
symmetryS S

Article

Properties of Certain Subclass of Meromorphic Multivalent
Functions Associated with q-Difference Operator

Cai-Mei Yan 1, Rekha Srivastava 2,* and Jin-Lin Liu 3

����������
�������

Citation: Yan, C.-M.; Srivastava, R.;

Liu, J.-L. Properties of Certain

Subclass of Meromorphic Multivalent

Functions Associated with

q-Difference Operator. Symmetry 2021,

13, 1035. https://doi.org/10.3390/

sym13061035

Academic Editor: Clemente Cesarano

and Youssef N. Raffoul

Received: 14 April 2021

Accepted: 19 May 2021

Published: 8 June 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Information Engineering College, Yangzhou University, Yangzhou 225002, China; cmyan@yzu.edu.cn
2 Department of Mathematics and Statistics, University of Victoria, Victoria, BC V8W 3R4, Canada
3 Department of Mathematics, Yangzhou University, Yangzhou 225002, China; jlliu@yzu.edu.cn
* Correspondence: rekhas@math.uvic.ca

Abstract: A new subclass Σp,q(α, A, B) of meromorphic multivalent functions is defined by means of
a q-difference operator. Some properties of the functions in this new subclass, such as sufficient and
necessary conditions, coefficient estimates, growth and distortion theorems, radius of starlikeness
and convexity, partial sums and closure theorems, are investigated.

Keywords: q-difference operator; Janowski function; meromorphic multivalent function; distortion
theorem; partial sum; closure theorem

MSC: 2020 Mathematics Subject Classification; Primary 30C45; 05A30; Secondary 11B65; 47B38

1. Introduction

In recent years, q-analysis has attracted the interest of scholars because of its numerous
applications in mathematics and physics. Jackson [1,2] was the first to consider the certain
application of q-calculus and introduced the q-analog of the derivative and integral. Very
recently, several authors published a set of articles [3–13] in which they concentrated
upon the classes of q-starlike functions related to the Janowski functions [14] from some
different aspects. Further, a recently published survey-cum-expository review paper by
Srivastava [15] is very useful for scholars working on these topics. In this review paper,
Srivastava [15] gave certain mathematical explanation and addressed applications of the
fractional q-derivative operator in Geometric Function Theory. In the same survey-cum-
expository review paper [15], the trivial and inconsequential (p, q) variations of various
known q-results by adding an obviously redundant parameter p were clearly exposed (see,
for details, [15] p. 340).

In this article, motivated essentially by the above works, we shall define a new subclass
of meromorphic multivalent functions by using the q-difference operator and Janowski
functions and study its geometric properties, such as sufficient and necessary conditions,
coefficient estimates, growth and distortion theorems, radius of starlikeness and convexity,
partial sums and closure theorems.

Let Mp denote the class of meromorphic multivalent functions of the form

f (z) = z−p +
∞

∑
n=1

anzn (p ∈ N = {1, 2, 3, · · · }),

which are analytic in the punctured open unit disk D∗ = {z ∈ C : 0 < |z| < 1} = D \ {0}
with a pole of order p at the origin.

A function f (z) ∈ Mp is said to be the meromorphic p-valent starlike function of order
σ if

Re
{
− z f ′(z)

f (z)

}
> σ (0 5 σ < p)
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for all z ∈ D∗. We denote this class by MS∗p(σ).
A function f (z) ∈ Mp is said to be the meromorphic p-valent convex function of order

σ if

Re
{
−
(

1 +
z f ′′(z)
f ′(z)

)}
> σ (0 5 σ < p)

for all z ∈ D∗. We denote this class by MCp(σ).
For two functions, f (z) and g(z), which are analytic in D, we can say that g(z) is

subordinate to f (z) and denote g(z) ≺ f (z) (z ∈ D) , if there exists a Schwarz function
w(z), analytic in D with w(0) = 0 and |w(z)| < 1 (z ∈ D), such that g(z) = f (w(z))
(z ∈ D). Further, if f (z) is univalent in D, then we have the following equivalence:

g(z) ≺ f (z) (z ∈ D)⇐⇒ g(0) = f (0) and g(D) ⊂ f (D).

A function ϕ(z) is said to be in the class P[A, B], if it is analytic in D with ϕ(0) = 1 and

ϕ(z) ≺ 1 + Az
1 + Bz

(−1 5 B < A 5 1),

equivalently, we can write ∣∣∣∣ ϕ(z)− 1
A− Bϕ(z)

∣∣∣∣ < 1.

Let q ∈ (0, 1) and define the q-number [λ]q by

[λ]q =

{
1−qλ

1−q (λ ∈ C)
∑n−1

k=0 qk = 1 + q + q2 + · · ·+ qn−1 (λ = n ∈ N).

Particularly, when λ = 0, we write [0]q = 0.

Definition 1. For q ∈ (0, 1), the q-difference operator Dq of a function f (z) is defined by

Dq f (z) =

{
f (z)− f (qz)
(1−q)z (z 6= 0)

f ′(0) (z = 0),

provided that f ′(0) exists.
From Definition 1, we observe that

lim
q→1−

Dq f (z) = lim
q→1−

f (qz)− f (z)
(q− 1)z

= f ′(z)

for a differentiable function f (z).
For f (z) = z−p + ∑∞

n=1 anzn ∈ Mp, we can see that

Dq f (z) = [−p]qz−p−1 +
∞

∑
n=1

[n]qanzn−1 (z 6= 0),

where [−p]q = 1−q−p

1−q = −q−p[p]q and [p]q = 1−q−p

1−q = 1 + q + q2 + · · ·+ qp−1.

We now define a new subclass Σp,q(α, A, B) of Mp as the following.

Definition 2. For q ∈ (0, 1), α > 1 and −1 5 B < A 5 1, a function f (z) ∈ Mp is said to
belong to the class Σp,q(α, A, B), if it satisfies

1
1− α

(
zDq f (z)
[−p]q f (z)

− α
z2D2

q f (z)
[−p]q[−p− 1]q f (z)

)
≺ 1 + Az

1 + Bz
,
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or equivalently ∣∣∣∣∣∣∣∣
zDq f (z)
[−p]q f (z) − α

z2D2
q f (z)

[−p]q [−p−1]q f (z) − (1− α)

(1− α)A− B
(

zDq f (z)
[−p]q f (z) − α

z2D2
q f (z)

[−p]q [−p−1]q f (z)

)
∣∣∣∣∣∣∣∣ < 1 (z ∈ D). (1)

2. Main Results

Theorem 1. Let 1 < α 5 1− 1
[−p]q

and

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Mp.

Then f (z) ∈ Σp,q(α, A, B) if

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an

5 (1− α)(B− A)[−p]q[−p− 1]q. (2)

Proof. Suppose that the inequality (2) holds true. Then we have∣∣∣∣∣∣∣∣
zDq f (z)
[−p]q f (z) − α

z2 D2
q f (z)

[−p]q [−p−1]q f (z) − (1− α)

(1− α)A− B
(

zDq f (z)
[−p]q f (z) − α

z2 D2
q f (z)

[−p]q [−p−1]q f (z)

)
∣∣∣∣∣∣∣∣

=

∣∣∣∣∣ [−p− 1]qzDq f (z)− αz2D2
q f (z)− (1− α)[−p]q[−p− 1]q f (z)

(1− α)A[−p]q[−p− 1]q f (z)− B([−p− 1]qzDq f (z)− αz2D2
q f (z))

∣∣∣∣∣
=

∣∣∣∣ ∑∞
n=1([n]q([−p− 1]q − α[n− 1]q)− (1− α)[−p]q[−p− 1]q)anzn

(1− α)(A− B)[−p]q[−p− 1]qz−p −∑∞
n=1(B[n]q([−p− 1]q − α[n− 1]q)− (1− α)A[−p]q[−p− 1]q)anzn

∣∣∣∣
=

∣∣∣∣ ∑∞
n=1([n]q([−p− 1]q − α[n− 1]q)− (1− α)[−p]q[−p− 1]q)anzn+p

(1− α)(A− B)[−p]q[−p− 1]q −∑∞
n=1(B[n]q([−p− 1]q − α[n− 1]q)− (1− α)A[−p]q[−p− 1]q)anzn+p

∣∣∣∣
=

∣∣∣∣ ∑∞
n=1((1− α)[−p]q[−p− 1]q − [n]q([−p− 1]q − α[n− 1]q))anzn+p

(1− α)(B− A)[−p]q[−p− 1]q −∑∞
n=1((1− α)A[−p]q[−p− 1]q − B[n]q([−p− 1]q − α[n− 1]q))anzn+p

∣∣∣∣
< 1.

This shows that f (z) ∈ Σp,q(α, A, B).
Conversely, let f (z) = z−p +∑∞

n=1 anzn (an = 0) ∈ Σp,q(α, A, B). From (1), we obtain
∣∣∣∣∣∣∣∣

zDq f (z)
[−p]q f (z) − α

z2 D2
q f (z)

[−p]q [−p−1]q f (z) − (1− α)

(1− α)A− B
(

zDq f (z)
[−p]q f (z) − α

z2 D2
q f (z)

[−p]q [−p−1]q f (z)

)
∣∣∣∣∣∣∣∣

=

∣∣∣∣ ∑∞
n=1((1− α)[−p]q [−p− 1]q − [n]q([−p− 1]q − α[n− 1]q))anzn+p

(1− α)(B− A)[−p]q [−p− 1]q −∑∞
n=1((1− α)A[−p]q [−p− 1]q − B[n]q([−p− 1]q − α[n− 1]q))anzn+p

∣∣∣∣
< 1. (3)

The inequality (3) is true for all z ∈ D∗. Thus, we choose z = Rez → 1− and obtain
the inequality (2). The proof of Theorem 1 is completed.

From Theorem 1, we can easily obtain the following coefficient estimates.

Corollary 1. Let −1 < B < A 5 1 and 1 < α < 1− 1+B
(1+A)[−p]q

. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B),
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then

an 5
(1− α)(B− A)[−p]q[−p− 1]q

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
(n = 1, 2, · · · ).

The results are sharp for the function given by

f (z) = z−p +
(1− α)(B− A)[−p]q[−p− 1]q

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
zn.

Theorem 2. Let −1 < B < A 5 1 and 1 < α < 1− 1+B
(1+A)[−p]q

. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B),

then, for 0 < |z| = r < 1, it is asserted that

1
rp − rτ1 5 | f (z)| 5 1

rp + rτ1,

where

τ1 =
(1− α)(B− A)[−p]q

(1− α)(1 + A)[−p]q − (1 + B)
. (4)

The results are sharp for the function

f (z) = z−p +
(1− α)(B− A)[−p]q

(1− α)(1 + A)[−p]q − (1 + B)
z.

Proof. Let

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B).

Then, by applying the triangle inequality, we have

| f (z)| =
∣∣∣∣∣z−p +

∞

∑
n=1

anzn

∣∣∣∣∣ 5 1
|z|p +

∞

∑
n=1

an|z|n.

Since |z| = r < 1, we can see that rn 5 r. Thus, we have

| f (z) 5 1
rp + r

∞

∑
n=1

an (5)

and

| f (z) = 1
rp − r

∞

∑
n=1

an. (6)

From Theorem 1, we know that

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q

(
[−p− 1]q − α[n− 1]q

))
an

5 (1− α)(B− A)[−p]q[−p− 1]q.

It is easy to see that the sequence{
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q

(
[−p− 1]q − α[n− 1]q

)}
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is an increasing sequence with respect to n(n = 1). Thus,

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[−p− 1]q

) ∞

∑
n=1

an

5
∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an

5 (1− α)(B− A)[−p]q[−p− 1]q,

which shows that
∞

∑
n=1

an 5
(1− α)(B− A)[−p]q

(1− α)(1 + A)[−p]q − (1 + B)
. (7)

Substituting from (7) into the inequalities (5) and (6), we obtain the required results. The
proof of Theorem 2 is completed.

Theorem 3. Let −1 < B < A 5 1 and 1 < α < 1− 1+B
(1+A)[−p]q

. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B),

then, for 0 < |z| = r < 1, it is asserted that

−[−p]q
1

rp+1 − τ1 5 |Dq f (z)| 5 −[−p]q
1

rp+1 + τ1,

where τ1 is given by (4).

Proof. Let

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B).

Then, from Definition 1, we can write

Dq f (z) = [−p]qz−p−1 +
∞

∑
n=1

[n]qanzn−1.

For |z| = r < 1, we have

|Dq f (z)| =
∣∣∣∣∣[−p]qz−p−1 +

∞

∑
n=1

[n]qanzn−1

∣∣∣∣∣ 5 −[−p]q
1
|r|p+1 +

∞

∑
n=1

[n]qan. (8)

Similarly, we obtain

|Dq f (z)| = −[−p]q
1

rp+1 −
∞

∑
n=1

[n]qan. (9)

Since f (z) ∈ Σp,q(α, A, B), we know from Theorem 1 that

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q

[n]q
− (1 + B)([−p− 1]q − α[n− 1]q)

)
[n]qan

5 (1− α)(B− A)[−p]q[−p− 1]q.

As we know that the sequence{
(1− α)(1 + A)[−p]q[−p− 1]q

[n]q
− (1 + B)([−p− 1]q − α[n− 1]q)

}
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is an increasing sequence with respect to n (n = 1). Thus, we have

((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)([−p− 1]q)
∞

∑
n=1

[n]qan

5
∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q

[n]q
− (1 + B)([−p− 1]q − α[n− 1]q)

)
[n]qan

5 (1− α)(B− A)[−p]q[−p− 1]q,

which implies that

∞

∑
n=1

[n]qan 5
(1− α)(B− A)[−p]q

(1− α)(1 + A)[−p]q − (1 + B)
. (10)

Now, the theorem is proven.

Theorem 4. Let 1 < α < 1− 1+B
(1+A)[−p]q

, −1 < B < A 5 1 and 0 5 σ < p. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B),

then f (z) is meromorphic p-valent starlike function of order σ in 0 < |z| < r1, where

r1 = min

 inf
n=1

(
(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))

(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

, 1

.

Proof. In order to prove that f (z) is the meromorphic p-valent starlike function of order σ
in 0 < |z| < r1, we need only to show that

−z f ′(z)
f (z) − σ

p− σ
≺ 1 + z

1− z
, 0 5 σ < p.

The subordination above is equivalent to
∣∣∣ −z f ′(z)−p f (z)
−z f ′(z)+(p−2σ) f (z)

∣∣∣ < 1. After some calculations
and simplifications, we have

∞

∑
n=1

n + σ

p− σ
an|z|n+p < 1. (11)

From (2), we can see that

∞

∑
n=1

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
(1− α)(B− A)[−p]q[−p− 1]q

an < 1.

The inequality (11) will be true if

n + σ

p− σ
an|z|n+p <

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
(1− α)(B− A)[−p]q[−p− 1]q

an

or

|z| <
(
(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))

(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

.
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Let

r1 = min

 inf
n=1

(
(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))

(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

, 1

.

Then, clearly, we obtain the required condition. The proof of Theorem 4 is completed.

Theorem 5. Let 1 < α < 1− 1+B
(1+A)[−p]q

, −1 < B < A 5 1 and 0 5 σ < p. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B),

then f (z) is the meromorphic p-valent convex function of order σ in 0 < |z| < r2, where

r2 = min

 inf
n=1

(
p(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))

n(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

, 1

.

Proof. To prove that f (z) is the meromorphic p-valent convex function of order σ in
0 < |z| < r2, we need only to show that

−
(

1 + z f ′′(z)
f ′(z)

)
− σ

p− σ
≺ 1 + z

1− z
, 0 5 σ < p.

This subordination relation is equivalent to the inequality
∣∣∣ −z f ′′(z)−(p+1) f ′(z)
−z f ′′(z)+(p−1−2σ) f ′(z)

∣∣∣ < 1. After
some calculations and simplifications, we have

∞

∑
n=1

n(n + σ)

p(p− σ)
an|z|n+p < 1. (12)

From the inequality (2), we obtain that

∞

∑
n=1

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
(1− α)(B− A)[−p]q[−p− 1]q

an < 1.

The inequality (12) will be true if

n(n + σ)

p(p− σ)
an|z|n+p <

(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)
(1− α)(B− A)[−p]q[−p− 1]q

an,

or

|z| <
(

p(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))
n(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

.

Let

r2 = min

 inf
n=1

(
p(p− σ)((1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q))

n(n + σ)(1− α)(B− A)[−p]q[−p− 1]q

) 1
n+p

, 1

.

Then, we obtain the required condition. Now, Theorem 5 is proven.

Theorem 6. Let 1 < α 5
(1+2A−B)[−p]q−(1+B)

(1+2A−B)[−p]q
and −1 < B < A 5 1. If

f (z) = z−p +
∞

∑
n=1

anzn (an = 0) ∈ Σp,q(α, A, B)
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and

fk(z) = z−p +
k

∑
n=1

anzn (an = 0; k = 1),

then

Re
(

f (z)
fk(z)

)
= 1− 1

ϕk+1
(13)

and

Re
(

fk(z)
f (z)

)
=

ϕk+1
1 + ϕk+1

, (14)

where

ϕk+1 =
(1− α)(1 + A)[−p]q[−p− 1]q)− (1 + B)[k + 1]q([−p− 1]q − α[k]q)

(1− α)(B− A)[−p]q[−p− 1]q
. (15)

Proof. In order to prove the inequality (13), we set

ϕk+1

[
f (z)
fk(z)

−
(

1− 1
ϕk+1

)]
=

1 + ∑k
n=1 anzn+p + ϕk+1 ∑∞

n=k+1 anzn+p

1 + ∑k
n=1 anzn+p

=
1 + w(z)
1− w(z)

.

After some simplifications, we have

w(z) =
ϕk+1 ∑∞

n=k+1 anzn+p

2 + 2 ∑k
n=1 anzn+p + ϕk+1 ∑∞

n=k+1 anzn+p

and

|w(z)| 5
ϕk+1 ∑∞

n=k+1 an

2− 2 ∑k
n=1 an − ϕk+1 ∑∞

n=k+1 an
.

From (2), we know that ∑∞
n=1 ϕnan 5 1. The sequence {ϕn} given by (15) is an

increasing sequence with respect to n and ϕn = 1 (n = 1, 2, 3, · · · ). Therefore,

k

∑
n=1

an + ϕk+1

∞

∑
n=k+1

an 5
k

∑
n=1

ϕnan +
∞

∑
n=k+1

ϕnan =
∞

∑
n=1

ϕnan 5 1.

This shows that |w(z)| < 1(z ∈ D). Now, the proof of the inequality (13) is completed.
To prove the inequality (14), we put

(1 + ϕk+1)

[
fk(z)
f (z)

− ϕk+1
1 + ϕk+1

]
=

1 + ∑k
n=1 anzn+p − ϕk+1 ∑∞

n=k+1 anzn+p

1 + ∑∞
n=1 anzn+p =

1 + w(z)
1− w(z)

.

After some simplifications , we find that

w(z) =
−(1 + ϕk+1)∑∞

n=k+1 anzn+p

2 + 2 ∑k
n=1 anzn+p − (ϕk+1 − 1)∑∞

n=k+1 anzn+p

and

|w(z)| 5
(1 + ϕk+1)∑∞

n=k+1 an

2− 2 ∑k
n=1 an − (ϕk+1 − 1)∑∞

n=k+1 an
.

Now, we can see that |w(z)| < 1(z ∈ D) if

k

∑
n=1

an + ϕk+1

∞

∑
n=k+1

an 5 1.

The proof of Theorem 6 is completed.
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Theorem 7. Let 1 < α 5 1− 1
[−p]q

. If

f j(z) = z−p +
∞

∑
n=1

an,jzn (an,j = 0; j = 1, 2) ∈ Σp,q(α, A, B),

then, for 0 5 λ 5 1, the function H(z) = λ f1(z) + (1− λ) f2(z) ∈ Σp,q(α, A, B).

Proof. For 0 5 λ 5 1, we have

H(z) = λ f1(z) + (1− λ) f2(z) = z−p +
∞

∑
n=1

(λan,1 + (1− λ)an,2)zn.

Since f j(z) (j = 1, 2) ∈ Σp,q(α, A, B), by Theorem 1, we have

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
(λan,1 + (1− λ)an,2)

= λ
∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an,1

+ (1− λ)
∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an,2

5 λ(1− α)(B− A)[−p]q[−p− 1]q + (1− λ)(1− α)(B− A)[−p]q[−p− 1]q

= (1− α)(B− A)[−p]q[−p− 1]q.

This shows that H(z) ∈ Σp,q(α, A, B). The theorem is provem.

Corollary 2. Let 1 < α 5 1− 1
[−p]q

. If

f j(z) = z−p +
∞

∑
n=1

an,jzn (an,j = 0; j = 1, 2, · · · , t) ∈ Σp,q(α, A, B),

then the function

F(z) =
t

∑
j=1

λj f j(z) ∈ Σp,q(α, A, B),

where λj = 0 and ∑t
j=1 λj = 1.

Theorem 8. Let 1 < α 5 1− 1
[−p]q

. If

f j(z) = z−p +
∞

∑
n=1

an,jzn (an,j = 0; j = 1, 2) ∈ Σp,q(α, A, B),

then, for −1 5 m 5 1, the function

Qm(z) =
(1−m) f1(z) + (1 + m) f2(z)

2
∈ Σp,q(α, A, B).

Proof. For −1 5 m 5 1, we have

Qm(z) =
(1−m) f1(z) + (1 + m) f2(z)

2
= z−p +

∞

∑
n=1

(
1−m

2
an,1 +

1 + m
2

an,2

)
zn.
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In view of f1(z), f2(z) ∈ Σp,q(α, A, B), by Theorem 1, we obtain

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)(1−m
2

an,1 +
1 + m

2
an,2

)
=

1−m
2

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an,1

+
1 + m

2

∞

∑
n=1

(
(1− α)(1 + A)[−p]q[−p− 1]q − (1 + B)[n]q([−p− 1]q − α[n− 1]q)

)
an,2

5
1−m

2
(1− α)(B− A)[−p]q[−p− 1]q +

1 + m
2

(1− α)(B− A)[−p]q[−p− 1]q

= (1− α)(B− A)[−p]q[−p− 1]q,

which shows that Qm(z) ∈ Σp,q(α, A, B). The proof of the theorem is completed.

3. Conclusions

In this article, we introduce a new subclass Σp,q(α, A, B) of meromorphic multivalent
functions by using the q-difference operator and Janowski functions. Some geometric prop-
erties of functions in Σp,q(α, A, B), such as sufficient and necessary conditions, coefficient
estimates, growth and distortion theorems, radius of starlikeness and convexity, partial
sums and closure theorems, are studied.
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