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Abstract: Let U = U(t,x) for (t,x) € Ry x R? and 9,U = 9,U(t,x) for (t,x) € Ry x R be the
solution and gradient solution of the fourth order linearized Kuramoto-Sivashinsky (L-KS) SPDE
driven by the space-time white noise in one-to-three dimensional spaces, respectively. We use
the underlying explicit kernels and symmetry analysis, yielding exact, dimension-dependent, and
temporal moduli of non-differentiability for U(-, x) and o,U (-, x). It has been confirmed that almost
all sample paths of U(+, x) and d0,U(-, x), in time, are nowhere differentiable.

Keywords: L-KS SPDEs; space-time white noise; temporal modulus of non-differentiability; Holder
regularity

1. Introduction

We are concerned with delicate regularity properties of paths of the fourth order
linearized Kuramoto-Sivashinsky (L-KS) SPDE driven by the space-time white noise in
one-to-three dimensional spaces. The fundamental kernels related to the deterministic
versions of this class are built on the Brownian-time process (BTP) in [1-3] and extensions
thereof. In this article, we provide exact, dimension-dependent, and temporal moduli of
non-differentiability for the important class of stochastic equations:

ou ¢ 5, 091 . i
j_—g(A—kZﬂ) u+ TR (t,x) € Ry x R% )
U(0,x) = up(x), x € RY,

where A is the d-dimensional Laplacian operator, R, = (0,0), (¢,9) € R, x R is a pair
of parameters, the noise term 34+ 1W /dtdx is the space-time white noise corresponding to
the real-valued Brownian sheet W on I@+ x R4, d = 1,2,3, and the initial data u is Borel
measurable, deterministic, and twice continuously differentiable on RY.

This class of SPDEs is connected to the model of pattern formation phenomena
accompanying the appearance of turbulence (see [1,4-8]) and was introduced by Allouba
in a series of articles [1-6,9,10]. It includes stochastic versions of prominent nonlinear
equations such as the Swift-Hohenberg PDE and variants of the L-KS PDE, as well as
many new ones (see [4]). Among other things, [4,5] investigated classical examples of
deterministic and stochastic pattern formation PDEs and [1,4-6] investigated the L-KS class
and its connection to many classical and new examples of deterministic and stochastic
pattern formation PDEs. The authors of [4,5,9,10] investigated the existence/uniqueness
of sharp dimension-dependent Holder regularity of the linear and nonlinear noise version
of Equation (1). The authors of [6] investigated the exact, dimension-dependent, spatio-
temporal, and uniform and local moduli of continuity for the L-KS SPDE in the time variable
t and space variable x. The authors of [11] investigated the solutions to Equation (1) in time
and possessing an infinite quadratic variation. Temporal asymptotic distributions for the
realized power variations of the L-KS SPDEs Equation (1) were investigated in [11]. These
results naturally cause the following motivating questions:
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Are the solutions to L-KS SPDE Equation (1) temporal continuously differentiable?
What are the temporal moduli of continuity for L-KS SPDEs?
What are the temporal moduli of non-differentiability for L-KS SPDEs?

The authors of [6] investigated the exact moduli of continuity for the fourth order L-KS
SPDEs and their gradient. These results provided the answers to temporal continuity and
exact moduli of continuity of the solutions to Equation (1) and provided partial answers to
above questions. In this article, we investigate temporal differentiability of the solutions
to Equation (1). We are concerned with the exact moduli of non-differentiability of the
process U and its gradient in time. It builds on and complements works in [6] and together
answers all of the above questions.

Here, we would like to mention Chung’s law of the iterated logarithm (LIL) for
U(-,x) provided by Allouba and Xiao [6]. Fix x € R For t,h € R, and compact
rectangle Ijme C R, we consider V(t,h) = SUPge 1 oofs| <1 |U(t+ hs,x) — U(t, x)| and
V(t,h) = SUPge,ofs|<1 |0xU(t + hs, x) — 9, U(t, x)|. In [6], the following exact temporal
Chung’s LIL for L-KS SPDE U(t, x) and the gradient process doxU(t, x) are obtained. (See
Theorem 1 and 2).

Theorem 1 (Reference [7]). Let x € RY be fixed and assume that ¢ = 0 and uy = 0 in
Equation (1).
(a) Suppose d € {1,2,3}. For any ty € R, we have the following:

liminf o(h h) = s 2
im in p(h)V(to,h) =c,, as., 2)

where ¢, , is a positive finite d-dependent constant.

1\ —4d
p(h) = (h|log(|log(m)|)| =)~ 5. ®)
(b) Suppose d = 1. For any to € R, we have the following:

I}lrgéﬂfv(h)V(to,h) =c, as, 4)

where c, , is a positive finite constant.

v(h) = (h|log(|log(h)])| ") 5. 5)

On the other hand, elementary calculations show that the sample paths of U(-,x) are both
almost surely continuous and almost surely nowhere differentiable (see [6]). It is therefore natural to
investigate, respectively, the modulus of continuity and the modulus of non-differentiability (in the
sense of Csorg6-Révész, see [12]). This article is devoted to establishing the following exact temporal
moduli of non-differentiability for L-KS SPDE U(t, x) and the gradient process o, U (t, x).

Theorem 2. (Temporal moduli of non-differentiability) Let x € RY be fixed and assume that ¢ = 0
and uy = 0 in Equation (1).
(a) Suppose d € {1,2,3}. For any compact interval Iime C R, we have the following:

4—d
lim inf inf =c} as.
im in B(h) telﬂme V(th)=c3i as, (6)
where c,, is given in (19).
1y 4
B(h) = (h|log(m)|™1)~ %" )

Consequently, the sample paths of U(t, x) are almost surely nowhere differentiable in t.
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(b) Suppose d = 1. For any compact interval Iime C R, we have the following:

1
. . . _ g
lirgéifg(h) telﬂ;fne V(t,h)=ci, as., 8)
where ¢, is given in (20).
141
o() = (h|log(n)|~1)~%. ©)

Consequently, the sample paths of d,U (t, x) are almost surely nowhere differentiable in t.

Remark 1. For the above theorem, we have the following remarks:

e [t is interesting to compare (2) and (6). The latter one states that the non-differentiability
modulus of U(-, x) for any fixed x is not more than B(h). On the other hand, the former tells
us that at some given point the non-differentiability modulus of U (-, x) can be much smaller,
namely p(h). Similarly, by (4) and (8), the non-differentiability modulus of 9 U (-, x) for any
fixed x is not more than ¢(h). On the other hand, at some given point, the non-differentiability
modulus of 0xU (-, x) can be much smaller, namely v(h).

e Equation (6) describe the size of the minimum oscillation of the L-KS SPDE solution U(-, x)
over the compact rectangle Lyime is B(h) (up to a constant factor). Equation (8) describes the
size of the minimum oscillation of the gradient of L-KS SPDE solution oxU(-, x) over the

compact rectangle Iyme is 0(h) (up to a constant factor).
4—d 1
*  Theconstants c,, in (2) and c,, in (4) are equal to c;7 and c3,, respectively, by virtue of the

existence of the small ball constants, one can calculate Chung’s limit inferior LIL explicitly by
making use of the standard Borel-Cantelli argument.

*  Equation (6) implies that almost all sample paths U (-, x) are nowhere differentiable. Moreover,
it quantifies precisely the roughness of the sample paths of U(-, x) by B(h). For this reason,
the function B(h) is referred to as a modulus of non-differentiability of the L-KS SPDE solu-
tion. Similarly, (8) implies that almost all sample paths 0,U (-, x) are nowhere differentiable.
The modulus of non-differentiability of the gradient of the L-KS SPDE solution is o(h).

Throughout this article, an unspecified positive and finite constant will be denoted
by ¢, which may not be the same in each occurrence. More specific constants in Section
i are numbered as ¢;1,¢;»,.... Since we shall deal with index n which ultimately tends
to infinity, our statements, sometimes without further mention, are valid only when 7 is
sufficiently large.

The rest of this article is organized as follows. In Section 2, the rigorous L-KS SPDE
kernel SIE (mild) formulation, temporal spectral density and bifractional Brownian motion
(BFBM) link for L-KS SPDEs, and their gradient are discussed by using the L-KS SPDE ker-
nel SIE formulation and symmetry analysis. In Section 3, we investigate the exact temporal
small ball probability estimates and the exact temporal moduli of non-differentiability for
L-KS SPDEs and their gradient by making use of the Gaussian correlation inequality [13]
and the theory on limsup random fractals [14]. In Section 4, the results are summarized
and discussed.

2. Methodology
2.1. Rigorous Kernel Stochastic Integral Equations Formulations

We use the L-KS kernel introduced in [1,4,5] to define their rigorous mild SIE formula-
tion. The nonlinear drift diffusion L-KS SPDE is as follows.

ou ) oW : .
Uu(o, x) = up(x), x € R,
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Then, the rigorous L-KS kernel SIE (mild) formulation is the following SIE:

/ Ktxy dy

KEKS s, (11)
+/Rd/ i—syla(U(s,y))dsdy + o (U(s,y))W(ds x dy)]
(see p. 530 in [7] and Definition 1.1 and Equation (1.11) in [4]). Here, K}EZ is the L-KS

kernel given by the following:

2 ; 2 /(94
LKSZ’B 7/0 pits p—|x—y[*/(2is) BM g /oc eits p—|x—y|*/(2is) BM
(2

tx,y 7_[15 d/2 et;s WKEt}S
~d / § (20427 pilCr—v) g (12)

d
dﬁ e~ § (C2HEN? cos((&,x — y))dE, (e,0) € Ry x R,

d

s2
wherei = v/—1and KPE/[ = 2/:; Obviously, the mild formulation of (1) is then obtained

by setting o = 1and 4 = 0in (11).

2.2. Temporal Spectral Density for L-KS SPDEs and Their Gradient

Our results are crucially dependent on the following temporal spectral density for
L-KS SPDEs, which is Lemma 2.1 in [6].

Lemma 1. Let K Ko be the (e, ®) L-KS kernel. The spatial Fourier transform of the (¢, 9) L-KS
kernel in (12) is provzded by the following.

~LKS{

Kz = (2m) "% §C20HED (6 0) € Ry x R. (13)

Here, the following symmetric form of the spatial Fourier transform has been used.
f@) = @0 [ fwe .

2.3. Bifractional Brownian Motion Link for L-KS SPDEs and Their Gradient

We consider the temporal probability law for L-KS SPDEs and their gradient in one-
to-three dimensions. Recall that the BFBM {B"K(t),t € [0, T]} with indices H € (0,1)
and K € (0,1] and introduced by Houdré and Villa in [15] is a centered Gaussian process
with covariance.

1 K
REK(t5) = 2T<((tZH +52H) — |t —s|2HK),s,t e [0, TJ. (14)

Lemma 2. Let x € R? be fixed and assume that ¢ = 0 and ug = 0 in Equation (1).
(a) Suppose d € {1,2,3}. Then U(-, x) £ B3, where we have the following.

4 27'[(d+1)/2

d—4
T2 o

co = (2m)”

(b) Suppose d = 1. Then 9, U (-, x) £ COB%'%, where we have the following.

1 _1
C=Fap
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Proof. In order to show (a), we use Parseval’s identity to obtain the covariance function

of U. ] ;
KLKSE [ LKSE
E[U(t, ) = [, [, kS aray
~LKS! ALKSEO
_./0 ./Rth 7;x,6 s rxgdgd (15)

= (27)~4 /s /d —%\ﬂ‘l—%\@ﬁdg dr
0. /R
S b r

= (Zn)*d/ /de e ‘5‘4d§dr
0 JR

Thus, by using the following integral formula (see Corollary on page 23 in [16]), we
have the following:

a4 L Sy
Rdf(i;ui)dul...dud: r(d/z)/o 27 f (y)dy, (16)
and (15) becomes the following.
d/2 c )
E[U(t,x)U(s,x)] = ) A W
/d/z (17)
= [(zn)—dLT 8 [T eyl 49— (-9 )
el'(d/2) Jo '
This yields (a). Similarly to (15), one has the following.
LKS? LKS?
]E[ax (t x)ax // ath r';oy asz ricoyd dy
LKS?) o~ LKS{,
7/ /CZKt rxoé Ks rxogd(:d (18)

/ / e~ e = S5l e dr

_ 27‘[ / / §2 t+s 2r) |§|4d€dr
0 JR

Thus, by using (16), (18) becomes the following.

IS

=
—

E[U(t, x)U(s, x)] = [(zn)-ld‘fﬁl//;sf /Owe—yzdy} [(t+5)% — (t—s)

This yields (b). O
3. Results

3.1. Extremes for L-KS SPDEs and Their Gradient

Our results are dependent on the following exact temporal small ball probability
estimates for L-KS SPDEs and their gradient.

Lemma 3. Let x € R? be fixed and assume that ¢ = 0 and ug = 0 in Equation (1).
(a) Suppose d € {1,2,3}. Then there exists a positive and finite constant c, | such that for all
to € [0,1] and r > 0, whenever u — 0, we have the following.

P(V(tg,r) < u) ~ exp (— C3’18r ) (19)

yi—d

(b) Suppose d = 1. Then there exists a positive and finite constant c,, such that for all
to € [0,1] and r > 0, whenever u — 0, we have the following.

P(V(ty,r) < u) ~ exp ( - Cjﬁ;). (20)
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Proof. It follows from Lemma 2 (a) that, up to a constant, the L-KS SPDE solution
{U(t,x),t € Ry} (x € R? fixed) is a BFBM with indices H = 1 and K = 1 - 2. It
follows from Lemma 2 (b) that, up to a constant, the gradient of L-KS SPDE solution
{o,U(t,x),t € Ry} (x € R fixed) is a BFBM with indices H = § and K = 1. Then,
by Proposition 2.1 in [17], one has (19) and (20) hold. This completes the proof. O

3.2. Temporal Moduli of Non-Differentiability for L-KS SPDEs and Their Gradient

We require the following lemma, which is Theorem 1.1 in [13].

Lemma 4. Let f' = (£}, f}) be an R"-valued Gaussian random vector with mean 0, where f; =
(f1, - fx) f2 = (fext, s fn) and 1 < k < n. Then Yu > 0 and we have the following:

P([lfllee < u) < ¢P([[f1llo < u)P([[f2]l0 < ), (21)

where ||f||co denotes the maximum norm of a vector £. the following is the case.

_ (det(]E[flf“)det(E[fzflz]) ) 1/2. 22)

det(E[ff'])
We also need the following lemma, which is Lemma 2.4 in [18].

Lemma 5. Let D = (d;j,1 < i,j < 2m) be a positive semidefinite symmetric matrix provided
by D = (Di]-,l <i,j < 2), where D;; and 1 < i,j < 2 are m x m matrices. SubstituteB; =
ij-me |dij| for 1 < i < mand = Z}":l |dij| for m+1 < i < 2m. Assume the following
conditions are satisfied.

(i) There is a constant b such that forall 1 <i < 2m, B; < b.

(ii) There exists a finite constant A > 0 such that for all 1 < i < 2m, the following is the case:

det(D®)

det(D) — 7

where D) is the submatrix of D obtained by deleting the ith row and ith column.
Then, the following obtains.

det(D) > e~2Mdet(Dy;)det(Day). (23)
Proof of Theorem 2. Since the proof of (8) is similar to (6), we prove (6) only. To show (6),
it suffices to show the following two inequalities VO < € < 1 is the case:

4—
lim inf inf > ((1- 5 as. 24
iminfp(h) inf V(t,h) > ((1-€)e,,)’ s as (24)

u

and subsequently, we have the following.

4—d
8

l}lminfﬁ(h) inf V(t,h) < ((1+e€)cy,) a.s. (25)

—0+ t€ Lime
In order to show the above two inequalities, without loss of generality, we assume
Liime = [0, 1]. We show (24) first. For n € Z., we define h, = 6" and b, = 6", where 6 > 1
is an arbitrary constant and will be specified latter on. Fori € Z, and n > 1, we substitute
the following.
T ={he(0,1):hy1 <h<hy},
Tin = {t € lime:iby! <t < (i+1)b; '}

Let us have t; , := ib, ! be a pointin T, ,, i € [0,b,] N Z. It follows from (19) that the
following is the case.
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. 4—d
P(ﬁ(h")ie[or}hlnl]%m Vitin ) < (1 =€)ey,) s >
4—d _
< 2 P(V(ti,nlhn) < ((1 —€)C3ll) 8 :B(hn) 1)
i€[0,bn|NZ+
< g-ren,
Hence, by Borel-Cantelli lemma, one has the following.
liminf B(h,) min  V(t;,,h,) > ((1— e)cs/])él%d a.s. (26)

n—00 i€[0,bn)NZ+
It follows from Theorem 4.1 in Meerschaert et al. [19] that the following is the case.

limsup B(h,) sup V(t,h,) =0 as. (27)

n—oco te0,2]

Observe that for all i € (0,1), there exists a set T, such thath € T;, and for all x € I,
there exists a set T; , such that x € T; . One has the following.

liminf B(h) inf V(th
e P gy V)
> liminf inf min  inf B(h)V(¢t h)

n—00 KT, ic[0,by]NZy tETiy

>liminf min_ - inf (B(tee1)/Bl)) ) V(E )

n—=00 i€[0,by]NZ4 tETiy

> liminf  min_ (B(lys1)/B(hn))Bln) V (ti s ) 28

n—e0 je[0,b,]NZy

)
—limsup max sup (B(hy+1)/B(hu))B(ha) |V (t, hy) — V(i b))l
(

n—00 16[0 bn]ﬂZ+ tGT

> liminf min Vt Jh
~ i z‘e[o,bn]mz+ PUltn )V (ti 1n)

—2limsup sup B(hn)V(t hy).

n—eo te(0,2]

It follows from (26)—(28) that (24) holds.

Next we show (25). For every n > 1, we define h, =27",0 = 0, = |log(hn)|’1,
An ={1,..,v4},and B, = {1,..,|®71|}, where |a] denotes the integer part of a € R
satisfying |a| <a < |a] + 1. For every i € A,, we define the following:

in

and define a Bernoulli random variable Y; , which takes the value 1 or 0 according to the

following:
4-d

max f(hn)|U(E;, +khn®, x) = U(E;,, )] < (1 +e€)e;)) 5

in’

and whether it is the case or not. For every n > 1, we define S, := Y4, Y,, and
pn := E[Y, ]. Then, by (19), one has uniformly overi € A,.

pu 2 P(B)V(E,v) < (1+6)e,,) 5

(29)
> exp (g log(hn)).

We want to show that almost surely S, > 0 for infinitely many n’s. To this end, we
first estimate the following.

Un  Un

Var(S,) = Z Cov/( YM,Y ZCOV o Vi —i—ZZ Z Cov(Y, s ) (30)
i,j€An i=1j=i+1
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Let 4 > 21/(4 +d) be a constant and v, = |log(hy,)[*™!, n > 1. We make the
following claim: V6 > 0, whenever j > i > v, and j — i > v, one obtains the following.

P(Y

in

=1Y, =1) < (1+0)P(Y,, = DP(Y,, =1) (31)

We postpone the verification of (31) and prove (25) first.
It follows from (31) that Cov(Y,,, Y, ) < JE[Y, JE[Y, ] forallij € A, that satisfy
j>i>vyandj—i> v, Thus, by (30), one has the following.

Uy 2 Uy Up  VUp Uy i+vy
Var(s,) <26( Y pin) + Y Cov(Y,,Y,)+2) Y Cov(¥,,¥,)+2 Y ), Cov(Y,Y,).
i=1 i=1 i=1j=i+1 i=Vn+1 j=i+1

For the covariances on the right-hand side, we use the fact that Cov(Y,,,Y,,) <
E[Y,,] = p,, to derive the following.

in

Vn 14

2 n
Var(Sy) < 25( pl-,n) +50, ) P (32)
i=1 i=1

It follows from the Pale-Zygmund inequality (see p. 8 in [20] or [14]) that the following

will obtain. (E| ])2
E[S,
>
P(S, > 0) > £

Combining this with (32) we obtain the following:

5v,

T <25 E[S,]
n

Flon=0) = (s, 7 =

since E[S,,] = E}’il pin- Thus, by making use of (29) and the arbitrariness of J, we see that
P(S, = 0) — 0 as n — co. By Fatou’s lemma, one has the following.

P(S, > 0 i.0.) > limsupP(S, > 0) = 1.

n—o00

This implies that the following obtains.

4—d

lim inf min max B(hy ) |U(t,, +khy®,x) = U(t,,x)| < ((1+€)cy;) 8 as. (33)

n—o0 jcA, kB im

Thus, the following is the case.

4—d
liminf inf ) |U( + ki ®, x) — U(tx)| < (1 5 oas. (34
im in téf(‘),u?é%fﬁ( ) U+ kh©,x) —U(t,x)[ < (1+€)e;,) 5 as. (34

Note that the following obtains.

liminf inf B(hy)V(th
fminf nf AU)V(Ehn)

< liminf inf ho)) U (t+ uh,,©,x) — U(t, x
< limin téfé,l]?é%ffkj‘;};gkﬂ( n) [U( n©,x) — U(t, x)|
< liminf inf hy) U (t + kh,©, x) — U(t,
< limin téfé,l]?é%ffﬁ( n) |U(t+khp®, x) — U(t, x)|
+limsup sup max sup B(hy)|U(t+ uh,®,x) — U(t + kh,, 0, x)|
n—eo te(0,1] k€Bn k—1<u<k
< liminf inf hy)|U(t + kh,©, x) — U(t,
<limin téfé,lﬁfé%ffﬁ( n) |U(t + Ky ®, x) — U(t, x)|
+limsup sup sup PB(h,)|U(t+y,x)— Ut x)|.
n—eo  te(0,2] |y|<h,©

(35)
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It follows from Theorem 4.1 in Meerschaert et al. [19] that the following will obtain.

limsup sup sup B(h,)|U(t+y,x)—U(t,x)| =0 as. (36)
n—o  te(0,2] ly|<h,©

Hence, by (34)-(36), (25) holds.

Therefore, it remains to show (31). We will make use of Lemma 5 (with m = ®~ 1) to
consider the determinant of (20~!) x (20~!) matrix £. We first verify that the positive
semidefinite matrix % satisfies Conditions (i)—(ii) of Lemma 5.

Consider the following points

u, =10, i€ By,

in

and the Gaussian processes ., defined by the following.

F.(t)=Uu,, +tx) Uy, x), VO<t<1

in

By (17), for alli,j € F,, and s, t € [0,1], one has the following;:

E[‘F;,n (S)f‘j,n (t)} = CO(Ci,j,n (S t) + Dl]n (S’ t))’ (37)
where is the case.
Cyp(5,8) 1= |, — 1) + (£ =8)|'5 + |(u,, —u,,) — |7
4-d 4-d
+ ‘(uj,n - u,‘,n) + t‘ 4 = |u]',n - ui,n‘ 4,

Similarly, the following also is the case.

D, (s,1) = [(u, +5) + (u, +t>1%—{<u +s)+u,] T

in ]n
—d
[y, + (1, + 0T+ ()

Thus, by Taylor’s expansion, we derive that if i < jand s < ¢, we will have the following.

7d b ad

s{l(u,, —w,) + (¢t —ms)| T = |(u, —w,) — s T
_4- i a-d ia_, 39
4 (T_l) (t—ms +m28)|(w;,, — ;) + 13t — s +s)[ 577,

Ci,j,n (s,1)

The following will also obtain:

Di,j,n(sft) 47{[(” +S)+u +174((u +t)_u )]%*1

nn

< [(uy, + ) —uy, ]

4—d

— [y, 1y, +s((uy, +6) —u, T M, +1) —uy, I}
4—d 4—d
T(T—l)[”m‘H‘ + (15 +16(1a —15)) ((w;, +1) —u;,)

+6((uy, +5) —u,,)) T2

X ({0, +9) = 6, + O = 05)) () = 1,1 (3, + ) = 1,
= AT Dl + (s sl —s)) (G, +6) — w,,)

+ 161, +5) — 1,)) T 2[5+ (2 — 75)t],

(39)
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where 17, € [0,1] forall 1 < ¢ < 9. Thus, by noting 74 € (0,1), one has the following.

4—d,  4—d 44
D, (5,0 € =51 == f (40)

Consider Gaussian random vectors f]; := (F, (0),F, (20),..,F, (1)) and f; :=

in 7Y in Y i

(F,,(0), F,,(20),.., F,,(1)). Let f = (f}, f;) and X the covariance matrix of f. Then, we

jn 4 jin
(B X
x= < L, I >

have the following:
where Z; = E[fif]] = E[fof}] and X, = E[f;f}]. For simplicity of notation, set ¢(h,) =
((1+€)cy, /[1og(hu)l 5 By Lemma 4, one obtains the following:

P( max |, (KO)| < p(hn), max_|F, (m®)| < (i)

1<k<1/© ! 1<m<1/0© E (41)
< : < _ <
< ¢P(1<nk1<alx/® |7, (kO)] < ‘l’(%))IP’(Krnl;lgi(/@ |7, (m®)| < ¢(hn)>,

where the following is the case.

o det(Zl)det(Zl) 1/2
=T )

It follows from (38) that for alli,j € B, withj—i > v, and1 <k <m < 1/0, we
have the following.

C,,, (k&,mO)]

1

4—-d 4—d . 4-d _
= | = (55 — Dk(m — mk+12K) @7 [ = )@ + 5 (m =k + 12k)O T2 (42)
4—

< 05| log ()| (#2251,

It follows from (40) that for alli,j € B, withj >i > v,and1 <k <m <1/0, we
have the following.
‘Di,j,n (k©, mO)|
< d4—4d)
- 8
< €y, Tog ()|~ (208,

]'*(H%)@*(H%) (43)

Thus, combining (37) with (49) and (43), one obtains the following.

|bk,m| = |]E[‘/_-.i,n (k®)‘/—:],n (m®)} ‘
d (44)
< Cs5 |10g(hn)|_(y_2)(1+1>'
Thus, by (44), we observe the following.
L X b < o5 log () [ #D D2, 45)

keB, meBy,

This verifies Condition (i) in Lemma 5 with b = c, . [ log (/)| ~(u=2)(a+§)+2,
In order to verify Condition (ii) in Lemma 5, we make use of the following fact on the
conditional variance.
det(X)

Vaf(ﬁ,n(k(@)lﬂ,n(m@),m #k,m € By, u € {i,j}) = Jer@)’ (46)
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Thus, the following obtains.

det(X)
det(z(D)

4—d

> Var(ll(k@,x)|ll(m®, x),m#kme Bn) >0, @1, 47)

This verifies Condition (ii) with A = ¢, e'F.
4-d

Applying Lemma 5 withm =@, b=, | log(hy)|~#-20+9)+2 and A = C,, @1,
we obtain the following.
det(Z) > e~ 2PM (det(Z4))?. (48)

This, together with (48), yields the following.
¢ < eb/\m. (49)

Notice that bAm — 0 as n — co. This, together with (49) and (37), yields that (31)
holds. The proof of Theorem 2 is completed. O

4. Conclusions

In this article, we have presented that the L-KS SPDE solutions and their gradients
are almost surely nowhere differentiable in time variable ¢. We have established the exact
temporal small ball probability estimates and the exact, dimension dependent, and tempo-
ral moduli of non-differentiability for L-KS SPDEs and their gradient. They complement
Allouba’s earlier works on the spatio-temporal Holder regularity of L-KS SPDEs and their
gradient. Together with the temporal Khinchin-type law of the iterated logarithm and
the uniform temporal moduli of continuity, they provide complete information on the
regularity properties of L-KS SPDEs and their gradient in time.
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The following abbreviations are used in this manuscript:

L-KS  linearized Kuramoto-Sivashinsky;
SPDE  stochastic partial differential equation;
SIE stochastic integral equation;

BFBM bifractional Brownian motion;

LIL law of the iterated logarithm.
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