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Abstract: Differential equations with delay arguments are one of the branches of functional differen-
tial equations which take into account the system’s past, allowing for more accurate and efficient
future prediction. The symmetry of the equations in terms of positive and negative solutions plays a
fundamental and important role in the study of oscillation. In this paper, we study the oscillatory
behavior of a class of odd-order neutral delay differential equations. We establish new sufficient
conditions for all solutions of such equations to be oscillatory. The obtained results improve, simplify
and complement many existing results.
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1. Introduction
Consider the odd-order neutral delay differential equation (NDDE)

anN /!
(r) (Y0(0)") +af () =0, t = 1o, M)
where n > 1is odd, « is a quotient of odd positive integers, and

Y(#) == x(t) + p(£)x((1))-

Throughout this paper, we assume the following :

(I;) r,hand ¢ are continuously differentiable real-valued functions on [fg, o), and p, q
and f are continuous real-valued functions on [t(, c0).
(I) r(t) > 0,7 (t) > 0,0 < p(t) < po < o0, q > 0 does not vanish identically, and
1 (to) = oo, where
n(t) == / r~V%(s)ds;
t
(13) ”l(t) <t, g(t) < t,and lim; e h(f) = lim¢ 0o g(t) = o0.
(Iy) f(x) > kx* for all x # 0, where k is a positive constant (note that x* = —|x|* for

x < 0).
By a solution of (1), we mean a continuous real-valued function x(t) for t > t, > to,

which has the property: Y is continuously differentiable # times for t > ty, r (Y(”’l) ) ¢ is
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continuously differentiable for t > ty, and x satisfies (1) on [ty, o). We consider only the
nontrivial solutions of (1) is present on some half-line [t,, c0) and satisfying the condition
sup{|x(t)| : t <t < oo} >0 forany t > t,.

On many occasions, symmetries have appeared in mathematical formulations that
have become essential for solving problems or delving further into research. High quality
studies that use nontrivial mathematics and their symmetries applied to relevant prob-
lems from all areas were presented. In fact, in recent years, many monographs and a lot
of research papers have been devoted to the behavior of solutions of delay differential
equations. This is due to its relevance for different life science applications and its effec-
tiveness in finding solutions of real world problems such as natural sciences, technology,
population dynamics, medicine dynamics, social sciences and genetic engineering. For
some of these applications, we refer to [1-3]. A study of the behavior of solutions to higher
order differential equations yield much fewer results than for the least order equations
although they are of the utmost importance in a lot of applications, especially neutral delay
differential equations. In the literature, there are many papers and books which study the
oscillatory and asymptotic behavior of solutions of neutral delay differential equations
by using different technique in order to establish some sufficient conditions which ensure
oscillatory behavior of the solutions of (1), see [4-6].

The authors in [1,3,7] have studied the oscillatory behavior of the higher-order differ-
ential equation

(")) +aweom) =o

And the author of [8] extended the results to the following equation

(r(t) (x(”—l)(t))“), + Q(t)xa(h(t)) —o.

Agarwal, Li and Rath [9-12] investigated the oscillatory behavior of quasi-linear
neutral differential equation

(0 (el + p(ex(@0) ")) a0 (1)) = 0, fort > 1,

under the condition
0<p(t) <1

The latter differential equation was studied by Xing et al. in [13] under the condition
0 < p(t) <o

The aim of this paper is to study the oscillatory behavior of the solutions of odd-order
NDDE (1). By using Riccati transformation, we establish some sufficient conditions which
ensure that every solution of (1) is either oscillatory or tends to zero.

2. Auxiliary Results

In order to prove our main results, we will employ the following lemmas.

Lemma 1 ([14] Lemma (2.3)). Let G(v) = Cv — Do+t D/ where C,D > 0. Then G attains
its maximum value on R at v* = («C/(a + 1)D)" and

ak Cvc+1
Gv)=G(0") = ———=—. 2
max G(v) = G(v") at 1 DA )

Lemma 2 ([15]). Assume that cq,cp € [0,00) and v > 0. Then

(zzzlci)7 < pigd], 3)
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where

] 1 if vy <1,

Lemma 3. Let f € C"([tg, ), (0,00)). Assume that f")(t) is of fixed sign and not identically
zero on [ty,00) and that there exists a t; > to such that f=V(£)f(t) < 0 forall t > t1. If
lim; o0 f(t) # O, then for every u € (0,1) there exists t, > ty such that

f(t) > ﬁtnfllf(nfl)(t)‘fort > ty.

Lemma 4. Let the function x be a positive solution to (1) on the interval [ty, c0). Then there exists

an /!
ty > to such that, for t > t1, Y(t) > 0, (r((Y)(”_l)) ) < 0 and there occur two cases for the
derivatives of the function Y:

(D) Y'(t) >0, Y'(t) >0, Y D(t) >0, Y (t) <0
(ID)  Y'(t) <0, Y'(t) >0, Y= (#) >0, Y (t) <0.

Proof. By the definition of a positive solution to (1) there exists a t; € [tp, c0) such that
x(t) > 0, x(h(t)) > 0and x({(t)) > 0, for t > t1. By the definition of Y, it is easy to see

!/
that Y(¢) > 0. Furthermore, from (1), we have (r ((Y)("_l))a) < 0. The rest of the proof
is similar to proof of ([3] Lemma 2). Thus, the proof completed. [

Lemma 5. Let x be a positive solution of (1), Y satisfy (II) and put
1
- 1 o @
i) = ([ “aas) "
ru(f) \Jt

/too 7i(s)s" 2ds = oo, 4)
=0.

If
then limy_ye0 X () = limy—s00 Y (£)

Proof. Let x be a positive solution of (1). Using (I4) in (1), we have

(r(00 )" )+ kgt o) <o, ®)

From (II), we note that lim;_,e Y(t) = ¢ > 0, due to Y(¢) > 0 and Y'(¢) < 0. Assume
that ¢ > 0. Then for any € > 0, we have € + ¢ > Y(f) > ¢, eventually. By definition of Y(t),
we have

x(t) = Y(t) — p()x(Z(t) = Y(£) = p(H)Y(E(H)),

thus,
x(0) 2 e~ pole+e) = LD ey o)
This implies that
x(t) > 0Y(¢), (6)
where ¢ = % > 0. Using (6) in (5), we obtain

(r((Y)(n—l))a)’(t) +kog(H)Y* (h(t)) < 0.
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Integrating the above inequality from ¢ to oo, we obtain
Q [eS)
r(t) (YO V1) > ket [ ()Y (h(s)ds.
t
By lim; o Y(t) > ¢, it follows that
YO (1) > gckaif(t). )

Integrating (7) twice from f to oo, we have

Y3 (1) > Qck% / / 7(s)dsdu = Qck% / 17(s)(s — t)ds.
t u t
Repeating this procedure, we arrive at

~Y'(t) > (ngc_k;)' /t.c>o 7i(s)(s —t)"3ds.

Now, integrating from #; to co, we see that
Y(h) > _ocki /°° i(s)(s — 1)"2ds > _ocks /°° 7(s)s"2ds
V=, 1 ! = 2020 — 201 Jop, | '
which contradicts (4), and so we have verified that lim;_,. Y(t) = 0. O

3. Main Results

In the following lemma, we will use the notation §(t) := min{q(t),q(h(t))}, q2(t) :=
min{q(h~1(#)),q(h"(¢(#))) } and

I'>%0>0; 8
(7)) = > 0. )

Lemma 6. Let x be a positive solution of the equation in (1). If (8) and the equality ho { = (o h
hold, then the following inequality is valid

k'v (14
2o ;‘J(t)Y (h(t)) <0.  (10)

Moreover, if (8) and (9) hold, then

(r(t) (YD) + B, 7(1)) (Y<"-1>(§<t>>)“)/ +

(o) (Y00 o)) (e @) (YD ot e)) )
+
ho hoCo
k

+;0/z(f)Y“(t) <0. (11)

!/

Proof. Let x be a positive solution of (1). Then, there exists t; > ty such that x(t) > 0,
x(h(t)) > 0and x(g(t)) > 0 for t > t;. By the equality Y(t) = x(t) + p(t)x({(t)) together
with Lemma 2, we obtain the inequality

YO(t) < p(x(t) + pox"(C(t)))- (12)
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From (5) and the properties ho { = {ohand ' > (), we obtain

pa n— ay/ o o
0 2 L (rE (YE))) + pbkaE)x (e o)

%

28 (v (Y e)") + pka(€)e ). .

Using the latter inequalities and taking those in (5) and (13) into account as well, we
obtain

0

(Y
/
~
—
~
N

=
i
=
~~
=
N—
N——
=
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which with (12) gives

o = ((xe0i0)) +B(cn(xeViewn)) +
k

> (0 () B (reon (v ean)") ) + Eqove

(HY*(h(t))

This proves the inequality in (10). In order to show inequality (11) we proceed as
follows. From (8) and (9), we obtain

0 2 Gy 0T @) (Y (0 w))) ()

L) ()Y ). s

Moreover,

02 G0 (o))

+pika (h1(2(8) ) (1))
& ;1;;20 (r(n @) (YOI (7 @en))") + pika (7 @(0)) 2 @(0). (15)

Combining (14) with (15) and taking into account (12), we have

(o) (Y () ) + ]ﬁqa(t)(x(t) + Pox((1)"

+h’;§0 (r(hfl(g(t))) (WH) (hfl(g(t))))a),,

0 >

—i-zz?z(t)Y“(t).

This proves (11) and completes the proof of Lemma 6. O
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Theorem 1. Suppouse that h(t) < (t), hol = {oh, h'(t) > 0and (8) hold. Morever, assume
that (4) is satisfied and that there exists a function 6 € C'([ty, o), (0, %)) with the property that
for all sufficiently large t1 > to,there exists to > tq such that

i) _ (0=20° (s _r)(6e)™"
[M( ) mooop (et (1 ! é()) (O(s)hm=2(s)k' (s

Then, a solution x(t) to (1) either oscillates or else tends to zero when t — oo.

lim sup
t—oo  Jh

))“] ds =co. (16)

Proof. Let x be a positive solution of (1). Then, there exist t; > ty such that x(¢) > 0,
x(h(t)) > 0and x({(t)) > 0 for t > t;. Define the positive function w by

() (Yo ()"

w(t) = 6(t) a0) (17)
Hence, by differentiating (17), we obtain
] () NN GO IO D)
R S U0 R O (10)
ad(£)r() (YO D () Y (1) Y (1) (1)
- : (18)

Y24 (h(t))

Since Y > 0,Y" > 0, we see that lim;_,c Y/(t) # 0, using Lemma 3 with f = Y, we
obtain

Y () 2 Y,

for every u € (0,1). Thus, by Y(")(t) < 0, we obtain

Y/(h(t))z(nfz)'(h(t))n—zY(nfl)(h(t))Z B )y 0D, 9)

Substituting (17) and (19) into (18) implies

(1) < 5’<t>r(t)§:§(“)(t>) +8(t) (r (Y D))

= (n(t)) Y (h(t))
(YO0 w2 (w1
(h(1)) (n—2)!
(r(t)(Y("_l)(t)Y)/ 5 (t)
< (b e D) +5(t)w(t)
RGO D )
(n—2)! s(r(t))
that is,
, (<>( 0)) e
() < 8 e (h () +5(t)a)(t)
_ aph" (B (1) D/ (g (20)

(n —2)to1/x(5)r1/e(t)
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Now, define another positive function v by

() (Y @)

o(t) = 4(t) Y (1 (£)) (21)
By differentiating (21), we obtain
, @ (Yo )" sn (e (vonem)")
A 7C) R Ye(h(D))
ad(t)r (Y t))) ()Y (h(£))H () o)
“(h(D))
From (19), h(t) < Z(t) and Y(") (t) < 0, we have
! M n—2~/(n— U n—2~/(n—
Y (1) = (o -Eg () YD) = s ()Y@, @)
Substituting (23) and (21) into (22), implies
, @ ()t (ree) (Y)Y
A C1(10) A N (T 1))
(YD) T b)) A (1)
Y(h(5)) (n—2)!
(e (Y0@@)") g
< 4(b) YA (h (D) + 0] v(t)
_zxé(t)r(é(t))uhﬂ2<t>h'<t>< o(t) >
(n—2)! 5(Hr(Z(D)

By 7 () > 0, we obtain

(e (Y0@@)") gy
V(D) BEON
aph" 2 (t)h' (t wt1)
(n Z)!&l/i()t)r(l/)a(t)v( . 29

() < 8(t)

Now, using inequalities (20) and (24), we obtain

0+ Do) < 5(t)(f<f>(“””<f>)“)' 3 (@ (Yo ew)")

!

w

%o - ( (1))
&'(t) aph" ()1 (1) a+1)/a
+ 5(t) w(t) - (n —2)!51/"‘(t)r1/"‘(t)w( a0

LB (9 w2 () iy
§o < 0] v(t) — n 72)!51/0((1?)71/““)0( +1)/ (t)). (25)
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By inserting the inequality in (10) in (26), we obtain

/ Po_ kq(t)
w(t)+€—gv(t) < (5(t)<y)
5’(f)w<t)_ aph" 2 (1) (t) w
5(t) (n — 2)161/% (£)rl/a(f)
L% <5’(t) aph" 2 ()1 (t)

% 50)”()“01—zN5U*aw4M<@u»”@+”h“”>‘ 26)

By applying the Lemma 1 with

_l’_

(a—i—l)/a(t)

n—2 /
NN i /40

=50 (n — 216172 (£)r1/a(t)’

we obtain

Lo P ki(t) (=20 r(t)(&' )"
W)+ 2001 < —5(t)< o +#a([x+1)a+l((s(t)hH(t)h’(t))“

Integrating last the inequality from f; to f, we obtain

iagoy ) _ (0=20° (L gy r06e)
/t2 lkd( ) mooop e+t <1 ! 50) (6(s)hn=2(s)I(s))"

ds < w(ty) + p—gv(tz).
Co

The proof is complete. [

Theorem 2. Suppose that the functions h and { satisfy (8), (9) and h(t) < {(t) for to. In addition,
suppose that (4) is satisfied. If there exists a function 6 € C'([t, ), (0, 0)) with the property
that for all sufficiently large t1 > to,there exists tp > t1 such that

: t () (n=2)1° i\ r(h1(s)) (8" ()"
11msup' t lké(s) U H*ho(a + 1)'J‘Jrl (1 - €0> (6(s)s"—2)"

is valid. Then a solution x(t) of Equation (1) oscillates or tends to zero when t — oo.

t—o0

]ds —c (27)

Proof. Let x be a positive solution of (1). Then, there exist ; > ty such that x(¢) > 0,
x(h(t)) > 0and x({(t)) > 0 for t > t;. Define the positive function w by

14

r( (1) (YO (1))

w(t) = o(t) a0 (28)
Hence, by differentiating (28), we obtain
(1) (YD (-1 (1)) 1) (YO (1))
W'(t) = () ( )(W(t)( )> +5(t)<( )(w(t)( )))
a6(Byr (1 (1) (YO (1 (1)) Y ()Y (1)
- ) : (29)

SinceY > 0,Y" > 0,we see that lim;_co Y’ # 0, using Lemma 3 with f = Y, we
obtain

! M n—2v(n—1
Y(t)th YU (1), (30)
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for every u € (0,1). Thus, by k=1 (t) > t and Y(")(t) < 0, we obtain

Y () > ﬁt”’z\{(”’l)(t) >Y(t) > ﬁt"*y("*l) (h’l(t)). (31)

Substituting (28) and (31) into (29) implies

P 0) (YO ()" () (YD o 0) )

W'(t) < ()

0

< Yo (t) o
YO (=1 () \ T s () (L (1)) 2
_ Y(f) (n—Z)!
) (Yo 1)) g
ol )(W)< )) 20
OO aty )
(n—2)! SWr(h1(1)
that is,
) (Y )
W'(t) < ot u )(Y“‘(t)( 4 +‘;((:))w(t)
apt" 2 WD/ (), (32)

 (n—2)181 /R () /e (h ()

Now, define another positive function v by

(@) (YO @)

o(t) = 8(t) a0 (33)
By differentiating (33), we obtain
r(n (@) (YD (@) )
Z)/(t) = 5/(t> ( )<Y“(t)( )>
5(t) (r( 1)) (Y0 2@ )
" Yo(D)
w6(H)r (1 (2 (1) (YOO (1@ (1)) Y Y (1)
- e . (34)
From (30), k= 2(Z(t)) > tand Y(")(¢) < 0, we have
! H n— n— H n— n— _
Y1) 2 ot 2y(1=1) (1) > ! 2D (7 (g (1)) )- (35)
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A similar method has been used in the work [16]. Substituting (35) and (33) into
(34), implies

w1 (n—1) (1,1 “
v < o () (YO D (1 2(1))

a0
5() (r(n2 @) (YO (1))
N Ye(D)
- (Y(nl) (1)) )"‘“ ad (1) (=1 (1)) =2
Y (1) (n—2)!
5(t) (r( @) (Y0 0 @) s
= Ya (i) BT
ad(B)r(hL (G (1)) p? ( o(t) )1
(1 —2)! SOrCn))

By 7 (t) > 0, we obtain

U Yo (0 o
~ 2)!5175‘(2: ) o@D/ (), (36)
Now, using inequalities (20) and (24), we obtain
hl—ow’(t) + %v'(t)
< gaet (0P @) (0 (010))) o (o0 @) (Y0 (1 ) )
+hi/(§(tz) Wt) = = 2)!5;;%,5;):1/“ (h1(8)) WD)
il (0~ a0
By (4), we obtain
(0 + hzgo o(t)
< (s
+hi/(§(t;) Wt) = o= z)wﬁtgil/a(hl(t)) W)
B (mah*® ~ ez 0)

By using Lemma 1 with

(1) B apt" 2
€= o) ™ P = e A (A (1 (D)
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we obtain

1, P ka(t)
%w(t)+ 0 o/(t) < —5(t)( . )

(n=2)0)% (k1)) (& (1)
peho(a + 1) (8(h)m=2)"
pi((n—2)0" (1 (1) ('(H)""
Tohop®(a + 1) (8()=2)"

Integrating both sides of the latter inequality from f; to f, we obtain

flko(s) - v ((n=2))* P\ r(h(s)) (8 ()"
/tzl 72(s) (1+€0> 0(5)s"2)° ds

w1 uho(a 4+ 1)1

< 1 (t2)+hzgov(t2).

_%w

The proof is complete. [

Example 1. Consider the odd order neutral delay differential equation
YO (1) + P (L) Z0, £ 21, 99> 0,1 >3 (37)
t” 62 - Y - 7 qO 7 - v

where Y () = x(t) + 12x (L), and

=== () = 1 o(s) = iy Bl0) = 7 €00) = g and s 5(5) = 71

Using Example 1 in [17], we find that every solution of (37) oscillates or tends to zero if

qo > 9(n —1)1e?73,

and using Example 2.11 in [13], we find that every solution of (37) oscillates or tends to zero if

go > (n—1)! <e2"_3 + gezn_2>.

From condition (27) in Theorem 2, we see that every solution of (37) oscillates or tends to zero if

: 0 (m=2)(n-1) 17 B
hrgsol:p[eb’_élez 1+ﬁe Int = oo,

thus,

e 17
1 ,2n—3 2n—2
qgo> —(n 1).(6 +18€ )

Hence, we can see that our results are better than ([17] Example 1) and ([13] Example 2.11).

4. Conclusions

In this work, we established the oscillation criteria for a class of odd-order delay
differential equations. By using Riccati transformation, we presented some sufficient
conditions which ensure that every solution of (1) is either oscillatory or tends to zero. The
approach used does not need to be restricted by the condition 0 < p(t) < 1, unlike many
previous work.

For interested researchers, results presented in this paper may be extended to more
general equations than (1). Another interesting problem for further research is to obtain
new criteria for oscillatory solutions for (1) without requiring (8).
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