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1. Introduction

If
0 <

∫ ∞

0
f 2(x)dx < ∞ and 0 <

∫ ∞

0
g2(y)dy < ∞,

then we have the following well-known Hilbert integral inequality (see [1]):

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy < π

(∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(y)dy

) 1
2
, (1)

where the constant factor π is the best possible. Recently, using weight functions, some
extensions of (1) were established in Yang’s two books (see [2,3]) and the papers [4–9].
Most of them are constructed in the quarter plane of the first quadrant.

In 2007, Yang [10] proved the following Hilbert-type integral inequality in the whole
plane (namely (x, y)-plane) involving the exponential function:∫ ∞

−∞

∫ ∞

−∞

f (x)g(y)
(1 + ex+y)λ

dxdy

< B
(

λ

2
,

λ

2

)(∫ ∞

−∞
e−λx f 2(x)dx

∫ ∞

−∞
e−λyg2(y)dy

) 1
2
, (2)

with the best possible constant factor B( λ
2 , λ

2 ), λ > 0, where by B(u, v) we denote the beta
function). In the papers [11–22], the authors have presented some new Hilbert-type integral
inequalities in the whole plane for which they have established optimal constant factors.
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In 2017, Hong [23] proved two equivalent statements between a Hilbert-type inequality
with the general homogenous kernel and a few parameters. This domain of research is very
vibrant with many authors investigating other types of integral inequalities (cf. [24–38]).

In this paper, we follow the idea of Hong’s work in [23] and using techniques of
real analysis as well as weight functions, we prove a few equivalent statements of a
Hilbert-type integral inequality in the whole plane related to the kernel of the arc tangent
function. The constant factor which is related to the cosine function is proved to be the best
possible. Within this work, we also consider some particular cases of interest as well as
operator expressions.

2. Some Lemmas

For ρ > 0, 0 < σ < γ, setting h(u) := arctan ρ
uγ (u > 0), we obtain

k(γ)ρ (σ) :=
∫ ∞

0
h(u)uσ−1du

=
∫ ∞

0

(
arctan

ρ

uγ

)
uσ−1du (v = ρ2u−2γ)

=
ρσ/γ

2γ

∫ ∞

0
(arctan v

1
2 )v

−σ
2γ −1dv

=
−ρσ/γ

σ

∫ ∞

0
(arctan v

1
2 )dv

−σ
2γ

=
ρσ/γ

2σ

∫ ∞

0

v
γ−σ
2γ −1

1 + v
dv =

ρσ/γπ

2σ sin π(γ−σ)
2γ

=
ρσ/γπ

2σ cos πσ
2γ

∈ R+= (0, ∞). (3)

For R := (−∞, ∞),δ ∈ {−1, 1}, α, β ∈ (−1, 1), we set

xα : = |x|+ αx, yβ := |y|+ βy (x, y ∈ R),

Eδ : = {t ∈ R; |t|δ ≥ 1}, E−δ = {t ∈ R; |t|δ ≤ 1}.

Lemma 1. For c > 0, θ = α, β, we have∫
Eδ

t−cδ−1
θ dt =

1
c

[
1

(1 + θ)cδ+1 +
1

(1− θ)cδ+1

]
, (4)∫

E−δ

tcδ−1
θ dt =

1
c

[
1

(1 + θ)−cδ+1 +
1

(1− θ)−cδ+1

]
. (5)

For c ≤ 0, it follows that ∫
Eδ

t−cδ−1
θ dt =

∫
E−δ

tcδ−1
θ dt = ∞.

Proof. Setting

E+
δ := {t ∈ R+;tδ ≥ 1}, E−δ := {−t ∈ R+; (−t)δ ≥ 1},

it follows that Eδ = E+
δ ∪ E−δ and∫

Eδ

t−cδ−1
θ dt =

∫
E+

δ

[(1 + θ)t]−cδ−1dt +
∫

E−δ
[(1− θ)(−t)]−cδ−1dt

=

[
1

(1 + θ)cδ+1 +
1

(1− θ)cδ+1

] ∫
E+

δ

t−cδ−1dt.
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Setting u = tδ (or t = u
1
δ ), we obtain∫

E+
δ

t−cδ−1dt =
1
|δ|

∫ ∞

1
u

1
δ (−cδ−1)u

1
δ−1du =

∫ ∞

1
u−c−1du.

Hence, for c > 0, Formula (4) follows and for c ≤ 0, we get that∫
Eδ

t−cδ−1
θ dt = ∞.

Since ∫
E−δ

tcδ−1
θ dt =

∫
E(−δ)

t−c(−δ)−1
θ dt

=

[
1

(1 + θ)−cδ+1 +
1

(1− θ)−cδ+1

] ∫ 1

0
uc−1du,

for c > 0, Equation (5) follows and for c ≤ 0, we have∫
E−δ

tcδ−1
θ dt = ∞.

This completes the proof of the lemma.

In what follows, we assume that p > 1, 1
p + 1

q = 1, δ ∈ {−1, 1}, α, β ∈ (−1, 1), ρ > 0,
0 < σ < γ, σ1 ∈ R,

h(u) = arctan
ρ

uγ
(u > 0),

k(γ)ρ (σ) is indicated by (3) and

K(γ)
α,β (σ) :=

2k(γ)ρ (σ)

(1− α2)1/q(1− β2)1/p . (6)

For n ∈ N = {1, 2, · · · }, E−1 = [−1, 1], x ∈ Eδ, we define the following expressions:

I(−)(x) :=
∫ 0

−1

[
arctan

ρ

(xδ
αyβ)γ

]
y

σ+ 1
qn−1

β dy,

I(+)(x) :=
∫ 1

0

[
arctan

ρ

(xδ
αyβ)γ

]
y

σ+ 1
qn−1

β dy,

I(x) :=
∫

E−1

[
arctan

ρ

(xδ
αyβ)γ

]
y

σ+ 1
qn−1

β dy = I(−)(x) + I(+)(x).

Since yβ = |y|+ βy = (sgn(y) + β)y, where

sgn(y) :=


−1, y < 0
0, y = 0
1, y > 0

,

xδ
α = (1 + α · sgn(x))δ|x|δ ≥ min

δ∈{−1,1}
(1± |α|)δ (x ∈ Eδ),

and 1− |α| ≤ (1 + |α|)−1 ≤ 1 + |α| ≤ (1− |α|)−1, we have

(1± β)xδ
α ≥ mα,β := (1− |β|)(1− |α|) > 0 (x ∈ Eδ). (7)
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For fixed x ∈ Eδ, setting u = xδ
αyβ, we obtain

I(−)(x) =
x
−δ(σ+ 1

qn )
α

1− β

∫ (1−β)xδ
α

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

≥ x
−δ(σ+ 1

qn )
α

1− β

∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du,

I(+)(x) =
x
−δ(σ+ 1

qn )
α

1 + β

∫ (1+β)xδ
α

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

≥ x
−δ(σ+ 1

qn )
α

1 + β

∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du,

I(x) = x
−δ(σ+ 1

qn )
α

[
1

1− β

∫ (1−β)xδ
α

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

+
1

1 + β

∫ (1+β)xδ
α

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

]

≥ 2x
−δ(σ+ 1

qn )
α

1− β2

∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du. (8)

For n ∈ N, x ∈ Fδ, we define the following expressions:

J(−)(x) : =
∫ −1

−∞
y

σ+ 1
qn−1

β arctan
ρ

(xδ
αyβ)γ

dy,

J(+)(x) : =
∫ ∞

1
y

σ+ 1
qn−1

β arctan
ρ

(xδ
αyβ)γ

dy,

J(x) : =
∫

E1

y
σ+ 1

qn−1
β arctan

ρ

(xδ
αyβ)γ

dy = J(−)(x) + J(+)(x).

Since for x ∈ E−δ,

xδ
α = (1 + α · sgn(x))δ|x|δ ≤ max

δ∈{−1,1}
{(1± |α|)δ} = (1− |α|)−1,

we have
Mα,β := (1 + |β|)(1− |α|)−1 ≥ (1± β)xδ

α (x ∈ E−δ). (9)
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For fixed x ∈ E−δ, setting u = xδ
αyβ, we obtain

J(−)(x) =
x
−δ(σ− 1

qn )
α

1− β

∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1du

≥ x
−δ(σ− 1

qn )
α

1− β

∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ+ 1

qn−1du,

J(+)(x) =
x
−δ(σ− 1

qn )
α

1 + β

∫ ∞

(1+β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1du

≥ x
−δ(σ− 1

qn )
α

1 + β

∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ+ 1

qn−1du,

J(x) = x
−δ(σ− 1

qn )
α

[
1

1− β

∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1du

+
1

1 + β

∫ ∞

(1+β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1du
]

≥ 2x
−δ(σ− 1

qn )
α

1− β2

∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ+ 1

qn−1du. (10)

In view of (8) and (10), we derive the lemma below:

Lemma 2. We have the following inequalities:

I1 :=
∫

Eδ

I(x)x
δ(σ1− 1

pn )−1
α dx

≥ 2
1− β2

∫
Eδ

x−δ(σ−σ1+
1
n )−1

α dx
∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du, (11)

J1 :=
∫

E−δ

J(x)x
δ(σ1+

1
pn )−1

α dx

≥ 2
1− β2

∫
E−δ

xδ(σ1−σ+ 1
n )−1

α dx
∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ+ 1

qn−1du. (12)

Lemma 3. If there exists a constant M, such that for any nonnegative measurable functions f (x)
and g(y) in R, the following inequality

I :=
∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f (x)g(y)dxdy

≤ M
[∫ ∞

−∞
xp(1−δσ1)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
(13)

holds true, then we have σ1 = σ.

Proof. If σ1 > σ, then for n ≥ 1
σ1−σ (n ∈ N), we consider the functions

fn(x) :=

{
x

δ(σ1− 1
pn )−1

α , x ∈ Eδ

0, x ∈ R\Eδ

, gn(y) :=

{
y

σ+ 1
qn−1

β , y ∈ E−1

0, y ∈ R\E−1

,
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and by (4) and (5), we obtain

J̃1 : =

[∫ ∞

−∞
xp(1−δσ1)−1

α f p
n (x)dx

] 1
p
[∫ ∞

−∞
yq(1−σ)−1

β gq
n(y)dy

] 1
q

=

(∫
Eδ

x−
δ
n−1

α dx
) 1

p
(∫

E−1

y
1
n−1
β dy

) 1
q

= n

[
1

(1 + α)
δ
n +1

+
1

(1− α)
δ
n +1

] 1
p

×
[

1

(1 + β)−
1
n +1

+
1

(1− β)−
1
n +1

] 1
q

< ∞.

By (11) and (13) (for f = fn, g = gn), we have

2
1− β2

∫
Eδ

x−δ(σ−σ1+
1
n )−1

α dx
∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

≤ I1 =
∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
fn(x)gn(y)dxdy

≤ MJ̃1 < ∞.

Since for any n ≥ 1
σ1−σ (n ∈ N), σ− σ1 +

1
n ≤ 0, by Lemma 1 it follows that

∫
Eδ

x−δ(σ−σ1+
1
n )−1

α dx = ∞.

In view of ∫ mα,β

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du > 0,

we derive that ∞ ≤ MJ̃1 < ∞, which is a contradiction.
If σ > σ1, then for n ≥ 1

σ−σ1
(n ∈ N), we consider the functions

f̃n(x) :=

{
x

δ(σ1+
1

pn )−1
α , x ∈ Fδ

0, x ∈ R\Fδ

, g̃n(y) :=

{
y

σ− 1
qn−1

β , y ∈ E1

0, y ∈ R\E1

,

and by (4) and (5), we obtain

J̃2 : =

[∫ ∞

−∞
xp(1−δσ1)−1

α f̃ p
n (x)dx

] 1
p
[∫ ∞

−∞
yq(1−σ)−1

β g̃q
n(y)dy

] 1
q

=

(∫
E−δ

x
δ
n−1
α dx

) 1
p
(∫

E1

y−
1
n−1

β dy
) 1

q

= n

[
1

(1 + α)−
δ
n +1

+
1

(1− α)−
δ
n +1

] 1
p

×
[

1

(1 + β)
1
n +1

+
1

(1− β)
1
n +1

] 1
q

.



Symmetry 2021, 13, 351 7 of 16

By (12) and (13) (for f = f̃n, g = g̃n), we have

2
1− β2

∫
E−δ

xδ(σ1−σ+ 1
n )−1

α dx
∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ− 1

qn−1du

≤ J1 =
∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f̃n(x)g̃n(y)dxdy

≤ MJ̃2 < ∞.

Since for n ≥ 1
σ−σ1

(n ∈ N), σ1 − σ + 1
n ≤ 0, by Lemma 1 it follows that

∫
Fδ

xδ(σ1−σ+ 1
n )−1

α dx = ∞.

In view of ∫ ∞

Mα,β

(arctan
ρ

uγ
)uσ− 1

qn−1du > 0,

we have ∞ ≤ MJ̃2 < ∞, which is a contradiction.
Hence, we conclude that σ1 = σ.
This completes the proof of the lemma.

For σ1 = σ, we also get the lemma below:

Lemma 4. If there exists a constant M, such that for any nonnegative measurable functions f (x)
and g(y) in R, the following inequality

∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f (x)g(y)dxdy

≤ M
[∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
(14)

holds true, then we have K(γ)
α,β (σ) ≤ M.

Proof. For σ1 = σ, by (8), we have

I1 =
∫

Eδ

I(x)x
δ(σ− 1

pn )−1
α dx = I(−)1 + I(+)

1 ,

I(−)1 : =
∫

Eδ

I(−)(x)x
δ(σ− 1

pn )−1
α dx, I(+)

1 :=
∫

Eδ

I(+)(x)x
δ(σ− 1

pn )−1
α dx.

In view of the presented results, for n > 1
q(γ−σ)

, we obtain

I(−)1 =
1

1− β

∫
Eδ

x−
δ
n−1

α

∫ (1−β)xδ
α

0
(arctan

ρ

uγ
)uσ+ 1

qn−1dudx

=
1

1− β

∫
Eδ

x−
δ
n−1

α

[∫ ∞

0
(arctan

ρ

uγ
)uσ+ 1

qn−1du

−
∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1du
]

dx

=
n

1− β

[
1

(1 + α)
δ
n +1

+
1

(1− α)
δ
n +1

]
k(γ)ρ (σ +

1
qn

)

− 1
1− β

∫
Eδ

x−
δ
n−1

α

∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1dudx. (15)
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For γ > σ + d (d > 0), we have that (arctan ρ
uγ )uσ+d is continuous in (0, ∞), and

(arctan
ρ

uγ
)uσ+d → 0 (u→ ∞).

There exists a positive constant M1, such that

(arctan
ρ

uγ
)uσ+d ≤ M1 (u ∈ [mα,β, ∞)).

By (4), it follows that

0 <
∫

Eδ

x−
δ
n−1

α

∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1dudx

≤ M1

∫
Eδ

x−
δ
n−1

α

(∫ ∞

(1−β)xδ
α

u−d+ 1
qn−1du

)
dx =

M1
∫

Eδ
x
−δ(d+ 1

pn )−1
α dx

(1− β)
σ− 1

qn

=
(d + 1

pn )
−1M1

(1− β)
σ− 1

qn

[
1

(1 + α)
δ(d+ 1

pn )+1
+

1

(1− α)
δ(d+ 1

pn )+1

]
,

namely
1

1− β

∫
Eδ

x−
δ
n−1

α

∫ ∞

(1−β)xδ
α

(arctan
ρ

uγ
)uσ+ 1

qn−1dudx = O(1),

and then by (15), it follows that

1
n

I(−)1 =
k(γ)ρ (σ + 1

qn )

1− β

[
1

(1 + α)
δ
n +1

+
1

(1− α)
δ
n +1

]
− O(1)

n
. (16)

Similarly, we have

1
n

I(+)
1 =

k(γ)ρ (σ + 1
qn )

1 + β

[
1

(1 + α)
δ
n +1

+
1

(1− α)
δ
n +1

]
− Õ(1)

n
. (17)

By (14) (for f = fn, g = gn), we have

1
n

I1 =
1
n

(
I(−)1 + I(+)

1

)
≤ 1

n
MJ̃1.

For n→ ∞, by Fatou’s lemma (cf. [39]), (16) and (17), we obtain

2
1− β2 ·

2k(γ)ρ (σ)

1− α2 ≤ M
(

2
1− α2

) 1
p
(

2
1− β2

) 1
q
,

namely

K(γ)
α,β (σ) =

2k(γ)ρ (σ)

(1− α2)1/q(1− β2)1/p ≤ M.

This completes the proof of the lemma.

Lemma 5. We define the following weight functions:

ωδ(σ, y) : = yσ
β

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
xδσ−1

α dx (y ∈ R), (18)

vδ(σ, x) : = xδσ
α

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β dy (x ∈ R). (19)
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Then we have

1− α2

2
ωδ(σ, y) =

1− β2

2
vδ(σ, x) = k(γ)ρ (σ) (x, y ∈ R\{0}). (20)

Proof. For fixed y ∈ (−∞, 0) ∪ (0, ∞), setting u = xδ
αyβ, we obtain

ωδ(σ, y) = yσ
β

∫ 0

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
xδσ−1

α dx

+yσ
β

∫ ∞

0

[
arctan

ρ

(xδ
αyβ)γ

]
xδσ−1

α dx

=
2

1− α2

∫ ∞

0
(arctan

ρ

uγ
)uσ−1du =

2k(γ)ρ (σ)

1− α2 ;

for fixed x ∈ (−∞, 0) ∪ (0, ∞), setting u = xδ
αyβ, it follows that

vδ(σ, x) = xδσ
α

∫ 0

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β dy

+xδσ
α

∫ ∞

0

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β dy

=
2

1− β2

∫ ∞

0
(arctan

ρ

uγ
)uσ−1du =

2k(γ)ρ (σ)

1− β2 .

Hence, we derive (20).
This completes the proof of the lemma.

3. Main Results and Some Particular Cases

Theorem 1. If M is a constant, then the following statements (i), (ii) and (iii) are equivalent:

(i) For any f (x) ≥ 0, we have the following inequality:

J :=

[∫ ∞

−∞
ypσ−1

β

(∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

] f (x)dx

)p

dy

] 1
p

≤ M
[∫ ∞

−∞
xp(1−δσ1)−1

α f p(x)dx
] 1

p
; (21)

(ii) for any f (x), g(y) ≥ 0, we have the following inequality:

I =
∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f (x)g(y)dxdy

≤ M
[∫ ∞

−∞
xp(1−δσ1)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
; (22)

(iii) σ1 = σ, and K(γ)
α,β (σ) ≤ M.
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Proof. (i)⇒ (ii). By Hölder’s inequality (cf. [40]), we get

I =
∫ ∞

−∞

(
y

σ− 1
p

β

∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

] f (x)dx

)(
y
−σ+ 1

p
β g(y)

)
dy

≤ J
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
. (23)

Then by (21), we have (22).
(ii)⇒ (iii). By Lemma 1, we have σ1 = σ. Then by Lemma 2, we get K(γ)

α,β (σ) ≤ M.
(iii) ⇒ (i). For σ1 = σ, by Hölder’s inequality with weight (see [40]) and (18),

we have (∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

] f (x)dx

)p

=


∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

]

 y(σ−1)/p
β

x(δσ−1)/q
α

f (x)

 x(δσ−1)/q
α

y(σ−1)/p
β

dx


p

≤
∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β f p(x)

x(δσ−1)p/q
α

dx

×

∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

]
xδσ−1

y(σ−1)q/p
β

dx

p/q

=
[
ωδ(σ, y)yq(1−σ)−1

β

]p−1 ∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β f p(x)

x(δσ−1)p/q
α

dx

=

2k(γ)ρ (σ)

1− α2

p−1

y−pσ+1
β

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β f p(x)

x(δσ−1)p/q
α

dx. (24)

By Fubini’s theorem, (24) and (19), we derive that

J ≤

2k(γ)ρ (σ)

1− α2

 1
q [∫ ∞

−∞

∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

]
yσ−1

β f p(x)

x(δσ−1)p/q
α

dxdy

] 1
p

=

2k(γ)ρ (σ)

1− α2

 1
q [∫ ∞

−∞
vδ(σ, x)xp(1−δσ)−1

δ f p(x)dx
] 1

p

= K(γ)
α,β (σ)

[∫ ∞

−∞
xp(1−δσ)−1

δ f p(x)dx
] 1

p
.

For K(γ)
α,β (σ) ≤ M, we have (21) (for σ1 = σ).

Therefore, Statements (i), (ii) and (iii) are equivalent.
This completes the proof of the theorem.

For σ1 = σ, we deduce the theorem below:

Theorem 2. If M is a constant, then the following statements (i), (ii) and (iii) are equivalent:

(i) For any f (x) ≥ 0, satisfying

0 <
∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx < ∞,
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we have the following inequality:

[∫ ∞

−∞
ypσ−1

β

(∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

] f (x)dx

)p

dy

] 1
p

< M
[∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx
] 1

p
; (25)

(ii) for any f (x) ≥ 0, satisfying

0 <
∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx < ∞,

and g(y) ≥ 0, satisfying

0 <
∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy < ∞,

we have the following inequality:

∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f (x)g(y)dxdy

< M
[∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
; (26)

(iii) K(γ)
α,β (σ) ≤ M.

Moreover, if the statement (iii) holds true, then the constant factor M = K(γ)
α,β (σ) in

(25) and (26) is the best possible.
In particular:
(1) for δ = 1, we have the following equivalent inequalities with the nonhomoge-

neous kernel: [∫ ∞

−∞
ypσ−1

β

(∫ ∞

−∞
[arctan

ρ

(xαyβ)γ
] f (x)dx

)p

dy

] 1
p

< K(γ)
α,β (σ)

[∫ ∞

−∞
xp(1−σ)−1

α f p(x)dx
] 1

p
, (27)

∫ ∞

−∞

∫ ∞

−∞

[
arctan

ρ

(xαyβ)γ

]
f (x)g(y)dxdy

< K(γ)
α,β (σ)

[∫ ∞

−∞
xp(1−σ)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
, (28)

where K(γ)
α,β (σ) is the best possible constant factor;

(2) for δ = −1, we have the following equivalent inequalities with the homogeneous
kernel of degree 0:

[∫ ∞

−∞
ypσ−1

β

(∫ ∞

−∞
[arctan ρ(

xα

yβ
)γ] f (x)dx

)p

dy

] 1
p

< K(γ)
α,β (σ)

[∫ ∞

−∞
xp(1+σ)−1

α f p(x)dx
] 1

p
, (29)
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∫ ∞

−∞

∫ ∞

−∞

[
arctan ρ(

xα

yβ
)γ

]
f (x)g(y)dxdy

< K(γ)
α,β (σ)

[∫ ∞

−∞
xp(1+σ)−1

α f p(x)dx
] 1

p
[∫ ∞

−∞
yq(1−σ)−1

β gq(y)dy
] 1

q
, (30)

where K(γ)
α,β (σ) is the best possible constant factor.

Proof. For σ1 = σ and the assumption of statement (i), if (24) assumes the form of equality
for some y ∈ (−∞, 0) ∪ (0, ∞), then (see [40]) there exist constants A and B, such that they
are not both zero, and

A
yσ−1

β

x(δσ−1)p/q
α

f p(x) = B
xδσ−1

y(σ−1)q/p
β

a.e. in R.

We suppose that A 6= 0 (otherwise B = A = 0). Then it follows that

xp(1−δσ)−1
α f p(x) = yq(1−σ)

β

B
Axα

a.e. in R.

Since ∫ ∞

−∞
x−1

α dx = ∞,

it contradicts the fact that

0 <
∫ ∞

−∞
xp(1−δσ)−1

α f p(x)dx < ∞.

Hence, (24) takes the form of strict inequality, and so does (21). Hence, (25) and (26)
are true.

In view of Theorem 1, we can establish the equivalency between the statements (i), (ii)
and (iii) in Theorem 2.

In case the statement (iii) is valid, namely K(γ)
α,β (σ) ≤ M, if there exists a constant

M ≤ K(γ)
α,β (σ), such that (26) is satisfied, then we can derive that the constant factor

M = K(γ)
α,β (σ) in (26) is optimal.

The constant factor M = K(γ)
α,β (σ) in (25) remains the best possible. Otherwise, by (23)

(for σ1 = σ), we would reach a contradiction that the constant factor M = K(γ)
α,β (σ) in (26) is

not optimal.
This completes the proof of the theorem.

4. Operator Expressions

We set the following functions: ϕ(x) := xp(1−δσ)−1
α (x ∈ R) and ψ(y) := yq(1−σ)−1

β ,

wherefrom ψ1−p(y) = ypσ−1
β (y ∈ R). Define the following real normed linear spaces:

Lp,ϕ(R) :=

{
f : || f ||p,ϕ :=

(∫ ∞

−∞
ϕ(x)| f (x)|pdx

) 1
p
< ∞

}
,

Lq,ψ(R) =

{
g : ||g||q,ψ =

(∫ ∞

−∞
ψ(y)|g(y)|qdy

) 1
q
< ∞

}
,

Lp,ψ1−p(R) =

{
h : ||h||p,ψ1−p =

(∫ ∞

−∞
ψ1−p(y)|h(y)|pdy

) 1
p
< ∞

}
.
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In view of Theorem 2, for f ∈ Lp,ϕ(R), setting

h1(y) :=
∫ ∞

−∞

[
arctan

ρ

(xδ
αyβ)γ

]
f (x)dx (y ∈ R),

by (25), we have

||h1||p,ψ1−p =

[∫ ∞

−∞
ψ1−p(y)hp

1 (y)dy
] 1

p
< M|| f ||p,ϕ < ∞. (31)

Definition 1. Define a Hilbert-type integral operator with the nonhomogeneous kernel
T : Lp,ϕ(R)→ Lp,ψ1−p(R) as follows: For any f ∈ Lp,ϕ(R), there exists a unique representation
T f = h1 ∈ Lp,ψ1−p(R), satisfying T f (y) = h1(y), for any y ∈ R.

In view of (31), it follows that

||T f ||p,ψ1−p = ||h1||p,ψ1−p < M|| f ||p,ϕ,

and thus the operator T is bounded satisfying

||T|| = sup
f ( 6=θ)∈Lp,ϕ(R)

||T f ||p,ψ1−p

|| f ||p,ϕ
≤ M.

If we define the formal inner product of T f and g as follows:

(T f , g) :=
∫ ∞

−∞

(∫ ∞

−∞
[arctan

ρ

(xδ
αyβ)γ

] f (x)dx

)
g(y)dy,

then we can rewrite Theorem 2 as follows:

Theorem 3. If M is a constant, then the following statements (i), (ii) and (iii) are equivalent:

(i) For any f (x) ≥ 0, f ∈ Lp,ϕ(R), || f ||p,ϕ > 0, the following inequality holds true:

||T f ||p,ψ1−p < M|| f ||p,ϕ; (32)

(ii) for any f (x), g(y) ≥ 0, f ∈ Lp,ϕ(R), g ∈ Lq,ψ(R), || f ||p,ϕ, ||g||q,ψ > 0, the following
inequality holds true:

(T f , g) < M|| f ||p,ϕ||g||q,ψ; (33)

(iii) K(γ)
α,β (σ) ≤ M.

Moreover, if the statement (iii) holds true, then the constant factor M = K(γ)
α,β (σ) in

(32) and (33) is optimal, i.e., ||T|| = K(γ)
α,β (σ).

Remark 1. (1) In particular, for α = β = 0 in (27) and (28) we have the following equivalent
inequalities:

[∫ ∞

−∞
|y|pσ−1

(∫ ∞

−∞
(arctan

ρ

|xy|γ ) f (x)dx
)p

dy
] 1

p

<
ρσ/γπ

σ cos πσ
2γ

[∫ ∞

−∞
|x|p(1−σ)−1 f p(x)dx

] 1
p
, (34)
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∫ ∞

−∞

∫ ∞

−∞

(
arctan

ρ

|xy|γ

)
f (x)g(y)dxdy

<
ρσ/γπ

σ cos πσ
2γ

[∫ ∞

−∞
|x|p(1−σ)−1 f p(x)dx

] 1
p
[∫ ∞

−∞
|y|q(1−σ)−1gq(y)dy

] 1
q
, (35)

where ρσ/γπ
σ cos πσ

2γ
is the optimal constant factor. If f (−x) = f (x), g(−y) = g(y) (x, y ∈ R+), then

we have the following equivalent inequalities:

[∫ ∞

0
ypσ−1

(∫ ∞

0
[arctan

ρ

(xy)γ
] f (x)dx

)p
dy
] 1

p

<
ρσ/γπ

2σ cos πσ
2γ

[∫ ∞

0
xp(1−σ)−1 f p(x)dx

] 1
p
, (36)

∫ ∞

0

∫ ∞

0

[
arctan

ρ

(xy)γ

]
f (x)g(y)dxdy

<
ρσ/γπ

2σ cos πσ
2γ

[∫ ∞

0
xp(1−σ)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ)−1gq(y)dy

] 1
q
, (37)

where ρσ/γπ
2σ cos πσ

2γ
is the best possible constant factor.

(2) For α = β = 0 in (29) and (30) we have the following equivalent inequalities:

[∫ ∞

−∞
|y|pσ−1

(∫ ∞

−∞
(arctan ρ| x

y
|γ) f (x)dx

)p
dy
] 1

p

<
ρσ/γπ

σ cos πσ
2γ

[∫ ∞

−∞
|x|p(1+σ)−1 f p(x)dx

] 1
p
, (38)

∫ ∞

−∞

∫ ∞

−∞

(
arctan ρ| x

y
|γ
)

f (x)g(y)dxdy

<
ρσ/γπ

σ cos πσ
2γ

[∫ ∞

−∞
|x|p(1+σ)−1 f p(x)dx

] 1
p
[∫ ∞

−∞
|y|q(1−σ)−1gq(y)dy

] 1
q
, (39)

where ρσ/γπ
σ cos πσ

2γ
is the best possible constant factor. If f (−x) = f (x), g(−y) = g(y)

(x, y ∈ R+), then we have the following equivalent inequalities:

[∫ ∞

0
ypσ−1

(∫ ∞

0
[arctan ρ(

x
y
)γ] f (x)dx

)p
dy
] 1

p

<
ρσ/γπ

2σ cos πσ
2γ

[∫ ∞

0
xp(1+σ)−1 f p(x)dx

] 1
p
, (40)

∫ ∞

0

∫ ∞

0

[
arctan ρ(

x
y
)γ

]
f (x)g(y)dxdy

<
ρσ/γπ

2σ cos πσ
2γ

[∫ ∞

0
xp(1+σ)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ)−1gq(y)dy

] 1
q
, (41)
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where ρσ/γπ
2σ cos πσ

2γ
is the best possible constant factor.

5. Conclusions

In this paper, making use of ideas of Hong [23], and by employing techniques of real
analysis as well as weight functions, we obtain in Theorem 1 a few equivalent statements
of a Hilbert-type integral inequality in the whole plane associated with the kernel of the
arc tangent function. In Theorem 2, the constant factor associated with the cosine function
is proved to be optimal. Furthermore, in Theorem 3 and Remark 1 we also consider some
particular cases and operator expressions. The lemmas and theorems within this work
provide an extensive account of this type of inequalities.
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