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1. Introduction

We recall some facts about differentiation of functions between normed vector spaces [1].
Let O be an open subset of a normed vector space E, f a real-valued function defined
on O, a € O and u a nonzero element of E. The function f,, given by t — f(a+ tu) is

defined on an open interval containing 0. If the derivative dd—ft“ (0) is defined, i.e., if the limit

s ) oo g L0 10) = F(@)

dt t—0 t

exists, then we denote this derivative by V,f(u). It is called the Gateaux derivative (di-
rectional derivative) of f at a in the direction u. If V, f (1) is defined and A € R\{0}, then
Vaf(Au)is defined and V, f(Au) = AV, f(u). The function f is Gateaux differentiable at a
if V. f(u) exists for all directions .

Let E and F be normed vector spaces, and O be an open subset of E. A function
f : O — Fis called Fréchet differentiable at x € O if there exists a bounded linear operator

A : E — F such that
o G = f) = ARj
Ir—0 il

If there exists such an operator A, it is unique, so we write Df(x) = A and call it the
Fréchet derivative of f at x.

A function f that is Fréchet differentiable for any point of O is said to be C! if the
function O > x — Df(x) € B(E,F) is continuous, where B(E, F) is the space of all
bounded linear operators defined on E with values in F. A function Fréchet differentiable
at a point is continuous at that point. Fréchet differentiation is a linear operation. If f is
Fréchet differentiable at x, it is also Gateaux differentiable there, and V. f (1) = Df(x)(u)
forallu € E.

We say that the function f : O C E — F is L-Lipschitzian on O with the constant L > 0
if

If(x) = fW) < Lilx —y| forallx, y € O.

In [2] we established among others the following midpoint and trapezoid type in-

equalities for L-Lipschitzian functions f on an open and convex subset C in E

H/(;lf((lt)t+ty)dtf(x;y>H S}LLHX*}/II o
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and

Hf(x);rf(y) _ /Olf((l —t)t—l—ty)dtH < %Lllx—y\l 2

for all x, y € C. The constant % is best possible in both inequalities (1) and (2).
For Hermite-Hadamard'’s type inequalities for functions with scalar values, namely

() = 52 [ i < LI ®)

2 b—a 2 !

where f : [a,b] — R is convex on [a, ], see for instance [1,3-21] and the references therein.
Some of the integrals used in these papers are taken in the sense of Riemann-Stieltjes while
in the current paper we consider only vector valued functions with values in Banach spaces,
in the first instance, and secondly, with values in Banach algebras where some applications
for some fundamental functions like the exponential are also given.

In the recent paper [22] we obtained among others the following weighted version of
the trapezoid inequality (2).

Theorem 1. Let f : C C E — F be a function of class C' on the open and convex subset C of
the Banach space E with values into another Banach space F and p : [0,1] — [0, 00) a Lebesque
integrable and symmetric function on [0, 1], namely p(1 —t) = p(t) forall t € [0, 1]. Then for all
x,yeC

I [ poan) LB Byt ty)dtH @
<[ (/ ”Zp<s>ds)|Df((l—t>x+ty><y—x>|dt
+f (], ) IDs((a = -+ 1)y =

/2 /2

_ /01 /tl/z p(s)ds
=:B(f,p,x,y).

Moreover, we have the upper bounds

IDf((1 = t)x + ty) (y — x)||dt

8w < 5 () ) [ 1DA = 0+ ) =) ®
1 1
<3() poxs) sup DS 2+ )
B(f,p,x,y) < ;(/01 p(s)ds — /01 sgn (t — ;)tp(t)dt) (6)
x ts%pl]HDf((l —Hx+ty)(y — x|

< 3 ([ pisre) sup 1Ds((1 =11+ )y 0]

te[0,1]
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and

B(f,p,x,y) <

/01/2 (/tl/z p(s)ds> th + 11/2 </lt/2 p(s)ds> rdt] v (7)
(15— e o)

- [/01/2 (./t-l/z p(s)ds>rdt +' 112 (/1;2 p(s)ds)rdt]

x sup [|[Df((1—t)x+ty)(y — x|
te[0,1]

1/r

forr,q>1with%+%:1.

Motivated by the above results, in this paper we establish some upper bounds for
the quantity

H (/01 p(s)ds — v)f(y) +yf(x) - /01 p(t)F((1— B)x + ty)dtH

in the case that f : C C E — F is Fréchet differentiable on the open and convex subset C
of the Banach space E with values into another Banach space F, x,y € C, p : [0,1] — Cis
a Lebesgue integrable function and ¢ € C. Some particular cases of interest for different
choices of 7y are given. Applications for Banach algebras are also provided.

2. Some Identities of Interest

Consider a function f : C C E — F that is defined on the open and convex set C. We
have the following properties for the auxiliary function

Py (t) = fF(1=t)x +ty), t € [0,1],
where x, y € C.

Lemma 1. Assume that the function f : C C E — F is Fréchet differentiable on the open and
convex set C. Then for all x, y € C the auxiliary function ¢,y is differentiable on (0,1) and

Play) (1) = DF((1—t)x +ty)(y — x). ®)
Also
Plxy) (0+) = Df(x)(y — x) ©)
and
q)/(x,y)(l_) = Df(y)(y_x> (10)

Proof. Lett € (0,1) and /1 # 0 small enough such that t + & € (0,1). Then

(P(x,y)(t + h) - q’(x,y)(t)
h
_ fA—t=h)x+ (E+h)y) = f((A=tx+ty)
h
_fA=tx+ty+h(y—x)) = f((1=t)x+ty)
A .

(11)
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Since f is Fréchet differentiable, hence by taking the limit over # — 0in (11) we get

o (E+1) =@ (t
m(P(,y)( ) = P(ay) (£)

h—0 h
i LA = x by + hy —x)) = F(L = H)x + ty)
h—0 h

=Df((1-tx+ty)(y —x),

which proves (8).
Additionally, we have

o A= Rx e hy) — ()
h—0+ h
7h1i%‘l+f(x+h(y_hx» f(x) :Df(x)(y—x)

since f is assumed to be Fréchet differentiable in x. This proves (9).
The equality (10) follows in a similar way. [

We have the following identity for the Riemann-Stieltjes integral:
Lemma 2. Assume that the function f : C C E — F is Fréchet differentiable on the open and

convex set C. Let u : [0,1] — C be of bounded variation on [0,1] and s € [0,1]. Then for all x,
y € Candany vy, u € C,

[1(1) = @ (xy) (1) + [v — u(0)]@(x ) (0) + (1 = 1) P (5) (12)
[ gy ®dutt
s 1
= [ 0 =Ny (Ot + [ (D) = plgly (.
In particular, for y = «y we have
1
[u(l) - 7](/’(x,y)(1> + [7 - u(o)](l)(x,y)(o) - /O (P(x,y)<t)du(t) (13)
= [ 10(0) ~ Vgl (1.
Proof. Using integration by parts rule for the Riemann-Stieltjes integral, we have
[0 = 10 (O = [5() = 7101 (5) = [10) = V)0 (©)
~ [ ot (Dauct
and
1
[ 1) = 116 (00t = [0(1) = Wy (1) = [15) = Ky (5
- /51 q’(x,y)(t)d”(t)

forany s € [0,1].
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If we add these two equalities, then we get
[ 1t0) = Aoy 0+ [ 1u(0) — gl ()
= [u(1) - Vkv(xy)( )+ [7-”(0)]<P(xy)(0) +n - M(S)](P(xy)( )
+ [u(s) /(pxy t)du(t /(pxy t)du(t
= [u(1) —M(P(xy)(l) 7 = (0] () (0) + (1 — 7)¢<x,y)( )
/ P xy) du
for any s € [0, 1], which proves the desired equality (12). O
Remark 1. From the equality (13) we have for s € [0,1] and v = u(s) that
(1)~ 4(5) )y (1) + [0(5) ~ 4005 (0) — [ sy ()l (14)
1
= [ 1t = u(s))g (Dt
and, in particular
1 1
1) = u(5) [ ot + |u(3) 10| ey © (15
1
- /O (P(x,y)(t)du(t)
1 1 ,
- /O {u(t) - u<2>](p(xly)(t)dt.
Additionally, if m € [0,1] is such that u(m) = M, then from (14) we get
P )+ (P (x
(1) — u(0)] 2 2O [ g duts (16)
1
- /0 [u(t) — u(m go(x,y)(t)dt.
Now, if we take v = (1 — a)u(0) + au(1), « € [0,1] in (13), then we get
(1) ~ 4O [ (1~ )01y (1) + 901 )] ~ [ a1 17)
1
= [ () = (1= )u(0) — au(V)lgf,,, ()t
and, in particular
Py (1) + (P
(1) — (o P IR (18)

:/01 [u(t)—z (1)]4)’(xly)(t)dt.

The case of weighted integrals is as follows:
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Corollary 1. Assume that the function f : C C E — F is Fréchet differentiable on the open and
convex set C. Let p : [0,1] — C be Lebesgue integrable on [0,1] and s € [0,1]. Then for all x,
y € Candany vy, u € C,

< /01 p(s)ds — #) Px) (1) + 7P (2,)(0) + (1 = V) P2, (5) (19)

~ [ P09y 0
= ([ pwie =)l 0+ [ ([ poic— i) e, 0
0 (/o s \Jo

In particular, for y = «y we have
1 1
(#1615 = 1) 0 (0 +190510 0 = [ p(B1p1ag) (01 (20)

= [ p =) gl (11

The proof follows by Lemma 2 applied for the function u : [0,1] — C, u(t) = fg p(s)ds
that is absolutely continuous on [0, 1] and therefore of bounded variation and

1 1
| ot ®dn( = [ pty bt

Remark 2. With the assumptions of Corollary 1 and by utilizing Remark 1 we get
1 s 1
([ p0e)oran 0+ ([ 07) 900300 = [ pOp1ag 1t 1)

_ /0 1 ( / t p(T)dT) @) (DL

and, in particular
1 1/2
(/1/2 P(T)dT> q)(x,y)(l) + </0 p(T)dT) P(x,y) (O) (22)
1
[ gy (1)t

0
1/ t
— /
=, (/1/2 p(T)dT> qo(x,y)(t)dt.

Additionally, if m € [0,1] is such that [} p(T)dT = % fol p(T)dt, then

Py (D) + Py (0) /01 p(t)dt — /01 P(E)@(xy) (t)dt (23)

2
= /01 (/mt p(T)dT) (p’(x,y)(t)dt.

Now, for « € [0, 1] we get

1 1
[(1 - “)(P(x,y)(l) + XP(x,y) (0)] ‘/0 p(T)dT - ‘/0 p(t)(P(x,y)(t)dt (24)

- /01 (/Ot p(T)dt —a /01 p(T)dT> Pl y) (D)t
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and, in particular

Pay) (1) + @) (0) 1 !
2P 2] /OP(T)””_/O (D)) (it (25)

= 01 (/Ot p(t)dt — % /01 p(T)dT> Py (D)L

3. Main Results
We have:

Theorem 2. Assume that the function f : C C E — F is Fréchet differentiable on the open and
convex set C. Let p : [0,1] — C be Lebesgue integrable on [0,1] and s € [0,1]. Then for all x,
yeCandany vy, u € C,

H( s)ds — )f(]/)+’Yf(x)+(,u—’y)f((1—s)x+sy) (26)
—/ (1-1) x+ty)dtH

</
0
1

/Otp< it = IDF((1 = )3 + 1)y~ )

e = | IDF((1 = 1+ 19) = )
= B(f,px,y, 7 1)
In particular, for y = v we have
| vt =) )+ = [ porsia = ox-+ wa| @)

< [|[ v >dr—fy]|Df<<1—t>x+ty><y—x>|dt
— B(f,p %1,

Moreover, we have the upper bounds

B(f.p.x,y, 7, 1) (28)

max{supte [0,9] fo T)dt — V| SUPe[s 1) ‘fo T)dt — y‘}
[fo IDF((1—t)x +ty)(y —x)udt}

[(Js | Jy p(rrd = ar) + (S| fy p(x)dr —u

/q
<(Jo |Df (1—£)x+ty)(y —x)||‘7dt)
r,q>1, %+%:1

)]l/r

IN

Wfo T)dt — 'y‘dH—f‘fo dr—u\dt}
><supteo,””Df((l—t)x+ty)(y—x)||
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and

B(f.p,x,y,7) (29)
suprc o] Jo P(T)AT = 7| [ Jo IDA((T = £)x + ty) (y = x) ]

3] e ]

1/q
(DA - x4 ) - o)) T g > 1, Ll =1

IN

s | o pyde = v]at]| sup;cio IDF(L = Hx + ) (y = 0)]I.

Proof. We have by (19) that

([ pls)s =) £+ 2070 + (= (1 = 9)3-+ ) 30)
~ [ pos(a - x

= [ poar =)Dt~ x4 )y = )t

+/ﬁ</ T)dT — V)Df(l Bx + ty)(y — x)dt

forallx,y € Cand any -y, u € C.
By taking the norm in (30), we get

H( $)ds = 1) £(3) + 2 (3) + (5 = DAL= 5)x +-50) -

dt

(1= D+ 1) dtH

<0tp )dt — 'y)Df (1 —t)x + ty) (y — x)dt
( t
ki

(/ p(t)dt — ;4>Df (1=t)x+ty)(y —x)

dt

p(t)dt — y>Df (1 —t)x+ty)(y — x)dt

t

\c\

p(t)dt — 'y)Df (1—=t)x+ty)(y—x)

0

o)t - v‘llDf (1= £)x + ty)(y — x)|dt

dT—u’lDf( 1= f)x + ty)(y — ) de

fPXy'ru)
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By using Holder’s inequality we have
S
J

[ v = lIDf( = 3+ )y )

Jo p()dt

JIDF((1 = t)x + ty) (y — x) |dt

SUP [0,

(Js|Jo p()ar - ‘dt) (JEIDF( = B)x + ty) (y — x) | 9dt) 1
r, q>1 1—1—1—1

IN

supye (o) IDf (1 = O+ ty) (v = )| f5 | fo p(T)dT = [at

and
1 t
[ v dr—u]an (1~ ) 1)y )
supyeo )| Jo P )x +ty)(y — x) | dt
1/q
(8 dr—u\ at) " (JUDF( = x4 1)y - x) ")
| rg> 1 - + =1
supyc (o) [DF (1= £)x + ) (y T)dr — pldt.
Therefore
B(f,p.x,y, 7, 1)
SUPyc 0| Jo P(T)AT = 7| [FIDF((1 = B)x + ty) (y — x) |t
s| pt r /r s q 1/q
=) (sl p@ar —afa) " (BIDF@ — x + )ty - ) )
r, q > ]-/ %"’ % -
supte[o,s]qu«l—t)xwy =) f3| o p(r)dT = vdt
Supy(s. | fo P(T)dT (1= t)x+ty)(y — x) |t

) par—f[ar) " (JHDA( - x + ) - ) ar)

T, q>1 f—f———l

dT—y‘dt

sup;¢f, 1D (1 — ) x + ty) (y — x)
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max{supte 0,5] fo T)dT — “Y‘ Suptesl] fo T)dT_V’}
<[ JIDF((L = B)x + ty) (y = )t + [IDF((1 = £)x + ty) (y — x) |t
s p /r
{(fo tp(T)dT—’)/‘ dt>+( dT—y‘ dt)}
s /4
< x(fo||Df<<1—t>x+ty><y—x ||th+fs DA~ )+ ty)(y — ) ")

nq>L%+%:l

max{sup;c o, [Df (1 = Hx + ty) (y = x)]|,
supte[sl]an(( >x+ty><y—x>||}

[fo T)dT — T)dt — y‘dt}
max{supte 05] fO dT—'V‘ +SUPe[s1] fo dT—V’}
<o IDF(1 =B+ ty)(y —x>||dt}
[ plosae = at) + (S i pryar - w|ar)]

q
<(fy IDf 1—t>x+ty><y—x>||‘7dt)
r,qg>1, 1—!—;—1

M) drfﬂm+f‘k dT*‘W}
X suPte[o,” [IDF((L=t)x+ty)(y —x)|,

which proves the inequality (27). O

Corollary 2. Assume that the function f : C C E — F is Fréchet differentiable on the open and
convex set C. Let p : [0,1] — C be Lebesgue integrable on [0,1] and s € [0,1]. Then for all x,
y € C we have

H (/51 P(T)d’r)f(y) + (/OS p(T)dT)f(x) - /01 p() f((1—t)x+ ty)dtH (32)
S p(o)de| [J DA = b+ ty) (y = %) ]

SUP;c(0,1]

2 ployae] ar] "

1/q
(] IDF(1 = t)x+ty)(y —x)|%dt) "1, g > 1, L4 =1

I

IN

! p(e)de|dt] supyco y IDF (1 = Hx +ty) (y = 2)]|.
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In particular,
1

H )rw+ ( s p(r)dr)f(x) )

PO D+ |

0

SUP;cio] )fl/z P(T)dT‘ folqu((l —t)x+ty)(y — x)||dt

[t poae] ]

1 1/q
X(fo [Df((1 —t)x—l—ty)(y—x)”th) ,rg>1, 14 % =1

IN

(Jo | Si)2 )]t ) supyeio DAL= 2+ ty) (y - 2)]|.

The proof follows by Theorem 2 on choosing y = [; p(7)dt, s € [0,1].

Corollary 3. Assume that the function f : C C E — F is Fréchet differentiable on the open and
convex set C. Let p : [0,1] — C be Lebesgue integrable on [0,1]. Then for all x,y € C

H< ) 1—tx)f(}/)+vcf(x)]—/O1 p(t)f((l—t)x+ty)dtdtH (34)

Sup;c 01]‘f0 T)dT — fo dT’
X JoIDF((1 = t)x + ty) (y — x) |t

[fo’fo T)dv—a [y p( r ]1/

1/q
(fo IDf( 1—t)x+ty)(y—x)||‘7dt) r,g>1, +%

IN

fo ‘fo dT*"‘fO dT’dt
X SUP;c (o1 IDf((1—t)x +ty)(y —x)||

forallx € [0,1].
In particular, we have the trapezoid type inequalities

H( ) ()+f( ) /0'1p(t)f((1_t)x+ty)dtdtH (35)

SUP;c|o 1]“0 -1 fol P(T)d‘[’
x [y IDF(( —t)x+ty (y —x)|dt
[follfot p(r)dt -} [y p()dr] dt

r :|1/r
1/q
< (JUIDA(—x+ ) —x)at) v, g > 1, L+ 1 =1

IN

$i s peyee = 3 3 pie]ae
x supye (o | D (1= t)x +ty)(y — 1)

Remark 3. Since the Fréchet derivative satisfies the condition

IDf(a)(@)]| < [IDf(@)][o]
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fora € Cand b € E, then for all x,y € C we also have the chain of inequalities

H(l Tdf) )+ ([ e ) s @6)

/ 1—tx+wdﬂ

Cp(m)dr| [y IDF((L = B + ty) ]

[ 2 peoyae| )

< ly — x|l x ) " o

|:f01 st (T)

dt] supyc o IDF((1 = )+ ty).

In particular,
1

H () p(r)dr)f(y) + ( /’ p(T)dT>f(x) @)

2

—/ 1—tx+ty)dtH
suprc o] /2 P(T)T| [y IDF((L = ) + ty) |t

Uol'ff/z P(T)dT‘rdt} v

<y { Lol " o
<(JIpsa-ns+mltar) ", 1 951, 141 =1

(Jo |12 p(D)dT|dt) supse o IDF((1 = O3+ )]l
Ifa € [0,1], then for all x, y € C we also have the chain of inequalities
1
([ poe) i - wsw + g - [ posca-nx e a9
SUP;co,1] ’fo T)dT — fo dT‘

xfo IDf((1—t)x +ty)||dt

UO ‘fo T)dt — ocfo d'r’rdtr/r

<y g .
< (JoIDF((L =+ ty) %) g >1, L k=1

fo ‘fo dT—zxfO dT‘dt
X supye(o 1 [|Df((1—H)x + ty).

In particular, we have the trapezoid type inequalities

(] poae) LI Pptoyfa = -+ | 9
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supie o] Jo p(T)dT — 1 J3 p(r)dr]
x [TIDF((1 = £)x + ty)||dt

it~ £ e ]
1/

1 q
(S IDfF(=Dx+ty)|td) T r, g >1, L4l =1

< |ly — x|

fol‘fot p(t)dt — %fol P(T)dT’dt
X sup;cpoq) IDf((1 = £)x +ty)].

4. Some Examples for Banach Algebras

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0, o) such that (B, |-||)
is a normed space, and, further:
labl| < {|all[[b]

forany a, b € B. The normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete norm.

We assume that the Banach algebra is unital, this means that 3 has an identity 1 and
that ||1]| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an element
b € Bwithab = ba = 1. The element b is unique; it is called the inverse of a and written a1
or 1. The set of invertible elements of B is denoted by Inv/3. If 4, b €Inv13 then ab €Invi3
and (ab) ' =b la L.

Now, by the help of power series f(z) = ) ;" «,z" we can naturally construct another
power series which will have as coefficients the absolute values of the coefficients of the
original series, namely, f;(z) := Y_;_o|ax|z". It is obvious that this new power series will
have the same radius of convergence as the original series. We also notice that if all
coefficients &, > 0, then f, = f.

The following result holds [23].

Lemma 3. Let f(z) = Y57 anz" be a function defined by power series with complex coefficients
and convergent on the open disk D(0,R) C C, R > 0. For any x, y € B with ||x|, ||y|| < R
we have

1£ () = fFI < lly — ]| /01 fa(l (1 = s)x + sy||)ds. (40)

We also have:

Lemma 4. Let f(z) =Y 7 anz" be a function defined by power series with complex coefficients
and convergent on the open disk D(0,R) C C, R > 0. For any x, y € B with ||x||, ||y| < R
we have

IDF(A = B)x +ty)(y = x) | < ly = x[l fa (I (1 = £)x + ty]]) (41)
forallt € [0,1].

Proof. Let ||u|, ||v|| < R. Then there exists § > 0 such that ||u + ev|| < Rforalle € (—6,0)
and by (40) we get

1f (u+ev) = fF(u)[| < [lu+ev —ull /;fé(II(l—S)u+5(u+€v)ll)ds
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namely

3

Hf(u +e0) — f(u)

1

< ol | A2C11 = o)t st eo) s, € #0
1

= lloll [ fa(llu+seol))ds

and by taking ¢ — 0 we get, by the property of integral, that

IDf ) (@) < ol fa(ll])- (42)
Now, if we take in (42) u = (1 —t)x + ty and v = y — x, then we get (41). O
We have the following result:
Theorem 3. Let f(z) = Y, anz" be a function defined by power series with complex coefficients

and convergent on the open disk D(0,R) C C, R > 0. Also, let p : [0,1] — C be a Lebesgue
integrable function on [0,1]. For any x, y € B with ||x||, ||y|| < R we have

H (/1 P(T)dr)f(?/) + (/OSP(T)dT>f(x) - /01 (O F((1— t)x+ty)dt” 3)

S par] f3 £l = Dx + ty])ae

1] rt r 1/r
o | p(o)dz| dt]
(0@ - Dx+ g T g >1, 14t =

I

SUP¢e(o,1]

< ly = x| x

S p)d|at] sup,cioy 21— £)x + tyl).
In particular,

1

H (/; v s + ( s P(T)df>f(x) )
- [ rosa - xswa

suprc 0|12 PO o £211(1 = 0)x + byt

0

T 1/7‘

{follff/z p(t)dt /
1
< (Jalfla—nx+eyDlfar) " r g >0, L L=

dt}
<y — x| x

(Jo |12 p(D)dT|dt) supicio £2(11(1 = 2+ ty]).
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Also,

([ p@ac) i@ - o) + sl = [ pos(a- s+ ]
suPteOl]‘fO “fol T)dT‘
x Jo fadllC 1—t)x+ty\|)

l/r

Uo ‘fo T)dT — “fo d'r
< (JRaQ —0x+ty])rar) "r, g1 14121

<y — x| x

fol‘fotp(r T— "‘fo dT’dt
x supyepo g fa(ll (1= 1)x + tyl])

foralla € ]0,1].
In particular, we have the trapezoid type inequalities

H( > fn 2 fi /Olp(t)f((l—t)x—l-ty)dtH

1
SUP;(0,1] ’fo T)dt -3 P(T)d'f‘
x o £l = £)x + ty])dt

[fol‘f(; p(t)dt — %fol p(t)dt dt} v
f 1/ 1.1
X(fo [fa(||(1—f)x+fy||)]"dt) ng>11+1=1

fol‘fotp(f 2 fo dT’dt

X supieio 1) fa (Il (1= £)x + tyl]).

< ly = x| x

The proof follows by Theorem 2 and Lemma 4.

(45)

(46)

As some natural examples that are useful for applications, we can point out that if

o (D" 1
A) = AM=In—— A ,1);
fA) n; ” o AEDO)
- (_1)11 2n
A) = A =cosA, A € C;
_yv 1) "
h()\)—’gm/\z Tl =gin), A€C;
1) = Y (~1)"A" 1;\ A e D(0,1);

3
i
o

(47)
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then the corresponding functions constructed by the use of the absolute values of the
coefficients are

21 1
fa(A) = Z EAH =1In T A€ D(0,1); (48)
n=1
=1
A) = A% = cosh A, A € C;
ha()\) = Z (2713_1))L2n+1 = Sinh)\, A e (C,
L(A) = Y A" = ﬁ A€ D(0,1).

Other important examples of functions as power series representations with non-
negative coefficients are:

1

exp(A 2 o ')\" A eC, (49)
n=0
1 1+ = 2n-1 )
21r1( ) ;1212”_& ,  AeD(0,1);

00 T Yl—f—l
sin"1(A) = (2)A2"+1, AeD(0,1);
= Vm(2n+1)n!
© 1
nh1(A) =} —— 21 D(0,1
tanh~1(A) ;2;1_1)\ ., AeD(01)

& T(n+a)T(n+B)T(7)
2B (0B A) = X S BT+ )

n=0
A e D(0,1).

A, B,y >0,

If we consider the exponential function f(x) = exp x, then for x, y € B

[ 72010 1+ it = [ exp(l(1 - b)x + iyl e (50)
< [ exp((— 1)l + e

= [ explil + Kyl ~ el

expllyl—exp|x] .
i Iyl # ]

exp||x[| if [[y[| = ||x]|.
=: E1(x,¥).
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Also
U0~ i = [ expla(li - )x-+ tyle )
, Ve y ~ o Pl Y
1
< [ expla((1 = 1) x| + s

exp(gllyl)— eXP (qllx1D
=y i llyll # Nl

exp(ql|x|) if [lyl] = [|x[
=:Ey(x,y), g > 1.

Moreover, for x, y € B

sup fi([[(1=t)x+tyll) < sup exp((1—#)x]l+¢t]yll) (52)
te[0,1] tel0,1]
= max{|[x], [ly[}-

By making use of Theorem 3 and (50)—(52), we have for p : [0,1] — C, a Lebesgue
integrable function on [0,1] and any x, y € B and s € [0,1], that

H ( ) expy+ (/Os P(T)dT) exp x 53
- [a >exp<<1t>x+ty>dtH

SUP;e(o,1] ‘El(x,y)

1 1/q
<yt d [BL P ) e
r,q>1, 1—|—1 1

(fo

©)de|dt ) max{| x|, [yll}-

In particular,

H</;” ) 1) (/jp(r)dr)f(x) o
/Olp t) exp(( 1—t)x+ty)dtH

sup;c | 12 P(T)T| Ex (x,)

1/
x4 R apa ] E )
ng>1 4+ =1

(So | 12 p(r)aeat) max{ix], )}
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Also,

H(JP

—_

J0

< ly = x| x

foralla € [0,1].

) 1—a)exp(y) +aexp(x)]

p(t) exp(( 1—t)x+ty)dtdtH

suprefo| o P(TT = f3 p(r)dT|Ex(x,)

Eq(x y))l/q

Uo ’fo —a fol dT‘ dt}

r,qg>1, 14—1—1

B fy p@d —a fy p(x

) |dt max{ |x], |y},

In particular, we have the trapezoid type inequalities

I(f v

< ly = [ <

2

dr> exp(y) +exp(x) _ /01 p(t)exp((1 —t)x + ty)dtdtH

Jyp(nydr =1 [ p(z

SUP;co,1] )dT‘El(x,y)

[fol‘fotp(f)dT— 3 f dT’ dt} [E4(x, y)]l/q

r,q>1,%+%:1

f()l’fotp(T 2 fo

dr\dtmax{uxn lyll}-

(55)

(56)

The interested reader may apply the above inequalities for the other functions listed
in (47)-(49). The details are omitted.

5. Conclusions

In this paper we established some upper bounds for the quantity

1

$)ds =7 ) Fly) 4270~ [ pO7((1 = -+ )|

in the case that f : C C E — F is Fréchet differentiable on the open and convex subset C
of the Banach space E with values into another Banach space F, x,y € C,p: [0,1] — Ciis
a Lebesgue integrable function and y € C. Some particular cases of interest for different
choices of vy are given. The symmetric case for the coefficients of f in the above inequality
is analysed. Applications for Banach algebras are also provided.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

1. Coleman, R. Calculus on Normed Vector Spaces; Springer: New York, NY, USA, 2012.
2. Dragomir, S.S. Integral inequalities for Lipschitzian mappings between two Banach spaces and applications. Kodai Math. ]. 2016,

39, 227-251. [CrossRef]


http://doi.org/10.2996/kmj/1458651701

Symmetry 2021, 13, 1288 19 of 19

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

Dragomir, S.S.; Cho, Y.J.; Kim, S.S. Inequalities of Hadamard’s type for Lipschitzian mappings and their applications. |. Math.
Anal. Appl. 2000, 245, 489-501. [CrossRef]

Dragomir, S.S.; Pearce, C.E.M. Selected Topics on Hermite-Hadamard Inequalities and Applications; RGMIA Monographs. 2000.
Available online: http://rgmia.org/monographs/hermite_hadamard.html (accessed on 10 July 2021).

Feng, Y.; Zhao, W. Refinement of Hermite-Hadamard inequality. Far East . Math. Sci. 2012, 68, 245-250.

Gao, X. A note on the Hermite-Hadamard inequality. J. Math. Inequal. 2010, 4, 587-591. [CrossRef]

Hwang, S.-R.; Tseng, K.-L.; Hsu, K.-C. Hermite-Hadamard type and Fejér type inequalities for general weights (I). ]. Inequal. Appl.
2013, 2013, 170. [CrossRef]

Kirmac1 U.S.; Dikici, R. On some Hermite-Hadamard type inequalities for twice differentiable mappings and applications.
Tamkang J. Math. 2013, 44, 41-51. [CrossRef]

Muddassar, M.; Bhatti, M.IL; Igbal, M. Some new s-Hermite-Hadamard type inequalities for differentiable functions and their
applications. Proc. Pakistan Acad. Sci. 2012, 49, 9-17.

Mati¢, M.; Pecari¢, J. Note on inequalities of Hadamard'’s type for Lipschitzian mappings. Tamkang J. Math. 2001, 32, 127-130.
[CrossRef]

Sarikaya, M.Z. On new Hermite Hadamard Fejér type integral inequalities. Stud. Univ. Babes-Bolyai Math. 2012, 57, 377-386.
Wasowicz, S.; Witkowski, A. On some inequality of Hermite-Hadamard type. Opuscula Math. 2012, 32, 591-600. [CrossRef]

Xi, B.-Y.; Qi, F. Some integral inequalities of Hermite-Hadamard type for convex functions with applications to means. J. Funct.
Spaces Appl. 2012, 2012. [CrossRef]

Zabandan, G.; Bodaghi, A.; Kiligman, A. The Hermite-Hadamard inequality for r-convex functions. J. Inequal. Appl. 2012, 2012.
[CrossRef]

Zhao, C.-J.; Cheung, W.-S; Li, X.-Y. On the Hermite-Hadamard type inequalities. |. Inequal. Appl. 2013, 2013, 228. [CrossRef]
Fink, A.M. Bounds on the deviation of a function from its averages. Czechoslov. Math. ]. 1992, 42, 298-310. [CrossRef]
Anastassiou, G.A. Univariate Ostrowski inequalities, revisited. Monatsh. Math. 2002, 135, 175-189. [CrossRef]

Cerone, P; Dragomir, S.S. Midpoint-type rules from an inequalities point of view. In Handbook of Analytic-Computational Methods
in Applied Mathematics; Anastassiou, G.A., Ed.; CRC Press: New York, NY, USA, 2019; pp. 135-200.

Cerone, P; Dragomir, S.S. New bounds for the three-point rule involving the Riemann-Stieltjes integrals. In Advances in Statistics
Combinatorics and Related Areas; Gulati, C., Ed.; World Science Publishing: Singapore, 2002; pp. 53-62.

Cerone, P; Dragomir, S.S.; Roumeliotis, ]. Some Ostrowski type inequalities for n-time differentiable mappings and applications.
Demonstr. Math. 1999, 32, 697-712.

Ciurdariu, L. A note concerning several Hermite-Hadamard inequalities for different types of convex functions. Int. J. Math. Anal.
2012, 6, 1623-1639.

Dragomir, S.S. Weighted norm inequalities of trapezoid type for Frechet differentiable functions in Banach spaces. RGMIA Res.
Rep. Coll. 2020, 23, 19. Available online: https:/ /rgmia.org/papers/v23/v23a22.pdf (accessed on 10 July 2021).

Dragomir, S.S. Inequalities of Lipschitz type for power series in Banach algebras. Ann. Math. Sil 2015, 29, 61-83. [CrossRef]


http://dx.doi.org/10.1006/jmaa.2000.6769
http://rgmia.org/monographs/hermite_hadamard.html
http://dx.doi.org/10.7153/jmi-04-52
http://dx.doi.org/10.1186/1029-242X-2013-170
http://dx.doi.org/10.5556/j.tkjm.44.2013.964
http://dx.doi.org/10.5556/j.tkjm.32.2001.354
http://dx.doi.org/10.7494/OpMath.2012.32.3.591
http://dx.doi.org/10.1155/2012/980438
http://dx.doi.org/10.1186/1029-242X-2012-215
http://dx.doi.org/10.1186/1029-242X-2013-228
http://dx.doi.org/10.21136/CMJ.1992.128336
http://dx.doi.org/10.1007/s006050200015
https://rgmia.org/papers/v23/v23a22.pdf
http://dx.doi.org/10.1515/amsil-2015-0006

	Introduction
	Some Identities of Interest
	Main Results
	Some Examples for Banach Algebras
	Conclusions
	References

