimal symmetries of a
variational principle and conservation laws. There are two Noether’s theorems: the
first one dealing with global (or rigid) symmetries and the second one concerning local
(or gauge) symmetries. These theorems have forged and shaped the modern view of
theoretical physics, furnishing a vast amount of applications in many areas of physics.

Noether’s theorems provide powerful tools to calculate conserved currents and
charges of physical systems. This feature has been highly exploited by the gravitational
community and is an active ingredient of the modern research in general relativity and
other alternative theories of gravity [4-10]. For instance, the definition of energy in gener-
ally covariant systems is a rather delicate issue [11] and Noether’s theorem plays a central
role in addressing it.

To obtain conserved charges associated to spacetime diffeomorphisms in gravitational
systems, Noether’s second theorem is implemented in its direct fashion (its converse also
holds), leading to the construction of an associated Noether current that is conserved on-
shell [4,7,9]; that is, when the equations of motion are satisfied. This is the usual viewpoint
taken and one might wonder whether it is really necessary to work on-shell to obtain such
conservation laws. After all, in any gauge theory, there exist Noether currents that are
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identically off-shell conserved [5], thus leading to the definition of off-shell potentials and
charges.

Some years ago, off-shell Noether currents and potentials were introduced to define
quasi-local charges in any theory of metric gravity invariant under diffeomorphisms [12].
Later on, an analogous proposal was put forward for covariant gravity theories within the
first-order formalism [13,14], with again off-shell Noether currents and potentials playing
an essential role, although only the case of a combined Lorentz-diffeomorphism symmetry
is considered.

It is well-known that, within the first-order formalism, general relativity can be de-
scribed by either the Palatini action or the Holst action [15], the latter being the starting point
of the loop approach to quantum gravity in its canonical and covariant versions [16-19].
In particular, the Holst action contains the so-called Immirzi or Barbero-Immirzi parame-
ter [20,21], which plays no role when the equations of motion are satisfied, but on which the
theory strongly depends when away from them (off-shell). In fact, this parameter affects
the way in which fermions couple to gravity [22-25] and manifests itself in the spectra
of geometric quantum operators [17,26,27] and in the black hole entropy [28-32] derived
within the loop framework. Then, given the relevance of the Immirzi parameter at both
the classical and quantum levels, it is important to understand how this parameter may
contribute to off-shell Noether currents and potentials.

To expand our horizons on the off-shell effects of the Immirzi parameter, in this paper,
by using a new theoretical framework, we find off-shell Noether currents and potentials
for general relativity with a cosmological constant in the first-order formalism for both the
Palatini Lagrangian in n dimensions and the Holst Lagrangian in four dimensions. The
advantage of our approach is that it is carried out completely off-shell, and its novelty is that
it takes advantage of the off-shell Noether identities arising from both Lagrangians and
avoids the use of Noether’s second theorem in its direct version. We report these off-shell
Noether currents and potentials for infinitesimal diffeomorphisms generated by arbitrary
vector fields, local SO(n) or SO(n — 1,1) transformations, ‘improved diffeomorphisms’,
and the so-called “generalization of local translations’ of the orthonormal frame and the
connection [33]. The resulting off-shell Noether current and potential for diffeomorphisms
can be regarded as the first-order version of the off-shell Noether current and potential in
the metric second-order formalism reported in [12]. Remarkably, our results reveal that
the Immirzi parameter affects, in a non-trivial way, the definition of the off-shell Noether
currents and potentials associated to diffeomorphisms and local SO(3,1) or SO(4) trans-
formations for the Holst Lagrangian. We also find that the currents for both ‘improved
diffeomorphisms’ and the ‘generalization of local translations’ identically vanish. Never-
theless, we also show that from these symmetries we can obtain the off-shell current and
potential for diffeomorphisms for both Lagrangians.

Additionally, we consider the particular case of diffeomorphisms generated by Killing
vector fields and determine their corresponding off-shell Noether currents and potentials.
This leads to the introduction of an effective gauge transformation, and we report its
corresponding off-shell Noether currents and potentials. We also work “half off-shell’ (in a
sense made precise in Section 6) and obtain general expressions for the Noether currents
and potentials for both Palatini and Holst Lagrangians. We find that in the “half off-shell’
case the resulting diffeomorphism and SO(3,1) or SO(4) Noether currents and potentials
for the Holst Lagrangian still generically depend on the Immirzi parameter, even though
the ones for the second-order Lagrangian (Einstein-Hilbert Lagrangian in terms of the
tetrad) are independent of it. This implies that the Immirzi parameter is going to be present
in these currents and potentials even ‘on-shell’. Furthermore, even though the Noether
potential for the effective gauge transformation for the Holst Lagrangian in the “half off-
shell’ case still depends on the Immirzi parameter, the ‘half off-shell” current is independent
of it. Finally, we illustrate the current theoretical framework in four-dimensional static
spherically symmetric and Friedmann-Lemaitre—Robertson-Walker (FLRW) spacetimes
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and report the explicit expressions for the ‘half off-shell’ Noether currents and potentials,
which turn out to depend on the Immirzi parameter as expected.

We follow the notation and conventions of Montesinos et al. [33]. Let M be an
n-dimensional Lorentzian or Riemannian manifold. In the first-order formalism, the
fundamental variables are an orthonormal frame of 1-forms e/ and a connection 1-form
w!} compatible with the metric (17;7) = diag(c, 1,...,1), dy; — wXmx; — Xy = 0, and
therefore wj; = —wjr because frame indices I, |, K, . . ., which take the values 0,1,...,n -1,
are raised and lowered with 7;;. For ¢ = —1 the frame rotation group is the Lorentz group
SO(n —1,1), whereas for o = 1 it is the rotation group SO(n). The SO(n —1,1) [or SO(n)]
totally antisymmetric tensor €y, j, is such that €y1. ;1 = 1. The symbols A, d, and £,
stand for the wedge product, exterior derivative, and the Lie derivative along the vector {
of differential forms, respectively. Furthermore, J stands for the contraction of a vector field
with a differential form [34], the volume form is given by y = (1/n!)ey, . Inell A---Neln,
* is the Hodge dual, and D stands for the covariant derivative with respect to w!;. The
antisymmetric part of tensors involving frame indices is defined by !/l = (t =1y /2.

It is worth pointing out that in this paper we focus our attention on the Lagrangian
n-form instead of the action principle, which in turn is defined as the integral of the
Lagrangian over a determined spacetime region. Thus, the Lagrangian itself completely
specifies the theory under consideration.

2. Palatini Lagrangian

First-order general relativity in n-dimensions with (or without) a cosmological con-
stant A can be described by the action principle constructed out of the n-dimensional
Palatini Lagrangian

Lp = K{RU Nx(ef Nep) — ZAU}, 1)
where R! ] = dew! 7+ wlg AWK j is the curvature of w! J- Because we do not consider matter
fields in this paper, we could omit the constant x := (167tG) ! in the previous Lagrangian.
However, we keep it for dimensional reasons (so that the Lagrangian has dimensions of
action).

A general variation of the Palatini Lagrangian under the corresponding variations of
the frame e! and the connection w!; takes the form

5Lp:51Adel—i—&;/\&w”—i—d{xéw”/\*(el/\e,)}, )
where the variational derivatives £ and £} are given by

& = x(-1)"! {*(elAe]/\eK)AR]K—ZA*eI}, ©))

& = x(=1)""'D[x(e; Nej)]. 4)

2.1. Off-Shell Current and Potential for Diffeomorphisms

By handling the variational derivatives & and & given in (3) and (4), we get the
off-shell Noether identity [33]

E1ALee! + & A Lyw'T + d{ (—1)" [(Q wher + (2J el)&} } —0, G)
satisfied by the change of ! and w!; under an infinitesimal diffeomorphism generated by
an arbitrary vector field { (converse of Noether’s second theorem).

By computing the variation (2) for the change of e/ and w!; under an infinitesimal
diffeomorphism generated by {, we obtain

5éLp =&N Egel + SU A ngU + d[Kﬁéa)U A *(61 A e])] 6)
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Using (5), we rewrite the right-hand side of last expression as
ocLp = d{(—l)”_1 [(Q W&+ (¢le")Er —x* (e1 Nep) A ng”} }, )
that is, as an exact form. It is remarkable that the terms inside the braces can be written as
(—1)"1 {(Q W&+ (¢l Er —xx (e Nep) A ngn}
= d[i(gw!) x (e nep)] +EILp. ®
The meaning of the off-shell identity (8) is better appreciated by noting that it has the form

Jg =dug, )

where the off-shell current J; is defined by
J; = —{JLp+ (—1)"! [(Qw”)&] +(ZJe)E — K x (e Aeg) A ﬁgw”], (10)

with corresponding off-shell Noether potential U; defined by

Uy == K(CJ w”) * (er Nej). (11)
It follows from (9) that J; is off-shell conserved
dJ; = 0. (12)

Note that the off-shell current (10) can be further simplified and it acquires the off-shell
form

Jo = (1" (@) €y + (<1)" x (er Aeg) AD (e, (13)

This expression is remarkable because it involves neither £ nor Lp, in contrast to (10).

Here, we show three things: First, we provide a new and systematic theoretical
framework that allows us to define the off-shell Noether potential U; given by (11) and the
off-shell Noether current J; given by (10) associated to the diffeomorphism covariance of
the Palatini Lagrangian (1). Second, we show that U; and J; are related by (9). Third, we
show that J; is off-shell conserved too. The whole procedure to achieve these three things
is carried out off-shell, namely, without using the equations of motion. This is in contrast
to the conventional approach found in literature (see, e.g., [35]), where these three things
are defined only on-shell. Therefore, we have generalized and extended these notions to
the first-order formalism of general relativity described by the Palatini Lagrangian, and
shown that it is not necessary to define these notions on-shell. Thus, it is correct to interpret
these results coming from the Palatini Lagrangian as the first-order version of the off-shell
Noether potential and current associated to diffeomorphisms for general relativity in the
metric second-order formalism reported in [12]. Further, our approach is also very general
in the sense that it holds for any arbitrary vector field .

Let us emphasize that the off-shell aspect is just one of the important features of the
theoretical framework developed in this paper. The second aspect is that Noether’s theorem
for gauge transformations (also called Noether’s second theorem) was not used at all to
get (9). This is another key difference between the approach of this paper and previous
ones [4,35-37], i.e., we did not assume (nor use) that under an infinitesimal diffeomorphism
generated by { the change of the action is

5@513[6,(,()] = (Sg /M Lp = /M [:ng = /M d(CJ L), (14)
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as is usually assumed when dealing with Noether’s theorem for diffeomorphism trans-
formations. In our approach, the relation (14) holds, of course, but it is deduced from the
combination of (7) and (8).

2.2. Off-Shell Current and Potential for Local SO(n — 1,1) or SO(n) Transformations

Similarly, by handling the variational derivatives £ and & given in (3) and (4), we
get the off-shell Noether identity

EI N (Tl]el) +5U AN (—DTU) = d[(—l)n”[”gn}, (15)

satisfied by infinitesimal local SO(n —1,1) or SO(n) transformations of e/ and w!; with
7l = —7/1 being the gauge parameter (converse of Noether’s second theorem).

On the other hand, by evaluating the variation (2) for an infinitesimal local SO(n — 1, 1)
or SO(n) transformation of e/ and w!;, we obtain

6cLp =& A (TI]e]) + &y A (—DT”) + d[x(—DT”) A*(eg /\e])] (16)
Using (15), the right-hand side of (16) acquires the form
S:Lp :d[(—l)”r”&]+x(—DT”) /\*(el/\e])] (17)
Once again, the terms inside the brackets can be written as
(-1l e + K(—DTU) N*(ef Nep) = d{—KTU * (er A e;)] (18)
This off-shell identity has the form

]‘r = duT/ (19)

where we define the off-shell current J; by
Jo = (=1)"TER + (1) ke * (e1 Aep) A (DT”), (20)
and the off-shell Noether potential U; as
Ur = —xt % (ef Nej). (21)
It is clear from (19) that J; is off-shell conserved,
dJ; =0. (22)

It is worth noting that the structure of J; in (20) resembles that of the diffeomorphism
current (13).

Therefore, we show three things: First, we apply our theoretical framework and
defined the off-shell Noether potential U; given by (21) and the off-shell Noether current [,
given by (20), both associated to local SO(n —1,1) or SO(n) transformations. Second, we
show that U; and J; are related by (19). Third, we show that J is off-shell conserved too. As
in the case of diffeomorphisms, here these three things are defined off-shell; we nowhere use
the equations of motion in our approach. This differs totally from conventional approaches
found in literature (see, e.g., [37]) which work at the on-shell level only. Thus, we generalize
and extend these notions to the first-order formalism of general relativity described by the
Palatini Lagrangian and show that it is nof necessary to define these notions on-shell.

2.3. Off-Shell Current for ‘Improved Diffeomorphisms’

It is pretty obvious that we can combine the relations (9) and (19) involving the
off-shell Noether currents and potentials. In particular, by adding them and taking a field-
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dependent local SO(n — 1,1) or SO(n) transformation with gauge parameter t// = {Jw!/,
we get the off-shell relation

—{JLp+ (~1)"1 (Q eI) E+x (Q RU) Ax(er Aej) = 0. (23)
This off-shell identity is nothing but the current for an ‘improved diffeomorphism’ along a
vector field {, as we show below.

In fact, from the variational derivatives £7 and &; given in (3) and (4), we derive the
off-shell Noether identity

& A [D <§J eI) 7 Del] + & A (Q RU) +d [(—1)’1 (Q ef) 51} —0, (24)

satisfied by the change of ¢! and w!; under an ‘improved diffeomorphism’, given by

spel = D(Qef)JrgJDe’

= £§el+(§JwI])e], (25)
sl = IRV

= LoV —D(@Jw”), (26)

which are a linear a combination of a diffeomorphism transformation and a field-dependent
local SO(n — 1,1) or SO(n) transformation with gauge parameter t// = ¢_w!/.

On the other hand, by equating the variation in (2) with the change of e/ and w!;
under an ‘improved diffeomorphism’, we obtain

S;Lp =& A [D (§J61> +7 Def] + &y A (Q RU) +d [;c (Q RU) Ax(er A e,)]. 27)
Using (24), the previous expression becomes
5cLp = d[(—l)”*l (Q e’)& n K(Q RU) Ax(er A e,)]. (28)
However, the terms inside square brackets can be written as
(=" (gJel )& +x(CIRT) Ax(er Aey) = UL, (29)
so that for an ‘improved diffeomorphism’ the off-shell Noether current identically vanishes:
Ji=—{JLp+(=1)"1 (Q eI> &+ K(Q RU) Ax(e Aej) =0. (30)
Note that (30) is precisely (23).
It is important to remark that the procedure to arrive at (30) differs from the one
followed to get the off-shell Noether potential and current for diffeomorphisms presented

in Section 2.1. The difference relies in the fact that, to arrive at (30), Cartan’s formula is not

used at all. If we use it as
Lew! = IRV + D(Q w”), (31)

then the expression (29) is written as
(1)1 (Q eI) Er+ Kﬁga)U Ax(ef Nep) —kD (CJ w”) A*(ef Aep) =) Lp. (32)
Substituting

xD (Qw”) Ax(ef ANep) = (—1)" (gjwl])SII—l—d{K(QwI]) * (e /\e])}, (33)
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into (32) we get precisely (8), from which (9) arises. Therefore, from ‘improved diffeomor-
phisms’ we also obtain the off-shell Noether current and potential associated to diffeomor-
phisms.

2.4. Off-Shell Current for the ‘Generalization of Local Translations’

It was shown some years ago [33] that the variational derivatives &; and £;; given
in (3) and (4) can be handled to give the off-shell Noether identity

& /\DpI—I—EU/\Zn”KLpKeL—I—d[(—l)”pIEI} =0, (34)

with

2 1
Zull e = RV = 20) Ry + =8 RN+ — (R +2A)58]. (35)

Here, p! is the gauge parameter, R!/g; are the components of R!/ with respect to the
orthonormal frame, RU = (1/2)RUKL6K A ek; RI] = RIK]K is the Ricci tensor, and
R := R!; is the curvature scalar.

The off-shell Noether identity (34) gives the gauge transformation of e/ and w!;

se! = Dpl, (36)

Sow'l =z, pRet, (37)

named ‘generalization of local translations” because it is the generalization of the so-

called ‘local translations’ that exist in three dimensions (see [38] for a simple derivation

of this symmetry in three dimensions and [39] for a straightforward derivation in four
dimensions).

By computing the variation (2) for a ‘generalization of local translations’ of ¢! and w!},

we have
SoLp = Er N bpe! + Ey N Spw'l +d [K(spwlf A (e A e])] : (38)

Using (34), the right-hand side of last expression becomes
SpLp =d [(—1)"‘1p151 + 1 Zy U pXel A *(er A e;)} ) (39)

If we define the vector field p = pfa,, where 9; is the dual basis of ¢! (i.e., 9;Je/ = (5{),
then p! = pJel. Using this definition, the terms inside square brackets of the previous
expression can be expressed as

(~1)" Y (pe )€1 + k2 xu(pIeK)et A x(er Aey)

_ (=t I o I ]
—pJLp+ﬁ(pJe)€1—m(81J *S)p]*e. (40)

Thus, the off-shell Noether current associated to the ‘generalization of local translations’
identically vanishes:

J = (—1)”_1(pje1)51+KZHUKL(pJeK)eLA*(e;/\e])
R 4 I ]
—pJLp — ﬁ(pje )+ m(&u * & )p]*e
- 0. (41)

Furthermore, using the off-shell identity

kZull (pleX)el Ax(erney) = (pIRT) Ax(ernep) + % (p2e) e

__v I ]
n_z(a,J % & )p]*e, (42)
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the off-shell current (41) becomes precisely the one given in (30) with ¢ replaced by p.

However, note that the identity (42) can be used differently. If (42) is substituted
into (40), we get (29) with { replaced by p, from which (8) and (9) arise, as explained in
Section 2.3. Therefore, from the ‘generalization of local translations’, we also obtain the
off-shell Noether current and potential associated to diffeomorphisms.

3. Holst Lagrangian

In four spacetime dimensions, the Holst action [15] with a cosmological constant A is
given by the action principle determined by the Lagrangian

A
Ly = kel Nel A <P1]KLRKL — EGUKLEK VAN 6L>, (43)
where Ppjxr == (1/2)epkL + (0/7) i) and v € R — {0} is the Immirzi parameter.

The variation of the Lagrangian (43) under general variations of the independent
variables ¢! and w!; reads

oLy =& N se! + g[] A Swll + d(KPUKL&a)U A ek A eL), (44)

where the variational derivatives £ and &/ are given by

&

A
—2xel A <PUKLRKL — gG]]KLEK A €L>, (45)
5[] = —KD(PUKLEK /\EL). (46)

3.1. Off-Shell Current and Potential for Diffeomorphisms
Using &1 and &1, we obtain the off-shell Noether identity

EI N £§el + SU VAN ngU + d[(gJ w”)SU + (Q 61)51] =0, 47)

satisfied by the change of e/ and w!/ under an infinitesimal diffeomorphism generated by
{ (converse of Noether’s second theorem).

Then, evaluating the variation (44) for the change of el and w! j under an infinitesimal
diffeomorphism generated by {, we obtain

Sl = Ex A Lge + Eqy A Lol +d (P Lol N eK net), (48)
which, using (47), is written as
oLy = d[—(@w”)&] —(CJeNEr+ KPUKLﬁga)U A KA eL}. (49)
Note that the terms inside the brackets can be written as
— (Q w”)é’n — (Q 61)51 + KPI]KLﬁng Ak A el
= QL+ [P (P! ek et (50)

This off-shell identity has the form
J; = du, (51)

where we define the off-shell current J; by

Jr = —CJLy — (LJw') & — (le") &+ xPyxp Low™ A ek A e, (52)
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and the off-shell Noether potential U; by
Uy := xPrjxr (2] w'eX Aet. (53)
Then, Expression (51) implies that J; is off-shell conserved
dJ; = 0. (54)

Note that the off-shell current (52) can be further simplified off-shell, giving

J; = —(Q w”)é’U +xPlkL (eI Aef) A D(Q wKL>. (55)

This expression is relevant because it involves neither £; nor Ly, in contrast to (52).

In this way, we show three things: First, by using our theoretical framework, we
define the off-shell Noether potential U; given by (53) and the off-shell Noether current J,
given by (52), which are associated to diffeomorphisms generated by arbitrary vector fields
{. Second, we show that U; and J; are related by (51). Third, we show that J; is off-shell
conserved too. To accomplish these three things we calculate everything off-shell, and
hence our results are different from the existing ones, which are defined only on-shell in
literature (see, e.g., [37,40-42]). Consequently, we generalize and extend these notions
to the first-order formalism of general relativity described by the Holst Lagrangian and
show that it is not necessary to define these notions on-shell. Moreover, as for the Palatini
Lagrangian studied in Section 2.1, these results coming from the Holst Lagrangian can
also be interpreted as a first-order version of the off-shell Noether potential and current
associated to diffeomorphisms for general relativity in the metric second-order formalism
reported in [12].

3.2. Off-Shell Current and Potential for Local SO(3,1) or SO(4) Transformations
Similarly, using £; and &/j, we obtain the off-shell Noether identity

51/\(TI]€])+51]/\(—DTU) :d(T”gU), (56)

satisfied by infinitesimal local SO(3,1) or SO(4) transformations of e’ and w!/ with !/ =
—7/I being the gauge parameter (converse of Noether’s second theorem).

Now, computing the variation (44) for an infinitesimal local SO(3,1) or SO(4) trans-
formation of e! and w';, we get

b:Ly =& N (TI]e]) + & A (-DtY) + d(—KPUKLDTU AeKA eL). (57)
Using (56), the right-hand side of the previous expression takes the form
dcLiy = d (7€l — kP DT Ak Aet). (58)
The terms inside the parenthesis can be written as
TUEU — KPUKLDTU AeKael = d(—KPUKLTUEK A eL>. (59)

This off-shell identity has the form
J- = dUx, (60)

where we define the off-shell current J; by

]T = TUSU — KPI]KL (81 A EI) A DTKL, (61)
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and the off-shell Noether potential U by
U; := —KPUKLTUeK Ael. (62)
It follows from (60) that J; is off-shell conserved,
dj: =0. (63)

Notice that the structure of the SO(3,1) or SO(4) current (61) resembles that of the diffeo-
morphism current (55).

Thus, we show three things: First, by applying our theoretical framework, we define
the off-shell Noether potential U given by (62) and the off-shell Noether current J; given
by (61) associated to local SO(3,1) or SO(4) transformations. Second, we show that U
and J; are related by (60). Third, we show that J; is off-shell conserved too. We remark
that, as in the case of diffeomorphisms, these three things are defined off-shell, which is in
contrast to the on-shell definitions typically found in literature (see, e.g., [37]). In this sense,
we generalize and extend these notions to the first-order formalism of general relativity
described by the Holst Lagrangian and show that it is not necessary to define these notions
on-shell.

3.3. Off-Shell Current for ‘Improved Diffeomorphisms’

By combining the variational derivatives £; and £, we obtain the off-shell Noether
identity
& A [D (@J ef) +7 Def} +EA (@J RY ) +d [(Q ef) 51} -0, (64)

satisfied by the change of ¢! and w!; under an ‘improved diffeomorphism’.
By calculating the variation (44) for the change of ¢! and w!; under an ‘improved
diffeomorphism’, we have

dlu = EA[D(Ele!)+¢IDe!| + &y A (LIRT)
—I—d[KPUKL(Q RU)y nek /\eL}. (65)
Using (64), the right-hand side of (65) can be written as
5Ly = d[—(@ef)&+KPUKL(QR”) /\eKAeL]. (66)
Notice that the terms inside the brackets can be written as
—(ggeNer + xPyxL(CIRTY neK nel =Ly, (67)

which means that for an ‘improved diffeomorphism’ the off-shell Noether current identi-
cally vanishes:

] = —gj Ly — (ngI)SI + KP[]KL(§J RU) /\EK A €L =0. (68)

To close this subsection, we remark that, as for the n-dimensional Palatini Lagrangian,
we can also use Cartan’s identity (31) to rewrite (67) as

— (gJ 61)51 + KPUKLE(:wU AeKnel — KP[]KLD (gJ CUU) ANeK el = {JLy. (69)
By substituting

KPUKLD(QwI]) A *(eK A eL> = (Qw”)é’n +d[K(CJw”) * (er /\e])}, (70)
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into (69), we obtain (50), and then (51) arises. Therefore, from ‘improved diffeomorphisms’
we also obtain the off-shell Noether current and potential associated to diffeomorphisms.

3.4. Off-Shell Current for the ‘Generalization of Local Translations’
By handling the variational derivatives £; and £;;, we get the off-shell identity [33]

ENDpl + &y A ZV g pRel + d(plé’[) —0, 71)
with
Z g =Ry + (P~ HIMN (;GMNPQXPQKL + iYMNKL)/ (72)
where we define
Xk = =20k Ry 1Ry + %(R + 2M) 11k (73)
Yike = %(B]LIK + Brix) + BixjL), (74)

for RIy nel =: (1/31)Bl kel Aek Ael, and p! is the gauge parameter.
The off-shell Noether identity (71) gives the gauge transformation of e/ and w'/

5 =Dy, (75)
o'l =2 pRet, (76)

named ‘generalization of local translations.”
By equating the variation in (44) with a ‘generalization of local translations’ of e/ and
w!l, we have

SpLir = E1 A dge! + 1 A8y +d (kPyyadpeo’l AeK et ). (77)
Then, using (71), the right-hand side of this expression takes the form
(SPLH = d(—pl(c/‘] + KPUMNZUKLPKEL AeM A EN). (78)

Defining the vector field p = p'9}, then p! = pJe! and the terms inside the parenthesis
of (78) can be written as

—(pJeh)&r + KPUMNZUKL(pJ eKyel AeM neN

:pJLH—%(pJeI)&—g(aIJ *ENpyxel. (79)

This implies that for the ‘generalization of local translations’ the off-shell Noether current
identically vanishes:

J = —(pJ e+ KPUMNZ”KL(pJ el neM A eN
1
—pILu+ 5 (pd e+ %(aIJ «ENpyx el
= 0. (80)
It is worth noting that using the off-shell identity
KPI]MNZ”KL(PJ €K)€L ANeMaeN = xPrjkr (pJ RU) A ek A el
1 o
—E(pjel)&—i(alj *ENpyxel, (81)
the off-shell current (80) becomes precisely the one given in (68) with ¢ replaced by p.
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However, note that the identity (81) can be used differently. If (81) is substituted
into (79), we get (67) with  replaced with p, from which (50) and (51) arise, as explained in
Section 3.3. Therefore, from the ‘generalization of local translations’, we also obtain the
off-shell Noether current and potential associated to diffeomorphisms.

4. Off-Shell Noether Charges

An advantage (and a possible use) of the identities satisfied by the off-shell Noether
currents and potentials reported in Sections 2 and 3 is that they always hold because no
restrictions or specific hypotheses were imposed to obtain them. Therefore, these identities
lead naturally to the definition of off-shell Noether charges via

o= [1=[ u (82)

where ¥ is an (n — 1)-dimensional surface and 0X its boundary in the case of the Pala-
tini Lagrangian in n-dimensions, whereas X. is a three-dimensional surface for the Holst
Lagrangian.

It is important to remark that the off-shell Noether charges (82) are also kinematical
in the sense that the variational derivatives £;; and £} are not set to zero. Nevertheless,
the off-shell currents and potentials are constructed using the n-dimensional Palatini and
Holst Lagrangians, so they capture or encode the dynamical information contained in
the Lagrangians through the way the frame e and the connection w!; couple to each
other. After all, Palatini and Holst Lagrangians lead to the equations of motion for general
relativity via the action principle (see [12] for the construction of an off-shell Noether
current and potential in the metric second-order formalism).

The right hand-side of (82) can be computed on-shell too, of course, because the
off-shell identities between the off-shell potentials and currents are general. Due to the fact
that the off-shell potentials for the Holst Lagrangian studied in Section 3 depend on the
Immirzi parameter, we expect the resulting charges generically depend on this parameter
too. Moreover, in Sections 6 and 7, we consider the ‘half off-shell” case for the Holst
Lagrangian (in the sense defined there), and we show that the Immirzi parameter is present
in the resulting expressions for the diffeomorphisms and SO(3,1) or SO(4) potentials and
currents. Therefore, from this, it is deduced that the Immirzi parameter will generically
appear in these expressions even ‘on-shell’ too. In fact, the on-shell case is illustrated in
Section 7 and the Immirzi parameter is present.

5. Killing Vector Fields

If the vector field { is a Killing vector field, then the Lie derivative of the metric tensor
along it vanishes,
Lrg=0. (83)

Since ¢ = 7¢! ® ¢/, equation (83) implies that
oluLsel = —0liLce, (84)

which means that the Lie derivative of the orthonormal frame ¢! equals an infinitesimal
local SO(n —1,1) or SO(n) transformation of itself,

L' =71(0)e, (g)=-"(2), (85)

for some suitable gauge parameter 7!/ (). From this relation, we obtain, in particular, the
field-dependent gauge parameter /()

Q) = iLsel. (86)
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On the other hand, the Lie derivative of the connection w!; with respect to a Killing
vector is more involved because we are working off-shell, and we need to consider sepa-
rately Palatini and Holst Lagrangians.

5.1. Palatini Lagrangian

Using (4), we express De! in terms of the variational derivatives £,

o(—1)r1

De! =
¢ 2K

[*(elAé’]K)e]AeK+22*<e]/\8]1<>eK/\eI} (87)

From this relation and (85), we obtain that the Lie derivative of the connection with respect
to a Killing vector field equals a local SO(n) or SO(n —1,1) transformation plus a ‘trivial
gauge transformation’ W/ (see [43] for the definition of trivial gauge transformations)

Lrw' = -DtV () + WY, (88)

where /() is given by (86) and

WY = £,kY 27l ()kItT], Wl = —w/! (89)
with
KU = —(7(%72”71 |:* (61 A SJK)EK — *(6] N SIK)EK
—x (ex A Epp)el — nfz*(eK/\EK[I)eH} (90)

Thus, Expressions (85) and (88) are the corresponding changes of the frame e’ and the con-
nection w!; when the vector field { is a Killing vector field, for the Palatini Lagrangian (1).
Equation (88) expresses the fact that the action of a Killing vector on the connection is
compensated by a local SO(n) or SO(n —1,1) transformation and the ‘trivial gauge trans-
formation’ given by the term W/ proportional to the variational derivative £j; according
to (89) and (90), thus giving rise to an effective transformation, as shown below.

By substituting (85) and (88) into (5), we get the off-shell Noether identity

Er A [rlf(g)eq + & A [—Dr”(g) + W”]
+d{(—1)” [(gw”)sf, + (QJeI)EI} } —0. (91)
Using (15), the previous expression acquires the form
Ey AW 4 a{(—1)" [(@J Wl + TU) £+ (gdeHE]} =0, 92)
which involves the gauge transformation

s =0,
swll = W, (93)
that leaves the frame e/ unchanged, while the connection w!; undergoes a ‘trivial gauge
transformation’.

By taking the gauge transformation (93) as the starting point and applying the same
procedure developed in Section 2, we get the off-shell relation

Jp = dUp, (94)
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with the off-shell potential Up and the off-shell current [p defined by

Up = K[T”(@)+an}*(el/\e]), (95)

Jo = (~1)" Q) +Jew! €+ (=1)"k % (er Aey) AD [T () + LI (9)
The potential and current can, alternatively, be written as

Up = U;— Uy, (97)
e = J;— oy (98)

where Uy is given by (11) and J; is given by (13). Similarly, U ;) is given by (21) and J<(2)
is given by (20) with !l (¢) given by (86). Moreover, it follows from (94) that Jp is off-shell
conserved,

dJp =0. (99)

5.2. Holst Lagrangian

Using (46), we get De! in terms of the variational derivatives &£; i

I__9 i J A K ] K A 1
De o {*(e /\E]K)e ANe +*(e AE]K)e /\e}, (100)
with
1 _1) KEMN Y (ke 1 ki

From this relation and (85), we obtain that the Lie derivative of the connection with
respect to a Killing vector field equals a local SO(3,1) or SO(4) transformation plus a
‘trivial gauge transformation’ W/ (= —W/I)

Lew' =DtV () + WY, (102)

where !/ ({) is given by (86) and

WY = £,KY — 271 )KLV, (103)
with
Kij = oo x(er AEj)ek —x(ef A Erg)eX
—x (ex NEp))eK — 2% (eKAEKU)e”] (104)

Thus, Expressions (85) and (102) are the corresponding changes of the frame e! and the
connection w! 7 when the vector field  is a Killing vector field, for the Holst Lagrangian (43).
Again, the action of a Killing vector on the connection is compensated by a local SO(3,1)
or SO(4) transformation and the ‘trivial gauge transformation’ given by the term W/
proportional to the variational derivative £ according to (103) and (104), thus, giving rise
to an effective transformation, as shown below.

In fact, by substituting (85) and (102) into (47), we get the off-shell Noether identity

&N [TI ,(g)ef} +EA [—DTU Q)+ WU} +d [(z;m” )Eij + (24 ef)el} =0.  (105)
Using (56), the previous expression acquires the form

51]AWU+dK§JwU+T”)€U+(§Jel)5l} —0, (106)
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which involves the gauge transformation
sel = 0,
swl = WY, (107)

I

that leaves the frame e! invariant, while the connection w!; undergoes a ‘trivial gauge

transformation’.
By taking the gauge transformation (107) as the starting point and applying the same
procedure developed in Section 3, we get the off-shell relation

Ju = dUy, (108)

with the off-shell potential Uy and the off-shell current Ji; defined by

Uy = Pk [rU(g)Jrng”} (eK/\eL>, (109)

g = - [T”(@) + w”} Ery + «Prykr (eI A e]) AD [TKL(Q + éJwKL] (110)
The potential Uy and current [y can, alternatively, be written as

Uy = U;— Uy, (1)
Ju = J;— ] (112)

where Uy is given by (53) and J; is given by (55). Similarly, Uy (g) is given by (62) and Jx(2)
is given by (61) with T!/({) given by (86). Furthermore, it follows from (108) that Jy is
off-shell conserved,

dJy = 0. (113)

Note that the Noether potential U for diffeomorphisms (53) when  is a Killing vector
field can off-shell, alternatively, be rewritten as
_ oK oK
Uy =up=+d {—V(Q 61)61} - (t17(2) — ¢IKyp)el A e, (114)

where here U}~ is in fact the corresponding Noether potential (11) for the Palatini La-
grangian in four-dimensional spacetimes.

Moreover, the potential Uy (109) can be further simplified and it acquires the off-shell
expression

uH:up+d[—‘”‘
%

(¢J el)el] + %{(CJ er)De! + [9;1 (¢ Dey)]e’ A ef}, (115)

with Up given by (97). Alternatively, using (100), it can off-shell be written as

Uy = Up + d[—‘f;‘(gjel)eﬂ + %(CJKU)eI nel. (116)
Therefore,
_ o oK I ]
Ju=dUy =]Jp+d 7(§JK1])6 Ne'|, (117)

with Jp given by (98).

6. Half Off-Shell Case

There are essentially three different cases when dealing with gauge symmetries: the
first case is defined by & # 0 and & # 0 and it is named the ‘off-shell’ case. The second
case is defined by £1 = 0 and £;; = 0 and it is named the ‘on-shell” case. The third case
is defined by £; # 0 and £;; = 0, and we name it the ‘half off-shell” case (other possible
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names for this case are ‘half on-shell” and ‘semi on-shell’). The ‘half off-shell” case is the
central focus of this section and is illustrated with examples in Section 7 to appreciate
the explicit expressions for the currents and potentials in spacetimes having particular
symmetries. The ‘on-shell case is also illustrated in Section 7.

In the “half off-shell’ case £;; = 0 (and thus WU = 0). Therefore, w! j becomes the spin
connection I''j, which is defined by

de' +T!nel =0, Tpj=-Ty, (118)

and has the explicit expression
1
1 _ 2 51 3,0 _ alq,] I(8] 1 3.K
I = > {olude! —a'1del +- [0'1 (31 JdeX ) [ex |- (119)
Therefore, both (88) and (102) become

ﬁgf” = — (dT” + FIKTK] + F]KTIK)
= —Drtl. (120)

Palatini Lagrangian. In the "half off-shell” case, the expressions for the Noether
potentials and currents for the Palatini Lagrangian in n-dimensional spacetimes can simply
be obtained by replacing £; = 0 and w! ; with I'/; in the expressions found in Section 2.

Holst Lagrangian. In the ‘half off-shell’ case, the expressions for the Noether potentials
and currents for the Holst Lagrangian can simply be obtained by replacing £7; = 0 and
w! j with T'!} in the expressions found in Section 3. Nevertheless, note that the resulting
expressions for the potentials and currents for both diffeomorphisms and local SO(3,1)
or SO(4) transformations still carry the Immirzi parameter . Therefore, this case is
very different from the one we would get if we imposed the ‘half off-shell” condition
&1y = 0 from the very beginning and we replaced w!; with I'’} in the Holst Lagrangian
because in such a case the term involving the Immirzi parameter 7y in Ly would vanish
as a consequence of the Bianchi identity, and the Lagrangian Ly would reduce to the
Einstein-Hilbert Lagrangian in terms of the frame e’ rather than the metric:

Ley = K[RU/\*(EI Nep) —ZAU], (121)

with Rl; = dI''} 4+ ' ATK; being the curvature of I'}. The action principle defined by
this Lagrangian is S[e] = [ m Len and we are in the second-order formalism.
Einstein-Hilbert Lagrangian. For the sake of completeness, if we redo the calcula-
tions for the Lagrangian Lry for spacetimes in n dimensions, we find the following off-shell
Noether identities, potentials, and currents:
Diffeomorphisms. From the off-shell Noether identity for the change of ¢! under an
infinitesimal diffeomorphism generated by ¢

E1ALe +d [(—1)"@ mgq —0, (122)

and applying the same off-shell procedure, we get
u; = K(Q r”) x(er Nep), (123)
Jo = dUg=(=1)"xx (e Aey) ADr(gIT!). (124)

Local SO(n —1,1) or SO(n) transformations. From the off-shell Noether identity for
local SO(n —1,1) or SO(n) transformations

& A (rl el ) —0, (125)



Symmetry 2021, 13, 348

17 of 38

and applying the same off-shell approach, we obtain

U = —xtx(erNep), (126)
Jo = dUr=(-1)""kx (e Aey) ADpt!l. (127)

These expressions can alternatively be obtained in an easier way by just setting £;; = 0
(and replacing w!; with I'!}) in the corresponding ones reported in Section 2 of this paper.

Killing vector fields and half off-shell case. In the ‘half off-shell” case, we simply
have to substitute the corresponding £;; = 0 which implies K;; = 0 and WY = 0 in both
Sections 5.1 and 5.2. Let us analyze more carefully the results for the Holst Lagrangian
contained in Section 5.2. In particular, the Noether potential U; for diffeomorphisms (114)
when ( is a Killing vector field becomes

—%(Q 61)61} - %m(g)el nel, (128)

Uy = uf=+ d[
where here Ug:4 is in fact the corresponding Noether potential (11) for the Palatini La-
grangian in four-dimensional spacetimes in the ‘half off-shell” case too.

Moreover, in ‘the half off-shell” case, the expressions for the potential Uy and the
current Jp for the effective transformation considered in the Section 5.2 become

Up Up +d{ (] el)ef}, (129)

Ju = Jp. (130)

_gK
v

We emphasize again that these expressions have been obtained by substituting £;; = 0
at the end of the computations. Notice, however, that the potential Uy for the Holst
Lagrangian still carries a y dependence inside the total differential. As explained above,
this ‘half off-shell” potential is very different from the potential we would obtain if the
condition £7; = 0 were used from the very beginning in the Holst Lagrangian and we
replaced w'; with I'!} in the Holst Lagrangian, because in such a case the term involving
the Immirzi parameter would disappear. Notice that, if the potential (129) is integrated
over a two-dimensional compact surface without boundary, then the last term in (129)
vanishes and the charge for the Holst Lagrangian coincides with the charge for the Palatini
Lagrangian.

Finally, we remark that the potentials (128) and (129) depend on the Immirzi parameter
even in the on-shell case.

7. Examples

In this section, we apply the theoretical framework developed in Section 6 to two
relevant spacetimes having particular Killing vector fields, which means that here we
restrict our analysis to the "half off-shell” case. It is important to remark that our approach
allows us to compute the Noether potentials and currents without using any specific exact
solution of Einstein’s equations, only the symmetries of the spacetime are needed. This
means that the following expressions cannot be computed by other approaches, which
displays the power of the theoretical framework reported in this paper.

7.1. Static Spherically Symmetric Spacetimes

For the sake of simplicity, let us consider Lorentzian (¢ = —1) spacetimes in four
dimensions. The static spherically symmetric spacetime has the metric

g = —f(Ndt@dt+h(r)dr @ dr+r*(d0 © do + sin® 0 dg 2 dg ), (131)

in local coordinates x* = (x%,x,x%,x3) = (t,7,0,¢) adapted to the symmetry (static

coordinates).
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The orthonormal frame is given by
0 = fl/zdt, el = hl/zdr, ¢> =rdf, & =rsin 0d¢. (132)

The isometry group of the metric (131) is R x SO(3) and has associated the following
Killing vector fields as generators [44]:

&1 = oy

{o = 9y,

{3 = singdg+ cotfcos¢ay,

{4 = —cos¢dg+cothsingdgp. (133)

The vector (; is the generator of time translations, whereas the vectors {», {3, and (4
correspond to the components of the angular momentum, that is, to the generators of
SO(3). From now on, we take f(r) = ¢2(") and h(r) = ¢*(") to simplify the calculations.
With this at hand, the ‘half off-shell” potentials and currents for diffeomorphisms asso-
ciated with the Killing vector fields, local SO(3,1) transformations induced by Killing
vector fields, and the effective transformation acquire the explicit forms contained in
Sections 7.1.1 and 7.1.2.

7.1.1. Palatini Lagrangian
Half Off-Shell Potentials and Currents for Diffeomorphisms Generated by the Killing Vector Fields

(i) For the Killing vector field {1, the potential (11) acquires the form

Uy, =2« (g) e 02 A 63, (134)

and therefore

Jo, = dug

) rda\? d b\ &
- o a2 ) PR RN S
2K - {r<dr) +dr(2 rdr>+rd72}e ANe  Ne”. (135)

(ii) Likewise, for the Killing vector field {5, the potential (11) becomes

Uz, = —2xcost e Nel +2ke b sinfel A e?, (136)
and so
Jp, = dUg
—2b
= 2Kesin6{—1+62b+r(db—du>} Onel ne. (137)
r dr dr

(iii) For the Killing vector field {3, the potential (11) acquires the form

U, = —2Kkcosbcotfcos¢ " Ael + 2xeb cos B cos P Ae?

3
—2ke sing e A3, (138)
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and then
Jo, = dug
—2b da db
= er—cowp e?PcscOcotf — |1 —e? +7 Z8 27 ] cosh bed nel A e
T dr dr
+2Ke_2b ing|1+e* cot?0 +r da _db A nel Aed (139)
P ¢ 0 dr dr '

(iv) For the Killing vector field {4, the potential (11) becomes

U, = —2Kxcosbcotfsing " A el + 2xe? cos B sin ped Ne?
+2Ke " cos ¢ O Aed, (140)

and therefore

Jo, = dug,
—2b
= 2K€—sin4> —1-e+r da_db cosf + e? cotOesc O pe¥ Ael A e?
T dr dr
e % 2 da_db\]o, 1,3
_ZKTCOS¢|:1+€ cot B—s—r(E—a)}e Ne' Ne”. (141)

We can do more. We can compute the integral of the potential Uz, over a sphere S2 of
constant radius 7, which defines the conserved charge inside it. We obtain the ‘half off-shell’
charge

da

— _ 2 —b

Qr) = /S Uz, = 8rxr2elan =t 22, (142)
This result is general. For instance, using in particular the explicit expressions
2w 2M  Ar?
e = 1—— ——,
r 3
2M A
—2b

= 1-==_ 143
e . 3 (143)

with M the “mass parameter” and A the cosmological constant, which correspond to the
Schwarzschild-de-Sitter or the Schwarzschild—anti-de-Sitter solution depending on the
sign of A, we arrive at the on-shell charge

Qi = [ ug, = Smc(M— Aj) (144)

Note that the term involving A has a very appealing behavior. Such a term is added to M
if A < 0 while it is subtracted from M if A > 0, thus indicating an attractive effect in the
former case (effective mass increases) and a repulsive effect in the latter case (effective mass
decreases). Of course, the region of spacetime and its boundary must be clearly defined to
calculate the Noether charges using the potentials computed in this paper, and the current
calculations can be used to achieve that goal. In particular, it would be interesting to use
the current expressions to compute masses, energies, and entropy of the Schwarzschild—de-
Sitter black hole, and compare with the results of Corichi and Gomberoff [45]. Similarly,
the Schwarzschild—-anti-de-Sitter black hole can be analyzed and compared with the results
in [40,46].
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Half Off-Shell Potentials and Currents for Local SO(3,1) Transformations Induced by Killing
Vector Fields

(i) For the gauge parameter !l (C1), the potential (21) and its current acquire the form
Urg) =0 Jeq) =0 (145)

(ii) For the gauge parameter t(Z,), the potential (21) and its current become
Urg) =0 Je(@e) =0 (146)

This is so because both t!/(Z;) and 7!/ (Z3) vanish.
(iii) For the gauge parameter T//({3), the potential (21) acquires the form

Ur(gy) = —2K cschcosped Ael, (147)
and thus
ey = dUry)
= 271( cot@cscBcospe’ Ael Ae? 27Kcsc26 singe® Ael Ae. (148)
(iv) For the gauge parameter 7!/ (y), the potential (21) becomes
Uy, = —2K csc()simpeo Ael, (149)
and thus

]T(§4) = duT(ééL)
= ZTK cotfcscOsinge’ Aet Ne® — ZTKCSCZG cospe® el Aed. (150)

7.1.2. Holst Lagrangian
Half Off-Shell Potentials and Currents for Diffeomorphisms Generated by the Killing Vector Fields

(i) For the Killing vector field (1, the potential (128) acquires the form

da 2k (da
e J— (ﬂ—b) 2 3 -1 == (Fl—b) 0 1
Uz, 2K<dr)e e“Ne +7(dr>e e’ Ne, (151)
and thus
Jop = dug
(a=20) 1 /da\? d b\
— ot aa aal, 4 aaly 2,3
= 2 . {r(dr) + i (2 rdr) —i—rdﬂ}e Ne“Ne’. (152)

Note that there is no <y in the current ], despite the fact that it appears in the potential U, .
(ii) For the Killing vector field {5, the potential (128) becomes

Ug,, = —2Kcos 0e° Ael + 2ke bsin0e A e?

2 2
—i——K cosfe® Ned + Kb sinfe' Ae?, (153)
Y 24
and so

I;, = duCz

—2b
2 sing| — 144 (290 [0 ppl p 2 (154)
T dr dr
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Note that there is no <y in the current J;, even though it is in the potential U, .
(iii) For the Killing vector field 3, the potential (128) acquires the form

Uz, = —2xcosbcotbcos¢ " Ae! 4 2ke~? cos 6 cos P Ne? — 2ke " sin ped ned

2 2 2
+7K cosfcotfcospe? Ae® + %e’b cosfcosgpel Ned+ %e’b singel Ae?,

(155)
and then
J = dlg,
2 da db
= i cos < e eschcotd — |1 — e 47 T | cosf e Ael Ae?
r dr dr
2 da  db
+2Ke—sin¢ 1+e? o +r( 22— )0 pel A
r dr dr
ax 1 A2 A3
+%e csclcospe  Ne” Ne’. (156)
(iv) For Killing vector field {4, the potential (128) becomes
U, = —2xcosfcotfsing O Ael +2ke b cosOsing e Ae? +2ke P cospe® A e
+27K cosfcotBsinge? A e + 271{64’ cosfsingpel Ae® — %eib cospel Aeé?,
(157)
and therefore
Jo, = dug,
2 da  db
= i sing¢ — |1 N &2 cosf +e? cotOescd ped Ael Ae?
7 dr dr
-2 d db
—2Ke—cos¢ 1+ e cot? 0 +r 2 _ DN O nel ned
r dr dr
4k il A 2 4 3
—I—%e cscOsinge’ Ae” Ae”. (158)

Notice that in Cases (iii) and (iv) the Immirzi parameter shows up in the corresponding
expressions for potentials and currents. Even if the explicit expressions (143) are used, the
Immirzi parameter will be present.

Half Off-Shell Potentials and Currents for Local SO(3,1) Transformations Induced by the Killing
Vector Fields

(i) For the gauge parameter T//({7), the potential (62) and its current acquire the form
Ur(e) =0 Jrien) =0 (159)
(ii) For the gauge parameter T//({3), the potential (62) and its current become
Ur(e) =00 Jr(ea) =0- (160)
This is so because both 7!/ (¢7) and 7//(Z;) vanish.

(iii) For the gauge parameter 7!/ ({3), the potential (62) acquires the form

2
Uy(g,) = —2Kk cscbcos ¢ O nel + 71{ csc B cos ¢ N, (161)
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and thus
Fe@) = AU
2 2
= 7K cot@cschcospe’ Ael Ae? + TKcsczesimpeO Ael ne

b

4
+—Ke_ c:sc9cos<pe1 Ae? el (162)
yr

(iv) For the gauge parameter t!/(y), the potential (62) becomes
2
Ue(g,) = —2KkcscOsing e Nel + 71( cscOsinge? Aed, (163)
and thus

Jegy = dlxg)
2K 2k
= - cotfcscOsinge’ Ael Ae? — 7csc29cos<peo Ael ne
4K b ol A2 A3
+%e cscOsinge” Ne” Ne’. (164)
Again, the Immirzi parameter shows up in the potentials and in their associated
currents, and it is not possible to get rid of it even in the ‘on-shell’ case.

Half Off-Shell Potentials and Currents (129) and (130)
(i) For{y
Ug = U
= Up+d [z(gg el)el}
= 2K<da) e(“b)ez/\e3+d<—Ke“ eo), (165)
dr Y

Ju = dUg=]p=]

@=20) 1 /da\? d db 42
_ e aa aa (., 4v a7a) 1, 2 a3
= 2K p [r(dr> +dr<2 rdr)—i_rdrz}e NeNe’. (166)

Notice that Up is given by the first term in the last equality in (165).

(i) For ¢»
Ug = Ug

2

= Up+d E(@zJ 61)61]

= —2xcosBe’ Ael +2ke bsinfed Ae? +d ((’;r sin 6 e3> , (167)

Ju = dUp=]Jp=]g,
- db  da

— %% singl — 2 ab _aa\| o, 1,2
= 2 . sm@{ 1+e¢ +r(dr drﬂ ANe  Ne“. (168)

Notice that Up is given by the first and second terms in the last equality in (167).
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(iii) For {3

Uy = Ug — U,
= Up+d K(QJ 81)31}
= 2ksinfcosde Ael 4 2ke b cos B cospe® A e —2ke U singed A e
+d<1: sin ¢ 2 + I:COSQCOS(P(;), (169)
Ju = dUp=]p =]z~ )
= ZKEZhCOSGCOS(P(—l—FEZb—I’da—|—7’db>eo/\el/\ez
r dr ~ dr
—Zxﬁ sin([)<—1—|—€2b—l’;ll: —|—ri£) e nel A (170)

Notice that Up is given by the first three terms in the last equality in (169).

(iv) For (4
U = U, — Uy,
— Up+d [§(§4Je,)el]
= 2xsinfsinge’ Ael + 2ke P cosfsinge Ae? + 2Ke? cosped A e
+d<—1f;cos¢ez+ }f;’cosﬂsin¢e3>, (171)
Ju = dUp=]p =]z, — ¢
—2b
= 2Ke—c059sincp —14e? —r@ —i—r@ e nel Ne?
r dr dr
+2K£ cos —1+e% —rd—a +r@ P Ael ned (172)
r ¢ dr ~ dr '

Notice that Up is given by the first three terms in the last equality in (171).

7.2. Friedmann—Lemaitre—Robertson—Walker Cosmology

For the sake of simplicity, let us consider Lorentzian (¢ = —1) spacetimes in four di-
mensions with homogeneous and isotropic spacelike slices. In local coordinates
xt = (x0,x1,x2,x3) = (t,1,0,$) adapted to these symmetries, the general form of the met-
ric is given by the FLRW metric

L

_ 2
g=—dt@dt+a (t)<1—kr2

dr @ dr +1*d0 ® df + 1 sin® 0 d¢p ® d4>), (173)
where k = 0,1, —1 is the spatial curvature and a(t) is the scale factor. Do not confuse k with
x in the expressions of this Subsection.

From (173), we read off the orthonormal frame given by

t)
O =dt el = 711( dr, ¢ =a(t)rde, e =a(t rsin 0d¢. 174
T—i2 (t) (t) (174)
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Since the spatial part of (173) is maximally symmetric, it has associated the following six
Killing vector fields [47]

0 1 o 1 0
— /1 —12 g g2 g _Z ino—
X1 = 1—kr (sm@cos¢ar+ rCOSGCOS¢89 rcscesm(pa(l)),
o 1 o 1 )
_ — o . 1 . 1
X2 V1—kr (sm@smtpar + . Cos()sm(p—ae + p Csc()cosqba(P),
0 1 0
= —_ 2 - - i
X3 V1—kr (cos@ar rsmeag),

{1 = sin i—f— to 92
1 = 8 (PBG co cos<pa¢,

{o = cos i — cotfsin i
2 = cosPyg P39’
d
03 = % (175)
The Lie algebra of the Killing vector fields ((ap = —{p4) is the following:

[CaB,Ccp] = 8§aclBD — §8clAD + §8DCAC — §ADEBC, (176)

with (gap) = diag(k,1,1,1); Con = X1, Qoo = X2, Co3 = X3, {12 = —{3, {23 = {3, and
(31 = —(». Theindices A, B,C, D, ... take the values 0,1, 2, 3. The corresponding isometry
group is SO(4) for k > 0 (de Sitter, in physicists’ terminology), SO(3,1) for k < 0 (anti-de
Sitter, in physicists’ terminology), and E(3) = SO(3) x R3 (Euclidean) for k = 0.

7.2.1. Palatini Lagrangian
Half Off-Shell Potentials and Currents for Diffeomorphisms Generated by the Killing Vector Fields

(i) For the Killing vector field x1, the potential (11) acquires the form
V1 —kr?
r

1—kr?
cot@singp e’ A el —ZK%) sing e A e?

d
cos@cospe’ Aed fZK(z?) V1—kr2singe' A e

—ZK(%) V1 —kr2cosfcospel e+ ZK(%) sinfcospe® Ned,  (177)

Uy, = 2k

iy (1—kr?)

and thus

Jo = du}(l
V11— 2 2

72K¥sin(]) csc? 0 + 2kr? + 212 da JrrzaM e nel Ae?
rta dt a2

Vv1—

—2x

2
2
kr2 p
cos
2g
20

da d
a2

2
X {— cot csc O + 2kr? cos 6 +2r2<E) cos0 + r%a cose} O nel Al

2K . 2 2 da 2 2 dza 0 2 3
—i—rzasm(?cosqb 2 + 2kre +2r (dt) +7r a e ANe” Ae’. (178)
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(ii) For the Killing vector field x7, the potential (11) becomes
Uy, = —2K1+k72 cotfcosped Ael + wa cosp e’ A e?
—2K<1+k72> costin(peO Ae+ ZK(%) mcosgbel Aé?
—2x (%> V1= kr2cos singe! Ae3+2x (%) sinfsinge® Ae®,  (179)
and so
]XZ = du}(z
= lerz;ukrz cos ¢ {csc2 0 4 2kr? + 2r? (ZL;)2 + rZaZZ;} e Ael Ae?
—2K 7\/17’2:17 sin ¢

2 2
d
X { cot csc O + 2kr? cos 6 +2r2(d—a) cos +r2a—a cosé} O nel A

dt dt?
—|—2—K sin@sin ¢ | —2 + 2kr? + 2r? da ’ + rzadz—a dne?ned (180)
r2a ¢ dt a2 .

(iii) For the Killing vector field x3, the potential (11) acquires the form

u, - 20k
3

d
sinf e’ A ¢? +2K<a)msmﬂel Aed

dt

d
+2x (;Z) cosfe? A e, (181)

and then

V1 —kr?

2Kk ———sinf
a

Jxs

da\* d%al, , 5
2k+2(dt> +adt2]e ANe Ne

2K
+5 cos
réa

2 2
—2 4 2kr? +2¢2 (lZ) + rzafitg] NSNS (182)

(iv) For the Killing vector field {;, the potential (11) becomes

U, = —2k cosBcotfcosde’ Ael 4 2x1/1 — kr2 cos B cos g e A e?

d
—2k\/1 —kr2sing e A€ +2K(di)rcosecoscpel A€

—2x (?Z) rsin¢ el Néd, (183)
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and therefore

Jo = duCl
ooz
= mcos¢
2 2(da 2 2 d’a 0 A 1 A2
X | cotB csc O + 2kre cos 6 + 2r I cosf +rca TS cosf|e’ Ne Ne
—Z—Ksin4> —1 —cot? 0 + 2kr? + 212 da 2—&—#11@ A nel Aed (184)
ra dt A2 :

(v) For the Killing vector field {,, the potential (11) acquires the form

U;, = 2xcosfcotfsinge’ Ae' —2x\/1—kr2cosfsinge’ Ae?
—2K\/1—k?’ZCOS(PEO/\EB—2K<IZ)7C089811‘14)€1/\€2
da 1.3
—2xK 7 rcos¢e Ae’, (185)

and therefore

I, = dng
= —%Sin
o ra ¢
2 2 (da 2 2 d*a 0 A 1 A 2
X | cotB csc O + 2kr- cos 6 + 2r I cosf +roa T cosf|e’ Ne* Ne
2K —1— cot? 0 + 2kr? + 212 da 2+r2ad2—u A nel Aed (186)
ra €059 <0 dt dat? '

(vi) For the Killing vector field {3, the potential (11) becomes
U§3 = —2xcosfe Ael +2xv/1 —kr2sinfe A e® + 2k <‘Z) rsinfel A 62, (187)

and therefore

Jpz = dUg,

da\* dal, 1 5
2k+2(dt> +adt216 ANe  Ne“. (188)

ro.
2K —sin 6
a

Half Off-Shell Potentials and Currents for Local SO(3, 1) Transformations Induced by the Killing
Vector Fields

(i)  For the gauge parameter T/ (1), the potential (21) acquires the form

1—kr? 2 2
Ur () = ZK% cotfsinge® Ael — 7;{ singe® Ae? — TK cosfcospe’ Aed, (189)
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and therefore
Jegey = U
V1 — k2
= —ZK% csc?Osine® Ael A e?
1—kr?
+2KTr cotfcschcos e’ Ael A el
dr 0 A 2 A 3
—@SH‘IGCOS(])e ANe- Ne”. (190)
(i) For the gauge parameter T/ (1), the potential (21) becomes
1—kr? 0. 1. 2K 0. 2
Uy, = —ZKf cotfcospe” Ne + - cospe Ae
—271( cosGsimpeO Ae, (191)
and therefore
o) = U
V1 — k2
= 2K1Takr csc?@cospe® Nel Ae?
V1—kr?
+2KTF cotfcscOsinge’ Ael A€
A sinfsing e’ Ae® Ae? (192)
r2a '
(iii) For the gauge parameter T//(x3), the potential (21) acquires the form
Uy = X sined A é3 193
T(XB)_TSID e Ne’, (193)
and therefore
) = AUr(ry)
4 0 A2 A3
= ——-cosfe Ne  Ne. (194)
r2a
(iv) For the gauge parameter !l (C1), the potential (21) becomes
Uz = —2K c:sc@c:osgt)eO Ael, (195)
and therefore
Jrqy = dlxy)
2k OaAdp2 2K 25 0n 1 A3
= cotfcscOcospe” Ne Ne” + 77 C5¢ Osinge” Ne Ae’.  (196)
(v) For the gauge parameter t!/(,), the potential (21) acquires the form
Ur(g,) =2 cscOsinge’ Ael, (197)
and therefore
J@) = Uy
2 0N a2 2K o 0 A 1 A3
= — cotfcscOsinge’ Ne” Ae” + -7 ¢ Bcospe’ Ne  Ne’. (198)
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(vi) For the gauge parameter t//({3), the potential (21) and its current become
Urg) =0 e =0 (199)
This is so because 7!/ (3) vanishes.

7.2.2. Holst Lagrangian
Half Off-Shell Potentials and Currents for Diffeomorphisms Generated by the Killing Vector Fields

(i)  For the Killing vector field x1, the potential (128) acquires the form

1— k2 1—kr?
Uy, = 21{% cotfsinged A el —2K¥ sing e’ A e?

(1—kr) 0 day 2 i ol A2
—ZKfcosﬂcosqbe Aed —2x I 1—kr*singe Ae
—ZK(da)\/l—krzcos()cosrpel/\63—&—2K(d—a

: 2 3
i dt)sm()costpe Ae

2 2k
- 1—kr2cotfsinge? A e’ < kr)sin(pelAe?’
oy 'yr

+%<1—kr2) cosfcospel Ne? — (da)\/l—krzsmqbe Ae

dt

(ZZ)vl—krzcosﬂcostpe ne 4 2% ((Zt)sm(}cosqye Ael,  (200)

and thus

Joo = dUy
1—kr2 . 9 s ofda\? d*a
= {—21(7,211 smcp[csc 0 + 2kr® +2r (dt) +7%a @y

4k (da V1 —kr?
+'yr <dt)c059cos¢}e net Ae —i—{ —2xK Tcosq)

2 2,
X [— cot 0 csc 6 + 2kr? cos 0 + 22 (‘Z) cosf +r adcosel

dr2
’Ym (IZ) sm<p}e Ael Aéd

da\? ), 4
—2 + 2kr? 4 2¢2 (dt) +ra 2

+ Z—K sin 6 cos
r2a ¢

I—I

“ (IZ) V1—kr? cotGSm(p}e Ae* e

2K

e n (1 — 2kr ) cotfsingel Ae? A, (201)
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(ii) For the Killing vector field x7, the potential (128) becomes

V1 —kr2 (1—kr?)
r r

cotBcospe® Ael + 2k

Uy, = -2« cos <peo A €

(1-kr?) o0 A Q3 da’) /s 2 1,2
—ZKfcos(}smcpe ANe’ + 2k I 1—kr’cosge Ne

d(l ) . 1 3 dﬂ . . 2 3
—2x I V1—krzcosfsinge Ae’+ 2k r sinfsinge” Ae
+2—K\/1—kr2cot9cosq§e2/\e3+2—K<1—k72> cospel A e3

—I—iK <1—kr )cosBsmcpe Aé? —|——(d—a) V1—kr2cos¢pe’ ne?

dt

(da)\/l—kﬂcos(?sm(pe Aé? —|—2 (d—a) sinfsinge® Ael,
dt v \ dt
and so
Jxo = dUy,
V1—kr da , d%a
= {2Kr2acos¢ csc? 6 + 2kr? 4 2r? (dt) +7 s
4k (da V1—kr?
EDVA'S Sl e
+7m<dt)c059smq>}e Nel Ne —1—{ 2 sin ¢

2
dt?

da\ 2 d2a
[—cot@csc6+2kr cos 0 + 212 ((;) cosf + 12 a—cos(?

+ da cos O nel Aed
yra \ dt ¢

da\? o da
—2 4 2kr? + 217 (dt) +r dt2]

K
+ @stsmq)
+— (da)\/l—kﬂcothosgb}e Ae* e
yra \ dt

_ 1 a2 53
+'Y (1 2kr)cot9cos4>e ANe=Ne’.

(iii) For the Killing vector field x3, the potential (128) acquires the form

1— kr?
Uy = ZKM sin@eo/\e3—0—21<(f;> V1—kr2sinfe! A e

r

da 2K a1, 2
—|—2K(dt>cosee Aed ’Y”< —kr )smGe Ne

2K
—(da>\/1—kr2sm9€ ANt 4+ = (da>c:059e Ael,

dt dt

(202)

(203)

(204)
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and then
Jovo = du}(a
4x (da>
= —— sinfe Ael A e?
ayr \ dt
1—kr2 da d2a
+2KT no 2k+2<d > +adt2]e Ael A el

2K 2 > (da d?a
— —24+2 2 —
+r2aC0S9 + 2kre + 2r (dt) +72 adt

]e N2 NS (205)

(iv) For the Killing vector field {1, the potential (128) becomes

U, = —2Kcosfcotfcospe’ Ael +2x\/1— kr2cosfcos e Ae?
da
—2kV/1 —kr2sing e® A € +2K<dt)rcos9cos¢e A é?

d 2
_2K<di)rsjn4)el Aed+ %COSGCOtHCOSg{JEZ Aed

2 2
—i—;K 1—kr2cosfcospel Ae + —K\/l—krzsimpel Ae?

2K

2k (da
—|— a7 rcos@cospe® Aed + —

(Z?)rsmgbe Ae?, (206)
and therefore
Joy = dUg
= i:cosqb[cotécsc@+2kr2c059+2r2<£§:)2c056+r utfzcosé}e Ael Ae?

2

2
—;):Zsincp[ 1 — cot? 0 + 2kr? + 242 (ZL;) +7r zzl:zf;l}eo/\elAe3

4k (da 4x
+ K(dt)cscﬂcosqbe A A e +7 a\/l—kr2csc9cos<pel/\62/\63. (207)

(v) For the Killing vector field {5, the potential (128) acquires the form
U;, = 2xcosfcotfsinge’ Ae' —2ky/1—kr2cossinge’ Ae?
—2k\V/1 —kr2cospe® A e — 2k (Z)rcos()sin(/)el A é?

d 2
_2K<£)rcos<pe1 Aed— 7Kcos9cot(9singbez/\e3

2
r;c\/l—kr2cos65m<pe Ae+ K\/l—krzcos4>el/\ez

—ZK(IZ)rcostm(pe Ne +2;{(Z[Z>rcoscpe Aé?, (208)
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and therefore

Jp, = dug
2K
= ——sin¢

ra

da\? 42
X [cotecsce + 2kr? cos 0 4 22 (d—l:) cos 0 + rzad—tlzl cos 6} A Nel Ae?
2K 2 da 2 2 dzﬂ
_mcoszp{ 1 — cot? 0 + 2kr? + 212 (dt> +r°a ars A nel ned
4« (da 4x
o cscOsing e’ Ae? A el fwx/lfkrzcscesmtpe Ae2 NS (209)
(vi) For the Killing vector field {3, the potential (128) becomes

U, = —2xcosfe® Al + 2k 1 —kr2sinfed Ae -|—2K< )rsin(?el/\e2

dt
2K b 3 2K 5 1,3 : 0r 3
+7cosee Ne +7\/1—kr sinfle Ne + rsinfe Ae’, (210)
and therefore

J; = dUg,

21( sin 6

da d%a
2k+2<dt> +a dtz]e Ael Ae? (211)

Notice that the potentials and currents that depend on the Immirzi parameter will
still depend on it even in the ‘on-shell” case, except for the current (211), which actually
coincides with the current (188) for the Palatini Lagrangian. This is a consequence of
the fact that the terms on the second row of the potential (210) (that involve the Immirzi
parameter) can be cast as the exact form d(xy~'arsin 6 e*) and hence do not contribute to
the current (211).

Half Off-Shell Potentials and Currents for Local SO(3,1) Transformations Induced by the Killing
Vector Fields

(i)  For the gauge parameter 7!/ (1), the potential (62) acquires the form

V1—Fk?
U, — o 1rkr

. 2K . 2K
1) cotHsnupeO/\el7751114)60/\6277cos€cos¢eOAe3

rzyt\/lfkrzcot()sm(pe Ae fi—sm(pe Ae +i—cos9cos¢e Aé?, (212)

and therefore

Fegey = @)
V1 —kr2
= —Zkar csc 951n4>+(da> cos@cosqb] e net Ne?
r2a dt
/1T — 12
+ 21{%’“ cotBcsctcosd — 4—1( (da) sin¢] O nel Aed
rea dt
4 d
+ {_r;; sinfcos ¢ — — (;Z) mcot()singb] NN
72;2( (1 — 2kr ) cot(9sin4)e1 NeEAER, (213)



Symmetry 2021, 13, 348

32 of 38

(ii)

For the gauge parameter Tl (x2

V1—kr2
r

), the potential (62) becomes

2 2
Uy = -2 cothosq)eO/\el+—Kcoszpeo/\ez——K

x2)
2

2K
+ 1—kr2cotfcospe? Aed + ==
r G

2k
cosq)e neé +,Y—cos€sm<pe Aé?,

and therefore

Jega) = AUr()
V1 —kr? 4k (da
= ZKTr csc? 9cos¢+ = (dt) cos()sinqb] P net Ne?

n V1 —kr? da

dt

cosfsing el Aed

ZKT CotGCSCGSm(p—f— — () coscp] P netned

(214)

4{_42 s1n651n4>+ (dll) MCotﬂcomp]eo Ae2 A e

dt
(1= 2 A3
+'Y (1 2kr )cothosgbe ANe“Ne.

(iii) For the gauge parameter T//(x3), the potential (62) acquires the form

2 2
Urm) = 7K sin@e® Aed — —’; sinfe! A ez,
and therefore
Je(xs) AU (x5
4 4 da
= —TKCOSQEO/\Ez/\EB K( >sm()e Ael A e
r°a yra \ dt

(iv) For the gauge parameter T/ (1), the potential (62) becomes

(v)

-2 2 0
Urg) = Kk cscBcosped Ael +7csc cospe? Ae?,

and therefore

Jugy = dUyg)

2K
= ECOtGCSCGCOS(])e Ael Ae? + csc fsinge® Ael A€

(215)

(216)

(217)

(218)

4x (da 4x
+ K<dt)csc6cos4)e Ae*Ne —i—lya\/l—krzcsc6cos¢el/\ez/\e3.

For the gauge parameter 7!/ ({,), the potential (62) acquires the form
0 2K P NP
Uy(g,) = 2xcsclsinge” New — —cscOsinge” Ae,

and therefore

Jug) = dUrg,)

2k 2K
= 7ECOt9CSCGSII’1(I)€ Ael A e? + ~ csc 9cos<,f>e ANel ned

dt

(219)

(220)

——(da) cscOsinge® Ae? A e 4ra V1—kr2cscOsingel Ae? Aed. (221)
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(vi) For the gauge parameter T//({3), the potential (62) and its current become
Urg) =0 e =0 (222)

This is so because 7!/ (3) vanishes.

In this case, all the nonvanishing potentials and currents depend on the Immirzi
parameter, which also holds in the ‘on-shell” case.

Half Off-Shell Potentials and Currents (129) and (130)
(i)  For xi
Up = Uy — Uy
— et Epndene]

= 2xkrsin ge® A e? 4 2xkr cos 6 cos pe® A € —21<<Zt>\/1—krzsin<pel/\e2

72K<da> V1 —kr2cosfcos el /\e3+21<<%> sinfcospe’ A e’

dt

+d(1i7a sinf cos g e! +2 \/1 — kr2 cos 0 cos p > — —\/1 —kr2singe )

(223)
Ju = =dUu=]Jp=]yq — )
2k da d?a
= — k2 A7a] 0,1 A2
o 1—kr?sin¢ 2k+2(dt) +adt2:|e Ne' Ae
2 2
ZaK 1 — kr2 cos 6 cos ¢ 2k+2<;llt> -‘y—LlZZ:|€0/\El/\63
2

+£s1n9cos¢ 2k+2<[Z> +a t{;;}eo/\@/\g? (224)

Notice that Up is given by the first five terms in the last equality in (223).

(i) For x»
Up = W= Urg
= Up+d{ (x2Jer)e ]
= —2;<krcosgbeo/\ez4—21{krcos€sin¢eo/\f33+21<<%)\/1—krzcosqbel/\e2
da 5 . 1 3 da . . 2,3
—2x I V1 —kr?cosfsinge Ae’ + 2k I sinfsinge” Ae
Ka . . 1 Kﬂﬁ . 2 Kﬂﬁ 3
+d 751n95mq‘)e —|—7 1 —kr4cosfsinge —|—? 1—krécosge’ |,
(225)
Ju = =dUp=]p=]n i)
2
= 2K\/l—krzcoqu 2k +2 da + +a e Ael Ae?
a dt dar?
2 2
aK 1 —kr2 cos fsin ¢ 2k+2(2‘;) +a 6{;;1}60/\81/\63
2k da\? &
+7sm€smq§ 2k+2<d1:) +adt1430/\32/\e3. (226)

Notice that Up is given by the first five terms in the last equality in (225).
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(iii) For x3
Up = Uy — Ur(y)

= Up+d{ (xsJer)e ]

= —2xkrsinfe’ Ae —I—ZK(Zt)\/l—krzsmGe Aed +2K<Zt>COSGE A
—l—d(’ycosGe —i\/l—krzsm()e> (227)
Ju = AUy =]p = Jx; = Je(xs)
2 2
= aK\/l—krzst 2k+2<;l> +a‘jltg]eOAelAe3
2 2 2
+7Kcos9 2k+2(§?) +a% AN (228)

Notice that Up is given by the first three terms of the last equality in (227).

(iv) For ¢y
Up = U —Urg
= Up+d E(Cliel)el}
= 2xsinfcos pe® A el 4 2k\/1 — kr2 cosfcos g e’ A e —2k\/1 — kr2sin e A €3
+2K da rcosf?cosgbe1 Ae? —2x da rsingbe1 Aed
dt dat
—&-d(% sincpez—l—%cosecosqbé), (229)
Ju = dUp=]p =]z =)
da 2 dzﬂ 0 1 2
= 2l cos()cosgb 2k+2(dt) —l—adtz}e Ne Ne
da\?  da
ok Sm(]) 2k+2(dt> +adt2]e Ael Aed. (230)
Notice that Up is given by the first five terms in the last equality in (229).
(v) For{p
Uy = U, — U,

= Up+d{ (Godep)e ]
= —2xsinfsinge’ Ael —2k\/1 —kr2cos¢pe’ A e
21(\/mcos9sin<peo/\622K(Z;l)rcowsinq)el/\e2
da Kar . 3
—ZK(dt>rcos<pe Ne —|—d< Y cospe —7cos9sm¢e ), (231)
Ju = dUp=]p =]~ )

= —2K cos 0sin ¢

da\*  d%al, ,
2k+2<dt) —l—adﬂle ANet Ne

—2K cos ¢

da\* = d%a 0 A1 A3
2k+2<dt> +a W e’ Ne Ne°. (232)
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Notice that Up is given by the first five terms in the last equality in (231).
(vi) For (3
Uy = U,
= Up+d {,’;(&u m)el]
= —2xcosfe® Ae +2xV/1—kr2sinfe® Ae?
+2K(?Z>rsin961/\e2+d<xrym sin963), (233)
Ju = dUp=]Jp=]g

ro.
= 2x-sinf
a

da\? d%a 0. 1. 2
2k+2<dt> +adt2]e ANe  Ne“. (234)

Notice that Up is given by the first three terms in the last equality in (233).

8. Conclusions

In this paper, we define off-shell Noether currents and potentials for the n-dimensional
Palatini Lagrangian and the four-dimensional Holst Lagrangian, which embody first-order
formulations of general relativity with a cosmological constant. To derive them, we
implement a new theoretical framework that uses off-shell Noether identities satisfied by
the variational derivatives of each formulation, which, combined with the variation of the
Lagrangian under the infinitesimal versions of the underlying gauge symmetries, lead
to the appropriate identification of these off-shell Noether currents and potentials. Two
remarkable aspects of our framework are that the whole procedure is carried out off-shell
and that the resulting Noether currents are off-shell conserved too. More precisely, for
the n-dimensional Palatini Lagrangian, we derive off-shell expressions for the Noether
currents and potentials associated to diffeomorphisms generated by arbitrary vector fields
and local SO(n — 1,1) or SO(n) transformations. The resulting off-shell Noether current
and potential associated to diffeomorphisms can be regarded as the first-order version
of those reported in [12] for general relativity in the metric second-order formalism. In
the case of the Holst Lagrangian, the off-shell Noether currents and potentials, for both
diffeomorphisms and local SO(3,1) or SO(4) transformations, are affected by the Immirzi
parameter in a non-trivial way. Similar to the n-dimensional Palatini Lagrangian, the
resulting off-shell Noether current and potential associated to diffeomorphisms can also be
regarded as a first-order version of those reported in [12] for general relativity in the metric
second-order formalism. In addition, we compute the associated off-shell currents for
the so called ‘improved diffeomorphisms” and for the ‘generalization of local translations’
reported in [33], showing that they identically vanish for both first-order formulations of
general relativity. However, we also show that the off-shell Noether current and potential
associated to diffeomorphisms emerge from these symmetries.

For both the n-dimensional Palatini and Holst Lagrangians, we also study how these
off-shell Noether currents and potentials simplify in a spacetime with symmetries generated
by Killing vector fields. In particular, for the n-dimensional Palatini Lagrangian, we show
that the action of a Killing vector field on the orthonormal frame and the connection
equals a local SO(n —1,1) or SO(n) transformation plus a trivial gauge transformation
that only affects the infinitesimal transformation of the connection. The resulting off-
shell Noether currents and potentials for this effective gauge transformation are also
reported, and they can be expressed, respectively, as the difference of the off-shell Noether
currents and potentials associated to Killing vectors and their induced SO(n) or SO(n—1,1)
transformations. Analogous results follow from the Holst Lagrangian.

To simplify things a bit, we consider the ‘half off-shell” case, which is defined by the
conditions £ # 0 and £7; = 0 (thus, we work on solutions of the equation of motion for the
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connection) for both formulations of general relativity and thus the aforementioned trivial
transformation of the connection is set to zero. We show that the ‘half off-shell’ Noether
currents and potentials for diffeomorphisms and local SO(3,1) or SO(4) transformations
for the Holst Lagrangian generically depend on the Immirzi parameter, which is also true in
the ‘on-shell’ case. This result is remarkable, since such a contribution is not expected from
the point of view of the second-order formalism for general relativity in terms of the tetrad,
which is what the Holst Lagrangian collapses to when the condition £;; = 0 is satisfied
and does not depend on the Immirzi parameter whatsoever. Furthermore, in the ‘half
off-shell’ case, the Noether potential associated to the effective gauge transformation for the
Holst Lagrangian differs from that for the Palatini Lagrangian by an exact differential form
depending on the Immirzi parameter. To illustrate our approach, we explicitly compute
the ‘half off-shell’ Noether currents and potentials discussed above, for Killing vector
fields, their induced local SO(3,1) transformations, and the associated effective gauge
transformations, in four-dimensional static spherically symmetric and FLRW spacetimes,
for both Palatini and Holst Lagrangians. For the Holst Lagrangian, the resulting Noether
currents and potentials generically depend on the Immirzi parameter, except for the
Noether current associated to the effective gauge transformation.

Although we do not consider adding boundary terms to the Lagrangians in this
paper, they can be handled with our theoretical techniques, and we expect the addition
of boundary terms to the action principles defined by the Palatini and Holst Lagrangians
generically contribute to the off-shell Noether currents and their associated potentials. The
understanding of such terms in gravity is essential to appropriately define quantities such
as asymptotic charges and black hole entropy, and will be one of the main focuses of our
forthcoming studies. In addition, those studies might help to clarify the role of the Immirzi
parameter in the definition of conserved charges and entropy as well. We expect to confront
our results with those obtained in the literature following alternative approaches within
the first-order formalism [13,14,35-37,41,42,48-50].

Even though we construct the off-shell Noether currents and potentials for general
relativity in the first-order formalism, it is obvious that the same theoretical framework can
be extended to any gauge theory and, in particular, to any diffeomorphism invariant theory
of gravity in the first-order formalism. In particular, similar off-shell Noether currents and
potentials can be obtained using the formalism developed in this paper for f(R) theories
[39], matter fields coupled to general relativity [38], and any other alternative theory of
gravity such as Lovelock gravity [51] in the first-order formalism. Moreover, it would
also be interesting to study other gravitational models within the first-order formalism
including some background structure into play, such as unimodular gravity [52,53] and
extensions thereof.
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