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Abstract: Based on the technique of enriching contractive type mappings, a technique that has been
used successfully in some recent papers, we introduce the concept of a saturated class of contractive
mappings. We show that, from this perspective, the contractive type mappings in the metric fixed
point theory can be separated into two distinct classes, unsaturated and saturated, and that, for
any unsaturated class of mappings, the technique of enriching contractive type mappings provides
genuine new fixed-point results. We illustrate the concept by surveying some significant fixed-point
results obtained recently for five remarkable unsaturated classes of contractive mappings. In the
second part of the paper, we also identify two important classes of saturated contractive mappings,
whose main feature is that they cannot be enlarged by enriching the contractive mappings.

Keywords: Banach space; enriched contraction; averaged operator; enriched Kannan mapping;
enriched nonexpansive mapping; fixed point; iterative method; unsaturated class of contractive
mappings; saturated class of contractive mappings

1. Introduction

Let (X, d) be a metric space and let T : X — X be a self mapping. We denote the set of
fixed points of T by Fix (T), i.e., Fix (T) = {a € X : Ta = a} and define the nth iterate of T
as usual; thatis, T0 = [ (identity map) and T" = T" 16T, forn > 1.

The mapping T : X — X is called a Banach contraction if there exists a constant ¢ € [0,1)
such that

d(Tx,Ty) <c-d(x,y), forallx,y € X. (1)

Recall that the mapping T is said to be a Picard operator, see, for example, Rus [1], if (7)
Fix (T) = {p} and (ii) T"x9 — p as n — oo, for any xp in X.

The Banach contraction mapping principle, first introduced by Banach [2] in the setting
of a Banach space and then extended by Caccioppoli [3] to the setting of a complete metric
space, essentially states that, in a complete metric space (X, d), any Banach contraction
T : X — X is a Picard operator.

We note that in condition (1), two displacements appear out of the six possible dis-
placements of two distinct points x,y € X:

d(Tx, Ty),d(x,y),d(x, Tx),d(y, Ty),d(x, Ty) and d(y, Tx). )

In the development of metric fixed-point theory, in order to obtain a metric fixed-point
result for a mapping T, two were used, as in the case of the Banach contraction condition
(1), with three or more displacements from the list (2), as we shall see in the following.
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One condition which uses three displacements from the list (2) was introduced in 1969
by Kannan [4,5] and is extremely important in fixed-point theory for many reasons. One
reason is that, while any Banach contraction is continuous, Kannan mappings are generally
not continuous, thus showing that Picard operators are not necessarily continuous.

A mapping T : X — X is called a Kannan mapping if there is a constanta € [0,1/2),
such that

d(Tx,Ty) < a(d(x,Tx) +d(y,Ty)), forall x,y € X. 3)

Theorem 1 ([4]). Let (X, d) be a complete metric space and let T : X — X be a Kannan mapping.
Then, T is a Picard operator.

In 1972, Chatterjea [6] introduced the following dual of the Kannan
contraction condition

d(Tx, Ty) < bld(x, Ty) +d(y, Tx)],Vx,y € X, 4)

where b € [0,1/2) is a constant, for which a similar fixed point theorem to Theorem 1 holds.
It is known, see [7-9], that conditions (1), (3) and (4) are independent, that is, there are
Banach contractions which are not Kannan mappings, and Kannan mappings which are
not Banach contractions, etc. For more details and discussions on this topic, see [7,8,10,11].
Based on the previous observation, in 1972, Zamfirescu [12] formulated a very inter-
esting fixed-point theorem that involves all three conditions (1), (3), and (4).

Theorem 2 ([12]). Let (X, d) be a complete metric space and T : X — X a map for which the
real numbers a, b and c exist, satisfying 0 < a < 1,0 < b,c < 1/2, such that, for each pair, x,y in
X, at least one of the following is true:

(z1) d(Tx, Ty) < ad(x,y);

(z2) d(Tx, Ty) < bd(x, Tx) +d(y, Ty)];

(z3) d(Tx, Ty) < c[d(x, Ty) +d(y, Tx)].
Then, T is a Picard operator.

In 2004, Berinde [9] unified all previous classes of contractive mappings by means
of the non symmetric contraction condition (5) and established an existence and approxi-
mation fixed-point result, while all the above-mentioned theorems establish the existence
and uniqueness of the fixed point; see [13] for a recent survey on the fixed point theory of
single-valued almost contractions.

Definition 1 ([9]). Let (X, d) be a metric space. A mapping T : X — X is called a (6, L)- almost
contraction if the constants 6 € (0,1) and L > 0 exist, such that

d(Tx,Ty) <é-d(x,y)+ Ld(y, Tx), forall x,y € X. (5)

Another general contraction conditions in this family, which involves all six displacements
in the list (2) and, due to L. B. Ciri¢, see [ 14], it also unifies all previous contractive mappings,
except for the class of almost contractions (5).

Amap T : X — X is called a Ciri¢ quasi contraction if there exists h € (0,1) such that,
forallx,y € X,

d(Tx, Ty) < hmax {d(x,y),d(x, Tx),d(y, Ty),d(x, Ty),d(y, Tx)}. (6)

It is important to note that (5) and (6) are independent classes of contractive mappings;
see [9,13]. For the impressively rich literature on this topic, we refer to the
monographs [1,10,11,15,16], and the references therein.

On the other hand, in the recent papers [17-23], the authors used the technique of
enrichment of contractive type mappings in order to generalize, in the setting of a Hilbert



Symmetry 2021, 13,713

30f15

or a Banach space, well-known and important contractive type mapping classes from the
metric fixed-point theory, satisfying symmetricand non symmetric metric conditions.

The technique of enriching contractive mappings has been suggested by the devel-
opments in fixed-point theory related to the concept of asymptotic regularity. This notion
was formally introduced in 1966 by Browder and Petryshyn ([24], Definition 1, p. 572)
in connection with the study of fixed points of nonexpansive mappings, but the same
property was used in 1955 by Krasnoselskij [25] to prove that if K is a compact convex
subset of a uniformly convex Banach space and if T : K — K is nonexpansive, then, for any
xg € K, the sequence

1
Xpn41 = E(xn + Txn)r n=>0, (7)

converges to a fixed point of T.

In proving his result, Krasnoselskij used the fact that if T is nonexpansive, which, in
general, is not asymptotically regular, then the averaged mapping involved in (7), that is,
%I + %T, is asymptotically regular. For the general averaged mapping

Ty:=(1-A)+AT, A€ (0,1),

and in the setting of a Hilbert space, the corresponding result has been stated by Browder
and Petryshyn ([26], Corollary to Theorem 5), while Ishikawa [27] proved the same property
with no restriction on the geometry of the Banach space involved in 1976.

Therefore, the averaged operator T) is enriching the class of nonexpansive mappings
with respect to the asymptotic regularity. This fact suggested that one could similarly
enrich the classes of contractive mappings in metrical fixed-point theory by imposing that
T, rather than T, satisfies a certain contractive condition.

In this way, the following mapping classes were introduced and studied: enriched
contractions and enriched ¢-contractions [20], enriched Kannan contractions [21], en-
riched Chatterjea mappings [22], enriched almost contractions [23], enriched nonexpansive
mappings in Hilbert spaces [18], enriched nonexpansive mappings in Banach spaces [18],
enriched strictly pseudocontractive operators in Hilbert spaces [17], semigroups of enriched
nonexpansive mappings [28], etc.

We note that all the above-mentioned fixed-point results for enriched mappings were
established in Banach or Hilbert spaces, which are metric spaces with generous geometrical
properties. In order to extend those fixed-point results to the setting of a metric space
(X, d), one needs some additional geometric properties of the space X, related to usual
sense of convexity for subsets of the Euclidian space, and expressed by the fact that, for any
two distinct points x and y in X, there exists a third point z in X lying between x and y.

Using an appropriate convexity structure in metric spaces, introduced by Taka-
hashi [29], some of the above-mentioned results for enriched contractions, that is, those for
enriched contractions and enriched ¢-contractions [20], have subsequently been extended
to the more general setting of convex metric spaces [21].

Moreover, after a close examination of the new fixed-point results, reported
in [17-23], we noted that the technique of enriching contractive type mappings T by
means of the averaged operator T, cannot effectively enlarge all classes of contractive
mappings, as initially expected.

This observation suggested a new interesting concept, that of saturated class of contrac-
tive mappings with respect to the averaged operator T}, a notion which will be introduced
in the next section.

We therefore analyse some well-known classes of contractive type mappings, which
are either saturated or unsaturated.

For some of the above unsaturated classes of contractive mappings, we present various
significant fixed-point results with appropriate illustrative examples, while, in the second
part of the paper, we also identify two important classes of saturated contractive mappings,
whose main feature is that they cannot be enlarged by means of the technique of enriching
contractive mappings.
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2. Unsaturated Classes of Contractive Mappings

In this section, we present five classes of unsaturated contractive mappings: Banach
contractions, Kannan contractions, Chatterjea contractions, almost contractions and nonex-
pansive mappings. For each class, after showing why it is unsaturated, we also indicate
some relevant fixed-point results obtained by the technique of enriching the respective class.

First, we need to recall an important property that is fundamental in obtaining all
fixed-point results for enriched contractive mappings reported in [17-20,22,23].

Let T : C — C be a self mapping of a convex subset C of a linear space X. Then, for
any A € (0,1], the so-called averaged mapping (a term coined in [30]) T, given by

Thax=(1-A)x+ATx,Vx € C, (8)

has the property that
Fix(Ty) = Fix (T). )

Definition 2. Let (X, | - ||) be a linear normed space and let C be a subset of the family of all
self-mappings of X. A mapping T : X — X is said to be C-enriched or enriched with respect to
C if there exists A € (0,1] such that T) € C.

Using C¢, we denote the set of all enriched mappings with respect to C.

Remark 1. From Definition 2, it immediately follows that C C C°.

Definition 3. Let X be a linear vector space and let C be a subset of the family of all self-mappings
of X. If C = C®, we say that C is a saturated class of mappings; otherwise, C is said to be unsatu-
rated.

Note that C is unsaturated if and only if the inclusion C C C* is strict.
The main aim of this section is to present some important examples of unsaturated
classes of contractive mappings, each of them with a relevant new fixed point result.

2.1. Banach Contractions

Let (X, d) be a metric space and let C3(X) denote the class of Banach contractions
defined on X; that is, the class of all mappings which satisfy a contractive condition of the
form (1) on X.

We further consider (X, || - ||) as a linear normed space, and we consider the set of all
mappings T : X — X which satisfy

1b(x —y) + Tx = Ty[| < 60flx —yl|, Vx,y € X, (10)

for some b € [0,+o0) and 0 € [0,b+1).
If we take A = bl

that is, T, € Cp(X). According to Definition 2, this means that T satisfying (10) is an
enriched contraction (as introduced in [20], Definition 2.1), so we may denote, by Cf(X),
the set of all self mappings of X satisfying (10).
Obviously, Cp(X) C Cg(X), since any Banach contraction satisfies (10) with b = 0.
However, as the following example shows, the previous inclusion is strict, as not any
enriched Banach contraction is a Banach contraction.

and ¢ = A6 < 1 from (10), then we obtain that T, satisfies (1);

Example 1. Let X = [0, 1] be endowed with the usual norm and let T : X — X be defined by
Tx =1—ux, forall x € [0,1]. Then T ¢ Cp(X) (just take x = 0, y = 1 in (1) to obtain the
contradiction1 < ¢ < 1).

But T € Ci(X) as Ty € Cp(X), forany A € (O, ;)

The above facts enable us to formulate the following result.
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Proposition 1. Let (X, || - ||) be a Banach space. Then, Cp(X) is an unsaturated class of
contractive mappings.

Proposition 1 now guarantees that the next theorem, the main result in [20], is a
genuine generalization of the Banach contraction principle in the setting of Banach spaces.

Theorem 3 ([20], Theorem 2.4). Let (X, || - ||) be a Banach space and T : X — X a (b, 0)-enriched
contraction. Then

(i) Fix (T) = {p}, for some p € X;

(ii) There exists A € (0,1] such that the iterative method {x,}5,_,, given by

X1 = (1—=A)xy, + ATx,, n >0,

converges to p, for any xg € X;
(iii) The following estimate holds

i

c .
lxpsio1 —pll < el lxp — x,1l|, n=0,1,2,...;i=1,2,...,

h =—.
where ¢ bl

2.2. Kannan Contractions

Let (X, d) be a metric space and let Cx(X) denote the class of Kannan contractions
defined on X, that is, the class of all mappings which satisfy a contractive condition of the
form (3) on X.

We consider the set of all mappings T : X — X which satisfy

le(x —y) + Tx = Ty|| < a(llx = Tx|| + [ly — Ty|)), forallx,y € X, (11)

for some a € [0,1/2) and k € [0, 00), where (X, || - ||) is a linear normed space.

If we take A = kj—il € (0,1], then, from (11), we obtain that T) € Ck(X). According

to Definition 2, this means that T satisfying (11) is an enriched Kannan contraction (as was
introduced in [21], Definition 2.1), so we may denote by Cj (X) the set of all self mappings
of X satisfying (11).

Obviously, any Kannan mapping satisfies (11) with k = 0, which means that
Ck(X) C Cx(X).

However, as shown by the next example, the inclusion of Cx(X) C C§(X) is strict, as
not every enriched Kannan contraction is a Kannan contraction.

Example 2. Let X and T be as in Example 1. Then—see Example 2.1 in [21] for details—for any
1
a€f0,1/2)and A = T

However, T is not a Kannan mapping. Indeed, if T would be a Kannan mapping, that is, T
would satisfy (3), then there would exist a € [0,1/2) such that

, we have Ty € Cg(X).

lx —y| <a-(]2x —1| + |2y — 1]), forall x,y € [0,1],

which, for x = 1/2 and y = 1, yields the contradiction 1/2 < a < 1/2.
So, T ¢ Cx(X).

Now, based on the above facts, we can formulate the following result.

Proposition 2. Let (X, |-,-||) be a Banach space. Then, Cx(X) is an unsaturated class of
contractive mappings.
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Therefore, Proposition 2 guaranties that the next theorem, which is the main result
in [21], is a genuine generalization of the Kannan fixed point theorem in the setting of
Banach spaces.

Theorem 4 ([21], Theorem 2.1). Let (X, || - ||) be a Banach spaceand T : X — X a (k, a)-enriched
Kannan mapping. Then

(i) Fix (T) = {p}, for some p € X;

(ii) There exists A € (0, 1] such that the iterative method {x, },_,, given by

Xpi1=(1—A)xy, + ATx,, n >0,
converges to p, for any xy € X;
(iii) The following estimate holds
5 .
|xnsio1 —pll < 135 lxp —xp-1l|, n=0,1,2,...;i=1,2,...
where § = —*—.
1—a

2.3. Chatterjea Contractions

Let (X, d) be a metric space and let Cc(X) denote the class of Chatterjea contractions
defined on X, that is, the class of all mappings which satisfy a contractive condition of the
form (4) on X.

Now consider the set of all mappings T : X — X which satisfy

Ik(x —y) + Tx = Ty|| < B[l (k+1)(x —y) +v — Tyl +

+|(k+1)(y — x) +x— Tx||],Vx,y € X, (12)
forsomea € [0,1/2) and k € [0,00), where (X, || - ||) is a linear normed space.

If we take A = in (12), then we have 0 < A < 1 and

k+1
I Tax — Tayll < bl|x — Tayll + lly — Tax|l], Vx,y € X,

with b € [0,1/2), which shows that T, € Cc(X). According to Definition 2, this means that
T satisfying (12) is an enriched Chatterjea contraction (as introduced in [22],
Definition 2.1), and so we may denote, by C¢&(X), the set of all self mappings of X
satisfying (12).
Obviously, any Chatterjea mapping satisfies (12) with k = 0; that is, Cc(X) C C&(X).
However, as shown by the following example, the inclusion C¢(X) C C&(X) is strict,
as not every enriched Chatterjea contraction is a Chatterjea contraction.

Example 3. Let X = [0,1] be endowed with the usual norm and T : X — X be defined by
Tx = 1—x, forall x € [0,1]. We first prove that T € C&(X). Indeed, the enriched Chatterjea
condition (12) is in this case equivalent to

(k=D (x =y <bll(k+Dx = (k=Dy =1 +[(k+ Dy — (k-=Dx—1]].  (13)

2k|lx —y| = [[(k+1)x — (k= 1)y —1] — [(k+ 1)y — (k= 1)x — 1]|
<|(k+1)x—(k—1)y—1|+|(k+1)y— (k—1)x —1],

k—1
then in order to have (13) satisfied for all x,y € [0,1], it is necessary to have % <b, fora
certainb € [0,1/2).
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e . . 1-k . 1
The only possibility is having k < 1 when, by taking b = oy e obtain k = o

b+2
Therefore, for any b € [0,1/2) and A = ﬁ, we have T) € Cc(X).

But T ¢ Cc(X). Indeed, if T is a Chatterjea mapping, then, in view of (4), there would be
b € [0,1/2), such that, for all x,y € [0,1],

lx—y| <2b-[x+y—1],

which, for x = 0 and y = 1, yields the contradiction 1 < 0.
So, T € C&(X) but T ¢ Cc(X).

Therefore, the above facts enable us to formulate the following result.

Proposition 3. Let (X, || - ||) be a Banach space. Then, Cc(X) is an unsaturated class of
contractive mappings.

Hence, Proposition 3 guaranties that the next theorem, which is the main result
in [22], is a genuine generalization of the Chatterjea’s fixed point theorem in the setting of
Banach spaces.

Theorem 5 ([22], Theorem 2.1). Let (X, || - ||) be a Banach spaceand T : X — X a (k, b)-enriched
Chatterjea mapping. Then

(i) Fix (T) = {p}, for some p € X;

(ii) There exists A € (0,1] such that the iterative method {x, }5;_,, given by

X1 = (1—A)xy, + ATx,, n >0,

converges to p, for any xg € X;
(iii) The following estimate holds

5! .
|xnpio1 —pll < m‘Hxn*xn—lH/ n=0,12,...;i=12,...

b
where 6 = 13

2.4. Almost Contractions

Let (X, d) be a metric space and let C4c(X) denote the class of almost contractions
defined on X, that is, the class of all mappings which satisfy a contractive condition of the
form (5) on X.

Consider the set of all mappings T : X — X which satisfy:

1b(x = y) + Tx = Ty|| < 6[lx —y[| + L[b(x —y) + Tx —yl|, Vx,y € X, (14)

for some constants b € [0,00), 8 € (0,b+1) and L > 0, where (X, || - ||) is a linear
normed space.

IfweputA = blﬁ' then 0 < A <1, and from (14) we obtain that

[Ta(x) = Tayll < 6llx =yl + LI Tax —yll,Vx,y € X,

with § = % € (0,1), which shows that T) € Cac(X).

According to Definition 2, this means that T satisfying (14) is an enriched almost
contraction (as introduced in [23], Definition 3). Therefore, we denote, by C¢ ~(X), the set of
all self mappings of X satisfying (14).

Obviously, any almost contraction satisfies (14) with b = 0, that is, Cac(X) C C§(X).
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However, as shown by the next example, the inclusion C4c(X) C C(X) is strict.
Example 4 ([23], Example 3). Let X = {0, %} with the usual norm and T : X — X be given by

1—x, ifx e [O,%)
T¥=902_xifxe 3.4].

Then—see Example 3 in [23] for details—T) € Cac(X), and hence T € C§-(X), but T & Cac(X)

. 7 8 . . L ,
(just let x = 15 and y = 5" the almost contraction condition (5) to obtain

1,11
15~ 15 " 15
a contradiction).

Note that in this case Fix (T) = {%, 1}.

Now, the above facts enable us to formulate the following result.

Proposition 4. Let (X, ||-,-||) be a Banach space. Then, Cac(X) is an unsaturated class of
contractive mappings.

Therefore, Proposition 4 guarantees that the next theorem, which is the main result in
[23], is a genuine generalization of Theorem 1 [9], in the setting of Banach spaces.

Theorem 6 ([9], Theorem 1). Let (X, || - ||) be a Banach space and let T : X — X bea (b,0,L)-
almost contraction. Then
(1) Fix (T) # ©;
(2) For any xg € X, there exists A € (0,1) such that the Krasnoselkij iteration {x,}%_,
defined by
Xpi1 = (1 = A)xy + ATx,, n >0,

converges to some x* € Fix (T), for any xo € X;
(3) The following estimate holds

[%n4im1 — 7| <

T3 lxp — x,1l|, n=0,1,2,...;i=1,2,...,

6

where 6 = IR

Remark 2. We note that Theorem 6 unifies Theorems 1-5, and many other important fixed-point
theorems in metrical fixed-point theory.

2.5. Nonexpansive Mappings

Let (X, | - ||) be a linear normed space and let Cyg(X) denote the class of nonex-
pansive self mappings defined on X; that is, the class of all mappings which satisfy the
contractive condition

|Tx — Ty|| < ||x —y||, forallx,y € X. (15)
Consider the set of all mappings T : X — X which satisfy:

[b(x —y) + Tx = Ty[| < (b+1)[x -yl Vx,y € X. (16)
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for some b € [0,0). By letting A =

5 j_ 1 in (16), we obtain that T, satisfies (15), that is,
T) € Cne(X). According to Definition 2, this means that T satisfying (16) is an enriched
nonexpansive mapping (as it was introduced in [18], Definition 2.1), and so we denote by
L (X) the set of all self mappings of X satisfying (16).
Obviously, any nonexpansive mapping satisfies (16) with b = 0, which means that
Cne(X) C C%E(X)
But, as shown by the next example, the inclusion Cyg(X) C C§p(X) is strict.

Example 5 ([18], Example 2.1). Let X = B,Z} be endowed with the usual normand T : X — X
be defined by Tx = %,for all x € B,Z]. Then T ¢ Cng(X) (just take x = 1and y = % in (15)

to get the contradiction 1 < %) but Ty € Cng(X), see Example 2.1 in [18] for details, which shows
that T € C{;p(X).

Now;, all the above facts enable us to formulate the following result.

Proposition 5. Let H be a Hilbert space. Then Cngp(H) is an unsaturated class of
contractive mappings.

Proposition 5 now guaranties that the next theorem, which is the main result in [18], is
a genuine generalization of Lemma 3 of Petryshyn [31] and of its global variant (Theorem 6)
in Browder and Petryshyn [26], in the setting of Hilbert spaces.

Theorem 7 ([18], Theorem 2.2). Let C be a bounded closed convex subset of a Hilbert space H
and T : C — C be a b-enriched nonexpansive and demicompact mapping. Then, the set Fix (T)
of fixed points of T is a nonempty convex set and there exists A € (0,1) such that, for any given
xo € C, the Krasnoselskij iteration {x,}5>_, given by

X1 = (1—A)xy + ATx,, n >0,
converges strongly to a fixed point of T.

Remark 3. The corresponding result to Theorem 7 in the setting of Banach spaces has been
established in [19].

3. Saturated Classes of Contractive Mappings

According to Definition 3, the class of enriched mappings with respect to a certain
class C of mappings is saturated.

As a direct consequence, the classes of enriched mappings presented in the previous
section, i.e., the class of enriched Banach contractions, Cg (X), the class of enriched Kannan
contractions, Cy(X), the class of enriched Chatterjea contractions, C&(X), the class of
enriched almost contractions, C¢ ~(X), and the class of enriched nonexpansive mappings,
CIE\IE (X ), are all examples of saturated classes of contractive mappings.

No significant new fixed-point result can be obtained by applying the technique of
enrichment to any of these mapping classes.

In the following, we analyse two other important classes of contractive mappings in
the metric fixed-point theory: that of the strictly pseudo-contractive mappings and that
of the demicontractive mappings. We aim to show that these are also saturated classes of
contractive mappings.
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3.1. Strictly Pseudo-Contractive Mappings

Let C be a nonempty subset of a normed space X. A mapping T : C — C is called
k-strictly pseudocontractive [26] if there exists k € (0,1) such that

ITx = Ty|? < [lx =yl + Kllx —y = (Tx = Ty) ||, Vx,y € C. (17)

If (17) holds with k = 1, then T is called pseudocontractive.

Obviously, any strictly pseudocontractive mapping is pseudocontractive, but the
converse is not generally true.

There is a rich literature devoted to the study of (strictly) pseudocontractive mappings.
For example, by searching in MathScinet, we found 134 publications including the term
“strictly pseudocontractive” in their title, while 229 publications included the term “strictly
pseudocontractive” in the review text or in their title.

In the following, we shall uuse Cspc(X) to denote the class of strictly pseudocontrac-
tive mappings on X.

The next example shows that, while any nonexpansive mapping is strictly pseudocon-
tractive, the reverse is not true.

Example 6. Let X and T, as in Example 5. In this case, Condition (17) becomes

2

1
and it holds for all x,y € [2,2} ifk € (;, 1)-
Hence, T ¢ Cng(X) (just take x = 1 and y = % in (15) to reach to the contradiction 1 < %),

but T € Cspc(X).

Example 6 shows that Cyg(X) is strictly included in Cspc(X). This suggests that we
should check whether or not Cspc (X) = C{g(X).

Theorem 8. Let H be a real Hilbert space. Then, Cspc(H) is a saturated class of contractive
mappings.

Proof. Itisenough to show that Cspc(H) = C{;(H). Let T € Cspc(H). Then T satisfies (17)
with k € (0,1). But

lx =y = (Tx = Ty)|[* = (x —y — (Tx = Ty), x —y — (Tx = Ty))
= x = ylP* = 2(x —y, Tx = Ty) + || Tx — Ty||?
and so (17) is equivalent to

1+k 2k
T2 = Ty|* < 7= - lx = ylIP = 7= - (x =y, Tx = Ty).

By adding both sides of the previous inequality, the quantity

k \? 2k
(1_k) ’ ||x_yH2+ 1_k<X—erx—T}/>/

we deduce that (17) is equivalent to

(x—y)+Tx—Ty

k 2 k \? 1+k
Hl_k < ((H) +1fk)||x—y|2. (18)
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Now, by denoting b = %k > 0, it follows that the inequality (18) is equivalent to

b(x—y) +Tx—Ty| < (0+1)|x—yl, Vx,y € C,

which shows that T € C{,(H).
The converse follows by the fact that all transformations above are equivalent. [

Remark 4. An indirect consequence of Theorem 8 is that Theorem 2.1 in [17], which gives a strong
convergence theorem for Krasnoselskij iteration in the class of strictly pseudocontractive mappings
in Hilbert spaces is not an effective extension of Theorem 12 in Browder and Petryshyn [26].

However, in the case of a Banach space X, the class of enriched nonexpansive mappings,
C{g(X) does not coincide with the class of strictly pseudo-contractive mappings Cspc(X). There-
fore, Theorem 3.2 in [19] is a genuine generalization of Theorem 12 in Browder and Petryshyn [26]
and also of Theorem 1 in Senter and Dotson [32], which, in turn, is an extension of Theorem 12 in
Browder and Petryshyn [26].

3.2. Demicontractive Mappings

Let C be a nonempty subset of a normed space X. A mapping T : C — C is called
k-demicontractive if Fix (T) # @ and there exists k € (0,1) such that

I Tx —y*|*> < ||x — y*||*> + k||]x — Tx||%, Vx € C,Vy* € Fix (T). (19)
Recall that T is said to be quasi-nonexpansive if Fix (T) # @ and
ITx —y*|| < |lx —y*||,Vx € C,Yy* € Fix(T). (20)

It is easy to see that every quasi-nonexpansive mapping and every nonexpansive
mapping with Fix (T) # @ are demicontractive, but the reverse is not valid.

Note also that if we take y = y* € Fix (T) in (17), we obtain the exact condition (19).
This shows that any strictly pseudocontractive mapping is also demicontractive but the
reverse is not generally true. The class of demicontractive mappings was introduced and
studied independently in 1977 by Maruster [33], see also [34], and Hicks and Kubicek [35],
see Chidume and Maruster [36].

Denote, using Cpc(X) and Cong(X), the classes of demicontractive mappings and
quasi-nonexpansive mappings on X, respectively.

Example 7 ([36]). Let H be the real line and C = [0,1]. Define T on C by Tx = %x sin % if
x # 0and TO = 0. Then, Fix (T) = {0}. For any x € C and y* = 0, we have

2 2

2
|Tx —0)? = |Tx|> = ‘3xsin(1/x) < |x)? < |x — 0] +k|Tx — x|%,

<|2x
13

which holds for any k < 1. Hence (19) is satisfied, so T is demicontractive (and also quasi-
nonexpansive).

, . 2 2
However, T is not nonexpansive. Just take x = p and y = 37 to get
16 4
Ix—Ty|l=—>—=|x—y|
| Yyl =57 > 3. = XVl
Note also that T is not pseudocontractive, and hence is not strictly pseudocontractive either. To

. 2
observe this, we take the same values x = p andy = 3. %8 above to get

256 160
Tx - Ty|* =

er Y 12 _ _ _ 2
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There exists a rich literature devoted to the study of demicontractive mappings.
For example, by searching in MathScinet, we find 108 publications including the term
“demicontractive” in their title, while 152 publications include the term “demicontractive”
in the review text or title.

We now state the main result of this subsection.

Theorem 9. Let H be a real Hilbert space. Then, Cpc (H) is a saturated class of contractive mappings.

Proof. Itis enough to show that Cpc(H) coincides with the class of enriched quasi nonex-
pansive mappings, Cig (H).

In accorance with the definition of enriched nonexpansive mappings, it follows that a
mapping T is enriched quasi-nonexpansive if there exists b € [0, 00) such that

Ib(x —y*) + Tx —y*|| < (b+1)||x —y*||, ¥x € X and y* € Fix (T). (21)
Let T € Cpc(H). This means that T satisfies (19) with k € (0,1), that is,
| Tx —y*||> < ||x — y*||> + k||]x — Tx||?, Vx € X and y* € Fix (T).

Similarly to the proof of Theorem 8, we have

lr = Tx||* = flx = y* = (Tx —y") | = {x —y" = (Tx —y"), x —y" — (Tx —y"))

= lx =y I* —2(x —y*, Tx —y*) + | Tx — y*||?

and so (19) is equivalent to

[Tx—y |\2§m'||X—]/ ||2—m'<x—y ,Tx —y*).

Now, by adding both sides of the previous inequalit,y the quantity

k) 2 %k . .
(+55) Iy 2w e,

we obtain the equivalent inequality

(x =y ) +Tx—y"

2 2

k 1+k o
<|(— = — .
_<(1_k) +1_k>ux vl 22)

Therefore, by denoting b = %, it follows that the inequality (22) is equivalent to

Hl—k

Ib(x =y )+ Tx—y*| < (b+Dlx -y, Vx,y € C,

which shows that T € C\r(H).
The converse follows through the fact that all the above transformations are equiva-
lent. O

Remark 5. Theorem 9 shows that the class of demicontractive mappings cannot be enlarged by the
technique of enriching contractive mappings.

However, there are many other important classes of contractive mappings in the metric
fixed-point theory, e.g., the Ciri¢-Reich-Rus contractions and Ciri¢ quasi contractions, that
deserve to be investigated in order to establish whether they are (un)saturated or not.
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Let (X,d) be a metric space. In 1971, Ciri¢ [37], Reich [38] and Rus [39] have es-
tablished independently a fixed point theorem for mappings T : X — X satisfying the
following condition

d(Tx, Ty) < ad(x,y) +b(d(x,Tx) +d(y, Ty)), forall x,y € X, (23)

where a,b > 0 and a +2b < 1. The coefficients a,b may depend on x, y, by adding an
appropriate additional boundedness condition; see Ciri¢ [37] and Reich [40].
Denote, using Ccrr(X), the class of Ciri¢-Reich-Rus contractions on X, that is, the
class of mappings which satisfy the contractive condition (23) on the metric space (X, d).
We note that if b = 0, condition (23) reduces to Banach’s contraction condition (1),
while, for a = 0 condition (23) reduces to Kannan'’s contraction condition (3).

Open problem 1. Let X be a Banach space. Is Ccrr (X) a saturated /unsaturated class
of contractive mappings?

Denote by Cco(X) the class of Ciri¢ quasi-contractions on X, that is, of mappings
which satisfy the contractive condition (6) on the metric space (X, d).

Open problem 2. Let X be a Banach space. Is Ccg(X) a saturated /unsaturated class
of contractive mappings?

Similar open problems could be formulated for the class of F-contractions, due to War-
dowski [41], and for the very diversified classes of mappings in the family of nonexpansive
mappings: asymptotically nonexpansive mappings; asymptotically quasi-nonexpansive
mappings; a-nonexpansive mappings; Suzuki nonexpansive mappings; Suzuki general-
ized nonexpansive mappings; firmly nonexpansive mappings; Bregman nonexpansive;
affine nonexpansive; nearly nonexpansive mappings; G-nonexpansive mappings; iterated
nonexpansive mappings, etc.

4. Conclusions and Further Study

1. Based on the technique of enriching contractive type mappings T by means of the
averaged operator T), we introduced the concept of saturated class of contractive
mappings;

2. We have shown that, from this perspective, the contractive type mappings in metric
fixed-point theory could be separated into two distinct classes, unsaturated contrac-
tive mappings and saturated contractive mappings;

3.  Weidentified some important unsaturated mapping classes by surveying some signif-
icant fixed-point results reported recently for five remarkable classes of contractive
mappings. We have shown that the technique of enriching contractive type mappings
provided genuine new fixed-point results for all mappings;

4. In the second part of the paper, we also identified two important saturated classes
of contractive mappings: the class of strictly pseudocontractive mappings and the
class of demicontractive mappings. The essential feature of these saturated classes of
mappings is that they cannot be expanded by means of the technique of enriching
contractive mappings;

5. We also formulated two open problems, which are intended to establish whether
Ciri¢-Reich-Rus contractions and Ciri¢ quasi contractions are saturated or unsaturated
contraction classes;

6. Ina further study, we plan to consider the same problem as above for other contractive
type  mappings  from  metric  fixed-point  theory, shown  in
in [7,8,10,15,16,42-53] and the references therein.
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