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Abstract: Here we present Hilfer-Polya, ip-Hilfer Ostrowski and p-Hilfer-Hilbert-Pachpatte types
fractional inequalities. They are univariate inequalities involving left and right Hilfer and ¢-Hilfer
fractional derivatives. All estimates are with respect to norms |-|| pr 1< p < oo At the end we
provide applications.
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1. Introduction

We are motivated by the following famous Polya’s integral inequality, see [1], (p. 62, [2]), [3]
and (p. 83, [4]).

Theorem 1. Let f(x) be a differentiable and not identically a constant on [a,b] with f(a) =
f(b) = 0. Then there exists at least one point { € [a, b] such that

r@1> s [ s )

We are inspired also by the related first fractional Polya Inequality, see Chapter 2, p.
9, [5].

In this article, we establish fractional integral inequalities using the Hilfer and p-Hilfer
fractional derivatives. These are of Polya, Ostrowski and Hilbert-Pachpatte types.

2. Background

Let —oo < a < b < oo, the left and right Riemann-Liouville fractional integrals of
order « € C (R(«) > 0) are defined by

1 x _
(160 = 53 [, =0 0, @
x > a; where I stands for the gamma function,

And .
(l—f)(x) = T

o[- o ®

x < b.

The Riemann-Liouville left and right fractional derivatives of order « € C (R(a) > 0)
are defined by

0w = (55) W0 = e () [e-0 e @

(n = [R(«)], [-] means ceiling of the number; x > a)
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(-0 = 1" (55) () 0 =

(8 [l

(n = [R(a)]; x < b), respectively, where R («) is the real part of a.
In particular, when o = n € Z, then

(A%9) () = (40-9) (0) = y(w)

(87:y)(x) =y (x), and (Af_y) (x) = (=1)"y"(x), n €N,

see [6].

Leta > 0,1 = [a,b] C R, f an integrable function defined on I and ¢ € C!(I) an
increasing function such that ¢'(x) # 0, for all x € I. Left fractional integrals and left
Riemann-Liouville fractional derivatives of a function f with respect to another function ¢

are defined as ([6,7])

O UG ORTTO) O ®
and o -
20 = (5 ) o) = o
e ( ) [ Y e - vy o,

respectively, where n = [a].
Similarly, we define the right ones:

LY f(x) Y(x)* (1)t @®)

and

A f(x) = (‘wi) ) e -

! ! d\" ! n—u—
I(n—a) <_l/7'(X) dx) /x P (H)(Y(t) — p(x)) 1f(t)dt. )
The following semigroup property holds; if «, § > 0, f € C(I), then

VPP F = 157PYf and 1YY F = 1Py,

Next letagaina > 0,n = [a], I = [a,b], f, € C"(I) : ¢ is increasing and ¢’ (x) # 0,
for all x € I. The left -Caputo fractional derivative of f of order « is given by ([8])

Cpib gy — et (1 A"
D) = 1 (Gt ) ) (10
and the right ¢-Caputo fractional derivative ([8])
« n—a 1 4\
O f) = 1= (< ax ) F an
We set
oy gy (L A
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Clearly, when « = m € N we have
D F(x) = £ (x) and DY f(x) = (-1)"f" (),
and if « ¢ N, then
Cry n—a—1 c[n]
DIYF(0) = foray [, VO — vy 0, (13)
and
Cry n—a—1 c[n]
Dy f(x) n_“/w P00y (1t (14)
If (x) = x, then we get the usual left and right Caputo fractional derivatives
D f(x) = f (), CDRLf(x) = (=1)"f" (),
form € N, and (« ¢ N)
D8, f(x) = DY f(x) = s [ =t O (15
*af +f (i’l _ D() p f ’
« i -1)" b n—a—1¢(n
D (x) = D§ () = o2 [ =0 A (16)

Also we set
DY f(x) = DY f(x) = f(x).

Next we will deal with the y-Hilfer fractional derivative.

Definition 1. ([9]) Let n —1 < « < n,n € N, I = [a,b] C Rand f,¢ € C"([a,b]), ¢
is increasing and ¢'(x) # 0, for all x € 1. The -Hilfer fractional derivative (left-sided and

right-sided) 1 ]D)'X b l'b f of order a and type 0 < B < 1, respectively, are defined by

; n—a); 1 d n—
MDY ) = 0 (s ) P )

and

&,0; n—u); 1 d " —B)(n—a);
HOBY £ (x) = 1P ”’(—w,(x)d}c) [P0 e (), x € [a,b).

(17)

(18)

The original Hilfer fractional derivatives ([10]) come from (x) = x, and are denoted by

HDYP £ (x) and HDP £(x).

When B = 0, we get Riemann-Liouville fractional derivatives, while when B = 1 we have

Caputo type fractional derivatives.

We define v = o + B(n — ). Wenoticethatn —1 <a <a+p(n—a)<a+n—a=n,

hence [vy] = n. We can easily write that ([9])
HDg/ﬁ'I’f( x) = 7 “#’A“Y'I’f(x),

and
HDAPY f(x) = 7YA)Y f(x), x € [a,b].

We have that ([9])

8150 = (e ) WP )

(19)

(20)

(21)
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and

876 = (~grgas) B

In particular, when 0 < &« < 1and 0 < B < 1; v = a + B(1 — a), we have that

DY) = / Yt P(6)7 " AT F(byat

and
MO = e [ WO W0 -y A 0,
€ [a,b)].

Remark 1. ([9]) Let y = n(1 — B) + Bu, then [u] = n.
Assume that g(x) = I,S};ﬁ)(n*“);wf(x) € C"([a, b]), we have that

MDY ) = 11 (s ) 80

Ihus,
H ar,B;lIJ ( ]1,1[7 ( }4,1/) 1 ,8 11— lIJ

Assume that w(x) = Iél__ﬂ)("_“);lpf(x) € C"([a, b]). Hence

a,B; n—a); 1 a\" n—u; 1 a\"
MDY () = 0 (— s ) ) = B (s ) o)

¥'(x) dx ' (x) dx

Thus,
,B; ; ’ 1=p)(n—a);
MY Cpu(x) = DY (1P ().

We mention the simplified ip-Hilfer fractional Taylor formulae:

(22)

(23)

(24)

(25)

(26)

(27)

(28)

Theorem 2. (seealso [9]) Let ¢, f € C"([a,b]), with  being increasing such that ' (x) # 0 over

[a,b], wheren —1 <a <n,0<B<1andy=wa+p(n—a),xc [ab]. Then

- 7-
; o ‘i(f_)i) AR (1P 5 (g) =

L[ oW - s o

and

- b — X vk n— —B)(n—«a);
U0 i

W / (1) (1) — ()" TP £ (1)dt

Here notice that (I(1 Pn=a lpf)( )= (Ilgl:ﬁ)(n_a)ﬂpf) (b) =0.

We also mention the following alternative y-Hilfer fractional Taylor formulae:

(29)

(30)

Theorem 3. ([11]) Let f,p € C"([a,b]), with  being increasing, ¥'(x) # 0 over [a,b] C R,
a>0:[al =n0<B<1u=n(l-p)+Pa. Assume that g(x) = I,Sfﬁ)(nw)"lpf(x),

w(x) = [P0 £ () € C([a, b))
Then
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(1)
e gy (a)
LY DY) = 509~ T S 900~y a1
where .
1 4
gM(x) = (l/}’(x)dx> e(x), k=01, ,n—1,
and
(2)
et (1)l ()
YD f(x) = w(x) = ) g ((0) — (), (32)
k=0 :
where

k
[ . _ 1
Wy, (x) = <tp’(x) dx) w(x), k=0,1,..,n—1; x € [a,b].
Next we list two Hilfer fractional derivatives representation formulae:

Theorem 4. ([11]) Let e > 0, & ¢ N, [a] =n,0 < B < 1; f € C"([a,b]), [a,b] C R; and set
v = a+ B(n — a). Assume further that A), f € C([a,b]) : A}, ]f( a) =0, forj=1,..n Let
alsow > 0: [a| =7, with 7y = tx—l—,B(n—uc) and assume thattx > wand vy > 7. Then

HDEP f(x) = —— ) / Sr— T D £ (1), (33)

I'a—=) Ja
Vx € [ab],
Furthermore, HID) b ‘+f € AC([a, b)) (absolutely continuous functions) if x —w > 1 and
HD™P £ € C([a,b]) ifa —& € (0,1).

Theorem 5. ([11]) Letaw > 0, & ¢ N, [a] =n,0 < B < 1; f € C"([a,b]), [a,b] C R; and set
v =+ B(n — ). Assume further that A] _f € C([a,b]) : A} 'f(b) =0,j=1,...,n. Let also
w>0:[a| =7u withy =u+ B(n —w), and assume that &« > & and «y > 7. Then

_ b _
"D = g [ =0 T D s en

Vxeab],
Furthermore, H]D)fo € AC([a,b]) ifa —& > 1and H]D)fo € C([a, b)) ifa —m € (0,1).

3. Main Results
We present the following Hilfer-Polya type fractional inequalities:

Theorem 6. Let « > 0, & ¢ N, [a] =n,0 < p <1, f € C"([a,b]), [a,b] C R; and set
v = a+ B(n — a). Assume further that A} f € C([a,b]) : AV f(a) =0, forj=1,..,n;and
A} feC([ab]): Afo( )=0,j=1,..,n Letalsow > 0: [&] =7, withy =x+ p(n — x),
and assume that « > & and v > 7.

Set

Hszf(x), X € {a,#],
Hp®Bf(x) := (35)
HDgff(x), x € (“*b b},

and

M, —max{HHD fH o "‘/3me ;,]}. (36)
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Then
b HDE‘B dx H]D)tx‘B d Ml(b )“*RJFl
/u flx)dx —/‘ £ YS ear(a—w12) 57)
Proof. From (33) we have
Hm&pB 1 /x a—a—1 Hypap
DA = oy L (-0 PR poar @)
Vxe {a, ";—b}
By (34), we get
Hm&B _ 1 /h _aa—a—1 Hnyap
D" f(x) Ta—7) x(t x) Dy " f(t)dt, (39)
vxe |50b].
We derive that
H
‘H Dy (x )‘ H o fH sl (x—a)“*a (40)
F(a—tx+1) ’
Vxe [a, #} , and similarly,
Hmy~B
"Dy Pf()| < el L (e (41)
b= T(a—a+1) ’
vxe |4t p).
We notice that:
bHa,ﬁ _ #HE,[B bHE,ﬁ _
D*P f(x)dx = DS f(x)dx+ [ DY f(x)dx =
a a HT
a+b
/ % HDYE £(x)dx + / b HD®P £ (x)dx (42)
B a+ # b— :
We further derive that
Hp
g ] I
/u Da+f(x)‘dx< Ta—a+1) /a (x —a)" dx = (43)
H H B
H D fHoo a;b] atb . a—0u H ]D) f” a+h b—a a—a+1
F(a—a+2) 2 N I“(tx—oc—i—Z) 2 '
That is, it holds
Hp
%HDE’ﬁ dx < H fHoo “*b b—a a—atl 14
/u SIOIE F(oc—tx—l—Z) 2 ' 49
Similarly, it holds
H]D)”‘rﬁ
o e
H “lﬁ < oo,[ 2 ’b] b a
/HTM Db*fm‘dx* T(x—a+2) 2 ' 45
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Therefore, we obtain

/b Hp®b £ (x)dx

a

</ h |FDBf(x) | dx =

s .
[ oitrlas [ ol <

HHD fH a b a—a+1 HHDZL’;B](HOOI Lb, h— a—a+1
r(a—vwrZ)+ ( 2a) i r(“—“-i-[;) b]< 2a) - @
( )uc a+1
L L] MR i I =
2M1(b B a)lX*tX‘Fl B M1 (b _ a)zxfchrl
200 HIT (y — g 4+2) 20T (a —w+2)
O
We continue with the L;-variant:
Theorem 7. All as in Theorem 6 witha —x > 1 (i.e.,, x >+ 1). Call
M, = max{HHD“ﬁfH " H]D)"‘ﬁfH " } 47)
[a,%42] [ 250 .b)
Then
/ab DT x)dx) < / D7 f|ax < ]Zhl(llz(oc —)Z_j 1) )
Proof. By (38) we have
o880 < gy [ e 0 it
A,y “9)
Vxe [a, ”g—h} .
Similarly, from (39) we find that
oo < B g

2 r

Vxe [#, b}.
Furthermore, we obtain

F(zx—oH—l) ( ;a>H' G
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Similarly, we derive

HHDZCffHL[mrb] (b _ 11)“_“
> .

Therefore we obtain

/b HDAP £ (x)dx

a

< / b D £ (x)|dx =

HP £ (x (dx <

#
/a ‘H]Df’fﬁf ‘dx+/+b

e S ] Y e
F(oc—ﬁ—i—l) ( 2 ) =
2My  (b—a)"" My  (b—a)" "
Me—w+1) 20« o Fa—m+1) 20-a-1

O

Theorem 8. All as in Theorem 6 with « — & > -, where p,q > 1 % + % =1. Call
M = Hp P }
o I I 2
Then ) )
/ HIDRA £ (x)dx| < / HDREf (x)|dx <
a a
M; (b . a)DC*RJr%
_ _ 1 —_ 1 a—m—1 :
F(oc—vc)(p(tx—oc—l)—l—l)l’(oc—zx+?) 2 q
Proof. By (38) we have
’HD flx ‘ /x(x — et ‘HID)“”Sf(t)’dt <
—TI'(a— oc) at -
# * _ pypla—w—1) H _
T« —a) (/a (x =87 dt) | "o fH l0,25]
~_1
S
T —®)(pa—T—1) +1) [o.25]
Vxe a,”ﬁb witha — & > %.
And, by (39), similarly we derive
— 1
= b—x (“7“7§>
INae—w)(p(a—x—1)+1)7 [ 2]

Vxe [ZLb], witha -7 > 1.

(52)

(53)

(54)

(55)

(56)

(57)
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Consequently, we obtain that

. oty
/” F(oc—tx)(p(ac—tx—l)%-l)%
ozl

Tla—a)(pla —a—1)+1)

Similarly, we derive

b
fos
2

Therefore, we obtain

/b Hp®b f(x)dx

a

TP f(x)|dx <

sl A

(“_R+%) <b;a>““"+;. (58)

HHDfoHq,[ﬂ;b,?] (b_a) "} -
F(a—ﬁ)(p(tx—ﬁ—l)+1)?(a_ﬁ+%) 2

HDgff(x)’dx <

</ b D £ (x)|dx =

(2221 g * 172251, ) (1)

< (60)
r(“*“)(ﬁ(ﬂé*afl)+l)k’(0(*064,%) 2

M, (b_ayx—&-i-%
Fa-m)(pla—a-1)+1)7 (x—7+1) g

proving the claim. [

==

Next come y-Hilfer-Ostrowski type inequalities for several functions involved.

For basic yp-Hilfer-Ostrowski type inequalities involving one function see [11].
We make

Remark 2. Our setting here follows: Let f; € C"([a,b]), « ¢ N, n = [a], « > 0; i =
1,.,r € N—{1}, xo € [a,b]. Assume that g1;(x) = Ig;ﬁ)(n%);wfi(x) € C"([xo,b]) and
wy;(x) = Ig,ﬁ e l/Jf( ) € C*([a, x0)), for alli=1,...,r

Define
81i(x), x € [xo,b]
Pix, (X) = . (61)

wii(x), x € [a,xo)

Notice that if B =1, we get §1;(x0) = w1;(x0) = Pir,(x0) = fi(x0), alli=1,..,r
In general, for f € C([a,b]) we have

L) < r(l) [ 9 @) - w0 <
W(M —(a))", ¥ x € [a,b]. (62)

Hence I’ Al Y f(a) =
Szmzlalry, we have

B2 0| < s [ 9000 — vl <
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||fHoo,[a,b] «
T p(6) — 9, ¥ x o] (6

That is 1'% f (b) =

So when 0 < [3 < 1, by the above we obtain g1;(xo) = w1;(X0) = @ix,(X0) = O, for all
i=1,..r.

Thus, it is always true that g1;(xg) = wy;(x0), i =1,..., 7.

We present

Theorem 9. Let ¢, f; € C"([a,b]), « ¢ N,n = [a], 0 > 0;i=1,.,r € N—{1}, x0 € [a,]].
Here 1 is zncreaszng, ( ) # Oover [a,b] CR,0< B <1, u= n(l — B) + Bu. Assume

that g1;(x) = 14 P fi(x) € C([xo, b]) and wy; (x) = 13 -P "V fi(x) € ([0, x0)),

X0—
foralli =1,..,r, and ¢y, (x) is as in (61). Assume also that g%i]lp(xo) = wgl]lp(xo) =0, for all
k=1,.,n—1.
Then
(1)
6% (1, fr) (x0) := (64)

b r r b r
1’/ (H q))xx()(x ) Z q’zxo X0) / H(ijo(x) dx
Ja A=1

i=1 =1

-

Il
—_

[ Mot

Jj#

(1? HDLEY i (x) ) dxe | +

vl r

| TLomato | (8 M08 £ x| |,
X0 j:1

L j#i

and in case of 0 < B < 1, we have that

0% (f1, s fr)(x0) fr/ <H(P/\xo ) (65)

(2) furthermore, it holds

10 (1, £r) (0)| <

Ll

.
09,[a,x] ]IJ Pixo

Jj# 1,[a,x0]

ZHHDX0+

o0, [x0,b] [ 19 (p(b) —p(x0))" - (66)
7120/ ]:1

j#i 1,[x0,b]

It follows the Lq-variant.
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Theorem 10. All as in Theorem 9, with « > 1. Then

6% (1, fr) (x0)| <

)
Hpy* ﬁ tP yfl
ZH Ly ([a,%].$) H(p]"o +
1,[a,x0]
3] el . H ool | WO -pE) T E @)
J# 1,[x0,6]
Next we have the L;-variant.
Theorem 11. All as in Theorem 9. Let also p,q > 1: % + % =1lwitha > % Then
1

6% (1, fr) (x0)| <

r r 1
L DA o [LL 0 ($(x0) — (@) "1+
=1
j#i 1,[a,x0]
HyaB; vy - p—t
ZH Dy, [ i ($(b) — p(x0))" T} (68)
=
j#i 1,[xo,b]
Proof of Theorems 9-11.
By Theorem 3 we have
g1i(x) — ui(x0) = Le! MDY fi(x), ¥ x € [xo, ),
and (69)
wii(x) — wyi(x0) = L HDYPY(x), ¥ x € [a,x0],
foralli=1,..,r
That is 5
o
Pizg (%) = Pixy (x0) = L% 'Y fi(x), ¥ x € [xo,b],
and (70)

Pixy (X) — @ixy (x0) = I HDEPY £(x), W x € [a,x0),

foralli=1,..,r

r

Multiplying (70) by | IT @jx,(x) | we get, respectively,
j=1
j#i

r
H Prxy (X H(P]xo x) | ixy (X0) Hq’]xo X I;]:Of_ HDiolilpfz(x)/ (71)
A=1

J#l J#l



Symmetry 2021, 13, 463 12 of 18

YV x € [xo,b],
And

r

H q))\XO H q)]XO x (szg xo) H q)]XO 'x IJI:OIK H]D)zoﬁ—tpfl (x>’ (72)
A=1
J#l J#l

Vx€lax), foralli=1,..r
Adding (71) and (72), separately, we obtain

T(H GD/\xo(x)) - Z Hq)]xo X) | Pixg xO) = (73)
A=1

i=1
J#z

r
Z 1—[ (P]xo Iilof- H]D)zoli-lpfl (x) ’
i=1

J#l

YV x € [xo,b],
In addition,

T(H PArxg (x)> - Z Hq’]x() x) Pixg (x0)| = (74)
A=1 i

J#z

r
|| TT i () | B2 D5 i) |,
. i
j#i
Vx € [a, xp).
Next integrate (73) and (74) with respect to x € [a, b]. We have

/(H(Pm )dx—i (Pixg(x())/: IL{‘P]'XO(X) dx| =
0| j=

i=1 =
j#

r b r
| [ | T | (1t "03E2fix)Jax |, 75)
i=1|7% | j=1

J#

and

/ (H(PAxo )dx—Z Pix, xo/ H(P]x[) dx | =
i=1

{7

T X0 T
Y| [ T (o) | (28 105 fi ) x| 76)
i—1 =1
J#i
Finally adding (75) and (76) we obtain the useful and nice identity (64).
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Identity (64) implies

09 (fr ) (30)] < 1 { { A f{qvij(x)) (2
L

j#

X(]—

x))dx] +

{/ : (H|¢]o (h [y | (x) ) ” = (77)

[

(/ P(0) = p() | (DY) ‘dt) dx} +
s
( / W (1) ((x) — (b)) (HDXO’T” ) ‘dt)dx” <

: )i HDig’*‘”ﬂm[“]/'X(’(w(xo)w(@)f*(fl!qojxo(x))dx] 78)
!

I+ o
b r
Ny /XO(’P(X) —(x0))" gfq)jx()(xﬂ dx| | <
j#i

gk

| o

1 Hp A B Lo
I(p+ 1) im H Dy fi [a,xo](lp(xo) $(@)" E(P]xo ] +
J#i 1,[a,x0)
e NN CORITCNE qu]xo ” = (79)
i 1,[x0.b]

TESy { (ZHD??f‘”f oo
(ZHDXO+

HG"J X0 ) (¢ (x0) — 9(a))"+

] 1,[a,x0)

) (p(b) — llf(xo))”}, (80)
1,[x0,b]

0,[x0,b]

r
H Pjxo
j=1

j#
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proving (66).
Ifao ¢ Nanda > 1, thenn = [a¢] > 1,andn—1 > 1 > B(n—a). Hence n —
B(n—a) >1and u > 1. So we have

1

0 () < S| | [ Tlloi ! | i

i=1
j#i

([ v - v | (o ) o]ar)ax] +

[ 1Tl |
o (X
o | Lol 5
J#i
X
([ 0w — vy (psf2s) o]ar)ax| | < 1)
X0
1 " H “/54] X0
F(],t ZZ H ]D)xo_ Li(] uXO]‘/’)/a ($(x0) - H|¢]x0 ‘ dx
{7
b
/151/}
+ HHD§0+ fi (x0.bL) /xo('ub(x) H’(P]xo | dx| | <
]?él i
1 ¢ HnyBiy y 1
r(ﬂ); H D= fi Ly([a,xol, lP)(w(xo H(P]xo + 62)
]#l 1[a,xo]
H "‘.Bl/’ u—1 4
[Rexes ] INCIORSTED) [Tos -
J# 1,[x0,b]
1 u n,0,; —
7 | B A ] o qu]xo (W(xo) —p@) '+ ()
]#Z 1[a,xo)
-1
DL P | O (R [TCRTE
i Llxo ]
proving (67).
Leta > Owith [a] =n € N,and let p,g > 1: %—1—% =1, with a > %. Clearly

n>%.LetO<‘B<1thentxﬁ>g,furthermore],t:n(lf‘B)+,Boc>§+n(1fﬁ)2
B — Bo1,1 BB _ 11 _ 1 i 1
g1 ﬁ—q—i-p—l-q p— =7t p(1—pB) =g Thatisu > .
From (81), by using Holder’s inequality twice, we have
1

’9¢(f1""/fr>(x0)’ < 1"(]4)
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p(p—1)+1
A Y $(x0) = () 7 [repy
Pjxy (¥) ; D f; dx
;1 /“ fg’] | (p(u—1)+1)7 H ’ alexoly)
j#i
bl , (p(x) — H
'/X0 g(/’m(x)\ (P( % H DA, o™
j#i
1
(1) (p(r — 1) +1)7
r X0 r ' B ]zl—l H lx,ﬁ;l/l '
2|7 | oo | o w30, x|+
j#i
s — U Hpya b
L (Mo |0 - vy 1oefs], x| | <
o | j=1 q([x0,0L,)
j#i
1
() (p(p—1) +1)7
3[R, gy (P20 = @) [T T i T
i-1 a([2x0l.¥) j=1
L J#i 1,[a,x0)
[ 5] gy @0~ 0" T 0 -
([x0.0],4) j=1
j#i 1,[xo,b]
1
T(1) (p(r — 1) +1)7
[T ((x0) — ()"~ 1+
i=1 9)|i=1
j#i 1,[a,x0)
ZHHDXO+ T ($(B) — p(x0))" 7 ¢,
9)|[1
J#i 1,[x0,0]

proving (68). O

Next we present a y-Hilfer-Hilbert-Pachpatte left fractional inequality:

(84)

(85)

(86)

Theorem 12. Let i = 1,2; ¢, fi € C"i([a;, b;]), with ; being strictly increasing over [a;, b;],
where n; —1 < a; < n;, 0 < B; <1, and v; = a; + Bi(n; — a;), x; € [a;,b;]. Assume that
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fl[lpl ']( ;}Jr ﬁ’)(niflx");lp’ﬁ) (a;) =0, fork; =1,..,n; —1. Letalsop,g > 1: % + % =1, such
that aq > %and ap > %. Then
/”1 /”2 |f1(x1) | f2(x2) |dx1 dxp <
@ (pr(e1) —ya ()PP~ D+ 4+ W2()— Pa(a))12 D+ T
p(pla=1)[+1) q(9(2—1)+1)
(b —a1) (b2 — Hpy1.B1:41 Hp%2.P2iv2
D 87
T (a1 )T (a H R A S S W AP )
Proof. By Theorem 2 we have
1 Xi a
i) = gy [ 9 — ) P (58)

Y x; € [{Ili,bi],i =1,2.
Then
1 w1 | Hoett Bt
A < gy | WO W) — ) PO fear, (89)

i=12Vx € [ai,bi].
By Holder’s inequality we obtain

plag=1)+1
1 (Pi(x1) —¢r(aq)) 7 Hp A 90
|f1(x1)] < () (p(a — 1) _'_1)% H mt S HLq ([arbr] 1) 0

VX1 S [allbl]/
and

1 () — o))" T
h(Xp) — Yo (an H]D)“Zrﬁz W2 91
PO S T e + 1)1 "] D

Vx, € [az, bz].
Hence we have

1

)l f2(x2)] < T 1
[(a1)T (@) (p(ar —1) +1)7 (g(az = 1) +1)7

pla=1)+1 q(xp—1)+1
(P1(x1) =¢1(a1)) 7 (P2(x2) —Yo(a2)) 7 (92)
Hiy*1.81;%1 Hp*2 B2tz
H ]D)a1+ f HLq [111 bl] l/)l a2+ f HLp [az bz] l/Jz

(using Young’s inequality for a,b > 0, arbi < % + g)

1 (y1(1) = 1 (@)D (o) — ga() ™Y
I'(aq)T(atz) pp(ar —1) +1) 7(q(az = 1) +1)
H D‘lr.Bllpl H “2‘821/)2
H Dot f HLq ([a1,b1].¢1) Dot f2 HLP(["Z'I’Z]'W)I

Y x; € [ai,b,’];i =1,2.
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So far we have

|’f1(x1)||f2(x2)| < (94)
(11 (1) —tpy (ag))P (11~ + (2(x2) —a(a2)) (22D +1
PPl —1)1T) 1(q(az=T)+1)
Ha1,B1t Hpy®2 B2
H Doyt h HLq ([a1,b1],¢1) P h2 HLP ([a2b2] 42)
T(a1)T(az) '

Vxl- S [ai,bi];i =1,2.
The denominator in (94) can be zero only when x; = 47 and x, = a5.
Therefore we obtain (87), by integrating (94) over [a1, b1] X [az,bp]. O

It follows the right side analog of last theorem.

Theorem 13. Let i = 1,2; ¢;, fi € C"i([a;, b;]), with ; being strictly increasing over [a;, b;],
wheren; —1 < a; < n;, 0 < B; <1, and v; = a; + Bi(n; — w;), x; € [a;,b;]. Let also p,q >
S R 1 1 [ni—ki) (((1=pBi) (i —ai);p; —
1: g+ 5 =1 suchthat ay > 2 and ay > . Assume that f;,’ (Ib,-— fl) (b;) =0,

forki=1,..,n; — 1. Then

/bl /bz f1(x1) [ f2(x2) [dx1dx <
i ( g (by) = ()P (1D (le(bz)—lpz("2))q(a2_l)+l> :

( (a1 —1)[+1) 7(q(aa—1)+1)
(bl _al)(bZ Hmy1.81:%1 Hmy&2.82:%2
T'(aq)T (a2 H Dbl— fHLq ([a1,61), 1) Dbz— fHLp (Jaz,bo] ) (95)

Proof. Similar to Theorem 12, by the use of (30). O

We continue with other Hilfer-Hilbert-Pachpatte fractional inequalities.

Theorem 14. Leti=1,2;0a; > 0,a; ¢ N, [a;] = n;,0 < B; <1, f; € C"i([a;, bi]), [a;,bi)] CR
and set v; = a; + Bi(n; — &;). Assume further that A o+ fi € Cla; bi]) - A% ]lfl(a i) =0,
forji=1,..,n;. Letalsow; > 0: [&;] = 7;, with7; = ®; + Bi(; —w;), and assume that a; > &;
and vy; > 7y;. Furthermore, let p,q > 1 : % + % =1, such that aq > % and ay > % Then

HDZ;fzfz (Xz) ‘dxl dX2

b by ’HDallflfl(xl)’ _
/ﬂl / ( Xy — ‘11 "‘1 E1—1)+1 (XZ_az)q(lxzazl)Jrl) =

p(p(a;—a1—1)[+1) + q(q(ax—m—1)+1)

(b1 —a1)(by — a2) ’ Hpti g, H
r(Dél —E1)F(l¥2 —32) o+

H “2!,32
Lq [Lll b]] ﬂer f HLP [ﬂz b2 (96)

Proof. Similar to Theorem 12, by the use of Theorem 4. O

It follows
Theorem 15. Leti=1,2;a; > 0,a; ¢ N, [a;] = n;,0 < B; <1, f; € C"i([a;, bi]), [a;, bi)] CR
and set vv; = a; + Bi(n; — ;). Assume further that AZI_"_fl- € C(la;, b)) : A% ]‘fl( i) =0,

forji=1,..,n;. Letalsow; > 0: [a;] = 0y, with7y; = a; + B;(n; — w;), and assume that n; > W
and «y; > ;. Furthermore, let p,q > 1: % + % =1, such that oy > % and ay > % Then

b |y ﬁ1f1<x1>\ MDEPphn)|indn
/ﬂl ~/LZ ( b — Xl al - 1)+1 (b27x2)4(112 - 1)+1> -

p(p(ag—a1—1)[+1) q(q(az—m—1)+1)
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(b1 —a1)(b2 — HHDmﬁl

H “2!,32
1"(1x1 —El)l"( 2— Q) fa H ©7)

hl_ 1HLq([IZ],b1])’ bz— Lp [ﬂz bz
Proof. Similar to Theorem 12, by the use of Theorem 5. O

We finish with two applications:

Corollary 1. All as in Theorem 12, with i (x1) = €*1, p(x2) = e*2. Then

/bl /bz |f1(x1)[|f2(x2) [dx1dx; <
ap Jap ( (e¥1—em )P+ (pxy _apya(an— 1)+1> =

(P(M 1)[+1) q(q(a—1)+1)
(b1 —a1) (b — a2) || fryyr Brie™ Hppa pre?
F(al)r(ﬂéz) H Du1+ f HL,, (a1,b1]e u2+ f H p([uz,bz],e"z). (98)

Proof. By Theorem 12. [

Corollary 2. All as in Theorem 13, with [a;,b;] C (0,400), i = 1,2; and ¢1(x1) = Inxy,
P2(x2) = Inxp. Then

/hl /bz | f1(xc1)[|f2(x2) [dx1dx; <

a1+1 wy—1)+1
bll’l) ln%q(z)

q(q(ax=1)+1)

p(p(al DESVRS

e

Proof. By Theorem 13. [

Hpy*2B2; lnxzf H (99)

Lq al,bl lnxl) bz— LP az,bz 11’1X2)
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