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Abstract: Traditionally, the special function theory has many applications in various areas of math-
ematical physics, economics, statistics, engineering, and many other branches of science. Inspired
by certain recent extensions of the k-analogue of gamma, the Pochhammer symbol, and hyperge-
ometric functions, this work is devoted to the study of the k-analogue of Gauss hypergeometric
functions by the Hadamard product. We give a definition of the Hadamard product of k-Gauss
hypergeometric functions (HPkGHF) associated with the fourth numerator and two denominator
parameters. In addition, convergence properties are derived from this function. We also discuss
interesting properties such as derivative formulae, integral representations, and integral transforms
including beta transform and Laplace transform. Furthermore, we investigate some contiguous
function relations and differential equations connecting the HPkGHF. The current results are more
general than previous ones. Moreover, the proposed results are useful in the theory of k-special
functions where the hypergeometric function naturally occurs.

Keywords: Hadamard product; generalized hypergeometric functions; integral representations;
integral transforms; differential equations

MSC: 33B15; 33C20; 33C90; 33E20

1. Introduction

In recent years, the hypergeometric function of parameters consisting of two numer-
ators and one denominator has become of increasing significance due to its applications
in many fields of biophysics, quantum mechanics, spectroscopy, engineering, and other
scientific areas (see, e.g., [1–4] and the references therein).

Recently, numerous attempts have been made to generalize and improve on hypergeo-
metric function by using an extension of the Pochhammer symbol. The reader may consult,
for example, the recent works of Srivastava et al. [5,6], Jana et al. [7,8], Agarwal et al. [9,10],
Fuli et al. [11], Hidan et al. [12,13] and Abdalla [14–17].

One class of extensions of hypergeometric functions comprises the so-called k-
hypergeometric functions in terms of the k-analogue of gamma and the Pochhammer
symbol, which can be found in the work of Diaz and Pariguan [18].

Nowadays, some mathematical properties, such as integrals’ formulae, inequalities,
differential equations, contiguous function relations, generating functions and fractional
calculus related to the k-hypergeometric function of parameters consisting of two nu-
merators and one denominator have been presented in many references, for instance,
Mubeen et al. [19–22], Rahman et al. [23], Chinra et al. [24], Korkmaz-Duzgun and Erkus-
Duman [25], Nisar et al. [26], Li and Dong [27], Kiryakova [28], Naz and Naeem [28] and
Yilmazer and Ali [29].

Symmetry 2021, 13, 714. https://doi.org/10.3390/sym13040714 https://www.mdpi.com/journal/symmetry

https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-4686-2143
https://orcid.org/0000-0001-6815-2615
https://doi.org/10.3390/sym13040714
https://doi.org/10.3390/sym13040714
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13040714
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13040714?type=check_update&version=2


Symmetry 2021, 13, 714 2 of 15

In addition, the Hadamard product of two hypergeometric functions has been widely
used in factorizing a newborn function, which is generalization as a hypergeometric series
(see, [30,31]).

Inspired by the definition of a k-hypergeometric function [18], the authors intro-
duce a new expansion of the k-analogue of Gauss hypergeometric functions by using the
Hadamard product, which is the so-called Hadamard product of k-Gauss hypergeometric
functions (HPkGHF) associated with the fourth numerator and two denominator param-
eters. The manuscript is organized as follows. In Section 2, we introduce the Hadamard
product of k-Gauss hypergeometric functions and discuss their regions of convergence as
well as the differentiation formulae. In Section 3, we obtain some integral representations
and integral transforms including a beta transform, a Laplace transform, and an inverse
Laplace transform of the Hadamard product of k-Gauss hypergeometric functions. In addi-
tion, contiguous function relations and differential equations connecting the HPkGHF are
established in Section 4. Finally, in Section 5, we reach the conclusion remarks.

Throughout our present work, N := {1, 2, 3, . . .} denotes the set of natural numbers,
N0 = N∪{0}, Z− := {−1,−2,−3, . . .} denotes the set of negative integers, Z−0 = Z− ∪{0},
R+ denotes the set of positive real numbers and C denotes the set of complex numbers.

Preliminaries

The hypergeometric function known also as a Gauss function is defined by

G(δ1, δ2, δ3; u) =
∞

∑
n=0

(δ1)n (δ2)n

(δ3)n

un

n!
, u ∈ C, (1)

which is absolutely and uniformly convergent if |u| < 1, divergent when |u| > 1, and is
absolutely convergent when |u| = 1, if Re(δ3 − δ1 − δ2) > 0, where δ1, δ2, δ3 are complex
parameters with δ3 ∈ C \Z−0 ,

(δ1)n =
Γ(δ1 + n)

Γ(δ1)
=


δ1(δ1 + 1) . . . (δ1 + n− 1), n ∈ N, δ1 ∈ C

1, n = 0; δ1 ∈ C \ {0},
(2)

is the Pochhammer symbol (or the shifted factorial), and Γ(.) is gamma function.
Diaz and Pariguan [18] defined the k-analogue of gamma, beta and hypergeometric

functions as follows.

Definition 1. For k ∈ R+, the k-gamma function Γk(u) is defined by:

Γk(u) =
∫ ∞

0
yu−1e−

uk
k dy = lim

m→∞

m!km(mk)
u
k−1

(u)m,k
, (3)

where u ∈ C \ kZ−. We note that Γk(u) → Γ(u), for k → 1, where Γ(u) is the classical Euler’s
gamma function and (u)m,k is the k-Pochhammer symbol given by:

(u)m,k =
Γk(u + mk)

Γk(u)
=


u(u + k) . . . (u + (m− 1)k), m ∈ N, u ∈ C

1, m = 0, k ∈ R+, u ∈ C \ {0};
(4)

the relation between the Γk(u) and the gamma function Γ(u) follows easily that:

Γk(u) = k
u
k−1Γ(

u
k
).
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Definition 2. For u, v ∈ C and k ∈ R+, the k-beta function Bk(u, v) is defined by:

Bk(u, v) =
1
k

∫ 1

0
y

u
k−1(1− y)1− v

k dy =
Γk(u)Γk(v)
Γk(u + v)

, (5)

where Re(u) > 0 and Re(v) > 0.

Clearly, the case k = 1 in (5) reduces to the known beta function B(u, v), and the
relation between the k-beta function Bk(u, v) and the original beta function B(u, v) is:

Bk(u, v) =
1
k
B(u

k
,

v
k
).

Definition 3. Let k ∈ R+ and s1, s2, η ∈ C and s3 ∈ C \Z−0 , then the k-Gauss hypergeometric
function is defined in:

2zk
1

[
s1, s2

s3
; η

]
=

∞

∑
m=0

(s1)m,k (s2)m,k

(s3)m,k
.
ηm

m!
, |η| < 1

k
, (6)

where (s1)m,k is the k-Pochhammer symbol defined in (4). Obviously, if k = 1, Equation (6) is
reduced to (1).

2. Hadamard Product of k-Gauss Hypergeometric Functions

Starting, we define the Hadamard product of k-Gauss hypergeometric functions
H(k; η) as follows:

Definition 4. Suppose that:

2z
(k,i)
1

 αi, βi

δi

; η

 =
∞

∑
n=0

(αi)n,k(βi)n,k

(δi)n,kn!
ηn; i = 1, 2, k ∈ R+,

are two k-Gauss hypergeometric functions of the single complex variable η, as given in (6). Now, we
construct the Hadamard product (or convolution) of these two k-Gauss hypergeometric functions,(

2z
(k,1)
1 ∗ 2z

(k,2)
1

)
in the form:

H(k; η) =H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=
(

2z
(k,1)
1 ∗ 2z

(k,2)
1

)
(η)

=
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,kn!n!
ηn

=
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k (1)nn!
ηn,

(7)

where k ∈ R+, α1, α2, β1, β2, η ∈ C and δ1, δ2 ∈ C \Z−0 .

Remark 1. Clearly, the Hadamard product of k-Gauss hypergeometric functions H(k; η) is a
generalized type of k-Gauss hypergeometric function, where:

H(k; η) = 4z3

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k), (1, 1)
; η

. (8)
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Remark 2. For k = 1; it obviously reduces to the usual Hadamard product of Gauss hypergeometric
functionsH(1; η), which is a generalized Gauss function in (1).

2.1. Convergence Property

Following, we would like to show the convergence property of the series (7). For this
purpose, we can rewrite (7) in the form:

H(k; η) = H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η

 =
∞

∑
n=0

Un,k(η),

where:

Un,k(η) =
(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
ηn.

According to the identity (x)n+1,k = (x + nk)(x)n,k, we have:

Un+1,k

Un,k
=

(α1 + nk)(β1 + nk)(α2 + nk)(β2 + nk)
(δ1 + nk)(δ2 + nk)(n + 1)2 η,

and hence:

lim
n→∞

∣∣∣∣∣Un+1,k

Un,k

∣∣∣∣∣ = k2|η|, η ∈ C, k ∈ R+,

therefore, by the ratio test the series on the right-hand side of (7) converges absolutely if
|η| < 1

k2 and diverges if |η| > 1
k2 .

In the case that |η| = 1, assume that there exists a positive number τ, as:

τ =
k
2

Re(
δ1

k
+

δ2

k
+ 1− α1

k
− α2

k
− β1

k
− β2

k
) > 0, (9)

and compare terms of the series:

1 +
∞

∑
n=0

∣∣∣∣∣ (α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k (1)nn!
ηn

∣∣∣∣∣, (10)

with corresponding terms of the series:

∞

∑
n=0

1

(kn)1+ τ
k

, k ∈ R+, (11)
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which is convergent; for |η| = 1, we see that:

lim
n→∞

∣∣∣∣∣ (kn)1+ τ
k (α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k (1)nn!
ηn

∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣ (α1)n,k (n− 1)!kn−1(nk)
α1
k (nk)

−α1
k

(n− 1)! kn−1

∣∣∣∣∣ lim
n→∞

∣∣∣∣∣ (α2)n,k (n− 1)!kn−1(nk)
α2
k (nk)

−α2
k

(n− 1)! kn−1

∣∣∣∣∣
× lim

n→∞

∣∣∣∣∣ (β1)n,k (n− 1)!kn−1(nk)
β1
k (nk)

−β1
k

(n− 1)! kn−1

∣∣∣∣∣ lim
n→∞

∣∣∣∣∣ (β2)n,k (n− 1)!kn−1(nk)
β2
k (nk)

−β2
k

(n− 1)! kn−1

∣∣∣∣∣
× lim

n→∞

∣∣∣∣∣ (nk)
δ1
k (nk)

−δ1
k

(δ1)n,k

∣∣∣∣∣ lim
n→∞

∣∣∣∣∣ (nk)
δ2
k (nk)

−δ2
k

(δ2)n,k

∣∣∣∣∣ lim
n→∞

∣∣∣∣∣ (kn)1+ τ
k

(1)n n!

∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣ Γk(δ1)Γk(δ2)

Γk(α1)Γk(α2)Γk(β1)Γk(β2)

∣∣∣∣∣ lim
n→∞

∣∣∣∣∣ k2n−1

(nk)
δ1
k +

δ2
k + 1− α1

k −
α2
k −

β1
k −

β2
k −

τ
k

∣∣∣∣∣ = 0,

(12)

where:

Re
( δ1

k
+

δ2

k
+ 1− α1

k
− α2

k
− β1

k
− β2

k
− τ

k
)
= 2τ − τ > 0,

thus, the series (7) converges absolutely if |η| = 1, under hypothesis (9).
Summarizing, the following result has been established.

Theorem 1. For k ∈ R+, the Hadamard product of k-Gauss hypergeometric functions H(k; η)
defined in (7),

• Converges absolutely for |η| < 1
k2 ;

• Converges absolutely for |η| = 1 under condition (9); and
• Diverges for |η| > 1

k2 .

Remark 3. For k = 1 in Theorem 1, we get the convergence property of the generalized Gauss
hypergeometric series (see [30,32]).

2.2. Derivative Formulae

Theorem 2. The following derivative formula holds true:

dn

dηn

{
η

δ1
k H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1 + k, k), (δ2, k)
; η

}

=
η

δ1
k −n Γk(δ1)

kn−1Γk(δ1 − (n− 1)k)
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1 − (n− 1)k, k), (δ2, k)
; η

,

(13)

(k ∈ R+, Re(α1) > 0, Re(α2) > 0, Re(β1) > 0, Re(β2) > 0, Re(δ1) > 0, Re(δ2) > 0, |η| <
1
k2 , n ∈ N0).

Proof. Result (13) is obviously valid in the trivial case when n = 0. For n = 1, by the power
series representation (7) ofH(k; η), we see from (13) that:

d
dη

{
η

δ1
k

∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1 + k)n,k(δ2)n,kn!n!
ηn

}

=
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k (δ1 + nk)
(δ1 + k)n,k(δ2)n,k k n!n!

η
δ1
k +n−1.

(14)
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Replacing the k-pochhammer symbole (δ1 + k)n,k in the relation (4) by its k-gamma
function and using the k-gamma function property given in [18] by Γk(δ1 + k) = δ1Γk(δ1),
we arrive at:

d
dη

{
η

δ1
k

∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1 + k)n,k(δ2)n,kn!n!
ηn

}

=
δ1

k
η

δ1
k −1 H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η

.

(15)

Therefore, the general result (13) can now be easily derived by using the principle of
mathematical induction on n ∈ N0.

Similarly, we can derive the following results.

Theorem 3. The following derivative formula holds true:

dn

dηn

{
η

δ2
k H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2 + k, k)
; η

}

=
η

δ2
k −n Γk(δ2)

kn−1Γk(δ2 − (n− 1)k)
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2 − (n− 1)k, k)
; η

,

(16)

(k ∈ R+, Re(α1) > 0, Re(α2) > 0, Re(β1) > 0, Re(β2) > 0, Re(δ1) > 0, Re(δ2) >
0, |η| < 1

k2 , n ∈ N0).

Remark 4. At k = 1 in (13) and (16), we obtain differentiation formulae of the generalized
hypergeometric function (cf. [32]).

3. Some Integral Representations and Integral Transforms

In this section, we evaluate the integral representations and integral transforms for
the Hadamard product of k-Gauss hypergeometric functionsH(k; η).

3.1. Integral Representations

Theorem 4. The Hadamard product of k-Gauss hypergeometric functionsH(k; η) has the following
integral representations:

H(k; η) =H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=

1
Γk(α1)

∫ ∞

0
uα1−1 e−

uk
k 3z3

 (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k), (1, 1)
; uη

 du

(17)

(|η| < 1
k2 , Re(α1) > 0, k ∈ R+).

H(k; η) = H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=

1
kBk(β1, δ1 − β1)

∫ 1

0
u

β1
k −1(1− u)

δ1−β1
k −1

3z2

 (α1, k), (α2, k), (β2, k)

(δ2, k), (1, 1)
; uη

 du

(18)
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(|η| < 1
k2 , Re(δ1) > β1 > 0, k ∈ R+).

H(k; η) = H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=

1
k2 Bk(α2, δ1 − α2) Bk(β2, δ2 − β2)

×
∫ 1

0

∫ 1

0
v

α2
k −1(1− v)

δ1−α2
k −1u

β2
k −1(1− u)

δ2−β2
k −1

2z1

 (α1, k), (β1, k)

(1, 1)
; vuη

 dv du

(19)

(|η| < 1
k2 , Re(δ1) > Re(α2) > 0, Re(δ2) > Re(β2) > 0, k ∈ R+).

Proof. Inserting the k-Pochhammer symbol (α1)n,k from (4) into definition (4) by its integral
form given by (3) and from the relation (8), we thus obtain the desired result (17).

The integral form (18) involves the k-beta function Bk(u, v) defined in (5). Thus, the in-
tegral formula (18) can indeed be easily obtained by (8) and using the following identity:

(β1)n,k

(δ1)n,k
=

Bk(β1 + kn, δ1 − β1)

Bk(β1, δ1 − β1)

=
1

kBk(β1, δ1 − β1)

∫ ∞

0
u

β1+kn
k −1 (1− u)

δ1−β1
k −1 du.

(20)

Now, we prove integral Formula (19). According to relation (20), we can write that:

(α2)n,k

(δ1)n,k
=

1
kBk(α2, δ1 − α2)

∫ ∞

0
u

α2+kn
k −1 (1− u)

δ1−α2
k −1 du (21)

and:

(β2)n,k

(δ2)n,k
=

1
kBk(β2, δ2 − β2)

∫ ∞

0
v

β2+kn
k −1 (1− v)

δ2−β2
k −1 dv. (22)

We insert Formulas (21) and (22) into the definition ofH(k; η) in (7) and by (8), and
it follows:

H(k; η) =H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=

1
k2 Bk(α2, δ1 − α2) Bk(β2, δ2 − β2)

∞

∑
n=0

(α1)n,k(β1)n,k

×
( ∫ ∞

0
u

α2+kn
k −1 (1− u)

δ1−α2
k −1 du

)

×
( ∫ ∞

0
v

β2+kn
k −1 (1− v)

δ2−β2
k −1 dv

)
ηn

n!n!

=
1

k2 Bk(α2, δ1 − α2) Bk(β2, δ2 − β2)

×
∫ 1

0

∫ 1

0
v

β2
k −1u

α2
k −1(1− v)

δ2−β2
k −1(1− u)

δ1−α2
k −1

× 2z1

 (α1, k), (β1, k)

(1, 1)
; vuη

 dv du,

(23)
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which completes the proof (19).

Remark 5. The obtained results here improve and generalize some known results in [18,21].

Remark 6. For k = 1 in Theorem 4, we get interesting results concerning integral formulae of the
generalized hypergeometric function (see [32]).

3.2. Integral Transforms

In this subsection, we introduce certain interesting k-Beta transforms, Laplace trans-
forms, and inverse Laplace transforms associated with the Hadamard product of k-Gauss
hypergeometric functionsH(k; η). We recall the k-Beta transform, the Laplace transform
and inverse Laplace transform of G(η), respectively:

Bk{G(η) : α1, β1} =
1
k

∫ 1

0
u

α1
k −1(1− u)

β1
k −1G(η)du,

(Re(α1) > 0, Re(β1) > 0, |η| < 1
k2 , k ∈ R+),

(24)

L{G(η) : u} = G(u) =
∫ ∞

0
e−uηG(η)dη, Re(u) > 0, (25)

provided that the integral converges. For simplicity, we can write it thus:

G(η) = L−1{G(u)}. (26)

Theorem 5. The k-Beta transform for the Hadamard product of k-Gauss hypergeometric functions
H(k; η) in (7) is given in the following form:

Bk

(
H

 (α1 + β1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; uη

 : α1, β1

)

=Bk(α1, β1)

[
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η

],

(27)

(k ∈ R+, Re(α1) > 0, Re(α2) > 0, Re(β1) > 0, Re(β2) > 0, Re(δ1) > 0, Re(δ2 > 0),
|η| < 1

k2 ).

Proof. Applying the k-Beta transform (24) to (7), we find that:

Bk

(
H

 (α1 + β1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; uη

 : α1, β1

)

=
1
k

∫ 1

0
u

α1
k −1(1− u)

β1
k −1 H

 (α1 + β1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; uη

 du

=
1
k

∫ 1

0
u

α1
k −1(1− u)

β1
k −1

∞

∑
n=0

(α1 + β1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n!n!
(uη)n du,

(28)
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which is given in terms of the k-beta function Bk(α1, β1) in the form:

Bk

(
H

 (α1 + β1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; uη

 : α1, β1

)

=
∞

∑
n=0

Bk(α1 + nk, β1)(α1 + β1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
ηndu

=Bk(α1β1)
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
ηn.

(29)

According to (7), our desired result is yielded (27).

Remark 7. If we set k = 1 then our result reduces to the result of the Beta transform of the
generalized hypergeometric function.

Theorem 6. For k ∈ R+, Re(u) > 0 and | ηu | < 1, the following Laplace transform formula holds:

L
{
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; ηv

 : u

}

=
1
u

{
5z3


(α1, k), (k, k); (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k), (1, 1)

;
η

ku


}

.

(30)

Proof. Using (7) on the above left-hand side integral transform we observe that:

L
{
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; ηv

 : u

}

=
∫ ∞

0
e−uv

∞

∑
n=0

(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
(vη)ndv

=
∞

∑
n=0

(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
(η)n

∫ ∞

0
e−uvvndv.

(31)

Setting uv = tk

k , then applying the k-gamma function (6) to the last integral, upon using (8),
yields our desired result (30), as follows:

L
{
H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; ηv

 : u

}

=
∞

∑
n=0

(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!knun+1 (η)
n Γ(nk + k)

=
1
u

{
5z3


(α1, k), (k, k); (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k), (1, 1)

;
η

ku


}

.

(32)
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Theorem 7. If k ∈ R+, Re(α1) > 0, Re(α2) > 0, Re(β1) > 0, Re(β2) > 0, Re(δ1) > 0,
Re(δ2) > 0, and |ηvk| < 1, then the following inverse Laplace transform formula holds:

L−1

{
u−α1H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
;

η

uk

}

=
vα1−1

Γk(α1)
H

 (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; ηvk

.

(33)

Proof. Using the definition of the Hadamard product of k-Gauss hypergeometric functions
by (7) in the left-hand side of (33), we have:

L−1

{
u−α1H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
;

η

uk

}

=
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n!n!
ηn L−1

{
u−(α1+nk)

}
.

(34)

Applying the inverse Laplace transform and after simplification, we find that:

L−1

{
u−α1H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
;

η

uk

}

=
∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n!n!
ηn vα1+nk−1

Γk(α1 + nk)

=
vα1−1

Γk(α1)
H

 (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; ηvk

.

(35)

The above equation gives the proof of Theorem 7.

Remark 8. The special cases of (30) and (33) when k = 1 are seen to reduce to the Laplace transform
and inverse Laplace transform of the generalized hypergeometric functions (see [33,34]).

4. Contiguous Function Relations and Differential Equations

The k-analogue of theta operator kΘ as given in [19,20,27] takes the form kΘ = k η
dη .

This operator has the particularly pleasant property that kΘηn = knηn, which makes it
handy to be used on power series. In this section, relying on Definition 2.1, we present some
results concerning contiguous function relations and differential equations for the HPkGHF.

To realize that, we increase or decrease one and more of the parameters of the
Hadamard product of k-Gauss hypergeometric functions,

H(k; η) =H

 (α1, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η


=

∞

∑
n=0

(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n!n!
ηn, k ∈ R+,
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by ±k, then the resultant function is said to be contiguous to H(k; η). For simplicity, we
use the following notations:

H(k; α1±) = H

 (α1 ± k, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η

.

Now, we consider:

H(k; α1+) =
∞

∑
n=0

(α1 + k)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n!n!
ηn

=
∞

∑
n=0

(α1 + nk)
α1

Un,k, k ∈ R+,

where α1(α1 + k)n,k = (α1 + nk)(α1)n,k and:

Un,k(η) =
(α1)n,k(β1)n,k(α2)n,k(β2)n,k

(δ1)n,k(δ2)n,k n! n!
ηn.

Similarly, we can writeH(k; α1−) as:

H(k; α1−) =
∞

∑
n=0

(α− k)
(α1(n− 1)k)

Un,k,

where (α1(n− 1)k)(α1 − k)n,k = (α− k)(α1)n,k.
Similarly, this holds forH(k; α2±),H(k; β1±),H(k; β2±),H(k; δ1±), andH(k; δ2±).
By the help of differential operator kΘ = k η

dη , we get the following relations:

(kΘ + α1)H = α1H(k; α1+)

(kΘ + β1)H = β1H(β1 + k)

(kΘ + α2)H = α2H(k; α2+)

(kΘ + β2)H = β2H(k; β2+)

(kΘ + δ1 − k)H = (δ1 − k)H(k; δ1−)
(kΘ + δ2 − k)H = (δ2 − k)H(k; δ2−)

From the above relations, we can easily obtain the following results:

(α1 − β1)H(k; η) = α1H(k; α1+)− β1H(k; β1+), (36)

(α1 − α2)H(k; η) = α1H(k; α1+)− α2H(k; α2 + 2k), (37)

(β1 − β2)H(k; η) = β1H(k; β1+, β2+)− β2H(k; β2+), (38)

(α1 − δ1 + k)H(k; η) = α1H(k; α1+)− (δ1 − k)H(k; α2 + 2k), (39)

(α2 − δ2 + k)H(k; η) = α2H(k; α2+)− (δ2 − k)H(k; δ2−), (40)

where:

H(k; β1+, β2+) =
∞

∑
n=0

(α1)n,k(β1 + k)n,k(α2)n,k(β2 + k)n,k

(δ1)n,k(δ2)n,k n!n!
ηn,
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is contiguous function relation for the Hadamard product of the k-Gauss hypergeometric
function’s two parameters, and:

H(k; α1 + 2k) = H

 (α1 + 2k, k), (α2, k), (β1, k), (β2, k)

(δ1, k), (δ2, k)
; η

.

Remark 9. It is easy to see that in (36) to (40), if we take k = 1, we get generalized hypergeometric
contiguous function relations (see [32]).

Remark 10. Other contiguous function relations for the Hadamard product of the k-Gauss hyper-
geometric function may be derived from the relations in (36) to (40), and in the same manner, other
results can also be obtained.

Remark 11. We can easily obtain many known results in [20,24] by setting the parameters in our
main findings. Therefore, the obtained results here extend to those results.

Furthermore, the operator kΘ = k η
dη , which is used in the derivation of the contiguous

function relations, is also used in deriving the differential equations satisfied by H(k; η)
and its contiguous function relations as follows:

k2Θ2H(k, η) =
∞

∑
n=1

n2k2(α1)n,k(α2)n,k(β1)n,k (β2)n,k

(δ1)n,k(δ2)n,kn!n!
ηn

=
∞

∑
n=1

k2(α1)n,k(α2)n,k(β1)n,k (β2)n,k

(δ1)n,k(δ2)n,k(n− 1)!(n− 1)!
ηn

=
∞

∑
n=0

k2(α1)n+1,k(α2)n+1,k(β1)n+1,k (β2)n+1,k

(δ1)n+1,k(δ2)n+1,kn!n!
ηn,

using the following identity (a)n+1,k = (a)n,k(a + nk), we find that:

k2Θ2H(k, η) = k2η
∞

∑
n=0

(α1 + nk)(α2 + nk)(β1 + nk)(β2 + nk)
(δ1 + nk)(δ2 + nk)

Un,k(η). (41)

Note that:

(α1 + nk)(β1 + nk)
(δ1 + nk)

=nk + (α1 + β1 − δ1) +
(δ1 − α1)(δ1 − β1)

(δ1 + nk)
,

(δ2 + nk)(β2 + nk)
(δ2 + nk)

=nk + (α2 + β2 − δ2) +
(δ2 − α2)(δ2 − β2)

(δ2 + nk)
,

nk
δ1 + nk

=1− δ1

δ1 + nk
,

nk
δ2 + nk

= 1− δ2

δ2 + nk

(42)

and:

1
(δ1 + nk)(δ2 + nk)

=
1

(δ1 − δ2)(δ2 + nk)
− 1

(δ1 − δ2)(δ1 + nk)
.
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Using above the relations in (42), we obtain:

k2Θ2H(k; η) = k2η

{
∞

∑
n=0

n2k2Un,k(η) + (α1 + β1 + α2 + β2 + δ1 + δ2)
∞

∑
n=0

nkUn,k(η)

+ (δ1 − α1)(δ2 − β1)
[
(α2 + β2 − δ2)− δ1 −

(δ2 − α2)(δ2 − β2)

δ1 − δ2

] ∞

∑
n=0

1
δ1 + nk

Un,k(η)

(δ2 − α2)(δ2 − β2)[(α1 + β1 − δ1)− δ2 +
(δ1 − α1)(δ1 − β1)

δ1 − δ2
]

∞

∑
n=0

Un(η)

δ2 + nk

}
= k2ηΘ2H(k; η) + (α1 + β1 + α2 + β2 − δ1 − δ2)ηΘkH(k; η)

+ [(α1 + β1 − δ1)(α2 + β2 − δ2) + (δ1 − α1)(δ1 − β1) + (δ2 − α2)(δ2 − β2)]H(k; η)

+ (δ1 − α1)(δ1 − β1)[(α2 + β2 − δ2)− δ1 −
(δ2 − α2)(δ2 − β2)

δ1 − δ2
]H(k; δ1+)

+ (δ2 − α2)(δ2 − β2)[(α1 + β1 − δ1)− δ2 +
(δ1 − α1)(δ1 − β1)

δ1 − δ2
]H(k; δ2+).

Thus, we get the following differential equation:[
(1− η)k2Θ2 − (α1 + β1 + α2 + β2 − δ1 − δ2)ηkΘ

−
{
(α1 + β1 − δ1)(α2 + β2 − δ2) + (δ1 − α1)(δ1 − β1) + (δ2 − α2)(δ2 − β2)

}]
H(k, η)

− (δ1 − α1)(δ1 − β1)
[
(α2 + β2 − δ2)− δ1

(δ2 − α2)(δ2 − β2)

δ1 − δ2

]
H(k; δ1+)

− (δ2 − α2)(δ2 − β2)
[
(α1 + β1 − δ1)− δ2 +

(δ1 − α1)(δ2 − β1)

δ1 − δ2

]
H(k; δ2+) = 0.

Remark 12. Taking k = 1 in the above differential equation, it obviously reduces to the result of
the generalized hypergeometric function in [32].

Yet another differential equation is satisfied byH(k; η), as follows:

[k2Θ2(Θ + δ1 − k)(Θ + δ2 − k)]H(k, η)

=
∞

∑
n=0

k2n2(nk + δ1 − k)(nk + δ2 − k)
(δ1)n,k(δ2)n,kn!n!

(α1)n,k(α2)n,k(β1)n,k(β2)n,kηn

=
∞

∑
n=1

k2(α1)n,k(α2)n,k(β1)n,k(β2)n,k

(δ1)n−1,k(δ2)n−1,k(n− 1)!(n− 1)!
ηn

=
∞

∑
n=0

k2(α1)n+1,k(β1)n+1,k(α2)n+1,k(β2)n+1,k

(δ1)n,k(δ2)n,kn!n!
ηn+1

=
∞

∑
n=0

k2(α1)n+1,k(α2)n+1,k(β1)n+1,k(β2)n+1,k

(δ1)n,k(δ2)n,kn!n!
ηn

= k2η
∞

∑
n=0

(α1 + nk)(β1 + nk)(α2 + nk)(β2 + nk)Un,k(η)

= k2η(Θ + α1) + (Θ + β1) + (Θ + α1)(Θ + β2)H(k, η).

Thus, we show that the H(k, η) is a solution of the following differential equation:

[k2Θ2(Θ + δ1 − k)(Θ + δ2 − k)− η(Θ + α1)(Θ + β1)(Θ + α2)(Θ + β2)]H(k, η) = 0. (43)

Remark 13. If we take k = 1 in (42), we can easily obtain the known results given in [32].
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Remark 14. The differential equation in (42) improves and generalizes the known results in [19,27].

5. Concluding Remarks

In this manuscript, we established a new generalization of the k-Gauss hyperge-
ometric function by means of a Hadamard product, the so-called Hadamard product of
k-Gauss hypergeometric functions (HPkGHF) of a fourth numerator and two denominator
parameters. We presented a systematic study of the various basic properties of the HP-
kGHF, including the convergence property, differentiation formulae, integral transforms,
contiguous function relations, and differential equations. The investigated results pre-
sented here along with those presented in earlier papers were specified. Moreover, some
interesting special cases of our main results were considered at k→ 1.

Furthermore, it is noted that the results detailed in this article are general in character
and give some contributions to the theory of special functions. In addition, the results
proposed in this work can be easily converted in terms of a similar type of new interesting
integral formulae and differential equations with different arguments after some suitable
parameter replacements.

More importantly, We are also trying to find certain possible applications of the
results reported here to some other research areas, such as random walk, distributed delay,
fractional operators, numerical solutions, and boundary value problems (see, [35–42]).
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