symmetry

Article

The Properties of Eigenvalues and Eigenfunctions for Nonlocal
Sturm-Liouville Problems

Zhiwen Liu *

check for

updates
Citation: Liu, Z; Qi, J. The Properties
of Eigenvalues and Eigenfunctions
for Nonlocal Sturm-Liouville
Problems. Symmetry 2021, 13, 820.
https:/ /doi.org/10.3390/sym13050820

Academic Editors: Omar Bazighifan

and Marin Marin

Received: 12 April 2021
Accepted: 3 May 2021
Published: 7 May 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Jiangang Qi **

Department of Mathematics, Shandong University at Weihai, Weihai 264209, China; sdulzw2018@163.com
* Correspondence: gijiangang@sdu.edu.cn
1 These authors contributed equally to this work.

Abstract: The present paper is concerned with the spectral theory of nonlocal Sturm-Liouville
eigenvalue problems on a finite interval. The continuity, differentiability and comparison results
of eigenvalues with respect to the nonlocal potentials are studied, and the oscillation properties of
eigenfunctions are investigated. The comparison result of eigenvalues and the oscillation properties of
eigenfunctions indicate that the spectral properties of nonlocal problems are very different from those
of classical Sturm-Liouville problems. Some examples are given to explain this essential difference.
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1. Introduction

This paper is concerned with the spectral problems of the nonlocal Sturm-Liouville
differential equation

—y"(x) +q(x)y(x) +a(x)y(1) = Ay(x), x € (0,1) )

associated to boundary value conditions

y0) =0,y (1) + [ awy(xax =0, ®

where g € L!(]0,1], R) is the “local” potential and a € L'([0,1],R) is called the “nonlocal”
potential. The authors in [1] considered the inverse eigenvalue problems (1) where g(x) = 0
with the boundary conditions (2).

Models similar to the nonlocal differential equation (1) have been used in the study
of voltage-driven electrical systems, population dynamics, processes with conserved first
integral and nonlocal problems with convective terms. Such nonlocal operators appear not
only in quantum mechanics [2] but also in the theory of diffusion processes [1].

Other nonlocal problems result from the linear ordinary differential equation

=" (x) +9(x)y(x) = Aw(x)y(x), x € [0,1] ®)

associated to nonlocal boundary conditions such as multi-point boundary value conditions
and integral boundary conditions which involve values of the unknown function inside
the interval (see [3-6] and the references cited therein).

The spectrum of the nonlocal problem associating (1) with boundary conditions
has been studied by many authors. The authors in [7,8] investigate the behaviors of
eigenvalues for the similar case with (1) with different nonlocal potential functions and
Dirichlet boundary conditions, whereas, unlike the boundary conditions (2), the authors
in [9,10] studied the inverse eigenvalue problems (1) where gq(x) = 0 with the boundary
conditions

¥(0) =y(1), y(1) - () + [ eyt =0and @
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1

y(0) = y(1) =0, ¥/ (x0+0) — ¥/ (xp — 0) — /0 a(B)y(t)dt = 0, 5)

respectively.
For the purpose of the clear statement of our methods, we only consider the case of
g = 0, i.e., the nonlocal Sturm-Liouville differential equation

—y"(x) +a(x)y(1) = Ay(x), x € (0,1) (6)

with the boundary condition (2). For the case of g # 0 and other self-adjoint nonlocal
boundary conditions, the corresponding results can be achieved in the similar way. In
the present paper, we mainly focus on the continuity, differentiability and comparison
properties of eigenvalues with respect to the nonlocal potentials and the oscillation of
eigenfunctions of the nonlocal boundary value problems (6) and (2).

Following this section, some preliminary knowledge is listed in Section 2. In Section 3,
we study the continuity and differentiability of eigenvalues with respect to the nonlocal
potentials in Theorems 8 and 9, respectively. Theorem 10 of Section 4 gives the comparison
result of eigenvalues. The oscillation properties of eigenfunctions are studied in Theorem 11
of Section 5, and we present some examples to explain the difference between the classical
cases and the nonlocal cases.

2. Some Known Results of the Problem

In this section, some preliminary knowledge on the eigenvalues, eigenfunctions and
the characteristic function of the nonlocal boundary value problems (6) and (2) is given
(see [1]).

Lemma 1. Assume that the real-valued function a € L'[0,1]. Then A = p* € (—o0, ) is an
eigenvalue of (6) and (2) if and only if

1
x(A,a) = cosp+5/0 a(t) sin(pt)dt — / / G(x,t;p)a(t)dxdt =0, (7)

where p = /A and the kernel G(x, t; p) is defined as

G(x, t;p) = P - 8)

1 [ sinpxsinp(l1—t), 0 <x <t <1,
sinptsinp(l —x), 0 <t<x<1,

and x (A, a) is called the characteristic function of the nonlocal problems (6) and (2).
(i) (6) and (2) has a discrete spectrum consisting of real eigenvalues, say {An(a)}, such that

A(a) € (=00, %], Ay(a) € [(n —1)?72,n*m?], n > 2. )
(ii) It holds that (—1)"x(n?>m?,a) > 0 forn > 1.

(iii) For an integer m, m>rt* is an eigenvalue of (6) and (2) if and only if

m7‘f+/ ) sin(mrx)dx = 0. (10)

sinpx

Remark 1. (i)  For the case p = 0, we write = x, and then the expression of G is given by

x(1—t),0<x<t<1

G(x/t;o):{t(1—x),0§t§9€§1- .
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(ii)  For the case p = iT with T > 0 the functions sin p and cos p are defined, respectively, by

—-T _ ,T —T T
sin(it) = %, cos(it) = %

due to the Euler’s formula. Therefore, for all cases, the characteristic function x(A,a) is
real-valued for A € R.

For the multiplicity of eigenvalues, the following conclusions are proven in Theorem 2.2
of [1].

Lemma 2. Let Ay (a) be the nth eigenvalues of (6) and (2). Then
(i) the multiplicity of A, (a) does not exceed 2.

(i) If A # m?r? is an eigenvalue, then it is simple, i.e., a/\()‘ a) # 0. The corresponding
eigenfunction is given by

1
¢(x) =sinpx/p —/O G(x, t;p)a(t)dt

(iii) If n®7t is a simple eigenvalue, then the corresponding eigenfunction is given by ¢(x) =
sin(n7mx).
(iv) n*m? is a double eigenvalue if and only if

x(n?m?;a) = gi(nznz a)=0

and the corresponding linearly independent eigenfunctions are given by
X
¢(x) = sin(nmx), P(x) = / sinnrt(x — t)a(t)dt.
0

Lemma 3. Let x(A,a) be defined as in (7). If x(m?7?,a) = 0 or (10) holds, then

aX (m?m?;a) / / G(x, t; mm)a(t)dxdt, (12)
oA
where p = /A and
~ —1)"1 [ sinpxcospt, x <t,
G(x,t,p) = (2)3{ . (13)
0 sinptcospx, x > t.

It is easy to see that x(A;a) — oo as A — —oo by the expression of x(A;a) in (7). As a
result the following corollary is immediately a consequence of the above lemmas.

Lemma 4. Let x(A,a) be defined as in (7). If x(7?,a) = 0, then g—?)f(nz,a) < 0 (respec-
tively %(nZ,a) > 0) means that 72 is the first (respectively second) and simple eigenvalue.
If x(47%,a) = 0 and % (47%,a) > 0, then 47? is the second and simple eigenvalue.

3. Continuity and Differentiability of Eigenvalues and Eigenfunctions

In this section, we prove the continuity of eigenvalues on nonlocal potentials of (6)
and (2). This kind of result for classical Sturm-Liouville problems has been given in [11].
Here, we will use different methods to prove such results for nonlocal Sturm-Liouville
problems. we need the following lemma as a preparation of our main results in Section 3.
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Lemma 5. Let F,(A), F(A), n =1, 2, - -+, be analytic functions and F,(A) — F(A) as n — oo
uniform convergence on any bounded domain of C. F # constant. Let 2., and . be the zero sets of
F, and F, respectively. Set

Yoo = {A: A, €y, such that Ay — A, n — +00}.

Then ¥ = Eoo. Moreover, if there exists Ay # Ana € Xy such that Ayj — Ag as n — oo for
j=1,2,then F'(Ag) = 0.

Proof. By the definition, for Ay € X, there exists {A,, n =1,2,--- } such that A, — A,
n — oo. The analyticity implies that F, — F’ uniform convergence on any bounded domain
of C, {F}} is bounded on any bounded subset of C, and hence

An
0

As aresult, F,(A,) = 0 yields that F,(Ag) — 0 or F(Ag) =0,1i.e., Ag € .
Conversely, for Ay € %, if Ay € X, then there exists eg > 0 such that

B(Ag,e0) NZ = {Ag}, d(Ao, Xn) > 2¢p (14)
asn > N for some N > 0, where B(Ag, €g) := {A : |A — Ag| < g9 }. From (14), we have
F.(A) #0, VA € B(Ag,e09), n > N.
Therefore, F;71(A) is analytic on B(Ag, &) for n > N. By the Cauchy integral formula,

_ 1 F, (z2)
1 _ n
Fi 1 (ho) = 5 /a e 2 0 (15)

Note that F(z) # 0 on dB(A, ¢p) implies

Since F, — F as n — oo uniformly on dB (A, &9), we know there exists a sufficiently
large number Nj (> N) such that

2
IF, 1 (z)] < a0 Z€ 9B(Ao, €0)

for n > Nj. This together with (15) gives |F;'(Ag)| < 2/A for n > Nj. This clearly
contradicts F,;(Ag) — F(Ag) =0asn — oo.

For the proof of the second part, we note that for every Ay € %, there exists ¢ > 0
such that B(Ag,¢) N X = {Ao}. Every set X, is countable, and hence |J7° £, is countable.
Therefore, there exists g9 € (0, €] such that dB(Ag,e0) N X, = @ for n > 1. As a result, there
exists gy > 0 such that

B(/\(),So) N = {)\0}, aB(Ao,So) N, =0, n>1.

Moreover there exists N > 0 such that for any n > N, {A,1, A2} C B(Ag,€p). From
the argument principle (see Chapter 4, Section 5 of [12]), we have

!
L/ F”(Z)dz > 2.
2711 JaB(Aoe0) Fn(2)
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Let n — co; we get

1 F'(z2)
—_— dz >2
2mi /33()\0,€o) F(z) ° =

This implies that F'(Ag) = 0. O

In order to prove the main result in this section, we also need to estimate the lower
bound of the eigenvalues.

Lemma 6. Let Aq(a) be the first eigenvalue of (6) and (2). Then

2(1 = 2lall), llall <1/2,
A(a) = ) (16)
—4f[all%, llal > 172,
where |a|| = fol la(x)|dx.

Proof. Let A be an eigenvalue of (6) and (2) and ¢ be a real eigenfunction of A. Since

$(0) =0,

[ eeax= [ ["¢wa

and hence

i < /1x/x 1/ (#)Pdtdx < 1/1 1/ (£) Pt
—Jo " Jo ~2Jo ’

[ 1 @Pax =2 [ gt ax a7
o 17 o '

On the other hand, since ¢(x) = [ ¢/(t)dt,

20p(1) [ a(x)p(r)dx| < 2max{lg(o): x € 0,11}l

2 3
<2 (/01 |<P’(X)|dx> la]l < 2./01 ¢/ (x)[?dx]|a.

This inequality, together with

1 1
Aol = [ (1012 +29(0ag)
gives that
T e b
A IR = 10 = 2lal) = 200 -2]al) [ lo

by (17) if ||a|| < 1/2, and hence the first part of (16) holds.
For the case |la|]|] > 1/2, we set max{|¢(x)|*> : x € [0,1]} = |$(x0)|* for some
xo € (0,1]. Since

1 1/2
o) =2 <2e'liol 1= ([ 167)

[ 9 @px)as

we get

1
?\/0 012 = ll¢"lI* — 4llallllglll¢"| = (l¢'Il - 2llalll@])* — 4llall* [,

and hence the second part of (16) holds. O

Clearly, we have from (7) that
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Lemma 7. For fixed a € L'[0,1], x(A,a) is an entire function of A and for fixed A, x(A,a) is
continuous with respect to a in L'[0,1].

Now we prove the continuity of eigenvalues on the nonlocal potentials in L'[0, 1].

Theorem 8. Let ay,a € L'[0,1] and A, (a), ¢y (x; a) be the nth eigenpair of (6) and (2). If a, — a
as n — oo, then for any k > 1, Ay(an) — Ax(a) as n — oo.

Proof. Set F,(A) = x(A,a,) and F(A) = x(A,a). Then F,,F # 0 and F,(A) — F(A)
uniformly on any bounded domain of C as n — oo by Lemma 7.

Since {||a,| } is bounded, {A1(a,)} is bounded below by Lemma 6. This, together
with Aq(a,) < 72, yields that {A;(a,) : n > 1} is bounded. Applying Lemma 5, one can
verify that A1(a,) — A € Zo = X asn — oo. Hence Ay = infX = infX = Aq(a).

For the case k = 2, the same method as above proves that Ay(a,) — Ay € [72,272]
as n — oo by Lemma 5. A, = Aq(a) only takes place as Aq(a) = 72 since A1(a) < 7%, or
equivalently

1
/ a(t)sinmttdt = 7
0

by (iii) of Lemma 1 and /(7% 4) = 0 by Lemma 5. Hence 7t* is a double eigenvalue of the
problem, and hence A;(a) = A, by Lemma 2. If A, > Aq(a), then

Ay =infZe \ {A1(a)} =inf X\ {A1(a)} = Az(a).
By mathematical deduction, the conclusion of Theorem 8 is true. [

The following theorem gives the differentiability of eigenvalues and eigenfunctions.

Theorem 9. Let A, (t) and ¢y (x; t) be the nth eigenpair of

—y"(x) +a(xt)y(1) = Ay(x), y(0) =0, y'(1) + /O1 a(s; t)y(s)ds = 0, (18)

where a(x;t) = ag(x) + th(x) with ag,h € L'([0,1],R),t € C. Then

(i) An(t) is analytic and A (tg) = 0if Ay (tg) = m*m%, m > 1.
(i)  For every tg € C, there exists a neighborhood of ty and an eigenfunction of ¢y, (-; ) defined on
the neighborhood such that ¢y (-;t) is analytic at t = t.

Proof. (i) We only need to prove the conclusion holds at ¢y = 0 since we can replace ag by
ag + toh. If A,,(0) is simple, then

9x

by Lemma 2. Clearly, x(A, ) is analytic on (A, f). Then by the existence of the implicit
function for an analytic function, we know that there exists single-valued analytic function
A(t) such that x(A(t), ag + th) = 0 on a neighborhood of t = 0, and hence A(t) = A, (#).

Assume that A, (0) is not simple. Note that this takes place only for the case A,,(0) =
m2 2 by Lemma 2, and it holds that

1
(=1)"mmn +/ ap(x) sin(mmx)dx =0 (19)
0
by Lemma 1. If fol h(x)sin(mmx)dx = 0. Then, for arbitrary t € C,

1
(=1)"mmn —0—/0 (ap(x) + th(x)) sin(mmx)dx =0,
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which means that A, (t) = m?7t?, and hence the conclusion is clearly true.

Now suppose that
1
/ h(x) sin(mmx)dx # 0. (20)
0

Then, for any 0 < |t| < 4, (—1)"mm + fol(ao(x) + th(x)) sin(mrntx)dx # 0. Thus,
the above argument proves that A, (t) is analyticon 0 < |t| < §. This, together with the
continuity of A, (t) and Morera’s theorem (see [13]), yields that A, (t) is analytic on |t < 6.

If Ay(tg) = m?m® withm = n—1orm = n,thenty € Rand A, (t) € [(n —1)%7%, n?n?]
on R means that A, (t() is the minimum of A, (t) on R for m = n — 1 or is the maximum for
m = n, and hence A}, (tg) = 0.

(i) Set pu (t) = /An(t),

1
Calt) = pa(t) ~ [ (ao(x) + th(x)) sin pu (1)1 — ),
1
#x0,t) = sin(px)/p — [ Glx,5,0)(a0(s) + th(s)) .
Since ¢(x; pn(t), t) is an eigenfunction for those t such that p,,(t) # mm by Lemma 2 and

pn(t) is analytic, one sees that the conclusion of (ii) is true for those ¢ such that p,,(t) # mr.
Suppose that p,,(tg) = mm (m > 1) and take ty = 0 for the sake of simplicity. Then it

follows from (19) that C,,(0) = 0. If fol h(x) sin(mmx)dx = 0, then
1
(—1)"mr + / (a0(x) + th(x)) sin(mmx)dx = 0
0
for all t € C, which means that A, (t) = m?n? and ¢(x; mm,t) = sin(mmx)/(mm), and

hence the conclusion is clearly true.
Now suppose that f01 h(x) sin(mmx)dx # 0. Since

Cu(t) =pn(t) {1 - /Ol(ao(X) + th(x)) (1 — x) cos[pn (£) (1 — x)]dx

- /(;1h(x) sin oy (£) (1 — x)dx,
0n(0) = m7 (m > 1) and p/,(0) = 0, one sees that
C(0) = (—1)" /Olh(x) sin(m7x)dx # 0.

This, together with C,(0) = 0, implies that there exists 6 > 0 such that C,,(t) # 0 for
0 < |#| < 4. Now define

gn((?)fp(x,pn;t), 0< |t <3,
Pn(x;t) =49 " (21)
sin(m7x) F—0
mr

From the above discussion, we know that ¢, (x; t) is analytic for ¢ # 0, and calculation
gives that

¢(x;04(0),0) =0, a(g;;@ (x;01(0),0) = (—1)" /01 h(s) sin(m7rs)ds

sin(mrx)
mm
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This, combined with
1

Ca(0) = 0, C(0) = (—1)" /O h(x) sin(mmx)dx

yields the continuity of ¢, (x;t) att = 0:

9(pnd) - 0,(0),0
}i_lgqbn(x}t) = o g;(%)( ) ) :4711(3(;0);

and hence ¢, (x;t) is analytic at t = 0 by Morera’s theorem (see [13]). The proof of
Theorem 9 is finished. [

Remark 2. Note that Cy(t) # 0 implies that p,(t) # mr. Then the above proof has proven that
¢n(x; t) is always analytic at t € C and C,,(t) # 0.

4. Comparison of Eigenvalues with Respect to Nonlocal Potentials

In this section, we derive the comparison result for eigenvalues with respect to the
nonlocal potentials.

Theorem 10. Let a;,a; € L'[0,1] and A, (a;) be the nth eigenvalue of (6) and (2) with a replaced
by a;, for j = 1,2. Let G(x,t, ) be defined as in (8). Define
1
¢(x;p0,a1) = sinpx/p — /0 G(x,t;p)aq(t)dt.
Then

> 0 (respectively < 0), n = odd,
Anla) — Aaar){ = 0 VPt = 0) @)
< 0 (respectively > 0), n = even
if and only if

1
2/ ey — / hGuh > 0 (respectively < 0), (23)
0 D

where h = ay — a1, Ppn(x) = (x5 0n,a1), Gu(x,t) = G(x,t, 1), Pn = \/An(a1) and
1
/chng - /01/0 F(x)Ga(x, )g(f)dxdt, D = [0,1]  [0,1].

Proof. Let x(A,a1) and x(A, a2) be defined as in (7) with a replaced by a; and a,, respec-
tively. Set h = a; — ay. Define

F(A,s) = x(A, a1+ sh), s € [0,1].

It follows from the expression (7) of x that F is continuously differentiable with respect
to s. Clearly F(A,0) = x(A,a1), F(A, 1) = x(A,a2) and

2 1
a—()\,s) = E/O s1npxh(x)dx—/DhG(u1 —i—sh)—/D(al + sh)Gh.

Since the kernel G is symmetric, we have that

a—F(A s) —2/1sin xh(x)dx—Z/ hG(ay + sh)
35 T g fy B D !

_2 /01 h(x) (sinpx - p/o1 G(x, t;p)al(t)dt) dx —2s /D hGh

0
1
:2/0 h(x)cp(x;p,al)dx—Zs/DhGh.
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Since F(A,1) — F(A,0) = [} o %E(A,5)ds, one has

XA az) = x(A,ay) = 2./(;1 h(x)g(x;p)dx — [ nGh. (24)

Take A = Ay (a71) in (24) and note that x(A,(a1),a1) = 0, we get

1
X(Au(ar),az2) :2/0 h(l)n—/DhGnh.

There are three cases to be considered
Case1 Ay(a1) € ((n—1)*n2,n?n?);
Case 2 A, (a1) = n?m%;

Case 3 \y(a1) = (n—1)27?

For Case 1 now suppose that

1
2/ hgbn—/hGnhZO
0 D

in (23) of Theorem 10 holds. Clearly, 2 fol hey — [ hGuyh = Oifand only if x (Ax(a1),a2) =0,
or equivalently A, (a2) = A, (a7) by Lemma 1. Now suppose that x(A,(a1),a2) > 0. We
first suppose that 7 is an odd number. It follows from (ii) of Lemma 1 that

X((n—l) 7'[ ,a2) >0, x(n 22, ap) <0.

If x(n%7%,a5) < 0, then there exists one zero of x(A,a3) on (A, (ay), n?7%), which must

be the nth eigenvalue, say A, (a3 ), associated to a, by Lemma 1, and hence A, (a2) > Ay (aq).
If x(n?m?,a,) = 0, then we can choose ¢; € L![0,1] such that

x(n*m2,ay +e) # 0 (ice., < 0), g — 0

as k — oo. Since x(An(ay),a2) > 0 and x(A,a) is continuous on a € L'[0,1], we have
X(Au(ay), a2+ €x) > 0 for sufficiently large k, say k > 1 for simplicity. Therefore, there exists
a zero, say An(az +¢€x), of x(A, a2 + €;) on (An(al),n2n2). By Theorem 8, A, (a2 +€x) —
An(a2) ask — oo, and hence Ay (a2) € [Ay(ay), n?7?]. This, together with x(A,(a1),a2) > 0,
gives that A, (az) > An(ay).

If n is even, then we have from (ii) of Lemma 1 that

x((n=1)21,a3) <0, x(n*n%,az) > 0.

Then, in the similar way as above, one can prove that x (A, a;) has a zero on the interval
((n—1)27%, Ay(a1)), and hence Ay (a2) < Ay (ay).

Conversely, assume that A, (ap) — A, (a1) > 0. We claim that X(An(al) ») > 0ifnis
odd. Suppose on the contrary that x(A,(a1),a2) < 0. Since x((n — 1)?7%,a,) > 0, then
the similar argument as above proves that the nth eigenvalue associated to a, belongs
to the interval [(n — 1)?7t%, A, (a1)), which contradicts A, (a2) — Ay(a;) > 0. Applying
X(An(a1),a2) > 0 and the fact x (A, (a1),a1) = 0, one sees from (24) that the inequality in
(23) is true. The same argument as above also yields that (A, (a1),a2) < 0if n is even. The
proof for Case 1 is finished.

For Case 2, we note that if A,,(a;) = n?72, then

Gn(x,t) = (—1)" ! sin(n7x) sin(nrt)

n272
and by (10)
1
(—1)”n7r—|—/ aq(t) sin(nrt)dt = 0.
0
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As a result
Pn(x) = % {Sin(nnx) —(—1)%" sin(nﬂx)} =0,

and hence

! 1 sin(nmrx) , \*[ <0, n=odd,
Z/h —/hGhz—l”(/h d>
0 Pn p (1) 0 (%) nrt * >0, n = even.

Since A, (az) € [(n — 1)1, n?7?], we have A, (a2) < Ay(ay) = n?7. Therefore, the
conclusion is valid for this case. In a similar way, one can prove the conclusion is true for
Case 3. This completes the proof of Theorem 10. [J

Example 1.

(i) Ifae L'0,1]anda(t) <0,a.e. on [0,1], then A1(a) < 7%/4.

(i) Ifa(x) = a > 0, then Ay(a) < 2 /4 ifa > agand Aq(a) > T2 /4 ifa < ag, where
2

_
apg = i

Proof. Take a; = 0 and ay(x) = a(x). Then A;(0) = 72/4,

sin e cos it x <t

2 . ymx m\ 4 2 o=
1(x) = ;sm( 2 )’ G<x’t’5) T o2) . omt X

sm?cos > x >t

Clearly, ¢; and G are both non-negative on [0, 1].
(i) Asaresult, (23) gives

1
Z/a —/aGa<0
Jo N D B

if a(x) < 0on [0,1]. Then Ay (a) < 7r2/4 by Theorem 10.
(i) Ifa(x) =a > 0, then it follows from

1 _
/ sin de = E, / G(x,t;/2)dxdt = 8(4747[)
0 2 " Jp T

that (23) is reduced to

and hence the conclusion of (ii) is true by Theorem 10.
O

Remark 3. For the classical Sturm—Liouville problem —y" + qy = Ay, y(0) = 0 = y(1) with
q € (L'[0,1],R), it is well known that Ay (q1) > An(q2) forall n > 1if q1(x) > ga(x) on [0,1],
where Ay, is the nth eigenvalue. However, from Theorem 10, we find that eigenvalues of nonlocal
problem do not possess the monotonicity with respect to nonlocal potentials. This is an essential
difference from the classical Sturm—Liouville problems.

5. Oscillation of Eigenfunctions

In this section, we study the oscillation properties of eigenfunctions to the nonlocal
problem. Let A, (a) and ¢, (x; a) be the nth eigenpair of (6) and (2). We prove that
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Theorem 11. For given a € L'[0,1], if n > fol la|/ T + 1, then ¢, has exactly n — 1 zeros
on (0,1).

Proof. Fora(x) =0, a.e.x € [0, 1], the problem (6) and (2) is reduced to the Laplace equation

—y"(x) = Ay(x), x € (0,1),

with the boundary condition y(0) = 0, /(1) = 0; hence, the conclusion clearly holds.
Leta € L'[0,1] and
mes{x € [0,1] : a(x) # 0} > 0. (25)

If ¢, (1) = 0, then Ay, (a) = m?n? with m = n — 1 or n by Lemma 2 and it holds that

m7r+/ t)sin(mmx)dx =0

by Lemma 1. This together with (25) gives
1 1 1
/ |a] >/ |sin(mrct)a(t)|dt > ‘/ sin(mrt)a(t)dt| = mm > (n—1)m
0 0 0

which means that n < fol la|/ 7+ 1, a contradiction.
Now suppose that ¢, (1) # 0. We claim that the zeros of ¢, are isolated and simple

ifn > fol la| /7w 4 1. Otherwise, we must have ¢, (xg) = ¢},(x9) = 0 for some xy € [0,1).
Therefore, by the constant variation formula,

Pn(x) = ;/0 sin p(x — )a(t)dtgn (1), 26)

where p = \/A,(a) € [(n — 1), nn]. Since ¢, (1) # 0, we have from (26) that
1
0— / sinp(1 —t)a(t)dt =0,
X0

and combining it with (25), we have

/ |a|>/|smp (1— t)a(t)|dt >

/x sinp(1 —t)a(t )dt‘ =p>n-1)m

which means n < fol la| /7t + 1, a contradiction as well.
Let A(t) and ¢(x; t) be the nth eigenpair of the nonlocal problem

1
—y"(x) +ta(x)y(1) = Ay(x), y(0) =0, y'(1) + f/o a(s)y(s)ds = 0 (27)
and p(t) = \/A(t), t € [0,1]. Then p(t) > (n — 1)7. Note that if for some t € [0,1],

t) — t/ol sinp(t)(1 —x)a(x)dx =0,

and the same argument as above gives a contradiction. Therefore, we assume that

1
o(t) — t/o sinp(£)(1 — x)a(x)dx # 0

for all t € [0,1], and hence by Remark 2 in Section 3, we know that both A(t) and ¢, (-, t)
are continuously differentiable on [0, 1].
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Set N(t) = f¢(x;t) as the number of zeros of ¢ on (0,1). Clearly, N(0) = n — 1 since
¢(x;0) = sin[(n — 1/2)7x]. Since for all t € [0, 1], the zeros of ¢(x; t) are simple, it follows
from the deformation lemma (see page 41 of [14]) that N(0) = N(1). O

Note that the conclusion of Theorem 11 is similar to that of classical Sturm-Liouville
problems for sufficient large n. However, generally speaking, the number of zeros of
eigenfunctions to the nonlocal problem is very different from that of the classical one. The
following examples explain the difference mentioned above.

Example 2. In these examples, three cases will occur for the first eigenfunction.
Case 1 ¢1(x;a) has no zero. Take a(x) = 0. Then, ¢1(x) = sin(7tx/2) has no zero on (0,1).
Caes 2 ¢ (x; a) has exactly 1 zero. Take a(x) = —90x2 + 60x + 6. Then ¢y (x) = —x2 + 3x
has one zero on (0,1).
Caes 3 ¢ (x;a) has two zeros. Tuke a(x) = —382(8x® — 10x? + 3x) + 48x — 20. Then

¢1(x) = x(x — 3)(x — 2) has two zeros on (0,1).

Example 3. In these examples, three cases occur for the second eigenfunction.

Case 1 ¢ (x; a) has exactly 1 zero. Take a(x) = 0. Then ¢p(x) = sin(37x/2) has one zero
on (0,1).

Caes 2 ¢ (x; a) has no zero. Take a(x) = [1827 (x2 — xox) + 2]/ (1 — x0), where xg = 1%.
Then ¢y (x) = x% — xox has no zero on (0,1).

Caes 3 ¢ (x; a) has two zeros. Take a(x) = 15x(x—0.1)é;:%?%6x—0.2—2b. Then ¢ (x) = x(x —

0.1)(x — b) has two zeros on (0,1), where 0 < b < 1 and such that — 32 b? + 389}, — 1819 — o,

6. Conclusions

In this work, we obtain continuity, differentiability and comparison results of eigenval-
ues for nonlocal Sturm-Liouville problems on a finite interval, and the oscillation properties
of eigenfunctions are researched. The above properties will play a key role in future re-
search, and we will discuss extremal problems of L!-norm for “local” potentials by using
the above results.
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