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1. Introduction

In mathematics, quantum calculus or g-calculus is the study of calculus without limits.
In the early Eighteenth Century, the well-known mathematician Leonhard Euler (1707-
1783) established g-calculus in the way of Newton’s work for infinite series. Yet, g-calculus
was known to be initiated by F. H. Jackson in 1910, who introduced the g-derivative and
g-integral in [1] (see also [2]).

As a connection between the fields of mathematics and physics, g-calculus has played
a significant role in physics phenomena; for instance, Fock [3] studied the symmetry of
hydrogen atoms using the g-difference equation. Furthermore, in modern mathematical
analysis, g-calculus has many applications such as combinatorics, orthogonal polynomials,
basic hypergeometric functions, number theory, quantum theory, mechanics, and the theory
of relativity; see also [4-24] and the references cited therein. The book by V. Kac and P.
Cheung [25] covers the basic theoretical concept of g-calculus.

In 2013, being one of the most attractive areas, some new researchers are interested
in g-calculus; in particular, J. Tariboon and S.K. Ntouyas [26] defined the gi-calculus and
proved some of its significant properties. Next, J. Tariboon and S.K. Ntouyas [27] extended
some of the important integral inequalities to g-calculus. Moreover, in 2016, J. Necmettin,
Z.S. Mehmet, and 1. Imdat [28] proved the correctness of the left part of the g-Hermite—
Hadamard inequality and the generalized g-Hermite-Hadamard inequality. With these
results, many researchers have extended some important topics of g-calculus together with
applications in many fields, such as g-integral inequalities; see [29-37] for more details.

Fractional calculus is the field of mathematical analysis that deals with the investiga-
tion and applications of integrals and derivatives of arbitrary order. In 2015, J. Tariboon, S.K.
Ntouyas, and P. Agarwal [38] proposed a new g-shifting operator ,®;(m) = gm + (1 —q)a
for studying new concepts of fractional g-calculus. Furthermore, in 2016, since inequal-
ities play a vital role in modern analysis, as well as mathematical analysis depends on
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many inequalities, W. Sudsutad, S.K Ntouyas, and J. Tariboon [39] studied some fractional
g-integral inequalities such as the fractional g-Hermite-Hadamard integral inequality;,
the g-Holder integral inequality, the g-Korkine equality, the g-Griiss integral inequality,
the g-Griiss—Chebyshev integral inequality, and the g-Polya-Szeqd integral inequality on
finite intervals.

Inspired and motivated by some of the above applications, in 2016, M. Tung and
E. Gov [40,41] defined the (p, q)-derivative and the (p, g)-integral on finite intervals and
proved some of its properties. Later on, they also extended some of the new important
integral inequalities on finite intervals to (p,q)-calculus. In 2017, M. Kun, I. Imdat, N.
Alp, and M.Z. Sarikaya [42] proved the correctness of the left part of the (p, 9)-Hermite—
Hadamard inequality and the generalized (p, )-Hermite-Hadamard inequality. In ad-
dition, in 2020, J. Soontharanon and T. Sitthiwirattham [43] introduced the new concept
of (p, q)-difference operators on [0, T|, where T > 0, and studied some fractional (p, q)-
calculus properties in the sense of (p, q)-difference operators; especially, they proposed the
fractional (p, q)-difference operator of the Riemann-Liouville and Caputo types.

Shortly afterward, many authors generalized and developed the g-calculus theory into
a two-parameter (p, q)-integer, which is used efficiently in many fields, and some results
on the study of (p, g)-calculus can be found in [44-68].

However, fractional (p, g)-calculus on finite intervals via some integral inequalities
has not been studied yet. This gap is the motivation and inspiration for this research.
The main purpose of this paper is to study the fractional (p, q)-calculus on finite intervals
and to give some of its important properties. Then, we prove many fractional (p,q)-
integral inequalities on finite intervals, for instance the fractional (p, q)-Holder integral
inequality, the (p, )-Hermite-Hadamard integral inequality, the (p, )-Korkine equality,
the (p, q)-Griiss integral inequality, the (p, q)-Griiss—Chebyshev integral inequality, and
the (p, q)-Polya-Szeqo integral inequality.

2. Preliminaries

In this section, we would like to recall some well-known facts on fractional (p, q)-
calculus, which can be found in [10,11,38,53,55]. Throughout this paper, let [2,b] C R be an
interval with a < band 0 < g < p < 1 be constants,

— [P
Klp.g { = kel @
k pz qi
klpqlk —1 = , keN
klp.q! = Hpal | P H p—q
1, k=0
A g-shifting operator is defined as:
a®q(m) = qm+(1—q)a, 2
where m € R. For any positive integer k, we have:
HCDZ(m) = ucbg’l(ucbq(m)) and aCDO( ) = m. 3)

By computing directly, we get the following results.

Property 1. For any m,n € R and for all positive integers j, k, we have:
(i) o ®f(m) = oy (m);

(ii) 1@ (s (m )) = (@b (o (m)) = 1@ (m);
(i) ﬂcpq(a)
(iv) aCD"( e =gl

@ m—o®f(m) = (1-4")(m—a);
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(vi) gCIDS(m) = ma/mcbs(l), form # 0O;
(vii) Pg(m) — acbs(n) = q(m - a@’;‘l(n))
For m,n € Rand k € NU {0}, the g-Pochhammer symbol or the g-shifted factorial is a
g-analogue of the Pochhammer symbol, which is defined by:
k-1
(miq)o =1, (mq) =1(1—q'm), (4)
i=0

and the new power of g-shifting operator is defined by:

0 k-1
(n-mP =1, { = [1(n — o®}(m (5)
i=0
More generally, if 7 € R, then:
= 1-(2)q
(n— — (6)
g - (Rt

and: ‘
1)~ [ 24

=01 — o @) " (m)

n # 0. (7)
The (p, q)-derivative of function f is defined on [a, b] at t € [a, b] as follows.

Definition 1 ([40]). Let f : [a,b] — R be a continuous function. Then:

Dpaf(t) = f(Pt+(1(r;:) L)(ﬁq{i;(lq)a),t#a; ®)

aDpqf(a) = lim o Dp 4 f(t) 9)

is called the (p, q)-derivative of a function f at a.

Obviously, f is (p, q)-differentiable on [a, b] if ;D4 (t) exists for all ¢t € [a,b]. In
Definition 1, if p = 1, then ,D; 4 f = 4D, f, which is the g-derivative of function f on [a, b],
and if a = 0, then (8) reduces to the g-derivative of the function f on [0, b]; see [25,41] for
more details.

Definition 2 ([40]). Let f : [a,b] — R be a continuous function. Then:

/f adpgs = (p — Q)(t_“)nzz)pnﬂf( n+1t+<1_p:ﬁl)a) (10)

is called the (p, q)-integral of f for t € [a, b].

Furthermore, if ¢ € (a,t), then the (p, q)-integral is defined by:

/f pqs—/f dpgs — /f dpgs. (11)

Note thatif 2 = 0 and p = 1, then (10) reduces to the g-integral of the function, which
can be found in [26].

Theorem 1 ([40]). The following formulas hold for t € [a,b] :
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() quq/f pas = £(1) = f(a);
(ii) / aDpaf (8)adp,gs = f(t);
(iii) / oD f (8)adygs = F(£) — F(c), for ¢ € (a,t).

Theorem 2 ([40]). If f, g : [a,b] — R are continuous functions, t € [a,b] and A € R, then the
following formulas hold:

@ [ilf(s >+g< dpqs = f F(8)adpqs + [, 8(5)adpgs;
(ii) f /\f pqS—Aff ,,qs
(iii) fa f(ps+ (1= p)s)aDpgg(s ) pas = (f&)(s f 8(qs + (1 = q)a)aDpg(f(s))adp,gs.

Let us define the new (p, g)-analogue of the power function ,(m — ”)];(:,q with k € NU {0}
and m,n € R as the following:

dm=m)0 =1, (m—n)) = | (ucp;(m) - acp;(n)). (12)

a(mn)gf%:(mﬂ)kﬁpi<l (Z:Z) <Z>l> (13)

(14)

Property 2. For « > 0, the following formulas hold:
i k 1 k
(i) aqu/p(m)—a: (?) (m—a);

o i — (1) 1y ©
(ii) a(mfuq>g/p(m))(“):(mfa)“l—[ p-l(p)(i)_(’””)“(l(z}k> '

| i k .
b4 =P = (%) (%) ati)

Proof. (i) For & > 0, we have:

gq)’;/p(m) —a= (Z)an— (1— (Z>k>a—a = (Z)k(m—a).

To prove (ii), we use (i) and let n = u@g/p(m) in (14); we have:
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Lemma 1. If f : [a,b] — R is continuous at a, then:

t/p+(1-1/p)a ot
/ / f pqra pqs—/ / f(r)adp,qsadp,qr. (15)
a pgr+(1-pq)a

Proof. By Definition 2, we have:

t s t 0 qn qn qn
~/a /a f(r)”dpr‘ir’ldplﬂs = ~/a (p - 5]) (S - ﬂ) n;:o pn+1f(pn+1s + (1 - W)a)adp,qs
q" n
q" q
P q Z/ ( n+l n+1 )f( n+1s+ (1 - n+1>”)ﬂdms
n=0 P p
7" 7" q"
(p—a) Z/ K nii® (1_ n+1)”)f( PR (1_ n+1>“)
n=0 P p P

—af 1-— 1 a|ladpgs
n+1 prtl azpa=

By letting u = pZ—ils + (1 - pZ—il) a and using Definition 2, we get:

o o0 2m+n m—+n m—+n
q q q
= (P - q)z(t - a)Z Z Z p2m+n+3f<pm+n+2t+ (1 - pm+n+2>a>

m=0n=0
o 00 m+n n n
=G-0P - L L s (Gt (15 o)
m=0n=m
q

n+1 n+1
—1q

|
—~
S
|
Y
~
—~
—
|
AN
~—
N
12
=

pn+1

. P p
“o-a (b (1= Do) £ (12 () e
A (o (1)) (5))

/t/p+(171/p)a

(t—par — (1 —pq)a)f(r)adpqr

t/p+(1-1/p)a rt p p
= r S r.

The proof is complete. [
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Fort € R\ {0,—1,-2,...}, the (p,q)-gamma function is defined by:

(p— )y, "
r - (16)
palt) = = gy
and an equivalent definition of (16) was given in [56] as:
I—'p’q(i’) _ pt(tgl) /0 t 1E qxdp qx (17)

where:

Obviously, T'pq(t+1) = [t]p4Tp,4(t). Fors,t > 0, the definition of the (p,q)-beta
function is defined by:

1
_ t—1
Bpq(s ) :/0 u 10(1_0%(“));, odp g, (18)
and (18) can also be written as:

- 22004 (5)Tpq(t)
— p(t=D)(@s+t-2)/22P4\>) " pa L),
Bpals,t) = Tpe(s+1) (19)

see [43,69] for more details.

3. Main Results

From Lemma 1, we shall give that which leads to a definition of the fractional (p, q)-
integral of the Riemann-Liouville type with the consideration of the n-time as follows:

t Tn—1 r2
£ = / / / F(r1)adyqr1adi g2 - - alpgu—zadp g1 20)
a a a

The function f in (20) will be assumed to be continuous on [a, b]. From (15), we have:

//f dpqradp,qs

B /t/p+ (1-1/p)a /WJF( pq)uf(r)adp,qsadp,qr

B /aw+ I - (- p)y (r)adpqr

_ /at/er(l—l/P)tZ [t B q((P” +(1—-pla)— <1 — ;>a>}f(r)udp,qr
= :}/at (t—gqr—(1 —q)a)f(; + (1 - ;>a>gdp,qr
Ry P A P A

Integrating n-times reduces (20) to a single (p, g)-integral on [a, b] as follows.

Bl 0= e [l a0 (o (1 ) @0
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Definition 3. Let f be defined on [a, b], and let & > 0. The Riemann—Liouville fractional (p, q)-
integral is defined by:

al )= ——— | ot —aPs(s +(1- a) qdpgs
P,qf( ) p(2>rpq( )/g ( 'J( ))p,q f pr-t pr-1 pA

_p—qgt—a) w1\ @D g" g
T PO, n; +1“( “(Dq/p()>p,q f P 1 et ) ) (22)

Definition 4. The fractional (p, q)-derivative of the Riemann—Liouville type of order « > 0 of a
continuous function f on [a,b] is defined by (aDg,qf)(t) = f(t) and:

where & > 0 and v is the smallest integer greater than or equal to «.

The basic g-hypergeometric function is defined in [70] as:

> al/ (arWI)n n
Fs(ay,...,a;b1,...,bs; %) x", 24
r S( 1 rr V1 s ; (b],q) ] (bs,q)n ( )

and g-Vandermonde reversing the order of summation is defined as:

cq (c/b;q),
2h {q S ] G 2

Theorem 3. If f is a continuous function on [a,b] and «, B > 0, then the Riemann—Liouville
fractional (p, q)-integral has the following semi-group property:

By (B f (1) = bty (B (1) = (aliPF(). (26)

Proof. For t € [a,b], we have:
alha (ot f(t)>

2>FP'7 qu(ﬁ

st >>

_ 1 vea)y A (L P
p*- 1P(2)+ nq(ﬂ)rw(ﬁ)/ vl ZPIH( - 1> ( :

q j+1 p-1 (1) l]] 1
X (1 - <%> > (t—a<1>q(x)) f(W(x—a) + (1 — W)a),zdpqu

Z)
_ ) o oo i+ i 1\ B-1 sy a1
N OMOI G REONE
Xf(;;a%jfﬂ“*“” (1* ﬁ)“)

Applying the (p, q)-gamma function in (16), we obtain:

g\t B-1 gy (a—1)
al,’f,q(afgqum: (pqf;;%(;za)Hﬁii(Z)ZHﬁ(Z) (1 (Z) ) (1 (Z) )

pA pA
i=0j=0

(e *a%(X));D;Ua( o+ (1 - pa{l )u fﬂq>,,(s))(ﬁfl)

(p -V (p—a "
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qi+j 1 1
Xf W(t*ﬂ)‘l‘ *W a

e

p(&zﬁ) plX+,3 i=0

qi+j ; 1 1
Xf W( *ﬂ)‘l’ *W a.

Taking m = i 4+ j and interchanging the order of summation, we obtain:

al’é’q <“Ig,qf(t)) _ (= Q) Pt —a) P i(

p(u;ﬁ) p’H'ﬁ i=0

1 __1
X f(pac+5+m (t a) + (1 poc+ﬁ+m)a>

. ® g 1 ﬁ;,
_ (p_fﬁ;; ot i(") f(z)lﬁ ((Z)} 'Zl)z- (@ Z)n‘,i

m

- 5 () (= (1= e o)

p(wzrﬁ)pl’“rﬂ m=0
/S.,
(@ (O,
i=0

= =

O CH
((Z)ﬁ q>m_i ) (1 (Z)ﬁ)’; f: (1 (Z)5>Z<1 (Z)ﬁm)zl .
Bhos 00D - (-0,
=), (-0,
LA U
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Substituting (28) into (27), we get:
")
\". 4
( ( P ) P m—i _
9.9 9.9
(P’P)m,i (P’P)m ((
Therefore, we obtain:

ﬂlﬁq@;qﬂt)) _ (p*q);“;i(tfa)w i <%>nf( :7; s <1_ W%)”)

By (24), we have:

o) = R E s ()

From (25), we obtain:

el () (2 Pl <( 1_ﬂ_m_“;<
lep) ’(P)'(P) ’p] < )1—ﬁ—m;(%

Substituting (32) into (31), we get:

T (OI0)
p(,x;ﬂ)pa+ﬁ_1 = pm+l (%’ %)

9" 1

which is the series representation of ulg;’g f(t). Therefore, (26) holds. [

m

Ly (alpaf (1) =

(28)

(29)

(30)

(31)

(32)

(33)
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Throughout this paper, the variable s is shown inside the fractional integral, which is
denoted as:

(”Ig,qf(s)) () = p(g)l";q(zx) /ata(t — anq(s));‘i‘;l)f(Pasl + (1 - p“11>a) adp,gs.

Lemma?2. Ifs = p* s+ (1—p* Ya,a, B > 0,and t € [a, p*b+ (1 — p*a)], then the following
formula holds:

Pﬁ(afl)rp,q(ﬁ +1)
Tpg(B+a+1)

(aIg5—a)f) (1) = (t = a)P+e. (34)

Proof. Applying Definition 2, Property 2, and (18) and (19), we have:

2 (s - ' (a=1)
(ﬂlp,q(s - “)ﬁ> (t) = m /u alt— uq)q(s))p,q ! (s— a)ﬂ,ldp,qs

; ; (a—1) , B
(p—a)t-a) 5 o ( gt q
D s T () - Tt -a) T (t-a)
P(2>rp,q(“) i:opHa pitt e pitl
' I
(p—a)t—a)’"" & ¢ ﬁ ! (P) <P> ( q )ﬁ
Gr £ itT ) i+1 a—1+i | pitl
pPATpqe) S0P iZ0q - (ﬂ) (%) p

p

o . : (a—1) . B

- 64)

P(Z)rp,q (D() = p1+1 p o pl+1
_(t—a) Pt g (a=1)
- 1= 0@ Vodgs

_ \a+pB
Ty Bl

p(z)]"p’q(p()

_ Pﬁ(%l)rp,q(ﬁ +1)

Tpg(B+a+1)

(t—a)Pte,

The proof of Lemma 2 is complete. [

Remark 1. Define functions f, g : [a,b] — Rby f(t) = t and g(t) = t>. For a > 0, we get:
i) (alpaf6) () = 2oz [Pt —a) 4 (la+ Upg)al;
(i) (aI3q805)) (1) = rilay [P0 (p+ ) (= @) 4+ 20p" (= @)+ 2] + a2 + 2]l + Uy -

Next, we study some fractional (p, q) integral inequalities on finite intervals.

e The fractional (p, q)-Holder inequality on [a, p*b + (1 — p*)]:

Theorem 4. Let f : [a,b] — R be a continuous function, s = p*~'s + (1 — p* )a, and « > 0.
If p1,p2 > 0, such that 1/py + 1/ p2 = 1, then we have:

1/p2

(B Ns@N) () < (g FOIP 0) " (a1, lz@)2() (3)

Proof. Using Definition 3 and the discrete Holder inequality, we have:

AAICIHOIG
1

= o L o Oy
pA

(p—q)(t—a) & ¢ 1@V (9" 7
~ L i w) Gt (1= e

q" q"
‘g<pn+1 t+ (1 - pn+1 )11)
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1

(pP—q)t—a) & 1 <H>< q" )W

SV VAN t— @
P(Z)Fp/q(l){) y;( Q/P())M pn+1

qn E qn qn
X<pn+1> g<pn t+<1_pn+1 a
n

(P—q)(t—a) ¢ o @=1) g
< PO, () nZ::o( “®o/p )),,,q P

q" q"
f<pn+1t+ <1 - pn+1 >a>

1/p;
qn qn P1
f(pn+1t+ (1 T a
1/p2
qn qn P2
g(pnﬂt+ (1 - pn+1>”)

n

(P—q)(t—a) ¢ @1 q
X( 2( a ;/+pl )) pn+1

p( >1",,q( n=0 [z

1/p2

= (s P ®) " (a2 2 0)

Therefore, the proof of Theorem 4 is complete. []

Remark 2. If p = 1, then (35) reduces to the fractional g-Holder inequality on [a, b] as:

1/p2

(1) ®) < (1@ ®) " (atlg@rm) ", (36)

which appeared in [39]. However, if p = 1 and a = 0, then (36) reduces to the g-Holder inequal-

ity as:
/otf(s)g(s)dqS = (/ot|f(5)|plcqu)Up1 (/ot|g(5)|r’2dq5>l/p2,

which can be found in [71].
e The fractional (p, q)-Hermite-Hadamard integral inequalities on [a, p*b + (1 — p*)a]:

Theorem 5. If f : [a,b] — R is a convex differentiable function and « > 0, then we have:

([ +1]p0 — p*)a+ p*b Tpa(a+1) , . i
f( {‘J"qﬂL Upg ) = p’fzq(b—a)a (glp,qf(s))(p b+(1=p"a)

_ ([ + 11— p)f (@) + P4 (0)
- [ +1]p4 ’

(37)

Proof. From the left-hand side of the proof in Theorem 3 and Theorem 5.1 in [15,42],
respectively, there is a one line support:

([ +1]pq — p*)a+ p*b w5 1N (la+1pe —p*)f(a) +pf(b)
f< [ +1]pq > ’ <P’“ " <1 P"H)a &+ 1]pg )
Sf(rﬂ“s‘l

(55

foralls € [a,b] and m € [f/ ( ([zx+1]p/qp"‘)a+p"‘b) /fﬁr ( ([W+l]p,qpa)ﬂ+p“b>:| .

[a41]pq [a41]p,q

Multiplying by (;®pe (b) — o @y (s )) (a— )/p(g)l"p,q(vc) on both sides of (38), we obtain:

o o 0 =),

_r N a1 S 1N (et 1]y —p*)atpth
O e (P“l+<1 p’“)a < &+ 1l >>] ”

(i ®p(b) — D +(1-—)a).

([« +1]pqg —p*)a+ p“b)
[a+1]p4

<
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Taking the fractional (p, q)-integration of order a > 0 with respect to s on (39), where
€ (a,p*b+ (1 — p*)a), we have:

1 pib+(1-p)a (a ([ +1]pq — p*)a+ p*b
m/ a(a(Dp (b) ﬂq)q( ))pq f( [IX+1];W ”dﬁr‘ls

+m

1 pro+(1-p*)a (a—1)
P o (8) =y (5)

N 1 a— ([« +1]pq —p*)a+p*b
<pa1+<1 p“il) ( [ +1]p4 >>

1 b+ (1=p*)a (=1) s 1
—— @ (b) — 1@ 1—— Va).d
= p(g)rp,q(“)/a a(a pe (D) —a q(s))w f<p""1 +< pa—1>”>” S

= (ul0f(5)) (b + (1= p*)a). (40)

adp,qs

Moreover, from the left-hand side of (40), we have:

1 pib+(1-p*)a (@-1) . ([a+1]pg—p*)a+pb
—_— D (b) — ;D : d
P(‘z“)l“pq(uc)/a (e ®p(0) = a®4(5)) " f [ +1]p4 i

00 n (a=1) o 13
_ (—ap EP ( b)(qu;l(ba)+g)> f<([0€+1]w7 P)a+Pb>

p(z)rp q( 4 [Oé + 1]p,q

(P "7 Dé—i-lpq )11—|—p”‘b i qn 1_<q>n+1 (a—1)
Z)qu a) [+ 1 lpag = prtl P

pA4

b —a)t ([t 1pg—pt)atpib) [ (a-1)
POT () ( ﬁ"qﬂL pq )/o (1= 04 (s )) pg 04
_ paz(b_a)a ([D“'“l]p,q*}?a)ﬂerab
T, () ( [ +1],, ) Bpg(1,a)
_ paz(b_a) ([“+1]p,q_}7a>a+r)“b
T Tpela+1) ( [ +1]pq ) (41)

and similar to the computation of (41) above, we also get:
L (@1
—mo (aPpe (b) — aPy(s))
P(Z)rp,q(“) a pA
1]pq — P* “b
X asfl + <1_ a11>a_ ety =)ot adp,S
p p [+ g

_(pptib et & g "N\ g
Z n+1 L i+1
P(Z)Fp,q( ) n=0 P p p

pa
(a—1)
(p—q)pC(b—a)* & < ; n+l> ( <<[“+”p,qpa)a+pab>>
+ 1 _
F’( )qu( ) ; (P) b ¢ [a+1]p4
a? b—a) a1 _ g ap,

(la+1]pq —p)at+p'd  (la+1]pg—p*)at+p"d
Tpg(a+2) Tpg(a+2)

—0. (42)
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By substituting (42) and (41) into (40), we obtain the first part of (37). On the other
hand, from the proof of the right-hand side of Theorem 3 in [42], we have:

(e () 70+ O ().

Multiplying by (,®@pe (b) — 1Py (s)) /p Fp 4(a) on both sides of (43) and taking
the (p, q)-integral of order & > 0 with respect tos € [a, p*b+ (1 — p*)a], we obtain:

e P (b) — o 1— 1 V)
p(g)l—'p,q (Dé) /11 a(a P ( ) a q(s)>r’,q f(pt’él ( pafl ) a)” P/qs

- p(z)rlpq(a) /up b+(1—p )ﬂa(a%a(b) - ﬂ<1>q(s));tfq—1)
X [f(a) + f(bl)j : g(a) (p”‘sl + (1 - pal1>” - a)}adp,qs. (44)
By using the same computation as in (41) and (42) for the left-hand side of (44), we
obtain:
1

(o) /pwbﬂlprx)a a(ucpprv (b) — acpq(s)) y

PO, () Ja pa

R 1

pro—a)y L pt b —a)
= Tt 1) (’Z)er(f() f(a)) (45)
_ P70 —a)* (2 + 1pg — p*)f(0) + p*f(B)

Tpqla+1) . W+ 1], (46)

Substituting (45) into (44), we derive the second part of (37). Therefore, the proof of
Theorem 5 is complete. [

Remark 3. If p = 1, then (37) reduces to the fractional q-Hermite—Hadamard integral inequality
as:

(la+1];—1)a+0 Tola+1) /., ([ + 1]y — 1) f(a) + f(b)
f( = )S(b—a) (alif(5)) ) < e, /

which appeared in [15].
If o = 1, then (37) reduces to the (p, q)-Hermite—Hadamard integral inequality on [a, b] as:

qa+ pb 1 pot(1=pa qf(a) + pf(b)
f( p+q>ép(b—a)/a J@hodpas < 7 g )

which appeared in [42]. Moreover, if p = 1 and q — 1, then (47) reduces to the classical
Hermite-Hadamard integral inequality as:

£(557) < 525 [ roas < L0

which can be found in [72,73].

e The fractional (p, q)-Korkine equality on [a, p*b + (1 — p*)a]:
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Theorem 6. If f,¢: [a,b] — R are continuous functions, s = p* s+ (1 —
t=p*lr+(1—p*Ya,and « > 0, then we have:

| =

5 (a4 (F5) = F(D)(2(5) = () ) (p*b + (1= p)a)
~ PO (5O (r+ (1= e
— (a8 (FE)) (Pb + (1= p)a) (alfg(33) ) (p"b + (1= p*)a).
Proof. Using Definition 3 and applying (18), we have:
(a1 <f<§> - f®)(5(6) (7)) (1

a—1
p(z p(z I‘Z /u /a aq)q ( B quq(T’))p’q

X (f(s)g(s) —f (s)g(r) — f(r)g(s) + f(r)g(r))adp,qSadp,q7
(p—q)(t—a) i q

- [ £ (i)

Xf( it ( —an)a)g( n it ( Zil)“)

- _”; P T (s o)) (e (1))
|l § (o), s (1))
—_(pp<)?p:_”§pnla(f o)) f (st + (1= 5 )a)
X (pp()t;pqt—a ,i”"“a( ot );q (Zilt—i-(l—pZZl)a)
+F;Z(—“?1) <Pp< )?p:_u i ot ﬂ‘DZf;}(t))::

qn qn
A (- e (-]
n

_2t=a) |(p—q)(t—a) & ¢ )
_r,,qa+1) PO, (@) ng T a(t=a®l (1)

oP
><f< arit ( n+1>”)g<p211t+(1_PZL)“)}

p—q)(t—a) & a1 7
2[ p qu 1120 pn+1ﬂ( cpq/p ( )>p,q f(pn+1t+ 1 pn+1
p q t_ lZ d +1 a—1 qn qi’l

[ pa FM nZ%)p”H“( q)g/r’())p,q g<pn+1t+ 1_pn+1 a
2(t —a) 1 t a—1
" Tpglat 1) pT, 4 (a) /a o(t=a®4(5)), f(s)g(s)“dpf‘isl

pa—l)a,

(48)

)
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X lal()/ﬂtu(t—aq)q(s))pq 8(8)a Plis‘|

p(z)l"plq o

= 17 (a0 ~2(eihy 160 i) 0
p*(b—a)* . o ) )
B m@lrhq(ﬂs)g@)))(p b+ (1—p%)a)

— (alpa(FE)) (P04 (1= p)a) (alfg(2(5)) ) (p*b + (1 = p*)a).
Therefore, the proof is complete. O

Remark 4. If p =1, then (48) reduces to the fractional q-Korkine equality on [a, b] as:

2 (+4(79) = £ (5(5) — 8)) 1)

— s (g (615660 ()~ (BN ) ) (o 690 ) )

which appeared in [39]. Moreover, if &« = 1, then (48) reduces to the q-Korkine equality as:
1 b rb
5 /u /u (f(s) — g(r)(g(s) — (1)) adqsadyr

== [ 5Oaes — ([ shass) ([ slehass),

which appeared in [27].

e The fractional (p,q)-Cauchy-Bunyakovsky-Schwarz integral inequality on
@, p*b + (1= p*)al:

Theorem 7. If f,g: [a,b] — R are continuous functions, s = p*'s+ (1 —p*')a,
v = pP~lr+ (1 — pP~1N)a, and «, B > 0, then we have:

D F6 )86 ) (P + (1= p*)a)|

< \/( vc+ﬁf2(s r’)) (p*b+ (1— prx)a)\/( pqﬁg G, p)> (p*b + (1 — p*)a). (49)

Proof. Using Theorem 3 and Definition 3, we have:

“”ﬂ&><sﬂuﬂ

1x 1 1
p(z 0{ / / 11(1)'7 P4 a(t_aq)q(r))ﬁlq f(s’r>ﬂdp,qsadp,qr

(r— 4) (f —a)? gt i1 \" 1 )P
— - — .9 t—,®
P(“)P(g)rpq( a)lpq(B) lZé];) i+j+2f ( W”( )>pq ( q/p( ))M

q q q
<A (1ol (1o

Applying the classical discrete Cauchy-Schwarz inequality, we have:

(o325 55 7)) ()]
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(P—q)(t—a? & g ) TRV
- — t—a® 7 (t F— @7 (¢
[ P& pOIT, 4(a)T 0 (B) lzo,;o P”’]*Za( @iy )>p,q o (1= )y ))

q q g
(zﬂ (13 ot (1= 5 )

X X X 2

q ¢ ¢
( (1 P’*l)a';?f“H(l_Pf“)a)]

(P — q)z(t — a)2 O © qurj 1 a—1 1 p—1
< | — ——a(t—a @ (1) t— o @7 (1)
(P(Z)P@rp,q(a)rp,q(ﬁ) z;)];) p (= >m o= o2l >M

q 7 q
< (e (1= 5 Yot (1 2 )o)

(p—q)(t—aP &5 g TN 1) A
" (?7( POy (@)T g (B) ;)]g P”jﬂa( ~a®(t ))M u(t—acD{;;(t))

(o =t (-5
= (i PED)) ) (i L)) ()
= (alpsP 265 7)) (pb+ (1 = p*)a) (alpi 267 ) (p*b + (1= p)a).

Consequently, the proof of (49) is finished. O

Remark 5. If p = 1, then (49) reduces to the fractional q-Cauchy-Bunyakovsky—Schwarz integral
inequality on [a, b] as:

1] < (P PEn) oy (P52 6n) o)

which appeared in [39]. Moreover, if & = 1, then (49) reduces to the q-Cauchy—Bunyakovsky—

Schwarz integral inequality as:
b b 1/2 1/2
g[ / / fz(s,r)adqsadqr} [ / / Yadgsad, r] ,
a a

b
f(s,r)g(s, r)adgsadgr
a

which can be found in [27].
e The fractional (p, q)-Griiss integral inequality on [a, p*b + (1 — p*)al:
Theorem 8. If f, g : [a,b] — R are continuous functions satisfying:
P<f(s) <D and p<g(s) <Y, (50)

foralls € [a,b], ¢, @, 9, ¥ €R,5=p* s+ (1—p* Na,t=p* lr+(1—p* Va,anda >0,
then we have:

248D (1, £05) (04 (- p0) - (EE D (18,59 (764 (1))
() (aasis >)<“b+<1—p>>)]s§<¢ P ) 6
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Proof. Applying Theorem 7, we have:

(BB5(F6) — F0)(2(5) — () (1)] < ¢ (B (F5) = FE)7) (1)
A aBys@ ~smP) 0. 6

By Theorem 6, we obtain:

;(W>z(a1§f’i;(f(5) ~ @)

- W(nlﬁqﬂ@))(ﬂ - <W<ulﬁqf(r))(t)>2. (53)
On the other hand, we have:
W(ﬂﬁqﬁ@)(ﬂ - (W(ﬂ;q f(r))(t))z
_ ((I) - rzzfz(”‘“)(,zl;;,qf(s)) (t)) (W (aI5,F®) (1) - ¢)

— )
_Tpgla+1) (afﬁ,q(f(g) — ) (D~ f(§))) (t). (54)

(t—a)

From (50), we have (f(s) — ¢)(® — f(s)) > 0. It follows that:
(oIt (FB) = @) (@ = £3)) (1) = 0.

Applying (52) and using the truth that (KH( ) > KK’, where K, K" € R, we have:

1“,(,,4 . ( ) <qu Dc+a1 ( ;’;rqf(f))(b)>2
< ( e (*))(t)) (P22 (gar) 0 -0)
gﬂ( d,f) ) + (D (azg,qf@))(t)w)]z
=L@ (55)
Similarly,
T 1))\?
() (s - 52) () < 0¥ — 9 56

From (50), it follows that:

— ) 2
(a25(F(5) ) (35) — 5(2)) (6] < %(r::(a jl)) (@ — )(¥ — )

&(p— g)% 2
= [ (570 £ (55~ 80) (0 + (1= )] < 5 (EU=ET) @ - o) —) 67

Applying Theorem 6 again for (57), we have that Theorem 8 holds. [J
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Remark 6. If p =1, then (51) reduces to the fractional q-Griiss integral inequality as:

W( Ipf(s )g(s))(b) (W( I*f(s ))(b))
(D @) ®) < e - pr -9

which appeared in [39]. Moreover, ifa =1, p = 1, and q — 1, then (51) reduces to the classical
Griiss integral as:

s [ s (51 [ o) (1 [ ss) | < j@- ey,

which can be found in [72,73].

e The fractional (p, q)-Griiss—Chebyshev integral inequality on [a, p*b + (1 — p*)a]:
Theorem 9. If f, g : [a,b] — Rare L1—, Ly-Lipschitzian continuous functions such that:

[f(s) = f( < Lals—r|, 18(s) =g(r)| < La|s —r|, forall s,r€lab], (58)

s=p* s+ (1—p*Nat=p*lr+(1—p*Ya, Ly, Ly >0,and « > 0, then we have:

prb—a) ;o ) a
m(alp,q(f(s)g(s)))(p b+ (1—pY)a)

= (aT3a UFGD) (1 + (1 p)a) (al3(35))) (60 + (1 = p)a)|
< L1L2p20¢+2(b _ a)2a+2p2(a—1)

S o T ey e (At Ly X R Gl PO (59)
Proof. By Theorem 6, we have:
%(ﬂﬁq(ﬂ@g(sw () - (al;’,‘,q(f(g)))(t) (ul;’;,q(g(g))) (t)
= 5 (B4 — FD)(6) - 50) (1), (60)

From the condition in (58), we obtain:

|(F(s) = F(r))(8(s) = g(1)| < LaLa(s —7)?, forall s,r € [a,b]. (61)

Taking double fractional (p, q)-integration of order « > 0 with respect to s, r € [a, t]
with t = p*b + (1 — p*)a, we have:

( 5 <f<§> — f(1)(2(5) —2(¥) ) (1)

B z)rz / / o ®4(5)y, alt = a®e(), !
X (f(S)g(S) *f( )8(r) = f(r)g(s) + f(5)8(5))adpgSadpqr

L1L2 1 -1 2
§ 2)1"2 / / — oDy (s) Zq a(t— HCDq(r))‘;;q (s =) adpgSadp,qr-
LiLy ) 1 a—1 2
~ 9012, (a) / / ~a®0(8) g 0t = a1y, S adpgsodyar

2L L 1 -1
1 2 / / — a®y(s) “q a(t—ad%,(r))z,q Stadp,gSadp,qt



Symmetry 2021, 13, 504 19 of 23

Lle 1 -1
/ / —a®y(s) “ pg @ (t— aCDq(r))zlq rzadp,qsadplqr

. 2L1L2<1m( 158 (1) - ((ng,qs)(t))2>. 62)

From Remark 1, we get:

(ol 5) (1) = % (P71t = a) +ala + 1],

and:

(alz,q(g)z) (t) = % [p““*” (p+q)(t—a)® +2ap*  (t —a)[a +2] g + a*[a + 2] p gl + 1]M] :

Moreover, we have:

% (o135 (0= ((u138) )

—a 2u

T (f 1)F2 w79 (PO (p+ ) (= a)? + 2ap* M (¢ = )+ 2 g + @[+ 2pgla+ 1] )

(t _ a)Za . 2

- W(P Y(t—a) +a[u¢+1]m)

_ 2042 ,2(a-1)

- Fp(;(,x —&-)2)1“:;(04 +3) ((P +q)fa+ 1]p,q — [+ 2]p,q)~
2042 (p _ g)20+22(a—1)

B prf"q(g‘b+ 2))1"17,4(5+ 3) ((P+g)la+1]pg — [a+2pg)- (63)

Substituting (63) into (62) and applying to (60), we complete the proof. [

Remark 7. If p =1, then (59) reduces to the fractional q-Griiss—-Chebyshev integral inequality on
[a,b] as:

r(:’(;j)l)( R (F(5)3(5))) (b) (al,’;‘(f(S)))(b)(al,;‘(g(s))>(b)‘

Lle(b— )2rx+2
~ Ty(a+2)(a+3)

(A +q)[a+1]g — [a+2]),

which appeared in [39]. Moreover, ifa = 1,p = 1 and q — 1, then (59) reduces to the classical
Griiss—Chebyshev integral as:
LiLy
/a ) ‘ T 2,

i st (55 o) (5

which can be found in [72,73].

e The fractional (p, g)-Polya-Szeqd integral inequality on [a, p*b + (1 — p*)a]:
Theorem 10. If f, g : [a,b] — R are two positive integrable functions satisfying:

0<¢p<f(s) <P and 0<yp<g(s) <Y, (64)
foralls € [a,b], o, ®, ¢, ¥ € R, and a > 0, then we have:

(I P2 (P s+ (L= p1)a) ) (P + (1= p*)a) (a2 (p L5+ (1= p*1)a) ) (p*b + (1= p)a)
(I3 (1 + (1= p D)5+ (1= 1)) ) (b + (1= o))
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(5 %)

Proof. For s € [a,b], from (64), we obtain:

9 fl) @
¥ gls) Ty
which yields:
@ f(5)> 0 66
(lIJ s5)) = (%)
and: ) o
s
(5 -¥%) =0 7
Multiplying (66) and (67), we get
®_ f(S)) (f(s) _ 4’)
(G-5)Gg-%)=0 )
£6) - £6)
¢ <P)S s) . ¢® 69
(5+%)50 > o) + ov )
Therefore, (69) can be written as:

(PP + DY) f(s)8(s) = ¥ f2(s) + ¢pPg>(s). (70)

Multiplying 4 (b — ,ZQDP,q(s))Z_l/p(g)Fp,q(oc) and integrating of order « > 0 on both
sides of (70), where s € [a, t] with t = p*b + (1 — p*)a, we obtain:

(99 + @) (Lo f (p* s+ (1= p*Na)g(p* s+ (1= p*)a) ) (1)

> ¥ (aI5, 2 (pls + (1 - p"‘_l)a)> (1) + ¢ (a2 (p* 15+ (1= p*1)a) ) (1.
Applying the AM-GMinequality, we get:

(¢ + @) (ul5,f (P s+ (1= p*Da)g(p*'s + (1= p*)a) ) (1)
> sz (I 2(p s + (1= p1)a) ) (1) (alfg82(p s + (1= p*= 1)) ) (1),

which turns into:
pp¥ (al, £ (p s + (1 - P“*l)a)) () (als? (p s+ (1= p*1)a) ) (1)
= }L((¢¢+¢T)( qf( +(1-p" 1)a)g(p"‘ s+ (1—p ‘1)a))(t))2.
Therefore, Theorem 10 is proven. [

Remark 8. If p = 1, then (65) reduces to the fractional g-Polya—Szeqo integral inequality on

[a, b] as: ( ) (
JF2(5)) (0) 1< \/@)
(a1 s)805)) (Ve

| /\
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which appeared in [39]. Moreover, ifa =1, p = 1, and q — 1, then (65) reduces to the classical
Polya—Szeqo integral inequality as:

[y £2(5)ds [} g(s)ds
(17 Fs)g05)ds)°

which can be found in [74].

4. Conclusions

In this work, we studied the fractional (p, q)-calculus on finite intervals. We also gave
some of its significant properties. Furthermore, we proved some fractional (p, 9)-integral
inequalities on finite intervals. For the ideas, as well as the techniques of this paper, we
hope that it will inspire interested readers working in this field.
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