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Abstract: In this article, by utilizing the theory of quantum (or g-) calculus, we define a new subclass
of analytic and multivalent (or p-valent) functions class A, where class A, is invariant (or symmetric)
under rotations. The well-known class of Janowski functions are used with the help of the principle
of subordination between analytic functions in order to define this subclass of analytic and p-valent
functions. This function class generalizes various other subclasses of analytic functions, not only
in classical Geometric Function Theory setting, but also some g-analogue of analytic multivalent
function classes. We study and investigate some interesting properties such as sufficiency criteria,
coefficient bounds, distortion problem, growth theorem, radii of starlikeness and convexity for this
newly-defined class. Other properties such as those involving convex combination are also discussed
for these functions. In the concluding part of the article, we have finally given the well-demonstrated
fact that the results presented in this article can be obtained for the (p, q)-variations, by making some
straightforward simplification and will be an inconsequential exercise simply because the additional
parameter p is obviously unnecessary.

Keywords: analytic functions; multivalent (or p-valent) functions; differential subordination; g-
derivative (or g-difference) operator

MSC: Primary 30C45; 30C50; 30C80; Secondary 11B65; 47B38

1. Introduction, Definitions and Motivation

The calculus without the notion of limits, which is known as the quantum (or g-)
calculus, has influenced many scientific fields due to its important applications. The
generalizations of the derivative and integral operators in g-calculus, which are known as
the g-derivative and g-integral operators, were introduced and studied by Jackson [1,2].

Recently, Anastassiu [3] and Aral [4] generalized some complex-valued operators,
which are known as the g-Picard and g-Gauss—Weierstrass singular integral operators.
Geometric Function Theory is no exception in this regard and many authors have already
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made a substantial contribution to the field of Complex Analysis. Ismail et al. (see [5])
presented the g-deformation of the familiar class &* of starlike functions. However, in
the context of Geometric Function Theory in 1989, the usage of the g-difference (or the
g-derivative) operator D; was systematically given by Srivastava [6]. Furthermore, the
survey-cum-expository review article by Srivastava [7] is potentially useful for those who
are interested in Geometric Function Theory. In this review article, many various applica-
tions of the the fractional g-calculus, in Geometric Function Theory were systematically
highlighted. Moreover, the triviality of the so-called (p, g)-calculus involving an obviously
redundant and inconsequential additional parameter p was revealed and exposed (see, for
details, [7], p. 340).

Based on the aforementioned works [5,7], a number of researches got inspiration
to gave and their finding to Geometric Function Theory of Complex Analysis. For ex-
ample, Srivastava and Bansal [8] used the g-derivatives and gave close-to-convexity for
certain Mittag-Leffer type functions. Kanas and Raducanu [9] defined the g-analogue of the
Ruscheweyh derivative operator and they discussed its various important properties. The
applications of this g-derivative operator were further studied by Mahmood and Sokét [10].
More recently, Srivastava et al. [11,12] first defined certain subclasses of g-starlike func-
tions and then studied their various properties including for example some coefficient
inequalities, inclusion properties, and a number of sufficient conditions. Moreover, the
subclasses of g-starlike functions associated with the Janwoski or some other functions
have been studied by the many authors (see, for example, [13-20]). For some more recent
investigations based upon the g-calculus, we may refer the interested reader to the works
in [21-38]. Our present research is a continuation of some of these earlier developments. It
is fairly general in its nature as it not only generalizes many known classes, but also gives
a different direction to the study of such classes.

In this article, we are essentially motivated by the recently published paper of
Khan et al. in Symmetry (see [27]) and some other related works on this subject, which
we have mentioned above. We first introduce a new subclass of analytic and multiva-
lent (or p-valent) functions by using the concept of the g-calculus in association with the
Janowski functions. We then study some of its geometric properties such as sufficiency
criteria, coefficient bounds, radii problems, distortion theorem and growth theorem, and so
on. Before stating and proving our main results, we give a brief discussion on the basics of
this area which will be beneficial in understanding the work to follow.

Let Ay be the class of analytic and multivalent (or p-valent) functions f(z) in the open
unit disk

D={z:z€C and |z| <1},

with the series representation given by
f(z) =2z + Zan+pz”+’” (zeD; peN:={1,2,3,---}). (1)
n=1

We note for p = 1 that
A1) = A,

where A is the familiar class of normalized analytic functions in D and the class A is
invariant (or symmetric) under rotations.

For analytic functions f and g in open unit disk I, the function f is said to subordinate
to the function g and written as

f=g or flz)<g(2)
if there exists a Schwarz function w, which is analytic in D with

w(0)=0 and |w(z)|<1,
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such that
f(z) = g(w(2)).
Furthermore, if the function g is univalent in D, then it follows that

f(z) <g(z) (2€D) = f(0) =¢g(0) and f(D) C g(D).

Definition 1. Let the Y(z) is analytic in D with Y(0) = 1 then Y(z) said to be in the class
PlA, Bl if

1+ Az
< <
Y(z)<1+BZ (ISB<AZ).
Equivalently, we can write
Y(z) -1
\A_sz)\ <t

The class ‘P|A, B] was introduced by Janowski [39].

Definition 2. Let g € (0,1) and define the g-number [A], by
1-— q)‘

1-q

(Ae©)

(Al =

n—1
Eqk:1+q+q2+...+q”_1 ()L:nEN).
k=0

The g-derivative operator D, also known as the g-difference operator, for a function f
is defined by

D) = LOIED a2, @

where 0 < g < 1. One can easily see for n € N and z € ID that

Dq{ i anz”} = i [n]qanznfl, 3)
n=1

n=1

where
1— qn n—1 |
[n], = ; :1+l;q and [0], = 0.

1—

Motivated by the above-cited works in [39-44], we now define a new subclass
Sy(p,a, A, B) of Ay as follows.

Definition 3. A function f € Ay is said to be in the class Sy (p, «, A, B), if it satisfies the following
subordination condition:

1 (Def(z) ~ ZDif( L 1+4z W
T—a\[pl,f(z) [pllp—1,f(2) 1+ Bz
ot, equivalently,
zDg f(z) 22D2f(2)
PTG~y (0 | o

Df() _ 2Di(e)
(1-a)A—B < P & mq[pquqﬂz))

where =1 < B<A<1,a20andqge (0,1).
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Remark 1. First of all, it is easily seen that

lim S,(1,0,A,B) = S*[A, B],
qg—1—

where S*[A, B] is the function class introduced and studied by Janowski [39]. Secondly, we have
8;(1,0,4,B) = §;[A, B],

where S;[A, B] is the function class introduced and studied by Srivastava et al. [19]. Thirdly,
we have

lim S;(1,0,1,-1) = S*,
qg—1—

where S§* is the well-known class of starlike functions.

For proving our main results we will need the following lemma due to Rogosinski [45].

Lemma 1. (see [45]) Let the function h(z) be given by
h(z) =14 ) dnz"
and let another function k(z) be given by
k(z) =1+ i knz".
n=1

Suppose also that
h(z) <k(z) (zeD).
If k(z) is univalent in D and k(D) is convex, then
[l & [ka| (2 1)
2. The Main Results and Their Consequences
This section is devoted to our main results. Throughout our discussion, we assume that
—-1<B<A=<1 and 4q€(0,1)
and that
M=[p-1], ad Ay=[p+n],. (6)

Theorem 1. Let f € A}, be of the form (1). Then the function f € Sy(p,a, A, B), if and only if
the following inequality holds true:

5 ((1+B) (MAz +ara[p+n = 1)) + (1= ) (1+ A)[plyM ) n-p|

n=1

< (1-w)(A-B)[pl M, %)

where Ay and Ay are given in (6).
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Proof. Let us suppose that the inequality in (7) holds true. Then, in order to show that
f € S4(p,a, A, B), we only need to prove the inequality (5). For this purpose, we consider

zD, f(z) 22D2f(z)
PLre ~ “ilare ~ ()

zDyf(z) 22D2f(z)
(1-a)A—B ( @ ¢ mqiﬁf(z))

MzDyf(2) — az2D2f (2) — (1 — &) [pl M £ (2) ‘
A= 0)[pl,Mf(z) — B(AzDyf (2) - a22D3f (2))

Now, with the help of (1)-(3), and after some simplification, the above equation can
be written as follows:

s (Mdz —adalp +n — 1), — (1= ) [pl A1 ) ansp2
(4= B) (1= )Pl =P + Loy Aq(Ag, A2 27

|z (/\1/\2 —adalp+n—1],—(1- a)[p]qu)an+pzn
ST AT A wlp M i Ay, Aa)an 7

_ X (Mada tadalp 0 = 1], + (1= )l ) o
=T (A B) A - a)[pl,h - T Ag(Ar A2) aney)
1/

17

where
Ag(Aa,22) = A1 = a)[pl,M = BAz (M — Balp+1—1], ).

This last inequality can be rewritten as follows:

v (/\1/\2 —adolp+n—1],— (1-a)[p] qu) P
(A—=B)(1 —a)[p],\1zP + Eolq Ag(Ar, Az)anpz" P

|z (/\1/\2 —adolp+n—1],—(1-a) [p]qu)an+pz”
| (A=B)(I—a)[plA + nl Ag(Ar, A2) s p2”

_ T (/\1/\2 +adalp+n—1],+ (1 - oc)[p}qu) |t p]
= T A B - 0Pl — T A A2 [y
<1,

where we have used the inequality (7). This completes the direct part of the result asserted
by Theorem 1.
Conversely, let f € S;(p, a, A, B) be given by (1). Then, from (5), we find for z € ID that

zDqf(2) 22D3f(z)
PE AL rE (L)

Df() _ 2Di(2)
(1-a)A—B ( P [P],,[qu}qf(Z))

B ‘zf_l (M2 = adalp 1 =11, = (1= )[pl M Jauy2”

(A-B)(1- “)[p]q/\l + Lne1 Ag(A, A2)anpz"

Since

R(z) = |z,



Symmetry 2021, 13, 1275 6 of 14

therefore, we have

(A= B)(1— a)[pl 7 + Lo g (A, A2)n 2"
< 1.

§R{ ) ()\1)\2 —ahalp+n—1],—(1- oc)[p]q/\1>an+pzﬂ }

®)

We now choose values of z on the real axis in the complex z-plane, so that

1 (quf(z) . 22D2f(z) )

1—ua B

Pl f(2) lplylp =11,/ (2)

is real. Upon clearing the denominator in (8) and letting z — 1— through real values, we
obtain (7). This completes the proof of Theorem 1. [

Theorem 2. If the function f(z), given by (1), belongs to the class Sy(p,a, A, B), then

[Pl A1 (1 — a)(A - B)

’ap+1| < 6) p
_ I -0Aa-B)  (PM0-a)@A-B)
4] £ 6y ¥ T [CI R
Pl M- a)(A-B) ([Pl —w)(A-B))
jap+a = 13) A 13)1(1)
2 3
(Pl -a)(a=B))" ([Pl —a)(A-B))
13)1(2) + 13)(2)1(1) '
where
/\1 = [p - 1]q
and

l(”) = )Ll[P+n]q - D([p+1’l - 1]q[p+n]q - (1 - “)[p]qu'

Proof. Let f € S;(p,a, A, B). Then

1 (zD,,f(z) zngf(z)>h(z>
) - 7

— K

T—a\Pl,fe)  “TIMIG ©
where
h(z)<ﬁ‘§§—1+m—3)z+ ,

is of the form given by

Thus, by the Rogosinski Lemma, we get

|dn| = (A= B). (10)
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Now, using the series expansions of 1(z) and f(z) in (9), together with simplification
and comparsion of the coefficients of like powers of z, we get

(/\1 —alp+n— l]q))\z
11—«
= [ploM (apin+ apsn1dr + apipodo+ ...+ ap1dy_1 +dn),

ap+n

which can be written as follows:

(M —alp+n=1], )22~ (1 - a)[p] A1
11—«
= [plgM (Aprn—1d1 + apin—2da + ...+ aps1dn_1 +dn).

ﬂp+n

Next, by first using the triangle inequality for the modulus and then applying (10),
we obtain

(M —alp+n=1],)h = (1= @) [pl A

1—«a ’aFH”’
n—1
< [pl,M(A = B) Y lapsils
i=0
which implies that
(1—-a)[p],M1(A - B) (=
! Y Japil. (11)

|apn| < 4
(/\1 —afp+n— 1]0/\2 —(1- oc)[p}q)\l i=0

If we now put n = 1,2 and 3 in (11) and use the fact that a, = 1, we get the required
result asserted by Theorem 2. [

Theorem 3. Let the function f(z), given by (1), belong to the class S;(p,«, A, B). Then, for
z[ =7,
[Pl —r? < [Def(2)] < [plyr" ™! +Tur?,

where
(1 - a)(A—B)[p+1],[pl,M

(1+B) (A1 +alpl, ) [p 1, + (1= &) (1 + A)[pl, M

M =

and
/\l = [P - 1]q

Proof. From (1) we can write

Df(2) = [pl2" "+ X Antsy 247,

n=1

so that, by applying the triangle inequality, we have

Daf(2)] < [pl, 21" + X Aafansp| 277
n=1

Since |z| = r < 1so that #"7P~! < r?, and hence we have

Dof(2) < [pl? ™+ 17 ) Aol anspl. (12)
n=1
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Similarly, we get

Dqf(2) 2 [p], Pl P i/\zyﬂnﬂ;’-

n=1

We know from (7) that

X

(I+B)(M+alp+n—-1]) + 3
2

(1 —w)(1+A)A1[p]q] ]
Cln+p

< (1—a)(A - B)[pl, M.

We also know that

1—a)(1+A)p
(1+B) (7\1 +“[P]q) + ( XS] ] Z A2|anp|

(1- 0‘)(1 + A)[p]
A2

=X

(1+B) (/\1 +oc[p—|—n—1]q) +
Hence, by the transitive property, we get

(1—a)(1+ A)[p

(1+B)(/\1 —|—a[p]q> + ES) ] ZAz|an+p|

< (1-a)(A-B)[pl M,
which implies that

(1—a)(A - B)[pl,Mlp +1], |
(1+B)[p+1], (M +alpl,) + (1 - o)1+ A)[p],M

[ee)
Z Ao|anp| <
n=1

A
1 1]A2|an+,,|.

(13)

Now, by using the above inequility in (12) and (13), we obtain the required result

asserted by Theorem 3. O

Theorem 4. Let the function f(z), given by (1), belong to the class S4(p,a, A, B). Then, for

2l =1,
P(l-n) = |fE)=r"(1+mn)

where
(1-)(A - B)[p], A

BT 1,1+ B) (A alpl,) + (- )1+ A)fpl A

Proof. By applying the triangle inequality in (1), and using the fact that |z| = r, we have

lf) S P+ Y |ansy| TP

n=1

Since |z| = r < 1 so that r"*P < rP, therefore, the above relation becomes

f@I =P+ Y [ansy-
n=1

(14)
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Similarly, we get
f@ 277 =P ) ansyp)- (15)
n=1
We know from (7) that
Y [M2(1+B) (A1 +alp+n—1],) + (1= a)(1+ A)[pl A1 [an|
n=1

r = inf (

< (1- (A~ B)[pl,h.
But
lo-+11301+ B) (11 -+alpl,) + 1 =)0+ Al E o
< i [)\2(1 + B)(/\1 +alp+n— 1]q) +(1—a)(1+ A)[p]q)\l} |an+p|

n=1
(1-a)(A—B)[pl,lp— 1],

17\

Hence

[[p+1],(1+B) (A1 +alpl, ) + (1 = a)(1+ A)[p], ] i’”nw’
< (1-a)(A=B)[pl,[p—1],,
which gives

Sz (1- ) (A B)[pl,
Antp| =

o= [p+1],(1+ B) (A +alpl,) + (1= a)(1+ A)[pl, M

Now, by substituting from the above inequality into (14) and (15), we get the required
result asserted by Theorem 4. [J

Now before starting radii problems let us remaind the definition of important classes
of multivalent starlike and convex functions.

A function f € A, is said to be multivalent starlike functions of order ¢ if it satisfies
the following inequality

%{;J;((j))}>U,ZE]D),(O<U<p,p€N),

and we denoted this class by Sj (o).

Furthermore, by C(0) we mean the class of multivalent convex functions, that is a
function f € A, and satisfies the inequality below

z(zf’ (z)>/
e

>0,z€D,(0<oc<p, peN).

Theorem 5. Let f € Sy(p,a, A, B). Then f € Cp(0) for |z| < r1, where

neN

p(p— ) (1 +B)h2 (M +alp+n—1],) + (1 - ) (1+ A) [plA ) ) '

(p+n)(n+p—0o)(1-a)(A-B)pl,M
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Proof. Suppose that f € S;(p,«, A, B). Then, in order to prove that f € Cy(c), we only

need to show that
') - (p-DF ()| _,
zf"(z) + (1 =20+ p)f'(2) '

Using (1) followed by some simplifications, we have

) (p+;z(n+p_a)|an+p“z|" <1 (16)

n=1 piov)

Now, from (7), we can easily see that
Y- (A2(1+B) (A1 +alp+n—1],) + (1= a)(1+ A)[pl A1) [ans |
n=1
< (1—a)(A—B)[p], M,
which implies that

w Aa(1+B) (A1 +alp+n—1]) +(1—a)(1+A)[p]A
L A—a)(A- B,

|ﬂn+p| < 1.

The inequality in (16) will be true, if the following condition holds true:

C (p+n)n+p—0o
,1;1 p(p—o)
o Ay(1+ B) (Al +tx[p—|—n—1]q) + (1= )1+ A)[p] A1

<L A= a)(A— B onr

Vs |l2]"

which implies that

p(p— ) (A2(1+B) (A1 +alp+n—1],) + (1 —a)(1+ A)[p],A1 )

- (p+m)(ntp—0)(1—a)(A—B)pl,} '

|["

or, equivalently, that

" p(p— o) (A2(1+B) (A1 +alp+n—1],) + (1 —a)(1+ A)plA1) | "
- (p+m)(n+p—0)(1—a)(A—B)[pl A
=Tr.

This completes the proof of Theorem 5. O

Theorem 6. Let f € Sy(p,a, A, B). Then f € S;(0) for |z| < ra, where

(= (R4 By (M talpn—1]) + (1 -0+ A) M)\
79 = < inf :neN
(n+p—0)1-a)(A-B)[p, M1

Proof. We know that f € §;(a), if and only if

(@) -pf) |,
)+ (p-20fE) |~
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Using (1) and upon simplification, we get

Z(n P 0>|an+p“z| < 1. (17)

n=1 p_o-

Now from (7), we can easily find that

s Aa(14B) (M +alp+n—1],) + (1 - )1+ 4)[p],M
L A—a)(A- B,

For the inequality (17) to be true, it will be sufficient to show that

|an+p| < 1.

V- (2T el

n=1 p—0
o Ap(1+ B)(/\l Falp+n— 1]q) +(1—a)(1+ A)p],
< Z _ — |‘1n+p ,
= &) (A~ B)[pl,:
which yields
e (p—) (04 B) (M +alp+n—1],) + (1 - )1+ A)[p],M)
: (n+p—0)(1—a)(A - B)[p],A /
and hence

| (p— ) (A2(1+B) (M +alp+n—1],) + (1 - ) (1+ A)[p], A1 ) g
Z'<( (- p =)0~ @) (A— B[, )
= 1.
We thus obtain the required result asserted by Theorem 6. [
Let the functions f;(z) (I =1,2,3,- - - , k) be defined by
filz) =z + i a,,z" P (z € D). (18)
n=1

Now we state and prove the following results.
Theorem 7. The class S;(p, a, A, B) is closed under convex combination.

Proof. Suppose that the functions f;(z) (I = 1,2), given by (18), belong to the class S;(p, «, A, B).
Then we need to show that the function h(z) given by

h(z) =vfi(z) +(1-v)fa(z) (0=A=1),
is also in the class S;(p, #, A, B). Indeed, for 0 < v < 1, we have

o

h(z) =z+ Y [vay1+ (1 —v)a,p)z".
n=2
Thus, if
)\1:[;7—1]‘7 and /\zz[p—f—n]q,
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then we have

i [(1 + B) ()tl)tz +ady[p+n— l]q)
n=1
F(1 = )1+ A)ploh | [vanpa + (1= V)anspo]

()

v Y[+ B) (Mada + adalp +n - 1),)

n=1

+(1 = a)(1+ A)[plM | s 1

(e )

+(1=v) ¥ [0+ B) (M2 + adalp+n—1], )

n=1

+(1—@)(1+ A) [l [ Janspo]
v[@ =)A= B)plM | + (1 =) [(1—a) (A= B)[p] M |
= (1= a)(A=B)[pl A1

[IA

Hence, by Theorem 1, h(z) € S;(p,a, A, B). The demonstration of Theorem 7 is
thus completed. [

Theorem 8. Let the L functions fi(z) (I1=1,2,3,---,L), defined by (18), be in the class
Sy(p,a, A, B). Then the function F(z), given by

I=1 =1

L L
F(z) = Y vfi(2) (Al 20; Y A= 1>, (19)

is also in the class S;(p, , A, B),

Proof. The proof of Theorem 8 is fairly straightforward. We, therefore, omit the details
involved. O

3. Concluding Remarks and Observations

Applications of the g-calculus have been the focus point in the recent times in various
branches of Mathematics and Physics mentioned [7]. In this article, we have introduced a
new g-operator for multivalent functions. Then a new subclass of analytic and multivalent
functions has been defined and studied systematically. In particular, we have investigated
some of its geometric properties such as sufficient conditions, coefficient estimates, dis-
tortion Theorems, radii problems, closure-type results, and so on. The idea used in this
article can easily be implemented to define several subclasses of analytic and univalent (or
multivalent) functions connected with different image domains. This will open up a lot of
new opportunities for research in this and related fields.

Basic (or g-) series and basic (or g-) polynomials, especially the basic (or g-) hypergeo-
metric functions and basic (or g-) hypergeometric polynomials are applicable particularly
in several diverse areas (see, for example, [46] (pp. 350-351); see also [28,29,47]). More-
over, as we remarked above and in the introductory Section 1, in Srivastava’s recently-
published survey-cum-expository review article [7], the triviality of the so-called (p, q)-
calculus was exposed and it is also mentioned as an obviously inconsequential variation
of the classical g-calculus, the additional parameter p being redundant or superfluous
(see, for details, [7] (p. 340)). Indeed one can apply Srivastava’s observation and exposition
in [7] to any attempt to produce the rather trivial and straightforward (p, q)-variations of
the g-results which we have presented in this paper.
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